Editors
Hans Georg Bock
Willi Jäger
Otmar Venjakob

For further volumes:
www.springer.com/series/8861

Property of The Mathematics Center Heidelberg - © Springer 2014

Contributions in Mathematical
and Computational Sciences • Volume 6

Editors

Computations with Modular
Forms
Proceedings of a Summer School and
Conference, Heidelberg,
August/September 2011

Property of The Mathematics Center Heidelberg - © Springer 2014

Gebhard Böckle r Gabor Wiese

Gabor Wiese
UR Mathématiques
FSTC
Université du Luxembourg
Luxembourg, Luxembourg

ISSN 2191-303X
ISSN 2191-3048 (electronic)
Contributions in Mathematical and Computational Sciences
ISBN 978-3-319-03846-9
ISBN 978-3-319-03847-6 (eBook)
DOI 10.1007/978-3-319-03847-6
Springer Cham Heidelberg New York Dordrecht London
Library of Congress Control Number: 2014931210
Mathematics Subject Classification (2010): 11F11, 11F33, 11F80, 11F67, 11Y16, 11Y35, 11F55, 11F75
© Springer International Publishing Switzerland 2014
This work is subject to copyright. All rights are reserved by the Publisher, whether the whole or part of
the material is concerned, specifically the rights of translation, reprinting, reuse of illustrations, recitation,
broadcasting, reproduction on microfilms or in any other physical way, and transmission or information
storage and retrieval, electronic adaptation, computer software, or by similar or dissimilar methodology
now known or hereafter developed. Exempted from this legal reservation are brief excerpts in connection
with reviews or scholarly analysis or material supplied specifically for the purpose of being entered
and executed on a computer system, for exclusive use by the purchaser of the work. Duplication of
this publication or parts thereof is permitted only under the provisions of the Copyright Law of the
Publisher’s location, in its current version, and permission for use must always be obtained from Springer.
Permissions for use may be obtained through RightsLink at the Copyright Clearance Center. Violations
are liable to prosecution under the respective Copyright Law.
The use of general descriptive names, registered names, trademarks, service marks, etc. in this publication
does not imply, even in the absence of a specific statement, that such names are exempt from the relevant
protective laws and regulations and therefore free for general use.
While the advice and information in this book are believed to be true and accurate at the date of publication, neither the authors nor the editors nor the publisher can accept any legal responsibility for any
errors or omissions that may be made. The publisher makes no warranty, express or implied, with respect
to the material contained herein.
Printed on acid-free paper
Springer is part of Springer Science+Business Media (www.springer.com)

Property of The Mathematics Center Heidelberg - © Springer 2014

Editors
Gebhard Böckle
Interdisciplinary Center for Scientific
Computing
Universität Heidelberg
Heidelberg, Germany

Contributions to Mathematical and Computational Sciences
Mathematical theories and methods and effective computational algorithms are crucial in coping with the challenges arising in the sciences and in many areas of their
application. New concepts and approaches are necessary in order to overcome the
complexity barriers particularly created by nonlinearity, high-dimensionality, multiple scales and uncertainty. Combining advanced mathematical and computational
methods and computer technology is an essential key to achieving progress, often
even in purely theoretical research.
The term mathematical sciences refers to mathematics and its genuine sub-fields,
as well as to scientific disciplines that are based on mathematical concepts and methods, including sub-fields of the natural and life sciences, the engineering and social sciences and recently also of the humanities. It is a major aim of this series
to integrate the different sub-fields within mathematics and the computational sciences, and to build bridges to all academic disciplines, to industry and other fields
of society, where mathematical and computational methods are necessary tools for
progress. Fundamental and application-oriented research will be covered in proper
balance.
The series will further offer contributions on areas at the frontier of research,
providing both detailed information on topical research, as well as surveys of the
state-of-the-art in a manner not usually possible in standard journal publications. Its
volumes are intended to cover themes involving more than just a single “spectral
line” of the rich spectrum of mathematical and computational research.
The Mathematics Center Heidelberg (MATCH) and the Interdisciplinary Center
for Scientific Computing (IWR) with its Heidelberg Graduate School of Mathematical and Computational Methods for the Sciences (HGS) are in charge of providing
and preparing the material for publication. A substantial part of the material will be
acquired in workshops and symposia organized by these institutions in topical areas
of research. The resulting volumes should be more than just proceedings collecting papers submitted in advance. The exchange of information and the discussions
during the meetings should also have a substantial influence on the contributions.
v
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This series is a venture posing challenges to all partners involved. A unique style
attracting a larger audience beyond the group of experts in the subject areas of specific volumes will have to be developed.
Springer Verlag deserves our special appreciation for its most efficient support in
structuring and initiating this series.
Heidelberg University, Germany

Hans Georg Bock
Willi Jäger
Otmar Venjakob

Property of The Mathematics Center Heidelberg - © Springer 2014

vi

This volume contains original research articles, survey articles and lecture notes
related to the Computations with Modular Forms 2011 Summer School and Conference that was held at the University of Heidelberg in August and September 2011.
Organized by Gebhard Böckle, John Voight and Gabor Wiese, the Summer School
and Conference were supported by the Mathematics Center Heidelberg (MATCH),
the DFG priority program Algorithmic and Experimental Methods in Algebra, Geometry and Number Theory (SPP 1489) and the Number Theory Foundation.
The study of modular forms can be traced back to the work of Jakob Bernoulli
and Leonhard Euler in the 18th century, in which certain theta functions appear.
Later, in the 19th century, the concept of a modular form was formalized, and the
term Modulform (modular form) seems to have been coined by Felix Klein. Whereas
in the classical period modular forms were studied through function theoretic methods, a deep algebraic and algebro-geometric theory emerged in the 20th century.
Moreover, spectacular links with objects from other disciplines were conjectured
and some of these conjectures were recently proved. The link most well-known to
the general public is the one between elliptic curves over the rationals and weight
two newforms with rational coefficients, going under the name Taniyama-ShimuraWeil Conjecture: its partial proof by Andrew Wiles in 1995 made headlines since it
implies the famous Fermat’s Last Theorem. Currently, a whole framework of conjectural links between modular forms (and automorphic forms in various generalizations), representation theoretic objects and number theoretic ones is being developed, intensively studied, and partially proved, going under the names (p-adic)
Langlands Program, Fontaine-Mazur Conjecture, (generalizations of) Serre’s Modularity Conjecture, etc.
Modular forms, elliptic curves and related objects have proven to be very amenable to explicit computer calculations. Such calculations have played a very prominent role for many years in the building and refining of theory. For instance, the
famous Birch and Swinnerton-Dyer conjecture, one of the seven Millennium Prize
Problems of the Clay Mathematics Institute, was discovered through computer calculations in the early 1960s. At about the same time the Sato-Tate Conjecture was
made, to which Sato was inspired through a numerical study, whereas Tate was apvii
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parently led to it by a theoretical reasoning. Also, concerning Serre’s very influential
modularity conjecture: it was some computer calculations of Mestre that led Serre
to be “convinced to take the conjecture seriously” (“suffisant pour me convaincre
que la conjecture méritait d’être prise au sérieux”1 ).
Nowadays, computer computations are standard for classical modular forms and
can be done for instance using Sage. Implementations of Hilbert modular forms and
others are included, for instance, in the computer algebra system Magma. It is impossible to list all research articles in which the authors have made use of Cremona’s
database of elliptic curves (developed since the end of the 1980s), Stein’s database
of modular forms, or the various modular forms and elliptic curves related functionality implemented in computer algebra systems. Needless to say, computational
data is particularly useful in the development of the conjectural building encompassed in the Langlands Program and related conjectures. From a different, real-life
applications oriented perspective, one cannot stress enough the role of algorithms
for elliptic curves (and generalizations thereof) used in cryptography (smart cards,
mobile phones, passport authentication, etc.).
The main focus of the Computation with Modular Forms 2011 Summer School
and Conference was the development and application of algorithms in the field of
modular and automorphic forms. The Summer School held prior to the Conference
was aimed at young researchers and PhD students working or interested in this area.2
During the Summer School, lecture series were given by: Paul Gunnells, Lectures
on computing cohomology of arithmetic groups, David Loeffler, Computing with algebraic modular forms and Robert Pollack, Overconvergent modular symbols, with
two guest lectures by Henri Darmon. These three themes offer an introduction to
modern algorithms including some theoretical background for computations of and
with modular forms. In addition, the most basic and widely used algorithm, modular
symbols, was briefly covered. The organizers would like to take this opportunity to
thank again the speakers of the Summer School for their excellent presentations and
their willingness to write notes that are included in these proceedings.
The research part of the Conference covered a wide range of themes related to
computations with modular forms. Not all talks are included in this volume but also
not all contributions to this volume were presented at the Conference. A number
of articles are concerned with modular forms and related cohomology classes over
imaginary quadratic fields, that is, the situation of Bianchi groups. Haluk Şengün
surveys arithmetic aspects of Bianchi groups, particularly focussing on their cohomology, its computation and its partly conjectural arithmetic significance. For
speeding up modular symbols calculations, Adam Mohamed explicitly describes
Hecke operators on Manin symbols over imaginary quadratic fields in his article. In
a higher generality, Dan Yasaki provides a survey on computing Hecke eigenclasses
on the cohomology of Bianchi groups, GL2 over totally real fields, totally complex
quartic and mixed signature cubic fields, based on Voronoı̆-Köcher reduction theory
1 Jean-Pierre Serre, Sur les représentation modulaires de degré 2 de Gal(Q/Q), Duke Math. J. 54,
no. 1, 1987, 179–230.
2 See

also http://www1.iwr.uni-heidelberg.de/conferences/modularforms11/.
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and the Sharbly complex. Paul Gunnels provides general background on this theory
in his lecture series. Also motivated by modular symbols over imaginary quadratic
fields, John Cremona and M. T. Aranés provide algorithms for treating cusps and
Manin symbols over arbitrary number fields.
Still in the realm of computing modular forms, Kevin Buzzard outlines an algorithm for calculating weight one cusp forms in characteristic zero and over finite
fields and reports on computational findings. A talk at the Conference by George
Schaeffer described further developments and extensions in this domain, which
Schaeffer obtained in his PhD thesis. Other computations with classical modular
forms appear in the work of John Voight and John Willis who describe an algorithm
for series expansions of such forms around CM points. An algorithm for computing
algebraic modular forms for certain rather general classical higher rank groups is
treated in the work of Matthew Greenberg and John Voight using lattice methods,
which has close links to the lecture series of David Loeffler. Finally, Alan Lauder
describes some explicit calculations of triple product p-adic L-functions. It is related to the talks given by Henri Darmon that complemented the lecture series by
Robert Pollack.
Other articles cover experimental and theoretical results: Explicit computations
of modular forms led Panagiotis Tsaknias to discover a natural generalization of
Maeda’s conjecture on Galois orbits of newforms to higher levels, on which he reports in his article. Bartosz Naskr˛ecki investigates congruences modulo prime powers between cusp forms and Eisenstein series theoretically and on the computer.
Loïc Merel gives a description of the component group of the real points of modular
Jacobians and addresses the computational question of how to determine whether
complex conjugation in a modular mod 2 representation is trivial or not.
Acknowledgements This volume owes its existence foremost to the efforts of its
authors and the participants of the Conference and the Summer School. We would
like to thank them heartily for their contributions. We would also like to express our
sincere thanks to Florian Nowak for typesetting the volume and MATCH for the
financial support that made this possible.
Our special thanks go to John Voight, for without his help, this volume would not
have turned out the way it did; besides co-organizing the Conference, he also did an
enormous amount of editorial work, for which we are indebted and grateful.
Heidelberg, Germany
Luxembourg, Luxembourg

Gebhard Böckle
Gabor Wiese
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Part I

Paul E. Gunnells

Abstract Let G be the reductive Q-group RF /Q GLn , where F /Q is a number field.
Let Γ ⊂ G be an arithmetic group. We discuss some techniques to compute explicitly the cohomology of Γ and the action of the Hecke operators on the cohomology.

1 Introduction
This is a writeup of five lectures given at the summer school Computations with
modular forms, Heidelberg, Germany, in August 2011. The course covered essentially all the material here, although I have made some corrections and modifications
with the benefit of hindsight, and have taken the opportunity to elaborate the presentation. I’ve tried to preserve the informal nature of the lectures.
I thank the organizers for the opportunity to speak, and the participants of the
summer school for a stimulating environment. I thank my collaborators Avner Ash,
Mark McConnell, and Dan Yasaki, for many years of fun projects, and for all that
they’ve taught me about this material. Thanks are also due to an anonymous referee,
who carefully read the lectures and made many valuable suggestions. Finally, I thank
the NSF for supporting the research described in these lectures.

2 Cohomology and Holomorphic Modular Forms
The goal of our lectures is to explain how to explicitly compute some automorphic
forms via cohomology of arithmetic groups. Thus we begin by reviewing modular
symbols and how they can be used to compute with holomorphic modular forms.
For more details we refer to [Cre97, Ste07]. This material should be compared with
that in Rob Pollack’s lectures [Pol], which contains a different perspective on similar
material.
P.E. Gunnells (B)
Department of Mathematics and Statistics, University of Massachusetts, Amherst, MA 01003,
USA
e-mail: gunnells@math.umass.edu
G. Böckle, G. Wiese (eds.), Computations with Modular Forms, Contributions in
Mathematical and Computational Sciences 6, DOI 10.1007/978-3-319-03847-6_1,
© Springer International Publishing Switzerland 2014
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Let N ≥ 1 be an integer, and let Γ0 (N ) ⊂ SL2 (Z) be the subgroup of matrices
that are upper-triangular mod N . Let H ⊂ C be the upper halfplane of all z with
positive imaginary part. The group Γ0 (N ) acts on H by fractional linear transformations:


az + b
a b
.
(2.1)
·z=
c d
cz + d
We let Y0 (N ) be the quotient Γ0 (N )\H. Then Y0 (N ) is a smooth algebraic curve
defined over Q, called an (open) modular curve.
The curve Y0 (N ) is not compact, and there is a standard way to compactify it.
Let H∗ = H ∪ P1 (Q), where we think of P1 (Q) as being Q ∪ {∞} with Q ⊂ R ⊂ C
and ∞ lying infinitely far up the imaginary axis. The points ∂H∗ = H∗  H are
called cusps. The action of Γ0 (N ) extends to the cusps, and after endowing H∗ with
an appropriate topology, the quotient X0 (N ) = Γ0 (N )\H∗ has the structure of a
smooth projective curve over Q. This is what most people call the modular curve.
By work of Eichler, Haberland, and Shimura, the cohomology of the spaces
Y0 (N ) and X0 (N ) has connections with modular forms. These are holomorphic
functions f : H → C satisfying the transformation law




az + b
a b
f
∈ Γ0 (N ),
= (cz + d)k f (z),
c d
cz + d
where k ≥ 1 is a fixed integer; f is also required to satisfy a growth condition as
z approaches any cusp. The space of such functions Mk (N ) is a finite-dimensional
complex vector space with a subspace Sk (N ) of cusp forms: these are the f that
undergo exponential decay as z approaches any cusp. There is a natural complement
Eisk (N ) to Sk (N ), called the space of Eisenstein series. Then we have


∼ S2 (N ) ⊕ S 2 (N ) ⊕ Eis2 (N ),
H 1 Y0 (N ); C −→
(2.2)


∼ S2 (N ) ⊕ S 2 (N ).
H 1 X0 (N ); C −→
(2.3)
For example, let N = 11. Then it is known that dim M2 (11) = 2 and
dim S2 (11) = 1. The curve X0 (11) has genus 1, which is consistent with (2.3).
The complement of Y0 (11) in X0 (11) consists of two points. Thus Y0 (11) deformation retracts onto a graph with one vertex and three loops. This implies
H 1 (Y0 (11); C) C3 , again consistent with (2.2).
We can say even more about (2.2)–(2.3):
• We don’t have to limit ourselves to quotients by Γ0 (N ). Indeed, we can use other
finite-index
subgroups, such as the subgroup Γ1 (N ) of matrices congruent to
1 ∗
modulo
N , or the principal congruence subgroup Γ (N ) of matrices con01
gruent to the identity modulo N .1 We could also work with cocompact subgroups
1 Throughout these lectures we only work with congruence subgroups. For SL (Z) this means any
2
group containing Γ (N) for some N .
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of SL2 (R), such as arithmetic groups coming from orders in quaternion algebras,
and (2.3) still holds (if we suitably modify our definitions).
• We can work with modular forms of higher weight k > 2 by taking cohomology
with twisted coefficients [Brow94, Vic94, Ste43]. More precisely, SL2 (Z) acts on
the complex vector space of homogeneous polynomials of degree k by


a b
· P (x, y) = P (ax + cy, bx + dy).
c d
This induces a local system Mk on the quotients X0 (N ), Y0 (N ), and we have


∼ Sk (N ) ⊕ S k (N ) ⊕ Eisk (N ),
H 1 Y0 (N ); Mk−2 −→
(2.4)


∼ Sk (N ) ⊕ S k (N ).
H 1 X0 (N ); Mk−2 −→
(2.5)
• Let p be a prime. Then there are Hecke operators
Tp ,

(p, N) = 1,

Up ,

(p, N) > 1

that generate an algebra of operators acting on Mk (N ). The action preserves the
decomposition Mk (N ) = Sk (N ) ⊕ Eisk (N ). There are corresponding operators
acting on the cohomology spaces, and the isomorphisms (2.2)–(2.5) are isomorphisms of Hecke modules.
Together these facts imply that we can use topological tools to study modular forms
and the action of the Hecke operators on them, and brings us to the main point of
our lectures:
One can explicitly compute with certain automorphic forms of arithmetic interest by
generalizing the left-hand sides of (2.2)–(2.5).
How this can be done will be explained in Sect. 4 onward. In the next section, we
continue to discuss the classical case and modular symbols.

3 Modular Symbols
Modular symbols provide an extremely convenient way to use topology to compute
with modular forms. They form the main inspiration for the higher-dimensional
computations we discuss later. We review modular symbols here. For simplicity we
stick to weight k = 2, to avoid the notational complexity of twisted coefficients. For
more details we refer to [Ste07] or to R. Pollack’s lectures.
Let Γ ⊂ SL2 (Z) be a torsionfree subgroup. For instance, one could take Γ =
Γ (N ) for N ≥ 3. Put YΓ = Γ \H and XΓ = Γ \H∗ as before. We want to study the
cohomology spaces H 1 (YΓ ; C) and H 1 (XΓ ; C).

Property of The Mathematics Center Heidelberg - © Springer 2014
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Fig. 1 The Farey tessellation

By Lefschetz duality [Vic94, Chap. 6], we have an isomorphism
∼ H1 (XΓ , ∂XΓ ; C),
H 1 (YΓ ; C) −→

(3.1)

where the right hand side is the homology of XΓ relative to the cusps. This differs
from the usual homology in that we allow not only 1-cycles, whose boundaries
vanish, but also 1-chains that have boundary supported on the cusps.
According to basic algebraic topology, we can compute H1 (XΓ ; ∂XΓ ; C) by
taking a triangulation of XΓ with vertices at the cusps. We then get a chain complex
C∗ (XΓ ) with a subcomplex C∗ (∂XΓ ), and the relative homology groups are by
definition those of the quotient complex C∗ (XΓ )/C∗ (∂XΓ ).
A quick way to construct the chain complexes C∗ (XΓ ), C∗ (∂XΓ ) is via the Farey
tessellation T of H∗ . This is the ideal triangulation of H given by the SL2 (Z)translates of the ideal triangle  with vertices at {0, 1, ∞} (Fig. 1). It’s easy to
describe the edges of T . Denote the cusps P1 (Q) = Q ∪ {∞} by column vectors of
relatively prime integers, with ∞ corresponding to (1, 0)t . Thus the cusp α ∈ Q corresponds to the column vector (a, b)t if α = a/b; we think of ∞ as corresponding
to the “fraction” 1/0. Then two cusps are joined by an edge in the triangulation if
and only if the corresponding column vectors form a matrix with determinant ±1:


a b
a/b joined to c/d in T ⇐⇒ det
∈ {±1}.
(3.2)
c d
Note that  is not a fundamental domain for SL2 (Z), but rather a union of three
fundamental domains. This suffices for our purposes, since one can easily see that
a fundamental domain for any torsionfree Γ can be assembled from finitely many
copies of . Thus T endows our quotient XΓ with a finite triangulation, and by
construction the vertices of this triangulation are exactly ∂XΓ .
For example, if Γ = Γ (N ) then the quotient X(N) := XΓ equipped with this
triangulation is beautifully symmetric: it has an action of PSL2 (Z/N Z) induced
by the isomorphism SL2 (Z)/Γ (N) SL2 (Z/N Z). (Don’t forget that the center of
SL2 (Z) acts trivially on H.) This finite group acts transitively on the cells in the
triangulation. For N = 3, 4, 5 the surfaces X(N) have genus 0, and the induced
triangulations are familiar to anyone who inhabits three dimensions (cf. [Pla]). For
N = 6 the quotient is a torus with a triangulation consisting of 24 triangles, 36
edges, and 12 vertices. For N = 7 we have |PSL2 (Z/7Z)| = 168, and the Riemann
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surface X(7) realizes Hurwitz’s upper bound for the size of the automorphism group
of a surface of genus three. It is a pleasant exercise to draw the triangulations for
N ≤ 7. The tessellated Riemann surfaces X(N), N > 1 are called Platonic surfaces
[Bro99].
Thus we can compute the right hand side of (3.1) if we can understand (1) a
generating set for the relative homology group, and (2) all the relations between
our generating set. We will only sketch what happens, since we don’t need more
precision for our discussion.
The first is easy. The images of the Farey edges become edges in the triangulation, and so their classes will span H1 (XΓ , ∂XΓ ; C). Each such edge corresponds to
a pair of cusps of determinant ±1, as in (3.2). We only need to work with representatives of these pairs modulo Γ , since these will give all edges in the triangulation.
The relations are also not hard to understand. They comefromthe finite sub0 1
stabilizes the
groups of SL2 (Z). For instance, the subgroup generated by −1
0
edge in T from 0 to ∞,and this
tells
us
how
to
find
the
boundary
of
this
edge. The
0 1
stabilizes
.
This
tells
us
how
to
find
the
boundary
subgroup generated by −1
1
of , and thus to compute a relation between three elements of H1 (XΓ , ∂XΓ ; C).
The upshot: we can compute the relative homology H1 (XΓ , ∂XΓ ; C) as the Cvector space generated by certain pairs of cusps modulo Γ , divided out by certain
relations imposed by the finite subgroups of SL2 (Z). For full details, including the
extension to Γ with torsion, we refer to [Man72, Ste07]. Later (Sect. 9) we will see
how to define an action of the Hecke operators on this model.

4 Algebraic Groups and Symmetric Spaces
The first step in generalizing (2.2)–(2.3) is understanding exactly how the spaces
arise from group theory. In fact they are examples of locally symmetric spaces.
Let G be the Lie group SL2 (R). The subgroup K = SO(2) of matrices satisfying
gg t = Id is maximal compact, and is the unique subgroup with this property up to
G-conjugacy. The group G acts on H, again by fractional linear transformations
(2.1), and the action is transitive. Indeed, the subgroup of upper-triangular matrices
already acts transitively, since
√
√ 
y x/ y
√ · i = x + iy.
0 1/ y
∼

The stabilizer in G of i is K, and so we have a diffeomorphism G/K → H.
This exhibits H as a Riemannian globally symmetric space [Hel01]. We recall
that such a space is an analytic Riemannian manifold D with a family of involutive
isometries σp : D → D, one for each p ∈ D, such that p is the unique fixed point of
σp . It is known that any such space D can be written as a quotient G/K, where G
is the connected component of the group of isometries of D and K ⊂ G is a compact subgroup stabilizing a chosen point p0 ∈ D. If Γ is any finite index subgroup
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of SL2 (Z), then the quotient Γ \H = Γ \G/K inherits this structure locally. Such
double quotients are known as locally symmetric spaces. These spaces, and their
compactifications, will be the replacements for Y0 (N ), X0 (N ).
So how do we build locally symmetric spaces? The first step is to build globally
symmetric spaces, and that is the focus of this section. We begin with a linear algebraic group G. This is a group that also has the structure of an affine algebraic
variety, with the group operations being morphisms. For instance, the group GLn of
n × n invertible matrices can be realized as a closed subgroup of affine (n2 + 1)space. We take the ring
C[x11 , x12 , . . . , x1n , x21 , . . . , xnn , δ]

(4.1)

with variables xij corresponding to the entries of an indeterminate n × n matrix. The
group GLn is then the zero set of the polynomial δ det(xij ) = 1. The group operations can be written as polynomials in these variables, so GLn is a linear algebraic
group.
More generally, G is a linear algebraic group if it is a subgroup of GLn defined
by polynomial equations. If the coordinate ring of G can be defined by an ideal
generated by polynomials in a subfield F ⊂ C, then we say G is defined over F .
Basic examples are the classical groups: SLn , the subgroup of GLn of matrices
of determinant 1; SOn , the subgroup of SLn preserving a fixed nondegenerate symmetric bilinear form; and Spn , the subgroup of SL2n preserving a nondegenerate
alternating bilinear form.
Other examples are provided by tori. By definition G is a torus if G (GL1 )d
for some d, called the rank of G. We note that this isomorphism need not be defined
over F , even if G is defined over F . If it is, we say that G is F -split. The integer
d is then called the F -rank of G and is denoted rF (G). More generally, the F -rank
rF (G) of any algebraic group G is defined to be the F -rank of the maximal F -split
torus in G.
The most important linear algebraic groups for us, which are also the most familiar, are the reductive and semisimple groups. By definition, the radical R(G)
is the maximal connected solvable normal subgroup of G, where connected means
irreducible as an algebraic variety. The unipotent radical Ru (G) is the maximal
connected unipotent normal subgroup of G, where unipotent means all eigenvalues
are 1. A group is called reductive if Ru (G) is trivial, and semisimple if R(G) is
trivial. We have Ru (G) ⊂ R(G), so semisimple is a special case of reductive. Any
connected group contains a reductive and semisimple quotient: if G is connected,
then G/Ru (G) is reductive and G/R(G) is semisimple.
For example, the classical groups SLn , SOn , Spn are semisimple. The group GLn
is reductive and is not semisimple. For an example of a group that is neither reductive nor semisimple, one can take the Borel subgroup B ⊂ GL2 of upper-triangular
matrices. The unipotent radical Ru (B) is the subgroup of B with 1s on the diagonal. This example generalizes to the subgroups P ⊂ GLn of block upper-triangular
matrices; these are examples of parabolic subgroups. In general, even if one is ultimately interested in phenomena involving reductive groups, one must consider non-
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reductive groups, since they often provide an inductive tool to understand structures
on reductive groups (cf. (5.3)).2
As we said above, semisimple is a special case of reductive. In fact being reductive is not that far from being semisimple. Let G be reductive and let S be the
connected component of the center of G. Then S is a torus. If we put H = [G, G]
(the derived subgroup, which is semisimple), then
G = H · S,
an almost direct product; this means H ∩ S is finite, not necessarily {1}.
Hence a reductive group looks like a semisimple one, up to a central torus factor.
For instance, for GLn the group S is the subgroup of scalar matrices a · Id and the
derived subgroup H is SLn . Certainly GLn = S · SLn : the intersection S ∩ SLn is the
group of nth roots of unity.
Now that we’ve identified our groups of interest, let’s explain how to find our
spaces. Let G = G(R), the group of real points of G. This has the structure of a
Lie group, although not all Lie groups arise this way. Let K ⊂ G be a maximal
compact subgroup. We now have exactly the objects we needed to define H, and
indeed we’re done if G is semisimple: the relevant symmetric space is G/K. But if
G is reductive we need to go further and divide by a bit more. Thus we introduce
the split component AG of G. By definition AG is the connected component of the
identity of the group of real points of the maximal Q-split torus in the center of G.
That’s quite a mouthful, but it’s easy to understand in examples, as we shall see. In
any event, we define our symmetric space to be
D = G/AG K.

(4.2)

One should think of this quotient as being the Lie group (G/AG ) divided by its
maximal compact subgroup K.
For a first example let G = SLn . Then G = G(R) = SLn (R) and K = SO(n).
The split component AG is trivial, and our symmetric space is
D = SLn (R)/SO(n).

(4.3)

If n = 2, then (4.3) becomes H. The dimension of D is n(n + 1)/2 − 1. In particular
note that dim D can be odd, and thus in general D does not have a complex structure.
This is quite different from H.
Now let G = GLn , so that G = GLn (R). The maximal compact subgroup is
K = O(n), which is only a little bigger than SO(n) (it has the same dimension
as SO(n), just an extra component). The split component AG consists of the real
scalar matrices {a Id | a ∈ R>0 }. Our symmetric space is G/AG K, and in fact is
isomorphic to (4.3). Hence by dividing out by the split component we kill exactly
the extra dimension we introduced by using GLn instead of SLn .
2 This

is Harish-Chandra’s “Philosophy of cusp forms” [Har70]; see also [Bum04, Chap. 49].
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We now come to examples that will be our main focus, namely general linear
groups over number fields. Before we can explain how they work, we need the
important notion of restriction of scalars. This is a useful construction that allows us
to focus our attention on groups defined over Q, even if our group is most naturally
written in terms of a bigger number field.
So suppose G is a linear algebraic group defined over a number field F . Then
there is a group RF /Q G, called the restriction of scalars of G from F to Q, such
that (i) RF /Q G is defined over Q and (ii):
(RF /Q G)(Q) = G(F ).
This is something that is already familiar to you, even if you didn’t realize it.3
Consider the standard representation of the complex numbers as 2 × 2 real matrices:


a −b
a + bi −→
.
(4.4)
b a
This is an example of restriction of scalars, after we pass to nonzero elements. Indeed, in that case the left hand side of (4.4) is the group of complex points of G =
GL1 , thought of as a group defined over C; the right hand side is the group of real
points of RC/R G, a group clearly defined over R. Note that (RC/R G)(R) = G(C).
For a more complicated example, suppose we take the group G = SL2 , again
defined over C, and build RC/R SL2 . We can do this using GL4 /R: simply use (4.4)
to take the four complex entries of SL2 (C) to four 2 × 2 blocks A, B, C, D of a
matrix in GL4 (R). The image will be determined by certain polynomial equations
with real coefficients. Some of the equations encode the fact that the blocks arose
via (4.4), whereas other equations come from the condition AD − BC = Id that
defines SL2 . The general definition of restriction of scalars is no harder than this,
although it’s a bit messy to write out in these terms (cf. [PR94, §2.1.2]).
Let’s build some symmetric spaces starting from number fields. As a first example, we take F /Q to be real quadratic and G = RF /Q SL2 . Then G = G(R)
SL2 (R) × SL2 (R), since F ⊗Q R R × R, corresponding to the two distinct embeddings of F into R. One should think of G(Q) = SL2 (F ) as mapping into G(R)
via these embeddings, where we use a different one for each factor. The maximal
compact subgroup K is SO(2) × SO(2), the split component is trivial (G is semisimple), and the symmetric space is
G/K = H × H,

(4.5)

the product of upper halfplanes familiar from Hilbert modular forms [Fre90].
Now let’s try the reductive version. Put G = RF /Q GL2 . We have G GL2 (R) ×
GL2 (R) and K SO(2) × SO(2). This time the split component
 AG isn’t trivial:
the maximal Q-split torus in the center of G has Q-points a0 a0
a ∈ Q× . In
3 Like Molière’s Monsieur Jourdain: “Par ma foi! Il y a plus de quarante ans que je dis de la prose
sans que j’en susse rien, et je vous suis le plus obligé du monde de m’avoir appris cela.”

Property of The Mathematics Center Heidelberg - © Springer 2014

10

11

G(R) this subgroup embeds the same in each factor, and after taking the connected
component of the R-points we find

AG =

a
0

 
0
a
,
a
0

0
a


a ∈ R>0

R>0 ,

which is one-dimensional. Counting dimensions, we see that G/AG K is fivedimensional. In fact, as Riemannian manifolds we have
G/AG K = H × H × R,

(4.6)

where R has the flat metric. The space (4.6) looks unnatural, especially to someone
interested in the geometry of Hilbert modular surfaces, but as we will see later the
“flat factor” is very convenient.
Now let F be imaginary quadratic and let G = RF /Q SL2 . Since F ⊗ R C,
we have G = SL2 (C). The maximal compact subgroup K is SU(2) and the split
component AG is trivial. The symmetric space is now H3 , three-dimensional hyperbolic space. If we take instead G = RF /Q GL2 , we find G = GL2 (C) and K = U(2).
 a 0 
The maximal Q-split torus in the center of G is again
a ∈ Q× , so
0a
 a 0 
AG = 0 a a ∈ R>0 . Thus the symmetric space is again H3 . Again, the situation is similar to the case of F = Q: there is no flat factor, and replacing semisimple
with reductive doesn’t change the symmetric space.
Comparing the cases of F real/imaginary quadratic and the rationals suggests
that the flat factors have something to do with the rank of OF× , the units of the
integers of F . This is in fact true. Suppose F ⊗ R Rr × Cs .
• If G = RF /Q SL2 , then
G

SL2 (R)r × SL2 (C)s ,

K

SO(2)r × SU(2)s ,

AG
G/K

{1},
Hr × Hs3 .

• If G = RF /Q GL2 , then
G

GL2 (R)r × GL2 (C)s ,

K

O(2)r × U(2)s ,

AG
G/AG K

R>0 ,
Hr × Hs3 × Rr+s−1 .

We can see that the dimension of the flat factor is the same as the rank of OF× .

Property of The Mathematics Center Heidelberg - © Springer 2014

Lectures on Computing Cohomology of Arithmetic Groups

P.E. Gunnells

5 Arithmetic Groups, Locally Symmetric Spaces and
Cohomology
We now have an analogue of the upper halfplane H, namely our globally symmetric
space D = G/AG K. To build locally symmetric spaces, the analogues of the open
modular curves, we need to get discrete subgroups into the picture. This brings us
to arithmetic groups.
Let G be a linear algebraic group. Then a subgroup Γ ⊂ G is an arithmetic group
if it is commensurable with G(Z). This means the intersection Γ ∩ G(Z) has finite
index in both Γ and G(Z).4
For instance, suppose G is GLn . Then G(Z) is GLn (Z), the group of invertible integral matrices. If we put G = RF /Q GLn , then we find G(Z) = GLn (O). We
can make further examples by taking quotients. For instance, if we choose an ideal
I ⊂ O, we can consider the map GLn (O) → GLn (O/I ). The kernel is a subgroup
of finite index in GLn (O) called a congruence subgroup.
Given an arithmetic group Γ we can form the quotient
YΓ = Γ \D = Γ \G/AG K.
The space YΓ is a locally symmetric space. This is our replacement for the open
modular curve. We propose to study
H ∗ (YΓ ; C);

(5.1)

classes in these spaces will be our analogue of holomorphic modular forms of
weight two.
What about higher weight modular forms? We can find analogues of these as
well, if we’re willing to work with fancier cohomology. Let (, M) be a finitedimensional (complex) rational representation of G. The reader should think of the
case of G a classical matrix group and  a classical polynomial representation. We
get a representation of Γ in M. If Γ is torsionfree, then the fundamental group of
YΓ is Γ . The representation  : Γ → GL(M) thus induces a local coefficient system
M on YΓ . We can then form the cohomology spaces
H ∗ (YΓ ; M).

(5.2)

For more details about local coefficients see [Ste43, Brow94, Vic94]. This construction works even if Γ has torsion, although the quotient is an orbifold, not a manifold.
Nevertheless cohomology with coefficients in a local system still makes sense for
such objects. If G = SL2 (R) and Γ ⊂ SL2 (Z), this construction is exactly what we
did to express higher weight forms in terms of cohomology of the modular curve,
4 This definition of arithmetic group suffices for our purposes because we have defined our algebraic
groups as subgroups of GLn . If one works more abstractly, then the correct condition is that Γ ⊂
G(Q) is arithmetic if for any Q-embedding ι : G → GLn , the group ι(Γ ) is commensurable with
ι(G) ∩ GLn (Z).
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cf. (2.4)–(2.5). In that case the degree k homogeneous polynomials are an incarnation of the standard representation of SL2 of dimension k + 1.
We claim that the cohomology spaces (5.2), which include those in (5.1) as a
special case, provide a means to compute certain automorphic forms explicitly. Certainly it is not clear that cohomology has anything to do with automorphic forms,
although (2.4)–(2.5) give some evidence. Justifying this relationship in detail would
take us well beyond the scope of these lectures; for an excellent discussion of the
connection, we refer to [Vog97, LS01, Schw10]. What we can say is the following:
1. According to a deep theorem of Franke [Fra98], which proved a conjecture of
Borel, the cohomology groups H ∗ (YΓ ; M) can be directly computed in terms of
certain automorphic forms (those that are “cohomological,” also known as those
with “nonvanishing (g, K) cohomology” [VZ84]).
2. There is a direct sum decomposition
∗
(YΓ ; M) ⊕
H ∗ (YΓ ; M) = Hcusp
{P}

∗
H{P}
(YΓ ; M),

(5.3)

where the sum is taken over the set of classes of associate proper Q-parabolic
subgroups of G (cf. [Lan76, Chap. 2]).
∗ (Y ; M) of (5.3) is called the cuspidal cohomology; this is
The summand Hcusp
Γ
the subspace of classes represented by cuspidal automorphic forms. The remaining summands constitute the Eisenstein cohomology of Γ [Har91]. In particular the
summand indexed by {P} is constructed using Eisenstein series attached to certain
cuspidal automorphic forms on lower rank groups; one should compare (5.3) with
∗ (Y ; M) is in some sense the most important part of the coho(2.4). Hence Hcusp
Γ
mology: all the rest can be built systematically from cuspidal cohomology on lower
rank groups.5
We emphasize that the cohomological automorphic forms are a very special subset of all the automorphic forms, and that in some sense the typical automorphic
form will not contribute to the cohomology of an arithmetic group. For SL2 /Q,
for example, it is only the holomorphic modular forms of weights ≥ 2 that appear.
Neither the (real-analytic) Maass forms nor the weight 1 holomorphic forms are
cohomological.
The underlying reason comes from the infinite-dimensional representation theory of SL2 (R). We can only sketch the connection here; for more details, including undefined terms, see [Gel75, Bum97]. Any automorphic form f on SL2 /Q
gives rise to an automorphic representation π . This is a certain subquotient of
L2 (SL2 (Q)\SL2 (AQ )), where AQ is the Adele ring of Q. The representation π

5 In fact the cuspidal cohomology can itself come from groups of lower rank, through functorial
liftings. The paper [AGMcC08] contains evidence of cohomological lifts of paramodular forms on
Sp4 /Q to SL4 /Q.
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factors as a restricted tensor product of local representations

πp .
π∞ ⊗
p prime

The factor π∞ is a unitary representation of SL2 (R). Apart from the trivial representation, the irreducible unitary representations of SL2 (R) come in four families:
1.
2.
3.
4.

The principal series.
The discrete series.
The limits of discrete series.
The complementary series.

Which of these occur as π∞ depends on what f is. If f is a Maass form, then π∞
is principal series. If f is holomorphic, then π∞ is either discrete series (k ≥ 2) or
a limit of discrete series (k = 1). The complementary series do not appear as π∞ .
Only the discrete series are cohomological, which is why we only see holomorphic
modular forms of weights ≥ 2 is the cohomology of the modular curves.
Since many—indeed most—automorphic forms are not cohomological, why do
we study cohomological forms? Here is one answer. Our ultimate goal is not to study
automorphic forms for their own sake, but instead to pursue links between automorphic forms and arithmetic. The standard example occurs in every course on modular
forms: the mysterious connection between counting points on elliptic curves over
prime fields and computing Hecke eigenvalues of weight two holomorphic cusp
forms. In general one expects that certain automorphic forms on a reductive group
G should have connections to arithmetic geometry (Galois representations). These
connections are revealed through the Hecke eigenvalues. The cohomology of arithmetic groups gives us a way to get our hands on some automorphic forms, and
these forms are among those predicted to be related to arithmetic. Some forms we’d
like to see will be missing (e.g. weight 1 holomorphic forms), but in any event the
cohomological automorphic forms are a natural and tractable class to investigate.6

6 Reduction Theory I: The Rational Numbers
At this point we have found our analogues of the modular curves, the locally symmetric spaces. We need to compute their cohomology. As everyone learns in algebraic topology courses, to compute cohomology one needs a cochain complex, and
a first step to finding this is forming a cell decomposition of the underlying space.
For the spaces Y (N), X(N), this can be done using the Farey tessellation of the
upper halfplane. In fact, since the Farey tessellation is SL2 (Z)-invariant, it leads
6 Note added in proof: After this paper was prepared, dramatic progress connecting cohomology
of arithmetic groups with Galois representations was announced by Harris-Lan-Taylor-Thorne and
Scholze (see [HLTT13, Scho13]).
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to a nice triangulation of the quotient by any finite-index torsionfree subgroup of
SL2 (Z). Even if a subgroup has torsion, as Γ0 (N ) typically does, one can still use
the Farey tessellation to compute cohomology. One can take the barycentric subdivision, or can work with more sophisticated techniques that incorporate the torsion
(cf. Sect. 8). Thus, for modular curves, one has a powerful tool to compute cohomology.
Unfortunately, for general locally symmetric spaces Γ \D the situation is not as
nice. In fact we don’t know a good way to construct Γ -invariant subdivisions of D
for an arbitrary symmetric space! But all is not lost: we have one general tool, a tool
that works in the important case of GLn over number fields. The construction has its
origin in Voronoi’s work on reduction theory for positive-definite quadratic forms
[Vor], which we discuss in this section as a warm-up. We treat the case of general
number fields in Sect. 7.
Let us reconsider the setting of Sects. 2–3 and show a different way to build
the Farey tessellation. Let V = Sym2 (R) be the three-dimensional vector space of
2 × 2 real symmetric matrices. Inside V we have the subset C of positive-definite
matrices. The set C is a convex cone: if x ∈ C then so is x for any  ∈ R>0 , and if
x, y ∈ C so is x + y. The vector space V comes with an inner product
x, y = Trace(xy),

(6.1)

and C is self-adjoint with respect to this product, namely

C = C ∗ = y ∈ V | x, y > 0 for all x ∈ C .
The group G = SL2 (R) acts on V by (g, x) → gxg t , and this action preserves C.
The stabilizer of any point is a conjugate of K = SO(2). The G-action is not transitive, so we can’t identify C with G/K = H, but the action is transitive after we mod
out C by homotheties. This leads to an identification
∼ H,
C/R>0 −→

(6.2)

which is compatible with the action of SL2 (Z) on both sides. The cone C is an
example of a real self-adjoint homogeneous cone [FK94]. Figure 2 shows C, where
x z
we have used the coordinates ( z y ). The cone is determined by the inequalities
xy − z2 > 0, x > 0. We have also indicated a few forms in C and its closure.
Now consider the closure C of C. This consists of certain rank 1 symmetric
matrices, as well as the unique rank 0 symmetric matrix. Consider the lattice Z2 ,
which we write as column vectors. We have a map q : Z2 → C given by q(x) = xx t .
Restricting q to Z2 {0}, we obtain a collection of nonzero points Ξ in the boundary
∂C = C  C. The image is discrete since it lies in the lattice of integral symmetric
matrices. Furthermore the action of SL2 (Z) on V induces an action on these points.
As we shall see, the points Ξ are almost exactly the vertices of the Farey tessellation.
What makes (6.2) so useful is that C gives a linear model of H, apart from the
mild complication of the homotheties. In particular, given the linear structure and
convexity of C and the collection of points Ξ , the geometer’s next step is irresistible:
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Fig. 2 Cone of positive
definite binary quadratic
forms: the ellipse is the slice
of constant trace 4

take the convex hull Π of Ξ . The result is a huge polyhedron equipped with an
action of SL2 (Z). Of course, there is no reason a priori that Π is a nice object, or is
even computable in any reasonable sense.
Fortunately for us, this is not the case. The polyhedron Π is very nice, with a
beautiful combinatorial structure. It has the deficiency of not being locally finite
(each vertex meets infinitely many edges), but its facets (top-dimensional proper
faces) are finite polytopes, in fact triangles. Moreover, after modding out by homotheties and applying (6.2), the proper faces of Π become the vertices, arcs, and
triangles of the Farey tessellation. The connection can be understood as in Sect. 3.
Suppose (a, b)t and (c, d)t are primitive vectors giving cusps at the endpoints of an
arc in T . Then this arc is exactly the image of the edge of Π between q(a, b) and
q(c, d). Note how useful the homotheties are in (6.2). The map q “lifts” the nonzero
integral points (a, b)t , primitive or not, up along ∂C (cf. Fig. 3). When forming Π
by taking the convex hull, we group the lifts nontrivially into the faces of Π . The
projection back down to
∼ H ∪ P1 (R)
C/R>0 −→
then recovers the Farey triangles.
From this many properties of Π become clear:
• Modulo the action of SL2 (Z), there are only finitely many vertices, edges, and
triangles in Π .
• Every edge meets finitely many triangles (namely two), but every vertex meets
infinitely many edges. Thus the polyhedron fails to be locally finite, but only “at
infinity.”
Now we turn to higher rank. Let n ≥ 2, let V be Symn (R), the real vector space
of n × n symmetric matrices. Let C ⊂ V be the convex cone of positive definite
matrices. Everything we did before goes through without trouble. Again the group
G = SLn (R) acts on C by (g, x) → gxg t . The quotient of C by homotheties is
isomorphic to the symmetric space D = SLn (R)/SO(n), where G acts on D by left
translations. We have a map q : Zn  {0} → C determining a point set Ξ ⊂ ∂C. The
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Fig. 3 A few facets of the
Voronoi polyhedron Π for
SL2 (Z)

convex hull of Ξ is a polyhedron Π , called the Voronoi polyhedron. By construction
SLn (Z) acts on Π . The cones on the faces of Π descend to form cells in D, where
the latter is a certain natural compactification of D.
Voronoi defined and studied Π because he was interested in the reduction theory
of positive-definite quadratic forms, which essentially boils down to finding a nice
fundamental domain of SLn (Z) acting on C. To explain his results we need the
concept of a perfect form. A recent treatment of Voronoi’s work can be found in
[Sch09, Chap. 3].
Let A ∈ C, and let QA be the corresponding positive-definite quadratic form.
Given a point x ∈ Rn , regarded as a column vector, we can evaluate QA on it in a
variety of ways:



Aij xi xj = x t Ax = xx t , A .
QA (x) =
i,j

Thus if x ∈ Zn , then the inner product q(x), A gives the value of QA on the lattice
point x. The minimum m(A) of QA is by definition the minimum of q(x), A as x
ranges over all points in Zn  {0}. The set M(A) of minimal vectors is the subset
of Zn on which the minimum is attained. A quadratic form is called perfect if it can
be reconstructed from the knowledge of its minimum and its minimal vectors. For
instance, the binary quadratic form x 2 + xy + y 2 is perfect, whereas x 2 + y 2 is not.
Whether or not a form is perfect is unchanged under homothety.
Voronoi proved that modulo SLn (Z), the polyhedron Π has finitely many faces.
He also proved that the facets of Π are in bijection with the homothety classes
of perfect quadratic forms. Under this bijection, if F is a facet of Π with vertices
ξ1 , . . . , ξk , then the inverse images of the ξi in Zn are the minimal vectors of a form
in the corresponding class.
He even gave an algorithm that, starting with an initial perfect form, produces
a list of perfect forms modulo SLn (Z), and used it to compute perfect forms for
n ≤ 5. Today we have a good understanding of the combinatorics of Π up to n = 7.
For n = 8 we know the SL8 (Z)-orbits of the facets of Π , but a notorious bugaboo
living in dimension 8 challenges further progress: the E8 root lattice [DVS]. This
lattice gives rise to a perfect form whose corresponding facet of Π contains more
that 2.5 × 1014 maximal faces!
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Voronoi’s algorithm produces, as a by-product, an explicit reduction theory for C.
Consider the collection of cones Σ in C obtained by taking the cones on the faces of
Π . Modulo SLn (Z) there are only finitely many cones in Σ , and one can prove that
if a cone meets C then its stabilizer in SLn (Z) is finite. Thus the top dimensional
cones in Σ are very close to fundamental domains of SLn (Z); we saw this already
for n = 2, where each Farey triangle was a union of three fundamental domains of
SL2 (Z). In particular, if Γ ⊂ SLn (Z) is torsionfree, then one can make a fundamental domain for Γ by taking a union of finitely many closed top-dimensional cones
in Σ. In any case, whether Γ has torsion or not, one can show that any point x ∈ C
lies in a unique cone σ (x) ∈ Σ . It turns out that Voronoi’s algorithm to enumerate
perfect forms leads to an algorithm that finds σ (x).

7 Reduction Theory II: General Number Fields
Voronoi’s theory is fantastic for the rational numbers, but what about other number fields? The good news is that we have tools for explicit reduction theory
there as well, thanks to work of Ash [Ash77] and Koecher [Koe60]. The former
was developed in the context of compactifying hermitian locally symmetric spaces
[AMRT75], and is in some ways more similar to Voronoi’s original theory. The latter sacrifices some of the structure of the former, but has the advantage that it works
over any number field: it can be Galois or not, CM or not, totally real or not, and so
on.
Let F /Q be a number field of degree d = r + 2s, where F ⊗ R Rr × Cs . Let
O = OF be the ring of integers of F . Our goal is to compute the cohomology of
GLn (O) and its congruence subgroups by building cell decompositions of locally
symmetric spaces as in Sect. 6. It turns out that this can be done in a straightforward
way. There are just a few differences from the rational case.
First we need a vector space and a cone. The field F has r real embeddings
and s complex conjugate pairs of complex embeddings. For each pair of complex
conjugate embeddings, choose and fix one. We can then identify the infinite places
of F with its real embeddings and our choice of complex embeddings. For each
infinite place v of F , let Vv be the real vector space of n × n real symmetric (respectively, of complex Hermitian) matrices Symn (R) (resp., Hermn (C)) if v is real
(resp., complex). Let Cv be the corresponding
coneof positive definite (resp., pos
itive Hermitian) forms. Put V = v Vv and C = v Cv , where the products are
taken over the infinite places of F . We equip V with the inner product
x, y =



cv Trace(xv yv ),

(7.1)

v

where the sum is taken over the infinite places of F , and cv equals 1 for v real and
2 for v complex. Once again, the cone C is self-adjoint with respect to this inner
product.
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Koecher calls C a positivity domain; one can regard it as the cone of real-valued
positive quadratic forms over F in n-variables. Specifically, if A ∈ C is a tuple (Av ),
then A determines a quadratic form QA on F n by

QA (x) =
cv xv∗ Av xv ,
where cv is defined in (7.1) and ∗ denotes transpose if v is real, and conjugate
transpose if v is complex. Such forms are sometimes called Humbert forms in the
literature. Note that we do not require that (Av ) arises from a matrix with entries in
F via the embedding F → F ⊗ R. Instead each Av is an independent matrix in its
Cv .7
The group G = GLn (R)r × GLn (C)s acts on V by

gv yv gvt , v real,
(g · y)v =
gv yv g vt , v complex.
This action preserves C, and exhibits G as the full automorphism group of C. In
fact, we can identify the quotient C/R≥0 of C by homotheties with the globally
symmetric space D = G/KAG , where K O(n)r × U(n)s is a maximal compact
subgroup of G and AG is the split component, cf. Sect. 4.
Now we construct a subset Ξ ⊂ ∂C. We can do almost exactly what we did
before; we just have to take the different embeddings of F into account.
In particular, the nonzero (column) vectors O n  {0} determine points in V via


q : x −→ xv xv∗ .
(7.2)
We have q(x) ∈ ∂C for all x ∈ O n , and we define

Ξ = q(x) | x ∈ O n  {0} .
These points play the same role for the forms in C that the lattice points did for
positive-definite quadratic forms in Sect. 6. In particular, they lead to a notion of
perfection. Given A ∈ C we define its minimum to be
m(A) = inf ξ, A
ξ ∈Ξ

and its minimal vectors by

M(A) = ξ ∈ Ξ | ξ, A = m(A) .
A form is called perfect if it can be recovered from the knowledge of m(A) and
M(A).
7 Although this construction sounds strange, we shall see that it is a reasonable notion of forms
over F . Not every quadratic form of interest comes from a matrix A that is the image of a matrix
from F under the embeddings; in particular the perfect forms defined in this section usually do not
come from a matrix over F .
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With this set up, Koecher proves that perfect forms exist, and that every perfect
form has finitely many minimal vectors. Given a perfect form A, let σ (A) ⊂ C be
the cone


σ (A) =
ξ ξ ξ ∈ M(A), ξ ≥ 0 .
Koecher calls σ (A) a perfect pyramid, and proves that they behave almost identically to Voronoi’s perfect cones:
1. Any compact subset of C meets only finitely many perfect pyramids.
2. Two different perfect pyramids have no interior point in common.
3. Given any perfect pyramid σ , there are only finitely many perfect pyramids σ 
such that σ ∩ σ  contains a point of C (which, by item (2), must lie on the boundaries of σ , σ  ).
4. The intersection of any two perfect pyramids is a common face of each.
5. Let σ be a perfect pyramid a τ and codimension one face of σ . If τ meets C,
then thereis another perfect pyramid σ  such that σ ∩ σ  = τ .
6. We have σ ∈Σ σ ∩ C = C.
Now we bring our discrete group into the picture. The group GLn (O) acts on C
and takes Ξ into itself. It clearly acts on the set of perfect pyramids and thus on the
cones in Σ . Koecher proves that there are finitely many GLn (O)-orbits in Σ , and
that each σ ∈ Σ that meets C has at worst a finite stabilizer. Quotienting the entire
picture out by homotheties, we wind up with a picture exactly analogous to the Farey
tessellation of the upper halfplane, and we can use the resulting decomposition of the
symmetric space D to compute cohomology of finite-index subgroups of GLn (O).
We conclude this discussion with two points. First, it is essential that we use GLn
instead of SLn . To pass from C to the SL-symmetric space DSL , we would need to
divide each factor Cv by R>0 , not just the product. In fact, one passes from DGL to
DSL by dividing out by the group of real points of the unit group. This kills the flat
factor (and explains why it has the same dimension as the rank of O × ). But we only
know how to do the explicit reduction theory for the full cone C, and so we have to
keep the flat factor. Second, when F = Q, we can construct the cones in Σ by taking
cones on the faces of the Voronoi polyhedron Π . For general F , we can define the
Koecher polyhedron to be the convex hull of Ξ . It’s not hard to see that any perfect
form gives rise to a facet of Π , but the converse is not clear. One needs to know that
the perfect pyramids have no dead ends (cf. [DSV08, §3]). More discussion can be
found in [GY13, §2].

8 The Cohomological Dimension and Spines
In Sect. 7 we explained how to find the analogues of the Farey tessellations for GLn
over number fields. In this section we want to explain how to use them to compute
cohomology.
Let Γ be an arithmetic group in a reductive Q-group G. Assume for the moment
that Γ is torsionfree. Let D = G/KAG be the global symmetric space, and let YΓ
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Fig. 4 The retract inside H

be the locally symmetric space Γ \D. Let M be a Z[Γ ]-module and let M be the associated local system on YΓ . Then the cohomological dimension of Γ is defined to
be the smallest integer ν such that H i (YΓ ; M) = 0 for all M [Ser71, §1.2]. We extend this to Γ with torsion by defining the virtual cohomological dimension vcd(Γ )
to be the cohomological dimension of any finite-index torsionfree subgroup of Γ
[Ser71, §1.8]. One can show that this is well-defined.
It turns out that one can compute the virtual cohomological dimension for any
arithmetic group. By a result of Borel-Serre [BS73, Theorem 11.4.4], we have


vcd(Γ ) = dim(D) − rQ G/R(G) ,
(8.1)
where R(G) is the radical. In general this is less than the dimension of D, which is
the same as the dimension of YΓ . For instance, if G = SL2 /Q, then D = H, which
has (real) dimension 2, and rQ (G) = 1 (the radical is trivial since G is semisimple).
Thus the cohomology of the open modular curve Γ \H vanishes in degrees > 1. For
G = RF /Q GLn , where F ⊗ R Rr × Cs , we have
dim(D) = r ·

n(n + 1)
+ s · n2 − 1,
2



rQ G/R(G) = n − 1.

For some examples of these numbers, see Table 1 on p. 38.
For our main groups of interest, there is a way to understand geometrically why
vcd(Γ ) should be given by (8.1). We first consider the simplest case: G = SL2 /Q.
Consider the Farey tessellation of H. Inside the tessellation one can find a regular
3-tree W that’s dual to the tessellation (Fig. 4). The vertices of W lie at the SL2 (Z)translates of ω = e2πi/3 , and the edges meet the edges of the Farey tessellation at
the SL2 (Z)-translates of i. The tree, like the tessellation, is an SL2 (Z)-equivariant
collection of cells, but it has an advantage over the tessellation: modulo any finite
index subgroup Γ ⊂ SL2 (Z), the tree is compact. For instance, if one takes Γ =
Γ (N ) for N = 3, 4, 5 and computes Γ \W , the result is once again very familiar
(cf. [Pla]).
But there is still more: not only is W modulo Γ compact, it is actually an SL2 (Z)equivariant deformation retract of H. In other words, there is a continuous map
r : H → W that is SL2 (Z)-equivariant and is the identity when restricted to W .
This means
∼ H ∗ (Γ \W ; M)
H ∗ (YΓ ; M) −→
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for any finite-index subgroup Γ . Since Γ \W is compact and of lower dimension
than YΓ , it is easier to work with.
This motivates the following definition. Let D be a symmetric space acted on
by an arithmetic group Γ . We say that a subspace W ⊂ D is a spine for Γ if the
following hold:
1. There is a Γ -equivariant deformation retraction of D onto W .
2. W is a locally finite regular cell complex of dimension vcd(Γ ).
3. Γ acts on W with finite stabilizers, and modulo Γ there are only finitely many
cells in W .
Spines are only known for a few symmetric spaces, and almost all of those are some
form of GLn . For GL2 /Q the existence of a spine is classical. For GLn /Q, n ≥ 3,
spines were constructed by Ash, Soulé, and Lannes-Soulé [Ash84, Ash77, Sou75].
For GL2 /F when F is imaginary quadratic, spines were built by Mendoza [Men79],
Flöge [Flö83], and Vogtmann [Vog85]. The most general construction along these
lines is due to Ash, and is known as the well-rounded retract [Ash84]. It treats
G such that G(Q) = GLn (A), where A is a division algebra over Q. This includes RF /Q GLn . Outside of these cases, spines are only known sporadically. Yasaki
proved a√
spine exists when G has Q-rank one and gave complete details for SU(2, 1)
over Q( −1) [Yas06, Yas08]. McConnell-MacPherson [MMcC93, MM89] constructed a spine for Sp4 /Q.
Ash’s construction [Ash84] provides a spine for RF /Q GLn ; in fact he builds an
(h − 1)-parameter family of spines, where h is the class number of O. For our
purposes we prefer to follow an idea in Ash’s earlier paper [Ash77], which gives a
spine beginning from a Koecher-like decomposition. This has the advantage that the
resulting spine is clearly dual to the cones in Koecher fan, just like the tree is dual
to the Farey tessellation. We only sketch the construction here, and leave the details
to the reader.
Consider the 1-dimensional cones in the Koecher fan Σ . Each contains a distinguished point, namely the first point in Ξ that lies on it. We call this point a spanning
point of the 1-cone, and thus for any cone in Σ we can speak of its spanning points.
Using the spanning points, we can form the barycentric subdivision of the cones in

. Note that GLn (O) acts on Σ.
Σ to make a new fan Σ
The fan Σ has the property that any cone of dimension n − 1 cannot meet C,
i.e. such cones lie in ∂C. We define a subcone W  ⊂ C by taking the union of all
 that are contained entirely in C. We claim that W = W  /R>0 gives the
cones in Σ
spine in D.
Figure 5 illustrates this for SL2 /Q, after we’ve modded out by homotheties; thus
this represents a “cross-section” of what’s happening in the cone C. The triangle on
the left is taken from the Farey tessellation and has vertices at infinity. The triangle
in the middle has been barycentrically subdivided. The heavy lines in the triangle
on the right are pieces of the retract W . Note that the edges in the spine are actually
unions of cells from the barycentric subdivision. This is what happens in general:
 mod homotheties.
the cells in W will be glued together from cells arising from Σ
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Fig. 5 Subdividing the Farey tessellation to make a spine

From this construction it is not hard to see that W meets all the criteria to be a
spine. For instance, the retraction is done piecewise-linearly, simply by appropri (cf. [Ash77, §3]). The stabilizer of a cell in
ately projecting within each cone in Σ
W is the same as the stabilizer of the dual cone in Σ . These stabilizers are finite,
since the dual cones meet C.
We end this section with a few words about how one can use W to compute
the cohomology of YΓ . If Γ is torsionfree, there is not much to say. One simply
takes the regular cell complex Γ \W and proceeds as usual in algebraic topology
courses. But if Γ has torsion, as most of the Γ do that we care about, the situation
is more complicated. We can’t simply divide out by the action of Γ , since there can
be nontrivial stabilizer subgroups.

One solution to this dilemma would be to pass to the barycentric subdivision W
 are trivial for any Γ , so Γ \W
 is
of W . It’s not hard to see that all Γ -stabilizers in W
a regular cell complex. But this is not always such a useful path to take. The number
 , for instance, will be much greater than the number in W . It’s
of Γ -orbits in W
 to compute the action of the Hecke operators on the
also less clear how to use W
cohomology, cf. Sect. 11.
Another solution is to compute the equivariant cohomology HΓ∗ (W, M). This is
a ramped-up version of cohomology that takes into account the stabilizers. Usually when a group acts on a space, the equivariant cohomology computes different information from the cohomology of the quotient, but we’re lucky in this
case: we have an isomorphism HΓ∗ (W ; M) H ∗ (Γ \W ; M). In particular, we have
HΓ∗ (W ; C) H ∗ (Γ \W ; C). To prove this one uses a spectral sequence relating the
two cohomology theories; for more information see [Brow94, Chap. VII] (in the
language of homology) or [AGMcC02, §3]. What makes everything work is that (1)
the stabilizers on W are finite and (2) the local systems we consider come from complex representations of our discrete group. In particular, the orders of the stabilizers
are invertible in the ring over which the coefficient modules are defined.
The paper [AGMcC02] explains in great detail how to compute the boundary
maps one needs to compute HΓ∗ (W ; C). Another presentation can be found in
[EVGS]. The amazing fact is that, after all the dust settles, the boundary map is
essentially what one would make from the Koecher fan! In other words, there is
a natural chain complex one could build from the cones in Σ . One simply takes
the free abelian groups generated on the oriented cones that meet C, and then the
boundary map is induced from passing from a cone to the codimension one cones
on its boundary. This gives a chain complex that mod Γ computes the cohomology
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of YΓ , at least if Γ is torsionfree. If Γ has torsion, then the boundary maps must
include information about the stabilizers in its definition and things get more complicated (cf. [AGMcC02]); otherwise the construction is the same. The indexing in
this scheme is very pleasant: the cones of codimension k in Σ induce the chain
group that captures H k .

9 Hecke Operators and Modular Symbols
It is now time to talk about Hecke operators. They are a collection of linear maps
on the cohomology, and their eigenvalues reveal the arithmetic lurking in the cohomology.
We fix a reductive group G and an arithmetic group Γ . The symmetric space
(resp., locally symmetric space) is denoted D (resp., YΓ ) as usual. Let g ∈ G have
the property that Γ and g −1 Γ g have finite index in Γ  = Γ ∩ g −1 Γ g. We get a
diagram
Γ  \D
s

(9.1)
t

Γ \D

Γ \D,

where the map t is the composition of Γ \D → g −1 Γ g\D with the diffeomorphism
g −1 Γ g\D → Γ \D given by multiplication on the left by g:
g −1 Γ gx −→ Γ gx.
The diagram (9.1) is called a Hecke correspondence. The condition on g ensures
that s, t are finite-to-one maps.
The diagram (9.1) induces a map on cohomology, namely
t∗ s ∗ : H ∗ (YΓ ; M) −→ H ∗ (YΓ ; M).

(9.2)

The map s ∗ is just the usual map s induces on cohomology, but t∗ only makes
sense because t has finite fibers. This kind of map is sometimes called a “wrongway” map. It can be built using integration over the fibers, if one uses de Rham
cohomology [BT82], or via the transfer map in group cohomology [Brow94, III.9].
The map (9.2) is called an Hecke operator and is denoted Tg . For instance if one
 
takes G = SL2 /Q and g = 10 p0 , one gets the classical operator Tp .
The Hecke operators satisfy many properties. For instance, the correspondence
and the operator depend only on the double coset Γ gΓ . The operators form an
algebra by composition. Given any g as above, we can write

Γ h,
(9.3)
Γ gΓ =
h∈Ω
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Fig. 6 Hecke correspondences don’t preserve the tessellation

where the Ω is a finite set (i.e., the double coset Γ gΓ is a finite union of single
cosets). Thus the diagram (9.1) can be thought of as a “multi-valued function” on
YΓ :8 We have
Γ x −→ {Γ hx}h∈Ω .

(9.4)

Many details about the Hecke operators on GLn /Q, especially the algebra structure,
can be found in [Shi71, Chap. 3].
We are keenly interested in using topological tools to determine eigenvalues and
eigenclasses of the Hecke operators in cohomology. But unfortunately we cannot directly use the cell decompositions we constructed in Sects. 6–7 to achieve this. The
problem is that the Hecke correspondences do not act cellularly on our decompositions, and so we cannot easily write the Hecke operator as a linear map on our chain
complexes. This is already visible for SL2 (Z): the Farey
  tessellation is not taken into
itself under the “map” (9.4). To see this, take g = 10 02 and consider the edge from
     
0 to ∞, which is colored green in Fig. 6. We have Ω = 10 02 , 20 01 , 10 12 . After
applying (9.4), this edge is taken to itself with multiplicity two and the red edge in
Fig. 6, which runs from 1/2 to ∞. The red edge isn’t an edge in the tessellation.
How to deal with this problem? One solution is to simply refine the cell decomposition to include these new edges. In fact for T2 on the upper halfplane this is not
an unreasonable approach. It’s not hard to see that essentially all one needs to do is
to add all the SL2 (Z)-translates of the red edge and to take the common refinement
of them with the original Farey triangles. A similar strategy can be applied to Tp .
The problem is that this will only allow one to compute a single Hecke operator at a
time, with the geometric complexity rapidly increasing as p increases. Usually one
wants to be able to compute many Hecke operators, for as many p as possible.
Another solution is to build a bigger complex with Γ -action that also computes
H ∗ (YΓ ) but has the additional property of admitting a Hecke action. Such a complex
can’t possibly be finite modulo Γ , so a priori is not computationally useful.
The example of SL2 /Q is instructive. We recall from Sect. 3 how we used
the Farey triangulation to compute cohomology. There we took a congruence subgroup Γ ⊂ SL2 (Z) and let XΓ be the compactified modular curve. The chain complex built from the Farey tessellation allowed us to compute the relative homology
8 According to R. MacPherson, the great geometers of old were perfectly comfortable with multivalued functions and would have embraced such a perspective. It is only modern mathematicians
who have the paucity of imagination to insist that functions be single-valued.
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H1 (XΓ , ∂XΓ ; C). We now need to add edges to this triangulation to account for
the Hecke images. A little experimentation with (9.4) quickly convinces one that
one needs to add the images (under the projection H∗ → XΓ ) of all geodesics in
H∗ from cusp to cusp, if one wants to include all possible Hecke images of Farey
edges. This is now a huge collection of geodesics. It’s clearly not Γ -finite, since the
absolute value of the determinant of a pair of cusps is preserved by Γ (cf. (3.2)).
Nevertheless, we’ll see that this is a good idea.
Thus one is naturally led to a new model for H1 (XΓ , ∂XΓ ; C). One considers
the C-vector space U generated by symbols u = [x1 , x2 ], where each xi is a cusp.
We think of the symbol u as corresponding to the class in H1 (H∗ , ∂H∗ ; C) of the
oriented geodesic from x1 to x2 . As such, these symbols have to satisfy some obvious relations. For instance, [x2 , x1 ] = −[x1 , x2 ], since the geodesics have opposite
orientations. Certainly [x1 , x1 ] = 0, since the geodesic is a point. The most complicated one is the three-term relation, which says
[x1 , x2 ] + [x2 , x3 ] + [x3 , x1 ] = 0.

(9.5)

This simply says that if three geodesics form the oriented boundary of a triangle, the
sum of their classes should vanish. The space U is the space of modular symbols.
It has a Γ -action since Γ acts on the cusps, and we let UΓ be the quotient U by
relations of the form u−γ ·u (i.e., the space of coinvariants). Then UΓ is isomorphic
to H1 (XΓ , ∂XΓ ; C) and admits a Hecke action: if Γ gΓ has the decomposition
(9.3), then

Tg (u) =
h · u.
(9.6)
h∈Ω

By (3.1) this corresponds to a Hecke action on H 1 (YΓ ; C), and thus on the weight
two modular forms.
Now we connect this back to our original model for the relative H1 , which came
from the Farey tessellation. Clearly the Farey tessellation determines a subspace
U  ⊂ U , the subspace generated by unimodular symbols, which by definition are
the symbols with determinant ±1 (cf. (3.2)). This is an easier space to work with
since the space of coinvariants UΓ is finite. So our computational problem becomes
the following:
1. Start with a cycle η ∈ UΓ , representing
a class in H1 (XΓ , ∂XΓ ; C).

2. Lift η to sum of symbols 
η = au u and thus to an element of U  , which determines an element of U .
3. Now apply the Hecke operator (9.6) to compute Tg (
η). Thus will lie in U and
not U  in general.
4. Somehow push Tg (
η) to an equivalent element in U  . Here “equivalent” means
that we are allowed to rewrite Tg (
η) using the defining relations for U , such as
(9.5). The goal is to obtain a sum


θ=
bu u,
where each u is unimodular.
5. Then one projects 
θ back down to UΓ .
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Fig. 7 Making the red modular symbol unimodular

Of course step (4) is the subtle part of this process; this is where all the action
takes place. For modular symbols on SL2 /Q, step (4) is done through a version of
the continued fraction algorithm and is known as Manin’s trick. See [Ste07, Proposition 3.11] for an exposition.
Since our goal is to treat more complicated groups, here we content ourselves
with showing what happens to the red modular symbol from Fig. 6. We can push it
back to the unimodular subspace by applying one three-term relation, which writes
it as the sum of the two orange modular symbols in Fig. 7.

10 The Sharbly Complex
We return to G = RF /Q GLn . Our goal is to describe a complex S∗ with Hecke
action that computes H ∗ (YΓ ; C). This will take the place of the modular symbols
U from Sect. 9. In fact it will turn out that U is the quotient S0 /∂S1 , where ∂ is the
boundary map in the complex. Like the modular symbols, this complex will be built
from tuples of “cusps,” but now the cusps will be equivalence classes of the points
we used in the construction of the Koecher fan.
Recall that for any x ∈ O n  {0}, we have constructed a point q(x) ∈ C (see
(7.2)). Write x ∼ y if there exists λ ∈ R>0 such that q(x) = λq(y). Thus x is equivalent to y if they determine the same ray in C. Let Ak be the set of formal C-linear
sums of symbols u = [x1 , . . . , xk+n ], where each xi is in O n  {0}. Let Ck be the
submodule generated by the elements
1. [xσ (1) , . . . , xσ (k+n) ] − sgn(σ )[x1 , . . . , xk+n ] for any permutation σ on (k + n)
letters,
2. [x, x2 , . . . , xk+n ] − [y, y2 , . . . , yk+n ] if x ∼ y, and
3. u if x1 , . . . , xk+n are contained in a hyperplane (we say u is degenerate).
The quotient Sk = Ak /Ck is called the space of k-sharblies. We define a boundary
map ∂ : Sk+1 → Sk by linearly extending
∂[x1 , . . . , xk+n ] =

k+n

(−1)i [x1 , . . . ,
xi , . . . , xk+n ],

(10.1)

i=1

where 
xi means omit xi . The resulting complex S∗ is called the sharbly complex.
Note that S∗ is a homological complex—the boundary maps decrease degrees.
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For example, let G = SL2 /Q. Two points x, y ∈ Z2  {0} satisfy x ∼ y if and
only if they determine the same cusp of the upper halfplane. The defining relations
for C0 , together with the additional relations obtained from the image of ∂(S1 ), are
exactly the relations used to build U .
The complex S∗ has a left Γ -action for any subgroup Γ ⊂ GLn (O): if g ∈ Γ and
u = [x1 , . . . , xk+n ], then g · u = [gx1 , . . . , gxk+n ]. The Γ -action commutes with the
boundary, so we can form the complex (S∗ )Γ of coinvariants. We claim


∼ Hk (S∗ )Γ .
H vcd(Γ )−k (YΓ ; C) −→
This follows from Borel-Serre duality, as we now explain. We first need to recall the
Steinberg module.
Let V = F n be an n-dimensional vector space over F . We build a simplicial
complex T , called the Tits building, from this vector space as follows. The vertices
are the proper nonzero subspaces of V . Subspaces V1 , . . . , Vk+1 determines a ksimplex if they can be arranged into a flag
{0}  V1  V2  · · ·  Vk+1  V .
By the Solomon-Tits theorem, T has the homotopy type of a bouquet of (n − 2)∗ (T ) are nonzero only in
spheres.9 In particular the reduced homology groups H
degree (n − 2).
n−2 (T ) by taking the fundamental classes of apartOne can construct classes in H
ments: one chooses a basis E = {v1 , . . . , vn } of V and considers all the possible flags
that can be constructed from E by taking spans of permutations of subsets. By apn−2 (T ). It is known
propriately choosing signs one obtains a class v1 , . . . , vn  ∈ H
that such classes span the homology. We have an action of G(Q), and by definition,
n−2 (T ).
the Steinberg module Stn is the G(Q)-module H
For instance, suppose n = 3 and F = Q. Then the vertices of T come in two
types, namely those indexed by lines and those indexed by planes. Two vertices
are joined by an edge if one corresponds to a line and one to a plane, and the line
is contained in the plane. There are no higher-dimensional simplices. Thus T is a
graph, which certainly has the homotopy type of a bouquet of circles. If we fix a
triple of lines in Q3 only meeting at the origin, we can determine 3 planes by taking
their pairwise spans. Thus we obtain 6 different flags whose edges can be grouped
together into a hexagon (Fig. 8; the white (resp., black) dots correspond to the lines
1 (T ).
(resp., planes)). The classes of all such hexagons span H
Now we are ready to connect the Steinberg module to the sharbly complex. The
Borel-Serre duality theorem [BS73] states that for any arithmetic group Γ ⊂ G(Q),
we have
∼ Hk (Γ ; Stn ⊗ C).
H vcd(Γ )−k (YΓ ; C) −→
A more general result holds for the local coefficient systems M; one simply replaces
Stn ⊗ C with Stn ⊗ M. Thus to compute the cohomology of Γ , we need to take a
9A

bouquet of spheres is wedge sum of a set of spheres.
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Fig. 8 A cycle in the Tits
building

resolution of the Steinberg module. This is what the sharbly complex gives us. We
have a map
ε : S0 −→ Stn
gotten by taking the 0-sharbly u = [x1 , . . . , xn ] to the class x1 , . . . , xn . It is not
hard to see that the composition ∂ ◦ ε : S1 → Stn vanishes, so we get a map of
complexes S∗ → Stn (we regard Stn as being a complex concentrated in degree 0).
The sharbly complex itself is easily seen to be acyclic, and thus it furnishes us with
a resolution of Stn .
Hence we can use the sharbly complex to compute the cohomology H ∗ (YΓ ; C).
By extending the coefficients of the sharbly complex, we can even use it to compute
the cohomology with coefficients H ∗ (YΓ ; M). The sharbly complex admits an action of the Hecke operators.
Suppose η ∈ (Sk )Γ is a cycle. Then we can lift η to a

k-sharbly chain 
η = au u ∈ Sk , where au ∈ C and almost all coefficients are zero.
If a Hecke operator T has coset representatives Ω, as in (9.3), then we put


μ = T (
η) =
au (h · u).
In general 
μ will depend on our choice of Ω, but the image μ of 
μ in (Sk )Γ will
not. Thus we can define T (η) to be μ.
At this point we find ourselves in a very similar position to that in Sect. 9. We
have a complex S∗ that allows to compute the cohomology of YΓ , a complex that
is the analogue of the modular symbols U . The only glitch is that each Sk isn’t
finite modulo Γ . This is easy to see. If u = [x1 , . . . , xn ] is a 0-sharbly, we can
compute how “big” it is using determinants. For any x ∈ O n  {0}, let x  ∈ O n  {0}
denote the unique point such that x  ∼ x and q(x  ) is closest to the origin in the ray
through q(x). We define Size(u) = |NF /Q det(x1 , . . . , xn )| ∈ Z>0 . If is clear that
Size is constant on GLn (O)-orbits in S0 , and that Size is unbounded on S0 .
Hence we have an analogue of the space of modular symbols. What’s missing
is the analogue of the unimodular subspace U  . This subspace U  has two characterizations: it can be defined as the space spanned by (i) determinant one modular
symbols, or (ii) modular symbols whose support is an edge in the Farey tessellation.
By coincidence these are the same condition for SL2 (Z), but this is not necessarily
true in other settings. Our perspective is that the second criterion is more robust, and
works better for other groups.
Thus the decompositions we constructed in Sects. 6–7 return to the stage. Recall
that Σ is the fan of Koecher cones in the closed cone C, and that the quotient C/R>0
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Fig. 9 Reduced 1-sharblies
from a cone on a square

is a model for the symmetric space associated to G. Recall also that we can compute
the cohomology H ∗ (YΓ ; C) by computing the equivariant cohomology HΓ∗ (W ; C)
of the retract W dual to Σ, and that the complex used to do this is essentially the
chain complex on the Koecher cones. Since the Koecher cones are encoded by tuples
of nonzero points in O n , just as the sharblies are, it is irresistible to try to build a
“Koecher” subcomplex of S∗ corresponding to the Koecher cones. In fact this is
basically what the unimodular subspace is: it comes from the subcomplex of S0
built from the Farey edges, i.e. the Voronoi 2-cones.
This is the idea that will eventually allow us to compute the action of the Hecke
operators on the cohomology, but implementing it is not as straightforward as one
might hope. An immediate problem is that the Koecher cones need not be simplicial.
Hence for some Koecher cones there is not an obvious way to build a corresponding
sharbly chain.
One way to deal with this is as follows. A basis k-sharbly u = [x1 , . . . , xk+n ]
induces a collection of rays R>0 q(x1 ), . . . , R>0 q(xk+n ) in C. We say u is reduced
if there is a top-dimensional Koecher cone that contains these rays. We say a ksharbly chain is reduced if all its basis sharblies are reduced. Note that a sharbly
being reduced is not the same as saying that these rays span a cone in the fan Σ ,
since the cones in Σ aren’t necessarily simplicial.
Reduced sharblies are our analogue of unimodular symbols. It is clear that the
reduced sharblies form a subcomplex of S∗ , since the boundary of any reduced
sharbly chain is reduced. Let R∗ be this complex. It is finite modulo Γ , since there
are only finitely many Koecher cones modulo Γ .
Thus (R∗ )Γ looks like a good candidate to compute H ∗ (YΓ ; C), but unfortunately it doesn’t work. The problem is that because the Koecher fan isn’t simplicial,
the complex (R∗ )Γ could be missing some identifications necessary to capture the
cohomology we want. Rather than pursuing a complete presentation, which is not
necessary for our purposes, we give an example to illustrate what’s going on.
Suppose that n = 2 and that Σ contains a 3-cone σ that is a cone on a square;
this is the simplest way Σ can fail to be non-simplicial. There are four reduced 1sharblies “associated” to σ , namely those corresponding the four simplicial cones
obtained by drawing the two different diagonals across the square (Fig. 9 shows a
cross section). Let’s call these 1-sharblies u1 , . . . , u4 . Certainly we want to have the
relation u1 + u2 = u3 + u4 . If the stabilizer of σ in Γ includes rotation by 90◦ ,
then we can pick it up when we pass to the coinvariants. But if we don’t have this
rotation we may miss a relation we clearly want, and YΓ might appear to have extra
cohomology.
There are three ways out of this problem:

Property of The Mathematics Center Heidelberg - © Springer 2014

30

31

1. We can ask for less by restricting ourselves to torsionfree Γ . Then we can take
each cone σ ∈ Σ and can simplicially subdivide it without adding new rays.
Since Γ is torsionfree we can perform this subdivision Γ -equivariantly. We can
define a subcomplex R∗ ⊂ R∗ corresponding to these cones. Then (R∗ )Γ is
finite and computes the cohomology of YΓ . But this possibility is rather unappealing, since our main groups of interest (analogues of Γ0 (N ) ⊂ SL2 (Z)) have
torsion in general.
2. We can steel ourselves and can work with R∗ . We just add all the extra relations
we need. In particular, if two unions of cones corresponding to two sets of reduced k-sharblies form the same cone in C, then we pick up a relation, exactly
as Fig. 9 tells us that u1 + u2 = u3 + u4 . This can be somewhat painful to work
out, but there are only finitely many possibilities to worry about, and often the
stabilizers of the Koecher cones can help.
3. We can gamble and only compute cohomology in the degrees where the Koecher
fan is simplicial. In particular suppose we are interested in the cohomology group
H vcd(Γ )−i . Then we want to work with k-sharblies for k = i − 1, i, i + 1. If
the Koecher fan is simplicial in these dimensions, then we can use R∗ without
having to muck around with subdivisions.
The last idea sounds somewhat crazy, but it turns out to work very well in practice:
experience teaches us that in many examples the Koecher fan is simplicial up to
cones of relatively large dimension. Even better, for various reasons we may only
care about the small-dimensional cones in Σ, where Σ is often simplicial. For instance this is what happens in the computations described in Sect. 12. In the next
section, we will try to explain this.

11 Hecke Operators and Sharbly Reduction
In this section we finally describe how to use the sharbly complex to compute the
action of the Hecke operators. We will explain what happens in the mysterious step
(4). However, we must come clean at the very beginning, and confess that we don’t
actually have a proof that our techniques to compute Hecke operators work. Nevertheless, the techniques are robust enough that they have worked in every attempt,
without fail. We frame the discussion in a sequence of heuristics.
Before we begin, we must discuss the cuspidal range. Recall the decomposition
(5.3) from Sect. 5:
∗
H ∗ (YΓ ; C) = Hcusp
(YΓ ; C) ⊕
{P}

∗
H{P}
(YΓ ; C).

(11.1)

Here we have taken cohomology with trivial coefficients. The cuspidal cohomology
∗
Hcusp
is the most interesting summand from our point of view, since it corresponds
to certain cuspidal automorphic forms; these are our analogues of the weight two
holomorphic modular forms.
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This decomposition only tells us that there is a summand for the cusp forms.
It doesn’t say anything about which cohomological degrees actually contain cuspidal cohomology, so where does it live? It turns out that cuspidal cohomology is
a rather picky beast: outside of a certain interval, called the cuspidal range, the
cuspidal cohomology vanishes. One can get an estimate for this range using the
structure theory of G = G(R) [LS01, §2.C]. Assume that G = RF /Q SLn , so that
G SLn (R)r × SLn (C)s , with maximal compact subgroup K SO(n)r × SU(n)s
and associated symmetric space D = G/K. Let r(G) = rC (G) be the absolute rank
of G, and let l0 (G) = r(G) − r(K). Then for any coefficient system M as before
and any arithmetic group Γ , we have
i
Hcusp
(YΓ ; M) = 0

unless
b(Γ ) :=



1
1
dim D − l0 (G) ≤ i ≤
dim D + l0 (G) =: t (Γ ).
2
2

(11.2)

For instance, if F = Q then r(SL2 (R)) is the rank of SL2 (C), which is 1, and
r(SO(2)) is the rank of SO(2, C), which is 1. Thus l0 = 0, and the cuspidal cohomology occurs in degree 1 = (dim H)/2. This is why we see the holomorphic
cuspidal modular forms in H 1 . For SL3 we have r(SL3 (R)) = 2, but r(SO(3)) = 1
(since this is the rank of SO(3, C), which has Cartan-Killing type B1 A1 ). Thus
l0 = 1. The space D has dimension 5, and so cuspidal cohomology can only show
up in degrees 2 ≤ i ≤ 3.
The case of F imaginary quadratic is also interesting. We have G = SL2 (C),
thought of as a real Lie group, not a complex Lie group. Thus r(SL2 (C)) = 2, since
G(C) is two copies of SL2 (C). On the other hand r(SU(2)) = 1, since SU(2) is the
compact form of SL2 (C). Hence l0 = 1, and since dim H3 = 3, cuspidal cohomology
can only occur in degrees 1 ≤ i ≤ 2.
What about the difference between G = RF /Q GLn and G = RF /Q SLn ? The
only difference in the locally symmetric spaces attached to these two groups is that
the GL-space YΓ is a torus bundle over the SL-space YΓ . One can find a Γ ⊂
GLn (O) such that this bundle is trivial, which means (by the Künneth theorem) that
H ∗ (YΓ ) = H ∗ (T ) ⊗ H ∗ (YΓ ), where T (S 1 )r+s−1 . From this it is clear that the
formula (11.2) becomes
b(Γ ) :=



1
1
dim D − l(G) ≤ i ≤ dim D + l(G) =: t (Γ ),
2
2

(11.3)

where l(G) = l0 (G (R)) + r + s − 1. Notice that the lower bound b(Γ ) doesn’t
change. The upper bound t (Γ ) grows, but the difference vcd(Γ ) − t (Γ ) doesn’t
change. Table 1 gives some examples of these numbers.
Thus the cuspidal cohomology only occurs in a restricted range. Furthermore,
if a given cusp form contributes to any cohomology group in this interval, then it
does so to all of them, and in an easily understood way. Therefore if one wants to
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compute cuspidal cohomology, one might as well pick a single group in the cuspidal
range to study.
Now we work with k-sharbly cycles. There are two reasons we prefer to make k
as small as possible. First, in many examples the Koecher fan is simplicial in low dimensions; thus it is easy to map the chain complex coming from the reduction theory
into the sharbly complex. Second, k-sharbly cycles become more
difficult to handle
as k increases, since our main tool is to modify k-sharbly cycles a[x1 , . . . , xk+n ]
by fiddling with subtuples of the xi of order n. This leads to our first heuristic:
(A) It is better to work with sharbly cycles in low degree, and thus with cohomology
in high degree.
In fact, to date we have focussed on k-sharbly cycles when k = 0 or 1, for the
number fields F where the cuspidal cohomology contributes either to vcd(Γ ) or
vcd(Γ ) − 1. Some of these cases have been previously studied using other techniques. Indeed this prior work was extremely important to us; our work would not
have been possible without it.

11.1 0-Sharblies
We begin with 0-sharblies and F = Q. Let u = [x1 , . . . , xn ] be a 0-sharbly. We may
assume each xi is primitive, which is equivalent to xi = xi . Call u unimodular if
Size(u) = 1. Unimodular 0-sharblies are reduced in the sense of Sect. 10, since they
are all equivalent to v = [e1 , . . . , en ] modulo GLn (Z), where {ei } is the standard basis of Zn ; the vectors ei are some of the minimal vectors of the An perfect form. We
have the following fundamental result of Ash-Rudolph [AR79], which generalizes
Manin’s trick to higher dimensions:
Theorem 11.1 ([AR79]) If Size([x1 , . . . , xn ]) > 1, then there exists x ∈ Zn  {0}
such that




xi , . . . , xn ] < Size [x1 , . . . , xn ] , (i = 1, . . . , n).
0 ≤ Size [x, x1 , . . . ,
Thus H vcd(Γ ) (YΓ ; C) is spanned by unimodular 0-sharblies.
We call any integral point that can play the role of x in the theorem a reducing
point for u = [x1 , . . . , xn ]. The set of all reducing points for u is denoted Red u. The
proof of Theorem 11.1 is constructive, and gives an algorithm for finding a reducing
point for u. The algorithm is a higher-dimensional version of continued fractions.
Theorem 11.1 has been applied to compute the Hecke action on H 3 (YΓ ) when
Γ ⊂ SL3 (Z) [AGG84, vGvdKTV97]. Variants have been used for RF /Q SL2 where
F is an imaginary quadratic field with ring of integers O norm-Euclidean [Cre84,
GHM78, EGM82] or a PID [CW94], and even in some cases of nontrivial class
group [Byg99, Lin05]. These algorithms compute the Hecke action on H 2 (YΓ ) for
Γ ⊂ SL2 (O).
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Fig. 10 Using the
tessellation to find reducing
points: y is the center, and
w, w , w  are the potential
reducing points

Theorem 11.1 provides a beautiful way to reduce 0-sharblies to unimodular, but
its beauty is also its fatal flaw when one goes from Q to other number fields: it
relies on the Euclidean algorithm in an essential way. Thus the method breaks down
on fields that aren’t norm-Euclidean, in particular for fields with nontrivial class
number. Other techniques must then be tried. This leads us to our next heuristic:
(B) Choose candidates for 0-sharblies using the geometry of Koecher fan, and not
using continued fractions.
This is based on ideas that go back to [Gun00, Gun99]. This idea and variations
of it have been used in [AGMcC02, GY13, GHY13, Yas09a]. Here’s how it works.
To make the discussion more accessible we restrict to RF /Q GL2 , which has Qrank 1. A 0-sharbly u is then a pair [x1 , x2 ]. In the compactified symmetric space
D = C/R>0 , we can realize u as a geodesic ϕ running from the image of q(x1 ) to
that of q(x2 ). It will meet the images of the Koecher cones in various ways, and u
will be reduced if and only if ϕ is completely contained in the image of a Koecher
cone.
We want to find a reducing point x ∈ O 2 such that in the three-term relation
[x1 , x2 ] = [x1 , x] + [x, x2 ] =: u1 + u2 ,

(11.4)

the 0-sharblies u1 , u2 will be closer to being reduced (for instance, we might ask
that their sizes be smaller than that of u). The idea is that the reducing point x
should be selected from the vertices of the Koecher cone containing the center of ϕ.
Here the center means the ray through the points q(x1 + x2 ); note that this is only
well-defined since we’ve chosen specific points in the rays R>0 q(x1 ), R>0 q(x2 ).
Why should an x chosen in this way be a reducing point? We must confess that
we don’t know. Geometric motivation comes from looking at the Voronoi cones for
SL2 (Z). Consider Fig. 10, which shows a cross-section of the cone C. The triangles
in the middle look rather large compared to the triangles on the outside, so the center
of a “balanced” 0-sharbly will tend to land there. Any of the three points w, w  , w 
appear to be good choices for a reducing point, since the two 0-sharblies on the
right of (11.4) look like they will cut across fewer top-dimensional cones and will
be closer to being reduced.
Of course, motivation is not a proof, and sadly we don’t have a proof that this
will work. Thus we don’t know if selecting reducing points in this way eventually
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allows one to write a 0-sharbly as a sum of reduced ones. For SL2 (Z), it’s not hard
to engineer a geometric proof that realizes the motivation above, but the general
case is unknown. Nevertheless, the heuristic works extremely well in practice. In
fact, the 0-sharblies on the right of (11.4) tend to be much closer to being reduced
than the original. We also expect this idea to work in cases where Γ is cocompact,
such as [Voi10, GV11, Pag12].

11.2 1-Sharblies
Now we go to 1-sharblies. We continue to take G = RF /Q GL2 . We will also assume
that Γ is torsionfree to avoid some complications. We assure the reader that these restrictions are only for convenience: we have also applied the ideas in this subsection
to groups of higher Q-rank, in particular GLn /Q, n = 3, 4, and RF /Q GL3 where
F is imaginary quadratic. We have also treated Γ with torsion. The reader curious
about dealing with torsion and higher Q-rank can consult [AGMcC02, Gun00]. The
papers [GY08, GY13] also contain more details of this method. Our goal here is to
explain its geometry and combinatorics.
Let u = [x1 , x2 , x3 ] be a basis 1-sharbly. We call the three 0-sharblies that appear
in ∂u the submodular symbols of u. We denote the set of all submodular symbols
appearing in u by Z(u), and extend this notation to sharbly chains in the obvious
way.

Let η = au u be a 1-sharbly chain that is cycle modulo Γ . Note that this is
now a nontrivial condition, unlike for 0-sharblies. In particular, any 0-sharbly chain
in S0 automatically a cycle, even without passing to (S0 )Γ . For a 1-sharbly chain to
have zero boundary modulo Γ , there must be nontrivial identifications among the
submodular symbols Z(η) appearing in its boundary.
Suppose η is not reduced. How can we reduce it? One criterion for whether or not
η is reduced involves its submodular symbols. Since we have heuristics for reducing
0-sharblies, it makes sense to try to reduce η by somehow reducing Z(η). This is in
fact the approach we take, although there are some subtleties:
1. We can try to reduce the modular symbols in Z(η) by choosing a bunch of reducing points. But what’s the best way to do this?
2. And if we select reducing points, what are we supposed to do with them? In
other words, how do we combine the candidates and the points in η into a new
1-sharbly cycle that is somehow better?
3. Certainly if η is reduced, then is submodular symbols are as well. Unfortunately
the converse is not true in general: it is possible for Z(η) to consist entirely of
reduced 0-sharblies and for η to not be reduced. What do we do about this?
Let’s treat these one at a time. First, we should use heuristic (A) to pick reducing
points, just as we did for 0-sharblies on their own. However we have to take more
care in this case, since the submodular symbols in Z(η) are the boundary ∂η ∈ S0 ,
and for η to be a cycle modulo Γ we need the image of ∂η to vanish in (S0 )Γ .
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Fig. 11 The 1-sharbly u and its reducing points (left) assembled into an octahedron (middle)—the
shaded triangles (right) don’t appear in (S1 )Γ , so u is transformed to four new 1-sharblies

This means we need to choose reducing points Γ -equivariantly. In other words,
suppose v, v appear in ∂u and satisfy v = γ · v for some γ ∈ Γ . Then if we choose
w ∈ Red v for v, we must take γ w for v . We also insist that we choose the best
possible reducing points, in the sense that the sizes of the resulting 0-sharblies are
as small as possible (for instance, we might want to minimize the sum of sizes).
The second issue is more interesting. Assume that all submodular symbols of
u = [x1 , x2 , x3 ] need reducing (the general case is an easy variation of this). Choose
three reducing points w1 , w2 , w3 using (A); we label them such that wi goes with
[xj , xk ] if any only if i, j, k are distinct. We need to assemble them into a 2-sharbly
chain whose boundary contains u and some 1-sharblies that have a chance of being
closer to reduced. This gives us our next heuristic:
(C) Three points and a triangle make an octahedron.
Figure 11 illustrates what’s happening. We use the six points x1 , . . . , w3 to make
an octahedron O. We can subdivide O any way we like into tetrahedra to make a
2-sharbly chain; its boundary in S2 will be eight 1-sharblies, which in S1 induces
the relation
u = u1 + u2 + u3 − u12 − u13 − u23 + u123 .

(11.5)

In (11.5) the notation uS for S ⊂ {1, 2, 3} means the 1-sharbly in the boundary that
contains {wi | i ∈ S}. When we mod out by Γ , a miracle happens: (11.5) becomes
u = −u12 − u13 − u23 + u123 .

(11.6)

That is, the three 1-sharblies represented by the shaded triangles in Fig. 11 disappear. The reason is simple. Consider the 1-sharbly u1 = [w1 , x2 , x3 ]. Since u was
part of a cycle mod Γ , there must be some 0-sharbly v that cancels v = [x2 , x3 ]
when ∂η is taken. This 0-sharbly cannot be reduced since v isn’t, so we must have
chosen a reducing point for it. Since we made these choices Γ -equvariantly, there
must be some other 1-sharbly u with v in its boundary. When we build an octahedron O  over u , a triangle in ∂O  will cancel u1 in ∂O.
Thus over η we replace each 1-sharbly with four new 1-sharblies and obtain a new cycle η mod Γ . Why is η better than η? Consider (11.6). Certainly
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Fig. 12 The transformation of Fig. 11 viewed in the cone—the new 1-sharblies are closer to being
reduced

u12 , u13 , u23 look better than u, since the reducing points have improved some
edges. But why is u123 better? Notice that it is built from the reducing points. When
choosing them we only look at the 0-sharblies; we don’t consider them collectively
until we package them into u123 . In fact, upon reflection it’s clear that we can’t
choose the wi with the intent of making u123 good, since we have to choose them
Γ -equivariantly over the whole cycle η, and we have no control over what this cycle looks like. All we can do is look at the submodular symbols and pick reducing
points locally, in other words without considering what 1-sharblies contain them.
We claim that u123 will be much closer to being reduced than u. In fact, in practice u123 will be far better than the other 1-sharblies in (11.6). We have no proof of
this, but again we can provide some geometric motivation. Up to a flat factor, the
symmetric space D is of noncompact type and is thus nonpositively curved. This
means the centers of the facets of a simplex tend to be close to the center of the simplex itself; think of what triangles look like in the hyperbolic plane. The hyperbolic
plane is not an entirely accurate picture of what happens, since D may have highdimensional flat subspaces if the R-rank of G is large, but nevertheless this picture
is compelling.
Thus the three reducing points for the submodular symbols of u tend to be taken
from the same Koecher cone, or at least from cones that are very close together.
Therefore the potentially bad 1-sharbly u123 = [w1 , w2 , w3 ] tends to be very close
to reduced. Since u123 has good edges, so do the other three 1-sharblies on the right
of (11.6). Figure 12 illustrates this principle in the cone model of H. The reducing
points wi are the vertices of two adjacent triangles, which means u123 can’t be too
bad.
Finally we come to the last issue: what do we do if a 1-sharbly has reduced
edges but is not itself reduced? This phenomenon does occur, quite often in fact,
although not for G = SL2 /Q. This phenomenon is an artifact of the flat factor and
reflects the presence of the unit group O × . What happens is that we wind up with
a 1-sharbly [x1 , x2 , x3 ] when we really want [ε1 x1 , ε2 x2 , ε3 x3 ] for some εi ∈ O ×
of infinite order. The fix in this case involves “subdividing edges at infinity.” The
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Table 1 Examples of
dimensions of symmetric
spaces (Sect. 4), virtual
cohomological dimensions
(Sect. 8), and cuspidal ranges
(Sect. 11): Fr,s means, F is
number field with
F ⊗ R R r × Cs

P.E. Gunnells
dim(D)

vcd(Γ )

t (Γ )

b(Γ )

SL2 /Q

2

1

1

1

SL3 /Q

5

3

3

2
4

SL4 /Q

9

6

5

SL5 /Q

14

10

8

6

3

2

2

1

RF0,1 /Q (SL2 )
RF2,0 /Q (SL2 )

4

3

2

2

RF2,0 /Q (GL2 )

5

4

3

2

RF1,1 /Q (SL2 )

5

4

3

2

RF1,1 /Q (GL2 )

6

5

4

2

RF0,2 /Q (SL2 )

6

5

4

2

RF0,2 /Q (GL2 )

7

6

5

2

process is similar to what we describe above, but is in fact easier since it is an
abelian analogue. For more details, we refer to [GY13, § 7] for an example.

12 Computational Examples
As proof of concept, we conclude by presenting some examples of computations
done with these techniques [GHY13, GY13]. Other examples can be found in
[AGMcC02, AGMcC08, AGMcC10, AGMcC11, GY08]. Here we consider GL2
over two number fields:
• F1 is the quartic field Q(ζ ), where ζ is a primitive fifth root of unity. Thus F1
Q[x]/(x 4 + x 3 + x 2 + x + 1). F1 has discriminant 53 , is Galois with Galois group
isomorphic to Z/4Z, and is a CM extension of its totally real subfield F1+ = Q(η),
η = ζ + 1/ζ . The ring of integers O1 has class number one and as a Z-module
equals Z[ζ ].
• F2 is the nonreal cubic field of discriminant −23. Thus F2 = Q(t) with t a root of
x 3 − x 2 + 1. The field F2 is not Galois over Q (obviously), and has no subfields
other than Q. The ring of integers O2 has class number one and admits a power
basis: O2 = Z[t].
In some sense these two fields are as different as possible. F1 is highly symmetric, in
fact much more symmetric than a complex quartic field “deserves” to be, since it is
a cyclotomic extension. F2 , on the other hand, has no symmetry at all. But this does
not mean F2 is devoid of charm. For example, it is the first cubic field in databases
of such fields ordered by√absolute value of discriminant. Its Galois closure is the
Hilbert class field of Q( −23), which means F2 often appears in algebraic number theory courses as an appealing example. The field F2 is the invariant trace field
of the Weeks–Mateo’s–Fomenko manifold, which is the contender for the orientable
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hyperbolic 3-manifold of minimal volume [MR03]. This field even appears in architecture and design: the unique real root of x 3 − x − 1, which lives in F2 , is known
in some circles as the plastic number, and apparently functions as a generalization
of the golden ratio [Pad99].
The focus of the papers [GHY13, GY13] is testing the relationship between automorphic forms on GL2 and elliptic curves. In particular, we wanted to test whether
elliptic curves over these number fields were modular, in the weakest possible sense
that still has content: matching of partial L-functions on both sides, at least as far as
we could compute. We recall what this means.
Let F be a number field with ring of integers O. Let E be an elliptic curve defined
over F with conductor n ⊂ O. Given any prime p not dividing n, one defines an
integer ap (E) by
ap (E) = N(p) + 1 − Np .

(12.1)

Here N(p) is the cardinality of the residue field Fp = O/p, and Np is the number
of points E has in Fp . These numbers can be assembled into a (partial) L-function
L(s, E) by making an Euler product
L(s, E) =


pn

1
.
1 − ap (E)N(p)−s + N(p)1−2s

(12.2)

The product (12.2) can be completed with certain local factors at the “bad primes”—
those p that divide n—and with Gamma factors for the archimedian places of F , so
that the resulting L-function has a functional equation of the form s → 2 − s and
has analytic continuation to the complex plane. For more details, see [Sil09].
On the automorphic side, let f be an cuspidal automorphic form on GL2 /F , also
of conductor n. Assume f is an eigenform for the Hecke operators. Then f produces
a collection of eigenvalues ap (f ), one for each for each prime p not dividing n, and
we can make an L-function L(s, f ) using (12.2), with ap (E) replaced with ap (f ).
Now a modularity result predicts, at the lowest level, that there should be a tight
relationship between the L-functions constructed from elliptic curves and modular
forms. In particular, given E, one hopes to find f such that
L(s, E) = L(s, f ).

(12.3)

In particular one should have ap (f ) = ap (E) for all p  n. We say f is attached to E
if (12.3) is true. Conversely, given a cuspidal automorphic form with rational Hecke
eigenvalues, one expects to find an elliptic curve attached to it in this sense, with
matching conductor. This is motivated by what happens when F = Q. In this case,
thanks to work of many people, we know that this is true. Hence one might hope the
same phenomenon happens over general number fields, or at least might check the
extent to which it does. As it turns out, there are some subtleties; we indicate some
below.
The papers [GHY13, GY13] test this relationship in the following way. First we
generate a small database of elliptic curves over F in the most ingenuous way: we
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search over a family of Weierstrass equations
y 2 + a1 xy + a3 = x 3 + a2 x 2 + a4 x + a6
by taking a1 , a2 , a3 , a4 , a6 in some bounded subset of O. On the automorphic side,
we look for appropriate automorphic forms by computing cohomology of the subgroups Γ0 (n) ⊂ GL2 (O) using techniques described above. In particular we can use
the reduction algorithm in Sect. 11 to decompose the cohomology into eigenspaces
for the Hecke operators Tp for a range of primes p. We found excellent agreement
between the arithmetic and automorphic sides:
• For each elliptic curve E with norm conductor within the range of our cohomology computations, we found a cuspidal cohomology class with rational Hecke
eigenvalues that matched the point counts for E as in (12.1), for every Hecke
operator that we checked.10
• For each cuspidal cohomology class with rational Hecke eigenvalues, we found
a corresponding elliptic curve whose point counts matched every eigenvalue we
computed, with just one exception: over the CM field F1 , we found an eigenclass
with rational eigenvalues that corresponds to an abelian surface over F1+ .11
We now present more information for our specific fields.12

12.1 The Field F1 = Q(ζ )
The positivity domain C1 is Herm2 (C)2 , which has real dimension 8. The Koecher
polyhedron and the perfect forms for F1 were determined by D. Yasaki [Yas09b].
(For GL2 over F1 and F2 , the facets of the Koecher polyhedron are in bijection with
the perfect forms.) Modulo the action of GL2 (O1 ) there is just one perfect form
with 240 minimal vectors. Any two minimal vectors that differ by multiplication by
a torsion element of O1× determine the same vertex of the Koecher polyhedron. Thus
the Koecher fan Σ1 contains one top-dimensional cone; the corresponding facet of
10 For

general number fields, it is not expected that every elliptic curve should correspond to a cusp
form in this way. For instance, suppose F is complex quadratic. Then if E is defined over F and
has complex multiplication by an order in OF , then E should correspond to an Eisenstein series,
cf. [EGM82].
11 Similar phenomena happen over complex quadratic fields [Cre92], and can be expected to happen
over any CM field.
12 The cohomology computations in the following are simplified by the fact that F and F each
1
2
have class number 1. One can still perform these computations for fields with higher class numbers,
although it is best to work adelically. In practice this means that one has to work with several copies
of the locally symmetric spaces instead of one, each equipped with its own Koecher decomposition.
However, such complications are not always necessary. For F imaginary quadratic with odd class
number, for instance, Lingham [Lin05] developed a technique to work with a single connected
component.
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the Koecher polyhedron has 24 = 240/10 vertices. One can easily compute the rest
of the cones in Σ1 modulo GL2 (O1 ). One finds 5 GL2 (O1 )-classes of 7-cones, 10
classes of 6-cones, 11 classes of 5-cones, 9 classes of 4-cones, 4 classes of 3-cones,
2 classes of 2-cones, and 1 class of 1-cones.
The symmetric space X1 attached to G1 = RF1 /Q GL2 has dimension 7. Since
the derived subgroup G1 has Q-rank one, the virtual cohomological dimension is 6.
By Table 1 the cuspidal cohomology occurs in degrees 3, 4, 5. Using 1-sharblies we
compute with H 5 (Γ ; C).13 The Koecher fan is simplicial in dimensions 2, 3, 4, so
we can identify R∗ in these degrees with a subcomplex of S∗ .
We were able to compute H 5 for all levels n with N(n) ≤ 4941. For n prime
we were able to carry the computations further to N(n) ≤ 7921. We also computed
Hecke operators on H 5 . For all levels we were able to compute at least up to Tq
with q ⊂ O1 prime satisfying N(q) ≤ 41; at some smaller levels we computed much
further.
We found a variety of phenomena:
1. We found classes that seemed to correspond to elliptic curves defined over F1 that
were not base changes from any subfield of F1 . The smallest conductor we found
was p with N(p) = 701. The elliptic curve had equation (a1 , a2 , a3 , a4 , a6 ) =
(−ζ − 1, ζ 2 − 1, 1, −ζ 2 , 0). Altogether we found 13 such examples.14
2. We found classes that seemed to correspond to base changes of curves from Q
and curves/abelian surfaces from F1+ .
3. We found “old” cohomology classes, namely eigenclasses whose eigenvalues
matched those of eigenclasses appearing at smaller level norms.
4. One eigenclass ξ at level norm 3025 deserves some extra discussion. Let m ⊂
OF + be the ideal p25 p11 . The space of parallel weight 2 Hilbert modular newforms
1

of level m contains an eigenform g with Hecke eigenvalues aq in the field F1+ .
For any prime q ⊂ OF + , let q ∈ Z be the prime under q. Then we have aq (g) = 0
if q = 5, and

Z,
if q = 1 (mod 5),
(12.4)
aq (g) ∈
√
Z · 5, if q = 2, 3, 4 (mod 5).

These conditions (12.4), together with the Hecke eigenvalues of g, imply that
the L-series L(s, g)L(s, g ⊗ ε) agrees with the L-series attached to our eigenclass ξ , where ε is the unique quadratic character of Gal(F1 /F1+ ). Thus ξ has
rational Hecke eigenvalues, but does not correspond to an elliptic curve over F1 .
Instead, it can be attributed to an abelian surface over F1+ with extra symmetry, and thus gives an example over F1 of phenomena first seen in [Cre92] for
complex quadratic fields.
Other than item 4, we found perfect matching between elliptic curves and cuspidal
cohomology classes with rational eigenvalues.
13 Actually,
14 One

to avoid precision problems we work with the large finite field F12379 instead of C.

curve was found by Mark Watkins using the method of Cremona-Lingham [CL07]; see the
appendix to [GHY13].
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12.2 The Field F2 = Q(t)
For this field the positivity domain C2 is Sym2 (R) × Herm2 (C), which has real
dimension 7. Modulo the action of GL2 (O2 ) there are nine perfect forms. Of these,
seven give simplicial cones in the Koecher fan Σ2 ; for the other two the facets of
the Koecher polyhedron have eight and nine vertices respectively.15 For the rest of
Σ2 , one finds 35 GL2 (O2 )-classes of 6-cones, 47 classes of 5-cones, 31 classes of
4-cones, 10 classes of 3-cones, 2 classes of 2-cones, and 1 class of 1-cones.
The symmetric space X2 attached to G2 = RF2 /Q GL2 has dimension 6. As before
the derived subgroup G2 has Q-rank one; the virtual cohomological dimension is
5. The cuspidal cohomology occurs in degrees 3, 4, and 1-sharblies enable us to
compute H 4 (Γ ; C).16 As before the Koecher fan is simplical in the dimensions we
care about, so in these degrees we can identify R∗ with a subcomplex of S∗ .
We computed the cohomology at 308 different levels, including all ideals with
level norm ≤ 835, and the Hecke operators:
1. As for F1 , we found examples of elliptic curves over F2 that are not base changes
from Q and that are apparently attached to eigenclasses of the appropriate levels.
The first curve appears at level norm 89, and has equation (a1 , a2 , a3 , a4 , a6 ) =
(t − 1, −t 2 − 1, t 2 − t, t 2 , 0). Altogether 43 such curves were found in the range
of our computations.
2. We found “old” cohomology classes.
2
3. We found one base change from Q
√ to F : at level norm 529 = 23 , there is an
for by the level
eigenclass with eigenvalues in Q( 5). This class is accounted
√
23 abelian surface over Q with real multiplication by Q( 5).
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Abstract These are the notes of a five-lecture course presented at the Computations
with Modular Forms summer school, aimed at graduate students in number theory
and related areas. Sections 1–4 give a sketch of the theory of reductive algebraic
groups over Q, and of Gross’s purely algebraic definition of automorphic forms in
the special case when G(R) is compact. Sections 5–9 describe how these automorphic forms can be explicitly computed, concentrating on the case of definite unitary
groups; and Sects. 10 and 11 describe how to relate the results of these computations to Galois representations, and present some examples where the corresponding
Galois representations can be identified, giving illustrations of various instances of
Langlands’ functoriality conjectures.

1 A User’s Guide to Reductive Groups
References for this section: Springer’s lecture notes in the Corvallis proceedings
[Spr79] give a very readable summary. For more details, see e.g. Humphreys
[Hum75] or Springer [Spr98], or Chap. 2 of Platonov-Rapinchuk [PR94].
Let F be a field. An algebraic group over F is a group object in the category
of algebraic varieties over F . More concretely, it is an algebraic variety G over F
together with:
• a “multiplication” map G × G → G,
• an “inversion” map G → G,
• an “identity”, a distinguished point of G(F ).
These are required to satisfy the obvious analogues of the usual group axioms.
Then G(A) is a group, for any F -algebra A. It’s clear that we can define a morphism
of algebraic groups over F in an obvious way, giving us a category of algebraic
groups over F .
Some important examples of algebraic groups include:
D. Loeffler (B)
Mathematics Institute, University of Warwick, Coventry CV4 7AL, UK
e-mail: d.a.loeffler@warwick.ac.uk
G. Böckle, G. Wiese (eds.), Computations with Modular Forms, Contributions in
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Finite groups (considered as zero-dimensional algebraic groups),
The additive and multiplicative groups (usually written Ga and Gm ),
Elliptic curves (with the group law given by the usual chord-and-tangent process),
The group GLn of n × n invertible matrices, and the subgroups of symplectic
matrices, orthogonal matrices, etc.

We say an algebraic group G over F is linear if it is isomorphic to a closed
subgroup of GLn for some n. In particular, every linear algebraic group is an affine
variety, so elliptic curves are not linear groups. One can show that the converse is
true: every affine algebraic group is linear. In this course we’ll be talking exclusively
about linear groups.
Exercise 1.1 Show that PGL2 , the quotient of GL2 by the subgroup of diagonal
matrices, is a linear algebraic group, without using the above theorem.
We’ll also mostly assume our algebraic groups are connected, by which we mean
that they’re connected in the Zariski topology. Be warned that if F has a topology,
it may happen that G is connected but the group of F -points is not connected with
the topology it inherits from F , as the example of Gm over R shows.
The final restriction we’ll impose is a rather technical one. Let Unip(n) be the
group of upper-triangular matrices with 1’s on the diagonal (unipotent matrices).
We say G is reductive if there is no connected normal subgroup H  G which is
isomorphic to a subgroup of Unip(n) for any n.
This is a horrible definition; one can make it a bit more natural by developing
some general structure theory of linear algebraic groups, but we sadly don’t really
have time. I’ll just mention that reductive groups have many nice properties nonreductive groups don’t; if G is reductive (and the base field F has characteristic 0),
the category of representations1 of G is semisimple (every representation is a direct
sum of irreducibles). For non-reductive groups this can fail. For instance Unip(2),
which is just another name for the additive group Ga , has its usual 2-dimensional
representation, and this representation has a trivial 1-dimensional sub with no invariant complement.
For instance, the group GLn is reductive for any n, as are the symplectic and
orthogonal groups. If F is algebraically closed (and let’s say of characteristic 0, just
to be on the safe side), then there is a classification of reductive groups over F using linear algebra widgets called root data. One finds that they are all built up from
products of copies of GL1 (“tori”) and other building blocks called “simple” algebraic groups. The simple algebraic groups are: four infinite families An , Bn , Cn , Dn ;
and five exceptional simple groups E6 , E7 , E8 , F4 , G2 .
Over non-algebraically-closed fields F , life is much more difficult, since we can
have pairs of groups G, H which are both defined over F , with G not isomorphic
1 Here “representation” is in the sense of algebraic groups: just a morphism of algebraic groups
from G to GLn for some n.
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to H over F , but G ∼
= H over some finite extension of F . For instance, let F = R,
and consider the “circle group”
 



C = (x, y) ∈ A2 x 2 + y 2 = 1 , (x, y) · x  , y  = xx − yy  , xy  + yx  .
One can show that C becomes isomorphic to Gm over C, although these two groups
are clearly not isomorphic over R.
Exercise 1.2 Check this.
If G and H are groups over F which become isomorphic after extending to
some extension E/F , then we say H is an E/F -form of G. One can show that if
E/F is Galois, the E/F -forms of G are parametrised by the cohomology group
H 1 (E/F, Aut(GE )), where Aut(GE ) is the (abstract) group of algebraic group automorphisms of G over E. To return to our circle group example for a moment, if
G = Gm then Aut(GE ) = ±1 for any E, and H 1 (C/R, ±1) has order 2, so the only
C/R-forms of G are the circle group C and Gm itself.
If G is connected and reductive, then there’s a unique “best” form of G, the split
form, which is characterised by the property that it contains a subgroup isomorphic
to a product of copies of Gm (a split torus) of the largest possible dimension. So the
group C above is not split, and its split form is Gm .
For more details on linear algebraic groups, consult a book. There are several
excellent references for the theory over an algebraically closed field, such as the
books [Hum75, Spr98]. For the theory over a non-algebraically-closed field, the
book by Platonov and Rapinchuk [PR94] is a good reference; this is also useful
reading for some of the later sections of this course.

2 Algebraic Groups over Number Fields
One standard reference for this section is [PR94], particularly Chaps. 4 and 5. The
first few sections of [Gro99] give a useful summary with pointers to the original
literature. For more on the theory over local fields see [Tit79] or Chap. 3 of [PR94].
Let’s consider a linear algebraic group over a number field F .
In fact, it’ll suffice for everything we do here to consider an algebraic group
over Q. That’s because there’s a functor called “restriction of scalars” (sometimes
“Weil restriction”) from algebraic groups over F to algebraic groups over Q; if G
is an algebraic group over F , there is a unique algebraic group H over Q with the
property that for any Q-algebra A we have
H (A) = G(F ⊗Q A).
This group H is the restriction of scalars of G, and we call it ResF /Q (G). See
Paul Gunnells’ lecture notes in this volume for an explicit description of this functor and lots of examples; alternatively, see [PR94, §2.1.2]. If G is reductive, so is
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ResF /Q (G), and for the purposes of computing automorphic forms, one can more
or less forget the original group over F and just work with this new group over Q.
So let G be a linear algebraic group over Q, which (largely for simplicity) we’ll
suppose is connected. Then we can consider the groups G(Qv ) for each place v of
Q. These are topological groups, since the field Qv has a topology.

2.1 Finite Places
If v is a finite prime p, then G(Qp ) “looks like the p-adics”; it’s totally disconnected. In particular, it has many open compact subgroups, and these form a basis
of neighbourhoods of the identity. (This is obvious for GLn —the subgroups of matrices in GLn (Zp ) congruent to the identity mod p m , for m ≥ 1, work—and hence
follows for any linear algebraic group.) In the other direction, one can show that
G(Qp ) has maximal compact subgroups if and only if G is reductive; compare the
additive group Ga , whose Qp -points clearly admit arbitrarily large open compact
subgroups. There is a beautiful theory due to Bruhat and Tits which describes the
maximal compact subgroups of G(Qp ), for connected reductive groups G over Qp ,
in terms of a geometric object called a building, but we won’t go into that here.
One idea that we’ll need from Bruhat-Tits theory is the idea of a “hyperspecial
maximal compact subgroup”. These are maximal compact subgroups of a particularly nice kind: they arise from the Zp -points of nice integral models of G. Strictly
speaking “G(Zp )” doesn’t make sense, since our G is only assumed to be defined
over Q, and Zp is not a Q-algebra; but if we choose an embedding of algebraic
groups ι : G → GLn over Qp , for some n, then we can define the “Zp -points” of G
as the group given by


K = G(Qp ) ∩ ι−1 GLn (Zp ) .
Clearly K is an open compact subgroup of G(Qp ); however, it depends on the
choice of ι, and in general it needn’t even be maximal (see the exercise below).
A high-powered interpretation is that ι defines an group scheme G over Zp with
generic fibre G, and the group K defined above is exactly the Zp -points of G. Using
Bruhat-Tits theory, it can be shown that if the reduction of G mod p is a reductive
group over Fp , then K is a maximal compact subgroup of G(Qp ). The hyperspecial
maximal compact subgroups are exactly the ones that arise from nice models in this
way. For instance, GLn /Fp is reductive, so GLn (Zp ) is hyperspecial in GLn (Qp ),
and similarly for SLn , Sp2n , etc. For more on this see Tits’ article [Tit79] in the
Corvallis proceedings.
Exercise 2.1 Find an embedding ι : GL2 → GLn of algebraic groups over Qp , for
some n, such that ι−1 (GLn (Zp )) is a proper subgroup of GL2 (Zp ). What is its
reduction modulo p?
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It’s known that if G is a reductive group over Q, and we choose an ι : G → GLn
defined over Q, then the group Kp = G(Qp ) ∩ ι−1 (GLn (Zp )) will be a hyperspecial
maximal compact subgroup for all but finitely many primes p; see [Tit79, §3.9.1].

2.2 Infinite Places
For the real points of a reductive group, the story is a bit different. If G is Zariski
connected, then it needn’t be the case that G(R) is connected (for instance Gm ),
but G(R) will have finitely many connected components. Hence it can’t have open
compact subgroups unless it’s compact itself.
It turns out that the maximal compact subgroups can be very nicely described
in terms of Lie group theory (more specifically, in terms of the action of complex
conjugation on the Lie algebra of G(C)). In particular, they’re all conjugate, so in
most applications it doesn’t matter very much which one you work with.
For example, in SL(2, R) the maximal compact subgroups are conjugates of the
group


x y
SO(2, R) =
x2 + y2 = 1 .
−y x
Exercise 2.2 Check that the group SO(2, R) is the stabiliser of i, for the usual left
action of SL(2, R) on the upper half-plane h; the action of SL(2, R) on h is transitive;
and the resulting bijection
h∼
= SL(2, R)/SO(2, R)
is a diffeomorphism.
In general, if K ⊆ G(R) is maximal compact, the quotient G(R)/K is a very
interesting manifold, called a symmetric space. As the above exercise shows, these
are the appropriate generalisations of the upper half-plane h, so they will come up
all over the theory of automorphic forms. Many of these symmetric spaces have
names, such as “hyperbolic 3-space” or the “Siegel upper half-space”.

2.3 Adeles
Now let’s consider all primes simultaneously. Let A be the ring of adeles of Q, and
consider the group G(A). This inherits a topology2 from the topology of A. Since
2 One

has to be a little careful in defining this topology. One can equip GLn (A) with the subspace
topology that comes from regarding it as an open subset of Matn×n (A), where Matn×n (A) ∼
= An
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A is a restricted direct product of the completions of Q, we have a corresponding
decomposition

G(A) =
G(Qv ),
v

where the dash means to take elements whose component at v lies in G(Zp ) for all
but finitely many3 primes p.
We’ll also need to consider the finite adeles


Af =

Qv ,

v<∞

and the corresponding group
G(Af ) =



G(Qv )

v<∞

of Af -points of G. Note that G(Q) sits inside G(A), via the diagonal embedding
Q → A. We will also sometimes consider G(Q) as a subgroup of G(Af ), by neglecting the component at ∞; hopefully it will always be clear which we are using!
The first key result about these groups is the following (see e.g. [PR94, Chap. 5]):
Theorem 2.3 (Harish-Chandra, Borel) The group G(Q) is discrete in G(A); and if
G has no quotient isomorphic to Gm , then the quotient G(Q)\G(A) has finite Haar
measure.
The quotient space G(Q)\G(A) is immensely important for us, as it is the home
of automorphic forms.

3 Automorphic Forms
References: the books of Bump [Bum97] and Gelbart [Gel75], or the more recent
book of Cogdell-Kim-Murty [CKM04], are very useful, although they tend to concentrate mainly on G = GLn (or often just on GL2 ). For a clear presentation of
the theory for a general reductive group, the article of Borel and Jacquet in the
Corvallis proceedings [BJ79] is a good place to look.
has the product topology; but this is not the right topology, as inversion is not continuous (exercise!). Much better is to regard GLn (A) as a closed subset of Matn×n (A) × A ∼
= An+1 , given by
{(m, x) : det(m)x = 1}. We then get a topology on G(A) for every linear group G by embedding it
in GLn for some n.
3 Note that to define G(Z ) we need to choose an embedding into GL , as above; but changing
p
n
our choice of embedding will only affect finitely many primes, so it introduces no ambiguity in the
restricted product.
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Let G be a connected reductive group over Q, as above. Let K∞ ⊆ G(R) be a
maximal compact subgroup, and V a finite-dimensional irreducible complex representation of K∞ .
Definition 3.1 An automorphic form for G of weight V is a function
φ : G(A) −→ V
such that:
(1) φ(γ gk) = φ(g) for all g ∈ G(A), γ ∈ G(Q), and k ∈ Kf , where Kf is some
open compact subgroup of G(Af );
−1 ◦ f (g) for all g ∈ G(A) and k ∈ K ;
(2) φ(gk∞ ) = k∞
∞
(3) various conditions of smoothness and boundedness hold.
If φ satisfies (1) for some specific open compact subgroup Kf , we say φ is an
automorphic form of level Kf .
I won’t explain exactly what kind of smoothness and boundedness conditions are
involved here; for a precise statement, see the books listed above. (As we’ll see in
the next section, the purpose of these notes is precisely to focus on the cases where
these analytic hypotheses are not relevant.)
Let’s now see how this relates to more familiar things, like modular curves. For
an open compact subgroup Kf ⊂ G(A) as above, we write
Y (Kf ) = G(Q)\G(A)/Kf K∞ .
This might look like a horrible mess, but it’s actually not so bad. A general theorem
(again due to Borel and Harish-Chandra) shows that the double quotient
Cl(Kf ) = G(Q)\G(Af )/Kf ,
which we call the class set of Kf , is finite. Moreover, from the discreteness of G(Q)
in G(A) it follows that for any μ ∈ G(Af ), the group
Γμ = G(Q) ∩ μKf μ−1
is discrete in G(R).
Unravelling the definitions, we find that if μ1 , . . . , μr is a set of representatives
for Cl(Kf ), we have
Y (Kf ) =

r


Γμ \Y∞

i=1

where Y∞ is the symmetric space G(R)/K∞ . Automorphic forms show up as sections of various vector bundles on these spaces, with the vector bundle encoding the
representation V of K∞ .
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If G is SL2 , the space Y∞ is the upper half-plane, as we saw above; so each of
the pieces Γμ \Y∞ is just the quotient of the upper half-plane by a discrete subgroup
of SL2 (R)—in other words, a modular curve!
Exercise 3.2 To get some idea of the power of the theorems of Borel and HarishChandra, let’s use them to prove the two most important basic results of algebraic
number theory.

×
1. Show that if G = ResF /Q Gm where F is a number field, and Kf is v∞ OK,v
,
the class set Cl(Kf ) is just the ideal class group of the field F .
2. Describe the groups Γμ in the above case, and the space Y∞ ; how is this related
to Dirichlet’s unit theorem?
So applying the theorems of Borel and Harish-Chandra to this one rather simple
example of a reductive group gives both the finiteness of the class group of K, and
×
Dirichlet’s theorem on the rank of the unit group OK
.
In general, working with automorphic forms involves lots of hard analysis with
functions on the symmetric spaces Y∞ , and it’s not at all clear how one might hope
to explicitly compute these objects. But there’s a special case where everything becomes very easy:
Definition 3.3 We say G is definite if the group G(R) is compact.
If G is definite, then the only possible maximal compact subgroup K∞ ⊆ G(R)
is G(R) itself; so the quotient Y∞ is just a point, and the quotients Y (Kf ) are just
the finite sets Cl(Kf ). As was apparently first noticed by Gross in his beautiful
paper “Algebraic modular forms” ([Gro99]), automorphic forms on these groups
are in many ways much simpler than in the non-definite case, and yet are still very
interesting objects.

4 Algebraic Automorphic Forms (After Gross)
This section follows Gross’s article [Gro99] closely.
Let’s take a definite connected reductive group G/Q. Since any automorphic
form for G of weight V must transform in a specified way under K∞ , which is the
whole of G(R), it is uniquely determined by its restriction to G(Af ), and we can
precisely describe what this restriction must look like:
Definition 4.1 (Gross) An algebraic automorphic form for G of level Kf and
weight V is a function
φ : G(Af ) −→ V
such that
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(1) φ(gk) = φ(g) for all g ∈ G(Af ) and k ∈ Kf ;
(2) φ(γ g) = γ ◦ φ(g) for all g ∈ G(Af ) and γ ∈ G(Q).
We write Alg(Kf , V ) for the space of algebraic automorphic forms of level Kf
and weight V .
Exercise 4.2 Show that if φ : G(Q)\G(A) → V is any function satisfying conditions (1) and (2) in the definition of an automorphic form from the previous section,
then φ|G(Af ) is an algebraic automorphic form (of the same weight and level).
Remark 4.3 We’ve taken V to be a C-vector space in order to compare with the
previous definition; but in fact any continuous representation of G(R) on a C-vector
space arises by taking R-points from an algebraic representation of G defined over
a number field. This remark will be useful when we carry out computations later,
since it implies that all of our linear algebra can be done over number fields, so we
don’t need to worry about precision issues that arise when doing matrix calculations
over C.
It’s clear that any φ ∈ Alg(Kf , V ) is uniquely determined by its values on any
set μ1 , . . . , μr of representatives of the class set Cl(Kf ) = G(Q)\G(Af )/Kf . In
particular, the space Alg(Kf , V ) is finite-dimensional.
We can actually do a little better than this. Recall that for μ ∈ G(Af ) we defined
groups
Γμ = G(Q) ∩ μKf μ−1 .
Notice that in the definite case these groups are finite (since they are discrete subgroups of the compact group G(R)). If g ∈ Γμ , then we have:


g ◦ φ(μ) = φ(gμ)
as g ∈ G(Q)


= φ μ · μ−1 gμ 

= φ(μ)
as μ−1 gμ ∈ Kf .
So f (μ) ∈ V Γμ . Hence if μ1 , . . . , μr are a set of representatives for Cl(Kf ), as
above, we have a map
r

Alg(Kf , V ) −→

V Γμi ,
i=1




φ −→ f (μ1 ), . . . , f (μr ) .
This is clearly well-defined, and injective (since φ is determined by its values on
the μi ). In fact it is also surjective, and thus an isomorphism.
Exercise 4.4 Prove carefully that the above map is surjective.
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Remark 4.5 There’s a possible risk of confusion in the terminology here, in that
various authors (notably [BG]) have proposed a variety of definitions of what it
should mean for an automorphic form, or an automorphic representation, on a general non-definite reductive group to be “algebraic”. For instance, a lot of important
research has been done recently on “RAESDC” (regular algebraic essentially selfdual cuspidal) automorphic representations of GLn . These are very different, and
much more complicated, objects than our algebraic automorphic forms (which are
the “algebraic modular forms” of [Gro99]).

5 Hecke Operators
References: see Gross’s article [Gro99] for the general theory; for algorithmic aspects, see the references listed in the next section.
We’ve now seen how to define spaces Alg(Kf , V ) of algebraic automorphic
forms, for a definite reductive group. As with classical modular forms, spaces alone
are not terribly interesting, but they come with a natural family of operators—Hecke
operators—and the deep number-theoretical importance of automorphic forms is encoded in the action of these operators.
Let’s run through some general formalism. The Hecke algebra H(G(Af ), Kf ) is
the free Z-module with basis the set of double cosets {KgK : g ∈ G(Af )}, equipped
with an algebra structure which I won’t define. Two properties we’ll need of this
space are:

• If Kf = p Kp for open compact subgroups Kp ⊆ G(Qp ), then H(G(Af ), Kf )
decomposes as a restricted tensor product of local Hecke algebras,
  


H G(Qp ), Kp .
H G(Af ), Kf =
p

• If Kp is hyperspecial—which, as we saw in Sect. 2, is the case for all but finitely
many p—the algebra H(G(Qp ), Kp ) is commutative and is generated by an explicit finite set of elements lying in a maximal torus.
For example, the local Hecke algebra H(GLn (Qp ), GLn (Zp )) is isomorphic to
Z[T1 , . . . , Tn , Tn−1 ], where Ti is the double coset of a diagonal matrix with i diagonal entries equal to p and the remaining (n − i) equal to 1.
Exercise 5.1 Show that H(GLn (Qp ), GLn (Zp )) is spanned as a vector space by the
double cosets of diagonal matrices with ascending powers of p along the diagonal.
[Hint: Google the phrase “Smith normal form”.]
It’s a general fact that if Π is a representation of G(Af ), the Kf -invariants Π Kf
pick up an action of H(G(Af ), Kf ). To see how these Hecke operators act on the
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space Alg(Kf , V ), note that any KgK can be written as a finite union of left cosets

t
s=1 gs K. We then define, for φ ∈ Alg(Kf , V ),
t


φ(xgs ).
[KgK] ◦ φ (x) =



s=1

Exercise 5.2 Show that [KgK] ◦ φ is in Alg(Kf , V ).
We’ll need to make this operator [KgK] on Alg(Kf , V ) a little more explicit,
using the isomorphism of the previous section
r

Alg(Kf , V ) −→

V Γμi ,
i=1




φ −→ f (μ1 ), . . . , f (μr ) ,
where μ1 , . . . , μr ∈ G(Af ) are a set of representatives for Cl(Kf ). To find


t


φ(μi gs ),
[KgK] ◦ φ (μi ) =
s=1

we need to find out in which (G(Q), Kf ) double cosets the products μi gs lie. Indeed, if γ ∈ G(Q) is such that μi gs ∈ γ μj K, then we have
φ(μi gs ) = φ(γ μj ) = γ ◦ f (μj ).
There won’t be very many possibilities for γ . The possibilities are the elements of
the set
G(Q) ∩ μi gs Kμ−1
j ,
and any two elements of this set differ by right multiplication by an element of the
group Γμj , which we already know is finite.
So for each pair (i, s) we need to find the unique j such that μi gs Kμ−1
j ∩ G(Q)
is non-empty. If we consider all s at once, we can present this in the following way:
• For each (i, j ) ∈ {1, . . . , r}2 , calculate Aij (g) = G(Q) ∩ μi KgKμ−1
j , a finite set.
• Find representatives for Bij (g) = Aij (g)/Γμj (which is well-defined, as Aij (g)
is preserved by right multiplication by Γμj ).
• Then for any φ ∈ Alg(K, V ), we have
r


[KgK] ◦ φ (μi ) =





γ ◦ f (μj ).

j =1 [γ ]∈Bij (g)

Much of the work in computing with algebraic automorphic forms goes into
finding the sets Bij (g), for various elements KgK of the Hecke algebra. Once you
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know the data of: a set of representatives μ1 , . . . , μr ; the corresponding groups
Γμ1 , . . . , Γμr ; and the sets Bij (g) for all i, j and your favourite g, it’s essentially
routine to calculate a basis of Alg(K, V ) and the matrix of [KgK] acting on this
basis for absolutely any V . That is, a large part of the computation is independent
of the weight, which is perhaps surprising if you’re used to computing with modular
forms and modular symbols.
Remark 5.3 The matrix whose i, j entry is bij = #Bij is called the Brandt matrix of
g, and it gives the action of KgK on the automorphic forms of level Kf and weight
the trivial representation (sometimes called the Brandt module of level Kf ). The
term “Brandt matrix” goes back to the very first case in which algebraic automorphic
forms were studied, for G the group of units of a definite quaternion algebra over
Q; here Cl(Kf ) is in bijection with the left ideal classes in D, and the matrix (bij )
appears in a paper of H. Brandt as early as 1943 [Bra43].

6 Examples of This Idea in the Literature
As far as I know,4 the examples of definite (or definite-modulo-centre) groups G
where people have computed algebraic automorphic forms are:
• D × , where D is a definite quaternion algebra over Q: Pizer [Piz80] (a special
case which preceded the general theory by several decades).
• ResF /Q (D × ), where F is a totally real number field and D a totally definite quaternion algebra over F : Dembele [Dem05, Dem07], Dembele-Donnelly
[DD08].
• Unitary groups: my article [Loe08], the article by Greenberg and Voight in this
volume [GV], and unpublished work of Dembele.
• Compact forms of the symplectic group Sp4 and the exceptional Lie group G2 :
Lansky-Pollack [LP02].
• Compact forms of Sp2n , n ≥ 2: Cunningham-Dembele [CD09].
In the remaining sections of these notes, I’m going to explain one specific example, the case of definite unitary groups, following my paper [Loe08].

7 Hermitian Spaces and Unitary Groups
Let F be a number field, and E/F a quadratic extension. For x ∈ E, we write x for
the image of x under the nontrivial element of Gal(E/F ).
4 (Note added in press) To this list one could certainly add several more recent works, such as
those of Chenevier-Lannes and Chenevier-Renard, which focus on the case of orthogonal groups
attached to even unimodular lattices, and that of Dummigan on unitary groups of rank 4.
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Definition 7.1 A Hermitian space for E/F is a finite-dimensional E-vector space
V with a pairing  ,  : V × V → E which is linear in the first variable and satisfies
y, x = x, y

for all x, y ∈ V .

If V is a Hermitian space, then there is an associated algebraic group U over F ,
whose R-points (for any F -algebra R) are given by

U (F ) = u ∈ AutR⊗F E (R ⊗F V ) | ux, uy = x, y ∀x, y ∈ V .
This group becomes isomorphic to GLd over E, where d = dimE V . In particular,
it’s connected and reductive.
Exercise 7.2 Prove this. (You should find that there are two possible isomorphisms,
related by the inverse transpose map GLd → GLd .)
We say that V is totally positive definite if F is totally real, and x, x is totally
positive for all x ∈ V . (Note that x, x is in F , so this makes sense.) Note that this
in particular implies that λλ is totally positive for all λ ∈ E, so E/F must be a CM
extension (a totally imaginary quadratic extension of a totally real field). Then we
have the following fact:
Proposition 7.3 If V is totally positive definite, then the group G = ResF /Q (U ) is
a definite reductive group.
We’ll also need (occasionally) to consider some integral structures on these objects. A lattice in V is an OE -lattice L ⊂ V (a finitely-generated OE -module containing an E-basis of V ). Any choice of such a lattice L defines an integral structure
on G, for which G(Z) is the stabilizer of L.
Theorem 7.4 If V is totally positive definite, L ⊂ V is a lattice, and r ∈ OF , then
the set

x ∈ L | x, x = r
is finite and can be algorithmically computed.
Proof By choosing a basis for L as a Z-module, and equipping it with the quadratic
form q(x) = TrF /Q x, x, this reduces to the problem of enumerating all short vectors for a quadratic form, which can be solved using the LLL (Lenstra-LenstraLovasz) reduction method.

From this, we have the following corollary:
Theorem 7.5 For any lattice L as above, and any r ∈ OF , the set

Σ(L, r) := ϕ ∈ EndE (V ) | ϕ(L) ⊆ L, ϕx, ϕy = r · x, y ∀x, y ∈ V
is finite and algorithmically computable.
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Proof There are clearly only finitely many possibilities for where ϕ can send each
vector in a set of generators5 of L.

For example, if V is the “standard” rank d Hermitian space, by which I mean
E ⊕d with the Hermitian form
d
 
(x1 , . . . , xd ), (y1 , . . . , yd ) =
xi y i ,



i=1
⊕d
and L is the obvious sublattice OE
, then Σ(L, r) is simply the set of all matrices whose columns (or rows) are orthogonal vectors in V with entries in OE and
length r. So one can enumerate them pretty quickly by simply listing all vectors of
length r, and then looking for d-tuples that are orthogonal.
How does this help? Let’s define

 = (L ⊗Z Zp ).
L
p

This is contained in V ⊗Q Af , which has an action of G(Af ), and one easily checks
 is an open compact subgroup KL . (More concretely, KL =
that the stabilizer of L

p Kp where Kp is the stabilizer of L ⊗Z Zp in V ⊗Q Qp .)
Let K ⊆ G(Af ) be an open compact subgroup contained in KL , for some choice
of lattice L.
We want to find the following data for K:
(1) a set of representatives μ1 , . . . , μr for Cl(K);
(2) the finite groups Γμi ;
(3) the sets Aij (g) = G(Q) ∩ μi KgKμ−1
j , for each pair (i, j ), various g ∈ G(Af ).
Note that (2) is in fact a special case of (3), by taking g = 1 and j = i.
Let’s assume that we know the solution to (1). Then we can solve (3) as follows:
we choose
λ ∈ OE

 ⊆ L;

such that λμi L

λ ∈ O E

 ⊆ L;

such that λ g L

λ ∈ OE

 
such that λ μ−1
j L ⊆ L.

It’s clear that we can always do this: we just need to make the λ’s divisible by sufficiently high powers of a certain finite set of primes. Then if γ ∈ Aij (g), the element
γ = λ · λ · λ · γ ∈ EndE (V ) lies in the set Σ(L, r), where r = NE/F (λλ λ ). Not

every element of Σ(L, r) comes from an element of Aij (g), of course, but for each
element of Σ(L, r) it is a finite, purely local computation to check whether it gives
5 Note

that I didn’t write “basis” here, since it may very well happen that L is not free as an OE module if the class number of E is > 1.
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us an element of Aij (g), and we know that we must get every element of Aij (g) this
way. So this solves (3).
So how do we solve problem (1), of finding the class set? We can do this using a
“bootstrap” technique. We know one double coset—the identity—so we can start by
letting μ1 = 1 and plunging on with calculating the sets A11 (g) for some elements
g. For each such g, we can also calculate by purely local methods how many single
K-cosets the double coset KgK should break
 up into, and we can find elements
g1 , . . . , gm in G(Af ) such that KgK = m
i=1 gi K. (We can take the gi to be 1
outside the finite set of primes at which g is not integral).
On the other hand, we’ve calculated the set A11 (g) = G(Q) ∩ KgK, so we can
check which of the single K-cosets in KgK are represented by some element of
G(Q) (which is, again, a local computation). If there’s a single K-coset gi K ⊂
KgK which doesn’t have a representative in G(Q), then gi is an explicit element of
G(Af ) that isn’t in G(Q)K. We can then define μ2 to be this element, and using (3)
we can find the set A12 (g), which will account for some more of the single K-cosets
in KgK. Continuing in this way will eventually give us representatives μ1 , . . . , μs
for the subset of Cl(K) consisting of double cosets having non-empty intersection
with KgK. We then go back and calculate the sets A21 (g), . . . , Ass (g), using (3)
again.
If we try enough g’s, then eventually we’ll find every element of Cl(K) this way.
The only question now is: when do we stop? How do we know if we’ve found all of
Cl(K)? One way to do this is to use a mass formula.

8 Mass Formulae
Let’s return (temporarily) to thinking about a general connected reductive group G.
Recall that the quotient G(Q)\G(Af ) is compact. This implies that it has finite Haar
measure; but the Haar measure h on a locally compact group such as G(Af ) is only
defined up to scaling.
Definition 8.1 If K is an open compact subgroup of G(Af ), we define the mass
of K to be the ratio
h(G(Q)\G(Af ))
.
m(K) =
h(K)
This is independent of the normalisation we use for the Haar measure h, obviously; and it’s easy to see that we can write it as
m(K) =


μ∈Cl(K)

1
.
#Γμ

(This sum is well-defined, since although Γμ depends on the choice of μ, if μ and
μ are in the same class in Cl(K) the groups Γμ and Γμ are conjugate, and hence
have the same order.)
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Notice that if K  ⊆ K, then we have m(K  ) = [K : K  ]m(K). So if we know the
mass of one open compact K, we know them all, as all open compact subgroups of
G(Af ) are commensurable.
Theorem 8.2 (Gan-Hanke-Yu) ([GHY01]) If G is a definite unitary group corresponding to an n-dimensional Hermitian space for E/Q, where E is imaginary
quadratic, and KL is the open compact subgroup corresponding to a lattice L satisfying a certain maximality property, we have
m(KL ) =

1
2n−1

L(M)



λp ,

p∈S

where L(M) is a product of special values of Dirichlet L-functions, S is a finite set
of primes and λp are certain explicit constants depending on V .
(This is actually a special case of the theorem of Gan-Hanke-Yu, which applies
more generally to definite unitary groups and definite orthogonal groups over arbitrary totally real fields.)
So we can find the mass by evaluating special values of L-functions! This allows
us to tell when we have found the whole set Cl(K), by comparing the result of the
mass formula with the sizes of the groups Γμi for the coset representatives μi we
know so far.
Remark 8.3 The mass formula gives us a criterion for checking whether we’ve
found the whole of Cl(K) using the algorithm of the previous section, but it doesn’t
guarantee that the algorithm will terminate: if we are unlucky in our choice of g’s,
we might potentially never find the whole of Cl(K).
One can check that if G is a unitary group for an extension E/Q where the
imaginary quadratic field E has unique factorization, then for any prime p which
splits in E, every element of Cl(K) has a representative in G(Qp ). Since we can
calculate the local Hecke algebra at good primes explicitly (Exercise 5.1 above) this
gives us an explicit list of double cosets to try which are guaranteed to eventually
exhaust Cl(K).
In practice, one finds that for a “randomly chosen” g, the single cosets in KgK
tend to be distributed among the classes in Cl(K) in proportion to the factors
1/#Γμi , so if we choose g such that the number of single K-cosets in KgK is
large enough, then KgK will contain representatives for the entirety of Cl(K). This
is related to various subtle issues involving the norms of Hecke eigenvalues of automorphic forms.

9 An Example in Rank 2
I carried out the above computation for various standard Hermitian spaces of ranks 2
and 3 attached to imaginary quadratic fields E/Q of class number 1, taking K = KL
for L the standard lattice.

Property of The Mathematics Center Heidelberg - © Springer 2014

62

63

√
For n = 2, and E = Q( −d) for d = 1, 2, 3, 7, we find that the mass of the obvious double coset equals the whole mass. The first case where something interesting
happens is d = 11. Here the mass formula gives m(K) = 5/24. The obvious double
coset G(Q)K generated by μ1 = 1 has corresponding Γ group

 

±1 0
0 ±1
∪
Γμ1 = G(Z) =
0 ±1
±1 0
of order 8. That leaves a mass of 5/24 − 1/8 = 1/12 unaccounted for. So we launch
into decomposing some Hecke operators.
The prime
√ p = 3 splits in E, and choosing the prime p above p generated by
α = (1 + −11)/2 gives an isomorphism G(Q3 ) ∼
= GL2 (Q3 ); this isomorphism
identifies K ∩ G(Q3 ) with GL2 (Z3 ). So the interesting element of the local Hecke
algebra corresponds to the double coset of g = ( 10 03 ) ∈ GL2 (Q3 ), which splits into
p + 1 = 4 double cosets; these are represented by the elements of G(Af ) which are
1 at all primes away from 3, and at 3 correspond to the matrices

 
 
 

1 0
1 0
1 0
3 0
,
,
,
0 3
1 3
2 3
0 1
in GL2 (Q3 ).
The set A11 (g) has order 16, so B11 (g) = A11 (g)/G(Z) has order 2, represented
0
0
by the element ( α/α
) and ( 10 α/α
).
0 1
The images of these in GL2 (Q3 ) obviously land in




1 0
3 0
GL2 (Z3 )
GL2 (Z3 ) and
0 3
0 1
respectively, since α is a unit at p. So we have found representatives in G(Q) for
two of the four elements of KgK/K; but the element μ2 of G(Af ) which is 1 away
from the prime 3 and whose component at 3 corresponds under our isomorphism to
( 11 30 ) ∈ GL2 (Q3 ) represents a non-trivial element in Cl(K). Calculating the corresponding group Γμ2 we find that it has order 12, so the mass formula implies that
we have now found the whole of Cl(K).
Since #Cl(K) = 2, we must in particular have a 2-dimensional space of automorphic forms of level K and weight the trivial representation. This space contains the
1-dimensional space of constant functions, which are obviously Hecke eigenvectors, with the eigenvalue for the Hecke operator at a split prime p of E being 1 + p
where p is the rational prime below p; this is not especially exciting. However, there
is another eigenfunction which is rather more interesting. It turns out that for this
eigenfunction it is also true that the eigenvalue of the Hecke operator at a split prime
p of E only depends on the rational prime p below p, and we find that its Hecke
eigenvalues at the split primes are:
Prime
Eigenvalue

3

5

23

31

37

47

53

−1

1

−1

7

3

8

−6
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Maybe this isn’t so easy to spot, but these are also the Hecke eigenvalues of a modular form! We’ve rediscovered (half of) the Hecke eigenvalues of the unique newform
of weight 2 and level 11.

10 Galois Representations
In the last section, we saw an example
of a (non-constant) automorphic form for
√
a unitary group of rank 2 for Q( −11)/Q, and I said that the Hecke eigenvalues
“look like” those of a modular form. In this section, we’ll see an interpretation of
how and why this works.
Recall that if f is a modular eigenform of weight k and level N , which is new,
cuspidal, normalized, and a Hecke eigenform, then for any prime , we can construct
a Galois representation
f, : Gal(Q/Q) −→ GL2 (Q )
which is continuous, semisimple, unramified outside N , and for each prime p  N ,
satisfies
Tr f, (Frobp ) = ap (f )
where ap (f ) is the Tp -eigenvalue of f .
Much more is known about the properties of f, , of course, but the properties
I’ve just written down specify it uniquely, so we’ll content ourselves with those.
Now let G be a definite unitary group of rank n attached to an imaginary
quadratic field E/Q, and π an algebraic automorphic form for G of some level Kf .
Let S be the set of primes p that are split in E, so G(Qp ) ∼
= GLn (Qp ), and such that
Kf ∩ G(Qp ) = GLn (Zp ). Suppose that for all primes p ∈ S, π is an eigenvector for
the Hecke operator corresponding to
⎞
⎛
1 .
.
.
⎠
⎝
1
p
under the isomorphism G(Qp ) ∼
= GLn (Qp ) determined by a choice of prime p
above p. Let ap (π) be the corresponding eigenvalue. Then we have the following
theorem:
Theorem 10.1 (Shin, Chenevier-Harris) ([Shi11], [CH]) There exists a unique
semisimple Galois representation
π, : Gal(E/E) −→ GLn (Q )
satisfying
Tr f, (Frobp ) = ap (π)
for all primes p of E above a prime p ∈ S.
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The set S contains all but finitely many degree 1 primes of E, so the Frobenius
elements at these primes are dense in Gal(E/E); thus π, is clearly unique.
Note that Gal(E/E) is an index 2 subgroup of Gal(Q/Q), and conjugation by the
nontrivial element σ ∈ Gal(Q/Q)/Gal(E/E) interchanges the conjugacy classes of
Frobp and Frob p for p = pp ∈ S. So unless we have ap (π) = ap (π) for all such
σ can’t be isomorphic to 
p, which doesn’t usually happen, the conjugate π,
π,
and hence π, cannot be extended to a representation of Gal(Q/Q). However, the
σ are related: we have an isomorphism
representations π, and π,
σ ∼ ∨
π,
= π, (n − 1)




“polarization”

∨ is the dual representation and (n − 1) denotes twisting by the (n − 1)-st
where π,
power of the -adic cyclotomic character χ : Gal(E/E) → Z×
.
So our observation about √
the non-constant trivial weight form on the standard
rank 2 unitary group for Q( −11)/Q can be interpreted as follows: if π is this
form (and  is any prime), it looks as if the Galois representation π, is isomorphic
to the restriction of f, to Gal(E/E), where f is the weight 2 cusp form of level 11.

Exercise 10.2 Show that
 = f, | Gal(E/E)
does satisfy the polarization identity, so our conjecture that  ∼
= π, is consistent
with what we know about the latter. (Note that in this case σ ∼
= , so we need to
check that  ∼
= ∨ (1).)
There is a very general philosophy, sometimes referred to as the “global Langlands program”, which predicts (among other things) that:
• “Nice” automorphic forms on ResK/Q GLn , where K is any number field, should
correspond to compatible families of n-dimensional -adic representations of
Gal(K/K).
• Automorphic forms on a subgroup G ⊆ ResK/Q GLn should correspond to Galois
representations preserving some extra structure (such as a symplectic form on
n
Q , or a polarization as above).
• Natural operations on Galois representations correspond to maps between automorphic forms (“Langlands functoriality”).
These are all very much open conjectures in general, although many important
special cases are known. Let me just give a few examples of what I mean by “natural
operations on Galois representations”.
For instance, let’s say f is a modular eigenform; then, thanks to Deligne, we
know how to construct the corresponding 2-dimensional -adic representations f, .
For each m ≥ 2, we can take the symmetric power Symm f, ; this is an (m + 1)dimensional -adic representation of Gal(Q/Q), and one might reasonably expect that it corresponds to some automorphic form on GLm+1 . This form—which,
I stress, is only conjectured to exist—is called the “symmetric power lifting” of f .
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At the time of writing I believe the existence of the symmetric power lifting is only
known for m = 2, 3, 4 and 9, but this is a very active area of research.6 A weaker
statement, “potential automorphy”, has been proven for all m: this asserts that there
is some number field K such that the restriction of Symm f, to Gal(K/K) corresponds to an automorphic form on GLm+1 /K. This potential automorphy statement
is the key ingredient in the proof of the Sato-Tate conjecture, cf. [BGHT11].
Here’s another example. Let’s say we take two definite unitary groups U (n1 )
and U (n2 ) associated to the same CM extension E/F , and we consider eigenforms
π1 and π2 on U (n1 ) and U (n2 ) respectively. We know these have Galois representations π1 , and π2 , , of dimensions n1 and n2 . So we can consider the representation π1 , ⊕ π2 , , and ask: does this come from an automorphic form on
U (n1 + n2 )? This can’t quite work as I’ve stated it, since the direct sum doesn’t
satisfy the polarization identity; but we can fix this by twisting the two representations by appropriately chosen characters. The corresponding automorphic forms
on U (n1 + n2 ) are known as endoscopic lifts, since they are associated to the endoscopic subgroup7 U (n1 ) × U (n2 ) of U (n1 + n2 ).

11 Some Examples in Rank 3
I’ve done some calculations of automorphic forms on the definite
unitary group
√
attached to the standard 3-dimensional Hermitian space for Q( −7)/Q. I took the
⊕3
level group to be the group KL attached to the standard lattice OE
.
In this case, the possible weights are the irreducible representations of the compact Lie group G(R) ∼
= U (3). These are indexed by pairs8 of integers (a, b),
with the representation corresponding to (a, b) being a certain explicit subspace
of Syma (W ) ⊗ Symb (W ∨ ) where W is the 3-dimensional standard representation.
It turns out that if a = b, then Galois representation attached to a form of weight
(a, b) cannot possibly extend from Gal(E/E) to Gal(Q/Q), because if π has weight
σ is the Galois representation attached to an
(a, b), the conjugate representation π,
eigenform of weight (b, a) and thus cannot be isomorphic to π, . So let’s look at
some examples in “parallel” weights (a, a).
In Table 1, I’ve listed each eigenform of parallel weight ≤ 4 (or, rather, each
orbit of eigenforms up to the action of Gal(Q/Q) on the eigenvalues, which is welldefined since the parallel weight representations of G are defined over Q). For each
of these, one can try to test whether the Galois representation looks like it might
6 So active, in fact, that substantial advances have been made in the time it has taken for these notes
to be written up for publication; Dieulefait has recently given a proof of the automorphy of Symm
of a modular form for m = 5, and Clozel and Thorne have proved the cases m = 6 and m = 8.
7 Informally,

an endoscopic subgroup is “the Levi factor of a parabolic subgroup that isn’t there”.
Notice that definite groups cannot have parabolic subgroups, since their split rank is 0.
8 Actually triples, but the third parameter is a twist by a power of the determinant and so doesn’t
give you anything new.
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Table 1 Galois orbits of automorphic forms for the group U (3) attached to Q( −7) in parallel
weights ≤ 4
a

Form

Endoscopic?

Extends to Q?

Notes

0

0a

Yes

Yes

Constant fcn; π, ∼
= 1 ⊕ χ ⊕ χ2

0b

Yes

Yes

Direct sum of 3 characters

1

–

–

–

(no forms in this weight)

2

2a

Yes

Yes

Direct sum of 3 characters

2b

Yes

Yes

Character ⊕ twist of a weight 7 modular form

3

3a

Yes

Yes

Character ⊕ twist of a weight 9 modular form

3b

No

No

First “interesting” example

4a

Yes

Yes

Direct sum of 3 characters

4b

No

Yes

Sym2 (f, ) for a weight 6 modular form

4c

Yes

Yes

Character ⊕ twist of a weight 11 modular form

4d

Yes

No

Character ⊕ twist of a weight 6 modular form

4e

No

No

4

extend to Q, by checking whether the Hecke eigenvalues at pairs of primes above
the same prime of Q coincide. One can also try to recognise the form as an endoscopic lift from U (1) × U (2), in which case the form will have Hecke eigenvalues
at split primes given by ap (π) = ω1 (p) + ω2 (p)ap (f ), for some modular form f
and Groessencharacters ω1 , ω2 of E, and the Galois representation π, would be
isomorphic to
ω1, ⊕ (ω2, ⊗ f, | Gal(E/E) ),
where ωi, are the -adic characters attached to the Groessencharacters ωi via class
field theory. (It may even happen that the modular form f has CM by E, in which
case f, |Gal(E/E) is reducible and π, is a direct sum of three characters.)
So one can see here explicit examples of several kinds of Langlands functoriality
at work, as well as some examples of automorphic forms that genuinely come from
U (3) and not from any simpler group.
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Abstract In this paper, we give an introduction to the theory of overconvergent
modular symbols and their connection to p-adic L-functions. Alongside the theory,
we describe many explicit examples to illustrate the concrete nature of this subject,
and give algorithms for computing inside of these infinite-dimensional spaces.

1 Introduction
The theory of overconvergent modular symbols was created by Glenn Stevens over
20 years ago, and since then the subject has had many generalizations and applications central to modern number theory (e.g. overconvergent cohomology, eigenvarieties of reductive groups, families of p-adic L-functions, just to name a few).
In these notes,1 rather than give a systematic development of the general theory,
we aim to convey the idea that spaces of overconvergent modular symbols (despite
being infinite dimensional) are fairly concrete and can be computed quite explicitly. We do not provide many formal proofs in this article, but instead only sketch
arguments, perhaps only in specific cases, and challenge the reader to work out the
details.2 We attempt to keep the tone of these notes quite informal in part to mimic
the tone of the corresponding lectures series and in part to keep the barrier to entry
to the theory as low as possible.3

1 These notes arose from a series of lectures given by the author and Glenn Stevens at the Arizona
Winter School in March 2011, and then were further refined after a second lecture series by the
author at the summer school attached to the conference Computations with Modular Forms in
August 2011 at Heidelberg University.
2 Formal treatments of overconvergent modular symbols are already available in the literature (see
[PS11, PS, Bel12]).
3 We

note that the background needed to study overconvergent modular symbols is significantly
less substantial than the background needed to study the corresponding theory of overconvergent
modular forms. See Sect. 3.1 for a brief comparison between the two theories.
R. Pollack (B)
Department of Mathematics and Statistics, Boston University, 111 Cummington Mall, Boston,
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The structure of these notes is as follows: in the next section, we give a detailed
discussion of classical modular symbols and L-values, and work through a computation with modular symbols of level 11. In the third section, we discuss overconvergent modular symbols, their connection to classical modular symbols (i.e. Stevens’
control theorem), and their relation to p-adic L-functions. In the fourth section, we
discuss how to approximate p-adic distributions which leads to a method of computing overconvergent modular symbols as well as a proof of the control theorem. In
the fifth section, we return to the connection between p-adic L-functions and overconvergent modular symbols, and in the final section, we close with some numerical
examples of overconvergent eigensymbols of level 11.

2 Modular Symbols and L-Values
2.1 Introductory Example
Let f be the function on the upper half-plane defined by the q-expansion
f (z) = q

∞



1 − qn

2 

1 − q 11n

2

n=1

with q = e2πiz . Then f ∈ S2 (Γ0 (11)), i.e. f is a weight two cusp form for Γ0 (11).
We consider the period integrals
! s
2πi
f (z) dz
r

where r and s vary over P1 (Q). These are path integrals in the upper-half plane
along the semicircle connecting r to s, or along a vertical line if either r or s is
infinite.
Let’s do a little numerical experiment. Randomly choose a 100 pairs of r’s and s
in Q, and compute the corresponding period integrals.4
Here are the first 10 period integrals:
(1)

1.26920930427955342168879461700 . . .
+ 0.000000000000000000000000000000 . . . i

(2)

0.000000000000000000000000000000 . . .
+ 2.91763323387699045866177922600 . . . i

(3)

0.634604652139776710844397308500 . . .
+ 1.45881661693849522933088961300 . . . i

4 More

honestly, only choose pairs of rational numbers which are Γ0 (11)-equivalent under linear
fractional transformations. See Footnote 6 for more details.
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3.17302326069888355422198654250 . . .
− 1.45881661693849522933088961300 . . . i

(5)

1.90381395641933013253319192550 . . .
+ 1.45881661693849522933088961300 . . . i

(6)

0.000000000000000000000000000000 . . .
+ 0.000000000000000000000000000000 . . . i

(7)

1.26920930427955342168879461700 . . .
− 2.91763323387699045866177922600 . . . i

(8) − 1.90381395641933013253319192550 . . .
+ 1.45881661693849522933088961300 . . . i
(9) − 3.17302326069888355422198654250 . . .
+ 1.45881661693849522933088961300 . . . i
(10)

3.17302326069888355422198654250 . . .
− 1.45881661693849522933088961300 . . . i

Plotting these points in the plane gives the following picture:

Not so random, eh? As you might guess, this collection of period integrals spans
a lattice in C.
Moreover, one can explicitly write down generators of this lattice—namely, ΩE+
and 1/2 ΩE+ + ΩE− where ΩE± are the Néron periods of the elliptic curve X0 (11).
This period lattice is intimately related to the L-series of f . For instance, we
have
! 0
1
f (z) dz = L(f, 1) = ΩE+ .
(2.1)
2πi
5
i∞
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The first equality above is true much more generally.5 The spirit of the second equality is true generally, but the presence of the factor of 1/5 is very specific to our particular modular form f , and in general, the exact value which appears is related to
the Birch and Swinnerton-Dyer conjecture.6
The period lattice also contains the information of all twisted L-values. Namely,
if χ is a Dirichlet character of conductor N , we have
L(f, χ, 1) =

! −a/N
τ (χ) 
χ (a) · 2πi
f (z) dz
N
i∞

(2.2)

a mod N

where τ (χ) is the Gauss sum attached to χ . Thus, twisted L-values can be recovered
from a simple linear combination of period integrals.
This initial discussion is meant to convince you that these period integrals are
quite interesting values as they (a) encode L-values and (b) posses some hidden
algebraic structure. We now seek for an axiomatic (and algebraic!) way to describe
them.

2.2 Modular Symbols
Let Δ0 denote the collection of degree 0 divisors on P1 (Q). (To connect to the
previous discussion, think of the divisor {s} − {r} as the path in the upper-half plane
connecting r to s.) We then have a map ψf from Δ0 to C defined by
! s
{s} − {r} −→ 2πi
f (z) dz.
r

Here, f is any cusp form of weight 2 on Γ a congruence subgroup. Of course,
we have only defined ψf on elements of Δ0 of the form {s} − {r}. But every element
of Δ0 is a sum of such elements, and so we extend ψf accordingly. We thus have
constructed
ψf ∈ Hom(Δ0 , C)
5 Here

is a heuristic argument for this equality:
! 0
! 0
 !
f (z) dz = 2πi
an e2π inz dz = 2πi
an
2πi
i∞

i∞ n

=

 an
n

n

n
0

e2π inz
i∞

dz =

 an
n

n

0

e2π inz dz

i∞

= L(f, 1).

However, this argument suffers from serious convergence issues.
The reason this period integral is not a Z-multiple of ΩE+ is related to the fact that ∞ and 0
are not Γ0 (11)-equivalent. Computing the period integrals between all cusps would yield a lattice
which contains our lattice with finite index.
6
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where Hom here denotes additive maps.
The modularity of the function f (z) tells us that


az + b
f
= (cz + d)2 f (z)
cz + d
 
where γ = ac db is any matrix in Γ . In particular, the change of variables u = γ z =
(az + b)/(cz + d) yields following simple equality:
! γs
! γs
! s
−2
f (z) dz =
f (γ z)(cz + d) dz =
f (z) dz.
(2.3)
γr

γr

r

To algebraically encode this symmetry of period integrals, we endow Δ0 with
the structure of a left SL2 (Z)-module via linear fractional transformations. Then
Eq. (2.3) converts into the fact that
ψf ∈ HomΓ (Δ0 , C)
where the subscript of Γ indicates maps which satisfy ϕ(γ D) = ϕ(D) for all γ ∈ Γ
and all D ∈ Δ0 . We call HomΓ (Δ0 , C) the space of C-valued modular symbols of
level Γ .7

2.3 Back to Γ0 (11)
Returning to the example of f ∈ S2 (Γ0 (11)), we have a C-valued modular symbol ψf of level Γ := Γ0 (11) built out of the period integrals of f . Does the abstractly defined modular symbol space HomΓ (Δ0 , C) contain any thing else other
than multiples of ψf ? Well, first let’s point out that HomΓ (Δ0 , C) is equipped with
an involution ι given by

 
−1 0
ι(ϕ)(D) = ϕ
D
0 1
 0
since −1
normalizes Γ .
0 1
So ι breaks HomΓ (Δ0 , C) into plus and minus subspaces, and we get modular
symbols ψf+ and ψf− such that
ψf = ψf+ + ψf− .
Moreover, the symbols ψf± take values which are (non-trivial) rational multiples
of ΩE± .
7 We note that this definition of modular symbols is dual to the definition of modular symbols in
sources such as [Man72, Maz73].

Property of The Mathematics Center Heidelberg - © Springer 2014

Overconvergent Modular Symbols

R. Pollack

So is HomΓ (Δ0 , C) bigger than 2-dimensional? Well, we could hope to produce
more such modular symbols by just taking other cusp forms of level Γ0 (11). However, S2 (Γ0 (11)) is 1-dimensional so this won’t yield anything new.
Here’s a completely different approach where one can explicitly write down more
modular symbols in a very simple fashion. Namely, let Δ = Div(P1 (Q))—i.e. we
dropped the degree zero requirement. If we can define a Γ -invariant function on Δ,
then by restriction we get an element of HomΓ (Δ0 , C).
What is a Γ -invariant function on Δ? Well, it’s a function constant on Γ -orbits
of Δ. But Γ -orbits of Δ are simply the cusps of X0 (11)! Since 11 is prime, there are
2 cusps, the orbits of 0 and ∞, and thus there are two linear independent functions
on the cusps. However, the constant function is killed after restriction to Δ0 , and
so this approach will only yield one more dimension of modular symbols. Namely,
define
ϕ : Δ −→ C

by ϕ(r) =

1,
0,

if r is Γ -equivalent to ∞
if r is Γ -equivalent to 0,

and then restricting ϕ to Δ0 gives a (non-zero) element of HomΓ (Δ0 , C). (Note that
flipping 0 and ∞ in the above definition just negates ϕ after restricting to Δ0 .)
So now we have that HomΓ (Δ0 , C) is at least 3-dimensional. Any more? Well,
we can again try to write ϕ = ϕ + + ϕ − as before. However, you should check that
ϕ − = 0, and this doesn’t yield a new modular symbol.
Any more? Well. . . I’m all out of ideas for making new modular symbols. This
seems like a good moment to try to prove that there are no more such symbols,
and or at least to try to find some upper bound for the dimension of this space. For
instance, if we knew generators of Δ0 as a Z[Γ ]-module, we would be in great
shape. (Note that we just easily determined generators of Δ as a Z[Γ ]-module.)

2.4 Generators of Δ0 as a Z[Γ ]-Module
Let’s begin by at least writing down a set of generators of Δ0 over Z (ignoring the
Γ -action). Most naively, note that the set of {s} − {r} as r and s vary over P1 (Q)
generate over
 Z.
 Even better, I claim that the set of {b/d} − {a/c} for a, b, c, d
satisfying ac db ∈ SL2 (Z) generate over Z.
Don’t believe me? Well note that
0
29
8
8
−5
5
3
3
29
−
=
−
+
−
+
−
+
11
1
11
3
3
−2
2
1
1
−

−2
2
1
1
0
+
−
+
−
.
−1
1
0
0
−1

(Here 1/0 just means ∞.) Indeed, this is Manin’s continued fraction trick; the rational numbers appearing between 29/11 and 0/1 are just the convergents in the
continued fraction expansion of 29/11.
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This trick
 works generally yielding a Z-generating set of Δ0 indexed by SL2 (Z).
For α = ac db ∈ SL2 (Z), write [α] for the divisor {b/d} − {a/c}—we will call such
divisors unimodular.
Now we incorporate the action of Γ . A quick computation shows that if β ∈
SL2 (Z), then [βα] = β · [α] (do it!). That is, multiplying on the left by β and then
taking the associated divisor is the same as first taking the associated divisor and
then acting with β by linear fractional transformations.
This simple formula tells us the following: if α1 , . . . , αd are a system of right
coset representations for Γ \SL2 (Z), then [α1 ], . . . , [αd ] are Z[Γ ]-generators of Δ0 .
Indeed, if [β] is one of our Z-generators of Δ0 , write β = γ αi for some i and some
γ ∈ Γ . Then [β] = γ · [αi ]. In particular, a modular symbol is uniquely determined
by its values on the finite list of divisors [α1 ], . . . , [αd ].
Great! So we now have a finite list of Z[Γ ]-generators of Δ0 . In our particular
case of Γ = Γ0 (11), we would then need 12 coset representations as
#
"
SL2 (Z) : Γ = 12.
Hmph. Twelve is indeed finite, but is a large number to start with. Let’s take a
simpler example:

2.5 On to Γ0 (2)
The index of Γ0 (2) in SL2 (Z) is 3, and the following are right coset representatives:

 
 

1 0
0 −1
1 1
,
,
.
0 1
1 1
−1 0
(Note that two matrices represent the same right coset in Γ0 (2) if their bottom rows,
thought of as elements as P1 (F2 ), agree.) Their associated divisors are:
{0} − {∞}, {−1} − {0}, {∞} − {−1}.

(2.4)

Are these linearly independent over Z[Γ0 (2)]? Nope. Not even over Z as their sum
is 0. Any other relations?
Well, note that







{−1} − {0} = − {0} − {−1} = − γ (−1) − γ (0) = −γ {−1} − {0} ,


where γ = 12 −1
∈ Γ0 (2).
−1
Now, let’s say we have ϕ some C-valued modular symbol of level Γ0 (2). Then
ϕ is determined by its values on the three divisors in (2.4) by the arguments of
Sect. 2.4. Moreover, by Γ0 (2)-invariance, we have


 



ϕ {−1} − {0} = −ϕ γ {−1} − {0} = −ϕ {−1} − {0} ,
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and thus ϕ vanishes on {−1} − {0}.
Then, since our three divisors sum to 0, we get




0 = ϕ {0} − {∞} + ϕ {∞} − {−1} .
Therefore, the value of ϕ on {∞} − {0} determines the value of ϕ on {−1} − {∞},
and thus on all divisors. In particular, this space of modular symbols is at most 1dimensional. The same trick of writing down a symbol on Δ and restricting to Δ0
again works, and we see that this space is exactly 1-dimensional.8

2.6 Back to Γ0 (11)
How to generalize this to the Γ0 (11) case? Well, let me tell you where the three
generating divisors for Γ0 (2) in (2.4) came from. First note that the ideal triangle
connecting ∞ to 0 to −1 is a fundamental domain for Γ0 (2). Taking differences
between the vertices of this triangle then gives rise to our 3 divisors. The fact that the
three divisors sum to 0 comes from going around the triangle. The relation involving
{0} − {−1} arises from the fact that the bottom edge of the triangle is identified
with itself modulo Γ0 (2)—i.e. from the gluing data describing how to wrap the
fundamental domain to get X0 (2). So for X0 (11), let’s make a nice fundamental
domain and see what happens!
Again, consider the ideal triangle with vertices ∞, 0 and −1 (triangle A in the
figure below). We note that this triangle contains three copies of a fundamental domain for SL2 (Z) and this region sits inside of a fundamental domain for Γ0 (11).9
To extend this region to a fundamental domain, we consider the ideal triangle sitting directly below triangle A—i.e. the ideal triangle with vertices −1, 0 and −1/2
(triangle B in the figure below). A simple computation shows that the union of these
two triangles is still contained within a fundamental domain for Γ0 (11). To further
extend this region, we consider the two ideal triangles below this second triangle—
i.e. the triangle with vertices −1/2, −2/3 and −1 (triangle C), and the triangle with
vertices 0, −1/3 and −1/2 (triangle D). Another computation shows that this region
is still contained within a fundamental domain for Γ0 (11). In fact, since this region
now contains 12 copies of a fundamental domain for SL2 (Z)—4 ideal triangles each
containing 3 such fundamental domains—and since Γ0 (11) has index 12 in SL2 (Z),
the union of these 4 triangles is in fact a full fundamental domain for Γ0 (11).

8 Note

that there are no cusp forms of weight 2 and level Γ0 (2), and so it should not be a surprise
that there are no symbols of the form ψf .

9 See

[PS11, Sect. 2.3] for the details of the following construction.
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How does this fundamental domain help us in computing modular symbols? Well,
we will use this picture to find Z[Γ0 (11)]-generators of Δ0 . Starting with the oriented path ∞ → 0, consider all SL2 (Z) translates of this path. Exactly 12 such
translates will be contained within our fundamental domain (as long as we give the
boundary of the domain a fixed orientation, say clockwise). These 12 paths are:
∞ −→ 0,

1
0 −→ − ,
3

1
1
− −→ − ,
3
2

−1 −→ ∞,

−1 −→ 0,

1
− −→ −1,
2

1
− −→ 0,
2

1
2
− −→ − ,
2
3

2
− −→ −1,
3
1
−1 −→ − ,
2

0 −→ −1,
1
0 −→ − .
2

We generated this list by simply going around the boundary of our fundamental domain (in the clockwise direction), and then taking each internal path in our domain
with both orientations.
Associated to an oriented path r → s, we consider the degree 0 divisor {s} − {r}.
Taking the corresponding degree 0 divisors of the 12 paths above gives:
{0} − {∞},

−

1
− {0},
3

{−1} − −

2
,
3

{−1} − −

1
,
2

−

1
1
− − ,
2
3

{∞} − {−1},
−

1
− {−1},
2

−

2
1
− − ,
3
2

{−1} − {0},
−

{0} − {−1},

1
− {0},
2

{0} − −

1
.
2

We claim these 12 unimodular divisors generate Δ0 as a Z[Γ0 (11)]-modules. Indeed, as argued in Sect. 2.4, it suffices to see that the span of these divisors

 contains every divisor arising from an SL2 (Z) matrix. To this end, consider ac db in
SL2 (Z) and its associated path a/c → b/d. This path must be Γ0 (11)-equivalent to
one of the 12 paths inside of our fundamental domain listed above. Thus the divisor
{b/d} − {a/c} is Γ0 (11)-equivalent to one of the above 12 unimodular divisors listed
above, and we are done.
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We now have a finite generating set of divisors. But you may ask why didn’t we
just randomly choose a set of coset representatives which would have also given a
generating set of unimodular divisors as in Sect. 2.4? The reason is that we will be
able to read off all of the Z[Γ0 (11)]-relations of the above generating set of divisors
via our fundamental domain. For starters, every divisor which arises from a path not
on the boundary of our fundamental domain can be expressed in terms of divisors
arising from the boundary. For instance, the path 0 → −1, which is in the interior
of our fundamental domain, is homologous to the union of the paths:
1
0 −→ − ,
3

1
1
− −→ − ,
3
2

1
2
− −→ − ,
2
3

2
− −→ −1
3

and thus
{−1}−{0} = {−1}− −

2
2
1
1
1
+ − − − + − − − +
3
3
2
2
3

−

1
−{0} .
3

Great! So in fact it suffices to just take the 6 divisors arising from the boundary of
the domain as a set of Z[Γ0 (11)]-generators.
Further relations come from how the boundary is glued together. For instance, if
we reverse the orientation of the edge 0 → −1/3, this reversed edge will be Γ0 (11)equivalent to another boundary edge (with the clockwise orientation). Namely,
 


1
1
2
7
2
· − −→ 0 = − −→ − ,
−11 −3
3
2
3
and thus,



7
2
−
−11 −3




2
1
1
− {0} = −
− − .
−
3
3
2

In particular, the generator {−2/3} − {−1/2} is redundant as it is in the Z[Γ0 (11)]span of {−1/3} − {0}. So now we are down to 5 generators!
Similarly, we have

 

1
1
2
8
3
−
· −
− −
= {−1} − −
−11 −4
2
3
3
and





1 −1 
−
· {0} − {∞} = {∞} − {−1}.
0 1

In particular, we see that the 3 divisors
D1 = {0} − {∞},

D2 = −

generate Δ0 over Z[Γ0 (11)].

1
− {0}
3

and D3 = −

1
1
− −
2
3
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Super! This means that any modular symbol on Γ0 (11) is uniquely determined
by its values on D1 , D2 , and D3 . In particular, C-valued modular symbols on Γ0 (11)
are at most 3-dimensional. Since we have already written down 3 independent symbols, we must have found them all!10

2.7 Higher Weight Case
Now let’s take an arbitrary weight cusp form f in Sk (Γ ) with Γ a congruence
subgroup. The relevant period integrals attached to f are of the form
! s
f (z) zj dz
r

where j ranges between 0 and k − 2. We should thus beef up the associated modular
symbol to encode all of these periods, and we do so by changing the space where
the symbols take values.
Namely, let Vg (C) = Symg (C2 ) realized as the space of homogeneous polynomials of degree g in C[X, Y ].
Moreover, we endow this space with a right action (seriously, a right action) of
SL2 (Z) by setting


(P |γ )(X, Y ) = P (X, Y ) · γ ∗ = P (dX − cY, −bX + aY )
 d −b 
 
and P ∈ Vg (C). In fact, this action makes sense for
where γ = ac db , γ ∗ = −c
a
any matrix with non-zero determinant.
10 For completeness, let’s mention that D , D and D do not generate freely over Z[Γ (11)].
1
2
3
0
Indeed, there is one relation between these divisors that is easy to see via the fundamental domain.
Namely, if we sum up over the boundary of the fundamental domain, we get 0. Explicitly, we have
 



 

2
1
2
+ −
− −
{0} − {∞} + {∞} − {−1} + {−1} − −
3
3
2

 

1
1
1
+ −
− −
+ −
− {0} = 0
2
3
3

and re-writing this in terms of our generators gives





 


1
1 −1 
7
2
1−
{0} − {∞} + 1 −
−
− {0}
0
1
−11 −3
3
 



1
1
8
3
−
+ 1−
− −
= 0.
−11 −4
2
3
Further, one can check that this is the only relation these divisors satisfy. This relation plays no
role when considering modular symbols with trivial coefficients, but once the coefficients have a
non-trivial matrix action, this more complicated relation must be considered.
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We then define


ψf {s} − {r} = 2 πi

!

s

f (z) (zX + Y )k−2 dz ∈ Vk−2 (C)

r

which gives an element of



Hom Δ0 , Vk−2 (C) .

As before we exhibit some Γ -invariant property. Namely, for any γ ∈ M2 (Z) with
non-zero determinant, define a right action on Hom(Δ0 , Vk−2 (C)) via
(ϕ|γ )(D) = ϕ(γ D)|γ .
A simple computation (do it!), which again uses the modularity of f , yields that


ψf ∈ HomΓ Δ0 , Vk−2 (C)
where the subscript Γ denotes the subspace of maps which are invariant under the
above action of Γ . Explicitly, these are the maps such that
ϕ(γ D) = ϕ(D)|γ −1
for γ ∈ Γ and D ∈ Δ0 .
Before going further, let’s take a moment to discuss our choice of normalizations
in the above actions. First note that the standard GL+
2 (Q)-action on modular forms
given by:
(f |γ )(z) = det(γ )k−1 (cz + d)−k f (γ z)


az + b
= det(γ )k−1 (cz + d)−k f
cz + d
 
where γ = ac db is definitely a right action as one acts on the variable of the function
on the left. So it’s not so strange to use a right action on the space of modular
symbols as well.
Moreover, the association of f goes to ψf should be equivariant under our chosen matrix actions—and indeed the action given above on Symg (C2 ) is exactly the
one that makes this association equivariant.

2.8 L-Values
As mentioned before, the modular symbol ψf should know special values of the Lseries of f . Generalizing Eq. (2.1), we have the following relation between L-values
and period integrals for 0 ≤ j ≤ k − 2:
! 0
j!
f (z) zj dz =
L(f, j + 1).
2πi
(−2 πi)j
i∞
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If we set
k−2


 
cj X j Y k−2−j ∈ Symk−2 C2

j =0

equal to the value of ψf at {0} − {∞}, we can then relate the coefficient cj to the
L(f, j + 1). Namely, we have


!



ψf {0} − {∞} = 2πi

0

f (z)(zX + Y )k−2 dz

i∞

!
= 2π i

0

f (z)
i∞


k−2 

k − 2 j j k−2−j
dz
z X Y
j
j =0



! 0
k−2 

k−2
j
f (z)z dz X j Y k−2−j
=
2π i
j
i∞
j =0

=


k−2 

k−2
j =0

j

j!
L(f, j + 1)X j Y k−2−j ,
(−2πi)j

which implies that


k−2
j!
cj =
L(f, j + 1).
j
(−2πi)j
Note that this matches our previous formula when j = 0.

2.9 Modular Symbols in General
So far we’ve considered modular symbols with values in C (with trivial action) and
with values in Symg (C2 ). Let’s write down the general theory here as laid out in
[Ash86]. To this end, let Δ0 := Div0 (P1 (Q)) denote the set of degree zero divisors
on P1 (Q). Then Δ0 has the structure of a left Z[GL2 (Q)]-module where GL2 (Q)
acts via standard linear fractional transformations.
Let Γ be a congruence subgroup of SL2 (Z), and let V be a right Z[Γ ]-module.
We define a right action of Γ on Hom(Δ0 , V ) by
(ϕ|γ )(D) := ϕ(γ D)|γ
for ϕ : Δ0 → V , D ∈ Δ0 and γ ∈ Γ .
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For ϕ in Hom(Δ0 , V ), we say that ϕ is a V -valued modular symbol on Γ if
ϕ|γ = ϕ for all γ ∈ Γ ; we denote the space of all V -valued modular symbols on Γ
by SymbΓ (V ).11
The modules V considered in these notes will have the additional structure of a
right action by the semi-group S0 (p) where


a b
S0 (p) :=
∈ M2 (Z) (a, p) = 1, p | c and ad − bc = 0 .
c d
Given this additional structure, one can define a Hecke-action on Symb
 ); if 
 Γ (V
is a prime, then the Hecke operator T is given by the double coset Γ 10 0 Γ . For
example, if Γ = Γ0 (N ) and   N , then

ϕ|T = ϕ


0

 

l−1
0
1
ϕ
+
1
0
a=0


a
.


If q|N , we write Uq for Tq , and we have
ϕ|Uq =

q−1

a=0


ϕ

1
0


a
.
q

 0
normalizes Γ , this matrix acts as an involuWe further remark that when −1
0 1
tion on SymbΓ (V ). When 2 acts invertibly on V , we then have a natural decomposition
SymbΓ (V ) ∼
= SymbΓ (V )+ ⊕ SymbΓ (V )−
into ±1-eigenspaces for this action.

2.10 Exercises with Hecke Operators
Now that we have Hecke operators defined in general, it’s a great exercise to go
back and see how Hecke acts on modular symbols of level Γ0 (11). We know that this
space is 3-dimensional with 2 dimensions coming from cusp forms and 1 dimension
coming from a symbol which extends to Δ. For the moment though, forget that we
know this. Instead, let’s just use the fact that we know that a modular symbol of level
 is the associated locally constant sheaf of
note that if H denotes the upper-half plane and V
V on H/Γ , then there is a canonical isomorphism

11 We

),
SymbΓ (V ) ∼
= Hc1 (H/Γ, V
provided that the order of any torsion element of Γ acts invertibly on V (see [Ash86, Proposition
4.2]). In these notes, we however focus on the explicit description of modular symbols given by
maps rather than by cohomology classes.
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Γ0 (11) is determined by it’s values on the three divisors D1 , D2 and D3 defined in
Sect. 2.6.
Define three modular symbols ϕ1 , ϕ2 and ϕ3 with the property that ϕi (Dj ) =
δij . These three modular symbols will then be a basis of the space of all C-valued
modular symbols of level Γ0 (11). However, there is no reason to expect that these
symbols will be eigensymbols under the Hecke action. Indeed, let’s start to compute
the action of T2 on these symbols. Namely,
(ϕ1 |T2 )(D1 )

  

  


1 0
1 1
1 0
1 1
D1
D1
= ϕ1
+ ϕ1
0 2
0 2
0 2
0 2

 

2 0
2 0
D1
+ ϕ1
0 1
0 1

 

 

 
1 0
1 1
2 0
= ϕ1
D1 + ϕ1
D1 + ϕ1
D1
0 2
0 2
0 1






= ϕ1 {0} − {∞} + ϕ1 {1/2} − {∞} + ϕ1 {0} − {∞}


= 2 + ϕ1 {1/2} − {∞} .
To determine ϕ1 ({1/2} − {∞}), we must write {1/2} − {∞} as a sum of unimodular
divisors, and then express these divisors in terms of our generating divisors. We
have
{1/2} − {∞}

 

= {1/2} − {1} + {1} − {∞}






1 1 
1 1 
=
· {−1/2} − {0} +
· {0} − {∞}
0 1
0 1




1
1 1 
· {−1/2} − {−1/3} + {−1/3} − {0} +
=
0
0 1


1 1
=
· (D1 + D2 + D3 ).
0 1



1 
· {0} − {∞}
1

Thus,






ϕ1 {1/2} − {∞} = ϕ1



1 1
· (D1 + D2 + D3 )
0 1

= ϕ1 (D1 + D2 + D3 ) = 1.
Completing the above computation, we then have


(ϕ1 |T2 )(D1 ) = 2 + ϕ1 {1/2} − {∞} = 3.
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This computation tells us that when we write ϕ1 |T2 in the basis ϕ1 , ϕ2 and ϕ3 , the
coefficient of ϕ1 is 3. Equivalently, the matrix for T2 in this basis has a 3 in its upper
left corner.
Repeating this computation for (ϕi |T2 )(Dj ) for the remaining pairs of i and j
(try it!), we get that the matrix for T2 (viewed as multiplying on the right on row
vectors) is
⎛
⎞
3 0
0
⎝1 −2 0 ⎠
1 0 −2
and thus the eigenvalues of T2 are 3, −2 and −2.
The repeated root of −2 is easy to explain. This is simply the eigenvalue of T2
acting on the cuspidal newform f on Γ0 (11). To explain the eigenvalue of 3, observe
from the above matrix for T2 that ϕ1 is in fact an eigensymbol. Try to compute the
action of a general Hecke operator T on ϕ1 to determine a general formula for these
Hecke-eigenvalues.12
To complete this exercise, we should find an eigenbasis for T2 , and further find a
simultaneous eigenbasis for T2 and the involution ι (do it!). Doing so would recover
the modular symbols ψf+ /ΩE+ and ψf− /ΩE− up to some rational multiple. This is
remarkable as the above construction is completely algebraic (i.e. without any reference to period integrals!).

2.11 Eichler-Shimura
The following theorem (essentially of Eichler and Shimura) gives a complete relation between classical modular forms and classical modular symbols. Namely:
Theorem 2.1 Let Γ = Γ1 (N ). There is an isomorphism


SymbΓ Vk−2 (C) ∼
= Mk (Γ, C) ⊕ Sk (Γ, C)
which respects the action of Hecke on both sides.13
Note that it is not at all surprising that there are two copies of the cusp forms
appearing. Indeed, attached to each cusp form f , there are two modular symbols
ψf+ and ψf− . You may ask, why are Eisenstein series appearing? Well, look back
to the maps we originally wrote down on Δ and then restricted to Δ0 . These will
account for Eisenstein series (as you may have already noted if you did the exercises
of Sect. 2.10!).
12 Hint:
13 For

ϕ1 is nothing other than the modular symbol defined earlier which extends to all of Δ!

a reference, see [BD, Proposition 2.5].
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2.12 p-Adic L-Functions
As it will be relevant in the final section, we mention now a connection to p-adic Lfunctions. Namely, one can construct the p-adic L-function of f out of the modular
symbol ψf .
Before doing this, a few words on what p-adic L-functions are, at least in the
case of weight 2 forms. The job of the p-adic L-function of f is to interpolate the
special values of the L-series of f . Namely, the p-adic L-function should “know”
the values L(f, χ, 1) where χ runs over all Dirichlet characters of conductor pn .
On the surface, this makes no sense because these values are complex numbers
and p-adic L-functions should live in the p-adic world. To remedy this, consider
the modular symbol ψf± all of whose values are algebraic multiples of some fixed
complex number Ωf± as we noted for the Γ0 (11) example.14
Set
ϕf± =

ψf±
Ωf±

which is a modular symbol taking values in Q. Also, set
ϕf = ϕf+ + ϕf− .
From (2.2), it follows that the L-values L(f, χ, 1)/Ωf± are all algebraic. (Here the
sign of the period depends on whether χ is even or odd.) Since these L-values are
algebraic, we can fix embeddings of Q into C and into Qp and consider these Lvalues as either complex or p-adic numbers.
So what kind of p-adic gadget can encode all of these twisted L-values? Well, in
the spirit of Tate’s thesis, one thinks of the association:
χ −→

L(f, χ, 1)
,
Ωf±

and then thinks of L-functions as functions on spaces of characters. In the p-adic
world, the relevant character space is Hom(Z×
p , Cp ). Note that every Dirichlet character of p-power conductor is in this space. So the p-adic L-function should be
able to take as an input any Cp -valued character on Z×
p and return a p-adic number.
Even better, it will be able to take as an input any “nice enough” function on Z×
p,
and return a p-adic number. That is, the p-adic L-function will be a distribution—
i.e. something in the dual of a space of nice p-adic functions.
All of this will be made more precise in the next section, but for now, we want to
build a gadget which takes in nice functions on Z×
p and spits out numbers. Moreover,
14 We

are side stepping the appropriate normalization of this period which would be needed to get
μ-invariants correct.
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when you input a finite-order character on Z×
p , it spits out the relevant twisted Lvalue. To accomplish this, it suffices to write down a measure on Z×
p which we now
15
do (at least in the case of p-ordinary weight two modular forms). That is, let α be
the unique unit root of x 2 − ap (f ) x + p and define






1
1
μf a + p n Zp = n ϕf a/p n − {∞} − n+1 ϕf a/p n−1 − {∞} .
α
α
With this definition, the p-adic L-function μf satisfies the following interpolation
property: for χ a non-trivial finite order character of conductor pn , we have
!
1
L(f, χ , 1)
χ dμf = n τ (χ)
.
α
Ωf±
Z×
p
Many questions should arise: where does the formula defining μf come from? Is
μf even additive: i.e. if one takes an open of the form a + p n Zp and writes it
as a disjoint union of opens each of the form b + p n+1 Zp , is the above formula
compatible with such a union? Lastly, how does it connect to L-values? We will
attempt to answer all of these questions in the final section of the paper. For now,
we’ll just say, “you’ll see”, “yes” and “see (2.2)”, and point out that the p-adic Lfunction of f is being built out of the data of the modular symbol attached to f
evaluated at infinitely many different divisors.

3 Distributions Leading to Overconvergent Modular Symbols
3.1 A Brief Story About p-Adic Families
Although we won’t discuss p-adic families in detail in this article, the motivation
behind overconvergent modular symbols (and overconvergent modular forms) is too
closely intertwined with families that we digress briefly to explain this connection.
In the mid 80s, Hida constructed p-adic families of ordinary eigenforms (see
[Hid86a, Hid86b]). The constructions and methods of this theory relied crucially on
the following observation: the dimension of the subspace of ordinary modular forms
in Sk (Γ ) is independent of the weight k. (Here Γ is some congruence subgroup
contained in Γ1 (p).) This fact allowed Hida to p-adically interpolate the finitedimensional spaces of ordinary forms as the weight varied.
The phenomenon of the dimension of ordinary forms being independent of the
weight of course cannot occur for arbitrary cusp forms as the dimension of the full
15 A

p-ordinary modular form is a normalized eigenform f such that ap (f ) is a p-adic unit. Note
that ap (f ) is a priori only in Q, but again we are implicitly viewing it as a p-adic number via our
fixed embedding of Q into Qp from above.
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space Sk (Γ ) depends heavily upon k (growing unboundedly as k increases). Thus,
one can’t hope for a nice (finite, flat) family over weight space interpolating Sk (Γ ).
To circumvent this problem, Coleman had the ingenious idea to pass to a much
larger space, namely Mk† (Γ ), the space of overconvergent modular forms. This is an
infinite-dimensional space (on which Up acts completely continuously). Moreover,
it contains Mk (Γ ), the space of classical forms. And, doubly moreover, Coleman
proves that an overconvergent eigenform is classical if the p-adic valuation of its
Up -eigenvalue is strictly less than k − 1 (see [Col96]).16
Now at least there is a hope that the spaces Mk† (Γ ) can be put into a nice family
as they all at least have the same dimension, namely infinity! And indeed this is exactly what Coleman does (see [Col97]), and he succeeds in making p-adic families
of eigenforms (although, unlike Hida theory, there are forms in these families of
classical weight which are not themselves classical).
In this section, we will describe Steven’s analogue of overconvergent modular
forms (called overconvergent modular symbols) along with his analogue of Coleman’s control theorem. To this end, we are going to replace the spaces Vk (C)
with p-adic spaces whose dimensions don’t move around with k. In particular, we
will write down spaces Dk of p-adic distributions (which are infinite-dimensional
spaces). Moreover, these spaces will admit surjective maps from Dk to Vk (Qp ). We
then replace the space SymbΓ (Vk (Qp )) with the space SymbΓ (Dk ) which will be
the space of overconvergent modular symbols. And indeed Stevens succeeded in
varying these spaces p-adically.17

3.2 Distributions
We start by defining the simplest of the distribution spaces which we will need for
this article. Namely, let A denote the collection of power series with coefficients in
Qp which converge on the unit disc of Cp . That is:

" #
an zn and |an | −→ 0 .
A = f (z) ∈ Qp [z] f (z) =
n

n→∞

Note that A is a Banach space under the norm:
f  = max |an |
n

16 A classical form of level Γ cannot have a U -eigenvalue with p-adic valuation larger than k − 1
p
(see Sect. 3.7 for details). So it’s only forms of slope k − 1 that are not completely explained by
this theorem. These are called the critical slope forms.
17 We

also note that spaces of overconvergent modular symbols contain the same system of Heckeeigenvalues as the corresponding space of overconvergent modular forms (see [PS, Theorem 7.1]).
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where f (z) =



n an z

n.

We then define our space of distributions D by
D = Hom cont (A, Qp ).

Note that D is a Banach space under the norm
|μ(f )|
.
0=f ∈A f 

μ = sup

3.3 Moments of Distributions
The distribution space D is quite concrete. Indeed, D can be identified with the space
of bounded sequences in Qp endowed with the sup norm. To get this identification,
we just note that the Qp -span of all monomials {zj }∞
j =0 is dense in A (check this!).
Thus, a distribution μ ∈ D is uniquely determined by its values on these monomials.
In particular, we get an injective map
M

D −→

∞


Qp

j =0

  
μ −→ μ zj j .
We call {μ(zj )}j the sequence of moments attached to μ.
We claim that the image of M is exactly the collection of bounded sequences.
Indeed, if {αn } is a bounded sequence of elements in Qp , we can just define a distribution μ ∈ D by simply setting
 
μ zn = αn .
Then μ extends linearly to a functional on A by setting
% 
$
an αn ,
μ
an zn =
which converges since |an | −→ 0 and {αn } is bounded. We leave it for you to check
that for any μ ∈ D, its associated sequence of moments is a bounded sequence.
The upshot of this subsection is the following: although D has the complicated
definition as the dual of convergent power series on the closed unit disc of Cp , it has
the very concrete realization as the collection of bounded sequences in Qp .

3.4 The Action of Σ0 (p)
Let


Σ0 (p) =

a
c


b
∈ M2 (Zp ) p  a, p | c and ad − bc = 0 .
d
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For each non-negative integer k, we define a weight k action of Σ0 (p) on A by


b + dz
k
(γ ·k f )(z) = (a + cz) · f
a + cz
 
where γ = ac db ∈ Σ0 (p) and f ∈ A. Then Σ0 (p) acts on D on the right by
(μ|k γ )(f ) = μ(γ ·k f )
where μ ∈ D. When we view A or D as a Σ0 (p)-module endowed with a weight k
action, we write Ak or Dk .
Note that by “transport of structure” we have also defined a Σ0 (p)-action on
the space of bounded sequences in Qp via our identification from the last section.
However, don’t expect anything special; this action is just a mess in the language of
sequences.

3.5 Finite-Dimensional Quotients
For an integer k ≥ 0, consider
 
Vk := Vk (Qp ) := Symk Q2p ,
the space of homogeneous polynomials of degree k in X and Y with coefficients
in Qp . We recall that we endow the space Vk (Qp ) with the structure of a right
GL2 (Qp )-module by


(P |γ )(X, Y ) = P (X, Y ) · γ ∗ = P (dX − cY, −bX + aY )
 
where γ = ac db and P ∈ Vk (Qp ). There is a Σ0 (p)-equivariant map
ρk : Dk −→ Vk (Qp )
!
μ −→ (Y − zX)k dμ(z)
where the integration takes place coefficient by coefficient.
That is
 
k

 
k
(−1)j
μ zj X j Y k−j ∈ Vk (Qp ).
ρk (μ) =
j
j =0

(Check that this map is really Σ0 (p)-invariant!18 )
18 Here’s

a more natural way to see the map ρk . Consider the span of the functions 1, z, . . . , zk
inside of Ak . This span is stable under the weight k action, and its dual is simply Vk . Thus dualizing
this inclusion gives a map from Dk to Vk which can be seen to be precisely the map ρk .
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3.6 Specialization
Let Γ0 = Γ0 (Np) and Γ = Γ0 (N ). We refer to SymbΓ0 Dk as a space of weight k
overconvergent modular symbols.19 These spaces of overconvergent modular symbols naturally map to the space of classical modular symbols. Indeed, the map
ρk : Dk → Vk induces a map
ρk∗ : SymbΓ0 (Dk ) −→ SymbΓ0 (Vk )
which we refer to as the specialization map. Note that ρk∗ is Hecke-equivariant as
ρk is ΣΓ0 -equivariant.20
The source of the specialization map is infinite-dimensional while the target is
finite-dimensional, and so the kernel is certainly huge. We will soon see that this
kernel is almost completely describable in terms of the action of Up , and a classical
eigensymbol whose Up -eigenvalue is not too divisible by p uniquely lifts to an
overconvergent eigensymbol. We first give a brief digression on slopes of classical
modular forms (i.e. on the valuation of Up -eigenvalues).

3.7 Slopes of Modular Forms
If g is an eigenform of weight k + 2 on Γ0 , we say that the slope of g is the valuation
of its Up -eigenvalue. The following is the key fact which will be crucial in what
follows.
Fact The slope of an eigenform on Γ0 of weight k + 2 is at most k + 1.
The reason for this is actually not too hard. An eigenform on Γ0 is either new at
p or old at p. Forms that are new at p, automatically have that ap (g) = ±p k/2 (see
[AL78]), and thus have slope k/2. So we only need to worry about p-old forms.
If g is our p-old form, then g is in the span of f (z) and f (pz) where f is some
eigenform on Γ . In fact, a simple and pleasant computation with q-expansions (do
it!) shows that the span of f (z) and f (pz) is stable under the Hecke operator Up .
Moreover, the characteristic polynomial of Up on this space is x 2 − ap (f ) x + p k+1
where ap (f ) is the eigenvalue of f under Tp , the p-th Hecke operator on Γ . Since
ap (g) is a root of this polynomial, we immediately see that its valuation is bounded
by k + 1 as desired.
19 Note

that Dk is equipped with a natural Γ0 -action, but this action does not extend to Γ .

that Vk = Symk (Q2p ) and so modular symbols in SymbΓ0 (Vk ) correspond to modular
forms of weight k + 2, and not weight k.

20 Recall
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3.8 Comparison Theorem
Returning to the specialization map
ρk∗ : SymbΓ0 (Dk ) −→ SymbΓ0 (Vk ),
we just saw that Up acts on the target with slope at most k + 1. Thus, the entire
subspace of the source on which Up acts with slope strictly larger than k + 1 is
necessarily in the kernel of this map.21
The following control theorem of Stevens says that apart from the critical slope
cases (i.e. slope k + 1),22 this is precisely what happens. Namely:
Theorem 3.1 (Stevens) We have
SymbΓ0 (Dk )(<k+1) −→ SymbΓ0 (Vk )(<k+1)
is an isomorphism. That is, the specialization map restricted to the subspace where
Up acts with slope strictly less than k + 1 is an isomorphism.
This theorem should be viewed as the overconvergent modular symbol analogue
of Coleman’s theorem on overconvergent forms of small slope being classical. Indeed, Stevens’ theorem says that a classical eigensymbol of small enough slope
lifts uniquely to an overconvergent eigensymbol.23 A proof of Theorem 3.1 will
be sketched in the next section. For a complete argument see [Ste, Theorem 0.9],
[PS11, Theorem 5.12] or [PS, Theorem 5.4].

3.9 The Truth About Our Distribution Spaces
To be more honest, the space D is not really the space we are ultimately interested in
(although it will be the space we primarily work with). Indeed, we ultimately want to
see p-adic L-functions as special values of these overconvergent modular symbols.
However, p-adic L-functions actually live in a smaller space of distributions than D.
Indeed, distributions in D can only be evaluated on functions which are expressible
as a single convergent power series on the entire closed unit disc, while p-adic Lfunctions need to be evaluated against, for instance, finite-order characters on Z×
p.
far we’ve only defined slopes of modular forms. But if M is any Zp -module with an action
of Up , one defines the slope of an eigenvector of Up as the p-adic valuation of the associated
eigenvalue. Moreover, for any real number h, we write M (<h) to denote the subspace on which Up
acts with slope less than h.
21 So

22 What

happens in the critical slope case is more subtle. See [PS] and [Bel12].

23 Note that in Coleman’s world, classical forms are a subspace of overconvergent forms. However,

in our setting, classical modular symbols are a quotient of overconvergent modular symbols.
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These locally constant functions (if non-trivial) certainly cannot be represented by
a single convergent power series.
The class functions on Zp we will ultimately need to be integrating against are
the “locally analytic” ones; that is, f : Zp → Cp is locally analytic if for every point
y of Zp , the function f is expressible as a power series on some ball around y in
Zp . (Since Zp is compact, one only needs finitely many power series to represent
f on Zp .) Let A denote the collection of all locally analytic functions on Zp . Note
that finite-order characters on Z×
p (considered as functions on Zp by extending by
0) are locally analytic since they are locally constant. One can also check that any
character on Z×
p (not necessarily finite-order) is also locally analytic.
We want to define the space of “locally analytic” distributions to be the (continuous) dual of A. However, we haven’t given a topology yet to A. This is a little bit
tricky because A is not a Banach space.
To proceed, for each r ∈ |C×
p |, we set

B[Zp , r] = z ∈ Cp there exists some a ∈ Zp with |z − a| ≤ r .
For example, if r ≥ 1 then B[Zp , r] is the closed disc in Cp of radius r around 0. If
r = 1/p then B[Zp , r] is the disjoint union of the p discs of radius 1/p around the
points 0, 1, . . . , p − 1. As r increases, B[Zp , r] becomes a union of more and more
discs with smaller and smaller radii but still covering Zp .
Let A[r] denote the collection of Qp -rigid analytic functions on B[Zp , r]. For
example, if r ≥ 1

&
∞

" # 
n
n
A[r] = f (z) =
|an | · r −→ 0 .
an z ∈ Qp [z]
n=0

In particular, A[1] is nothing other than the space A we’ve been studying this section. If r = 1/p, then an element of A[r] is a function on B[Zp , r] which when
restricted to each of the p discs of radius 1/p is representable by a convergent
power series with coefficients in Qp . The norm on A[r] is given by the supremum
norm. That is, if f ∈ A[r] then
f r =

sup
z∈B[Zp ,r]

f (z) p .

For r1 > r2 , there is a natural restriction map A[r1 ] → A[r2 ] which is injective.
Since Zp is contained in B[Zp , r] for any r > 0, there is a natural restriction map
A[r] → A which is also injective. Moreover, since each element in A is representable by finitely many power series, any such element is in the image of A[r] for
some r. Thus,
A = lim A[r]
−
→
r
as r tends to 0 in the limit. We thus endow A with the inductive limit topology
which is the strongest topology making all of the inclusions A[r] → A continuous.
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Lastly, we set D equal to the continuous Qp -dual of A, which we will call the space
of locally analytic distributions on Zp .
Since we have a map A → A by restriction to Zp , dualizing gives an injective
map D → D. The injectivity of this map follows from:
Fact The span of the monomials {zj } is dense in A.
Thus, we can and do identify D as a subspace of D; that is, every locally analytic
distribution is in fact a rigid analytic distribution.
We note that in a completely analogous way, we can endow A and D with a
weight k action by Σ0 (p), and again we write Ak and Dk . It is also true that the same
formula defining ρk also gives a Σ0 (p)-map from Dk to Vk (Qp ). Lastly, Steven’s
control theorem will hold true if we replace Dk with Dk . Indeed, for any h ∈ R, the
natural map
SymbΓ0 (Dk )(<h) −→ SymbΓ0 (Dk )(<h)
is an isomorphism (see [PS, Lemma 5.3]). Thus any Dk -valued Up -eigensymbol of
finite slope will automatically take values in Dk .

3.10 Connecting to p-Adic L-Functions
We close this section by mentioning a connection to p-adic L-functions.
Theorem 3.2 Let g be a cuspidal eigenform on Γ0 of non-critical slope,24 and
let ϕg be the corresponding modular symbol. If Φg is the unique overconvergent
eigensymbol lifting ϕg (by Theorem 3.1), then the restriction of Φg ({0} − {∞}) to
25
Z×
p is the p-adic L-function of g.
This theorem gives a construction of the p-adic L-function in one fell swoop as
opposed to what was done in Sect. 2.12 when the p-adic L-function was defined by
gathering together the data of the classical modular symbol evaluated on infinitely
many different divisors.
24 Note

that we are assuming that g is an eigenform on Γ0 and not on Γ . If one is starting off with
a form on Γ , to form its p-adic L-function, one must choose a p-stabilization of this form to Γ0 .
See Sect. 5.1 for details.

25 We

note that this theorem is off by a sign from the corresponding theorems in [PS11] and [PS].
The underlying reason for this discrepancy is that in this paper we defined ψf ({s} − {r}) in terms
of the path integral from r to s rather than from s to r. But, more importantly, we should mention
that “the” p-adic L-function of g depends upon the choice of Ωg+ and Ωg− , each of which is only
well-defined up to a p-adic unit. Thus, any ambiguity of sign can be absorbed into the choice of
these periods.
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4 The Control Theorem: Comparing Overconvergent Modular
Symbols to Classical Ones
We aim to give an explicit proof of the control theorem, at least for the slope 0
subspace.

4.1 Finite Approximation Modules
We would like to be able to approximate distributions in a systematic way (with
a finite amount of data). Doing so will (a) lead us to an explicit proof of Steven’s
control theorem, and (b) allow us to represent distributions on a computer, and thus
allow for numerical computations with overconvergent modular symbols.
A first guess on how to form an approximation of a distribution μ with integral
moments is to fix two integers M and N , and consider the first M moments of μ
modulo p N . Unfortunately, these approximations are not stable under the action
of Σ0 (p); that is, given such an approximation of μ, one cannot compute the corresponding approximation of μ|γ to the same accuracy. Indeed, the collection of
distributions whose first M moments vanish is not stable under the action of Σ0 (p).
To see this, let’s work out a little example:
Let k = 0 and let μ4 denote the
which takes the value 1 on z4 and 0
 distribution
1 0
on all other monomials. Let γ = −p 1 , and we compute

(μ4 |γ )(z) = μ4
 
(μ4 |γ ) z2 = μ4
 
(μ4 |γ ) z3 = μ4





z
1 − pz





= μ4 z ·


(pz)j

= p3

∞


j

j =0

z2
(1 − pz)2
z3
1 − pz

∞








= μ4 z ·
2

2 
(pz)

= 3p 2

j =0


= μ4 z 3 ·

∞


3 
(pz)j

= 3p.

j =0

So even though the first 4 moments of μ4 vanish, the same is not true of μ4 |γ .
However, do note that the early moments of μ4 |γ are highly divisible by p, and this
divisibility trails off as we consider later moments.
This phenomenon holds quite generally. Let
 

D0k = μ ∈ Dk μ x j ∈ Zp for all j ≥ 0
be the collection of distributions with all integral moments, and consider the subspace
 

FilM D0k = μ ∈ D0k μ zj ∈ p M+1−j Zp
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whose moments satisfy this trail-off of divisibility. That is, for μ ∈ FilM D0k , the 0th moment of μ is divisible by p M+1 , the first is divisible by p M , the second is
divisible by p M−1 , and so on. A direct computation (try it!) shows that FilM D0k is
stable under the weight k action of Σ0 (p) for k ≥ 0.

4.2 Approximating Distributions
We now use the filtration { FilM D0k } to systematically approximate distributions.
Definition 4.1 We define the M-th finite approximation module of D0k to be
 
Fk (M) := D0k / FilM D0k .
Proposition 4.2 We have that Fk (M) is a Σ0 (p)-module and

 

∼ Z/pM+1 Z × Z/p M Z × · · · × (Z/pZ)
Fk (M) −→

  
μ −→ μ zj + p M+1−j Zp j
is an isomorphism. In particular, Fk (M) is a finite set.
Proof Since FilM (D0k ) is a Σ0 (p)-module, Fk (M) is also a Σ0 (p)-module. The fact
that this map is an isomorphism follows directly from the definition of the filtration
and the fact that the moment map identifies D0k with the set of sequences in Zp . 
By the above proposition, we can approximate μ ∈ D0k with a finite amount of
data by taking its image in Fk (M). Moreover, if one knows the image of μ in every
Fk (M), then one can recover μ as one can recover all of its moments. Great!

4.3 Lifting Modular Symbols
Let’s assume for simplicity that we are working in weight 2 (i.e. k = 0), and drop k
from the notation. We seek to show that the specialization map
SymbΓ0 (D)ord −→ SymbΓ0 (Qp )ord
is an isomorphism. Here the superscript ord denotes the subspace where Up acts
invertibly (i.e. with slope 0), and so this statement is a special case of the control
theorem.
To gain some intuition, let’s assume this theorem is true, and from that, try
to construct the unique lift of a given eigensymbol. Let ϕ denote some Heckeeigensymbol in the target, SymbΓ0 (Qp )ord . Then take some overconvergent lift Ψ
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of ϕ in SymbΓ0 (D). Note that we are not assuming that Ψ is a Up -eigensymbol (and
thus not necessarily in the slope zero subspace). Since the source of specialization
is infinite-dimensional and the target is finite-dimensional, there will be lots and lots
of choice for such a Ψ .
The operator Up is compact (see, for instance, [Bel12, Proposition 3.6]), and so
has an infinite collection of eigenvalues which tend to 0 in Zp . Say the eigenvalues
are
λ1 , λ 2 , . . . , λ n , . . .
ordered by valuation, with corresponding eigensymbols,
Φ1 , Φ2 , . . . , Φn , . . . ,
with Φ1 our sought after eigensymbol lifting ϕ. In particular, λ1 is then the Up eigenvalue of ϕ.
Now write Ψ as an infinite linear combination26 of these symbols:
Ψ = Φ 1 + Φ2 + · · · + Φ n + · · · .
Applying the operator Up /λ1 repeatedly to Ψ , and looking at its eigen-expansion
we get
Ψ |(Up /λ1 )M = Φ1 + (λ2 /λ1 )M Φ2 + · · · + (λn /λ1 )M Φn + · · · .
Note that Ψ |(Up /λ1 )M is still a lift of ϕ as specialization is Hecke-equivariant—that
is,


ρ ∗ Ψ |(Up /λ1 )M = ρ ∗ (Ψ ) |(Up /λ1 )M = ϕ|(Up /λ1 )M = ϕ.
Since ϕ is an ordinary eigensymbol, λ1 is a p-adic unit. To simplify matters, let’s
assume that λ1 is the only unit eigenvalue of Up .27 In particular, as we continually
apply Up /λ1 , the higher terms in the eigen-expansion of Ψ get p-adically small,
and thus we get a convergence:

Ψ |(Up /λ1 )M −→ Φ1 ,
and we have “constructed” the desired symbol.
To turn the above argument into a real proof, we need to (a) not assume the
theorem we want to prove, and (b) deal with all of the convergence issues that arise
in these eigen-expansions. We do this in the following steps.
26 Because

of convergence issues, there is no reason that such an expansion should even exist, but
let’s just imagine so anyway.

27 If

this were not true, we could use the other Hecke operators to kill off the other overconvergent
eigensymbols of slope 0 in the expansion of Ψ without changing the fact that Ψ lifts ϕ.
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(A) Prove that the specialization map is surjective.
We need this statement to know the existence of the lift Ψ of ϕ. This fact is not
too hard to establish—the source is infinite-dimensional and the target is finitedimensional, so the surjectivity statement is pretty reasonable.
(B) Prove directly that the sequence {Ψ |(Up /λ)M } converges.
Here λ is the Up -eigenvalue of ϕ. This also is not too hard. The underlying reason
is the following lemma.
Lemma 4.3 If Φ is in the kernel of specialization, then
Φ|Up  ≤

1
Φ.
p

In particular, any Up -eigensymbol in the kernel of specialization has slope at
least 1.
We’ll assume this lemma for now (in fact it’s just an easy computation). Back to
the main argument, we’ll check that {Ψ |(Up /λ)M } is Cauchy. To this end, we note
that Ψ − Ψ |(Up /λ)j is in the kernel of specialization for any j (as both symbols lift
ϕ). Thus,


Ψ |(Up /λ1 )M1 − Ψ |(Up /λ1 )M2 = Ψ − Ψ |(Up /λ1 )M2 −M1 |(Up /λ1 )M1
tends to 0 for M1 and M2 large as λ1 is a unit and the right hand side is Up applied
many times to an element in the kernel of specialization. This proves the desired
Cauchy statement. Let Φ denote the limit of {Ψ |(Up /λ)M }.
(C) Prove that Φ is a Hecke-eigensymbol lifting ϕ.
That Φ lifts ϕ is clear as (Up /λ)M Ψ lifts ϕ for every M. That Φ is an Up eigensymbol is clear as
$
%
Φ|Up = lim Ψ |(Up /λ)M |Up = λ lim Ψ |(Up /λ)M+1 = λΦ.
M→∞

M→∞

The other eigenvalues are also easily checked. (Do it!)

4.4 Lifting Symbols—Take II (à la M. Greenberg)
In the previous section, we punted on the issue of simply lifting ϕ to some overconvergent symbol—not even an eigensymbol. In fact, a lot was swept under the
rug here (i.e. in step A). It’s not too hard to check this lift exists (using a little
cohomology—see [PS, Lemma 5.1]), but to directly write down a lift is involved
(though completely worked out in [PS11]).
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However, Matthew Greenberg found a method which sidesteps these difficulties
and does steps A through C from the past section in one fell swoop (see [Gre07]).
Let’s explain. Let ϕ be a Up -eigensymbol in SymbΓ0 (Qp )ord . The idea is to successively lift ϕ to a Up -eigensymbol in SymbΓ0 (F(M))ord for M = 1, 2, . . . . Since
lim F(M) = D0 ,
←
−
M

this would suffice to produce an eigenlifting of ϕ. Note also that this is exactly the
kind of thing one would want to do if you were programming a computer.
Let’s start with M = 1. To write down an element Ψ1 of SymbΓ0 (F(1))ord , we
need to give the 0-th moment of Ψ1 (D) modulo p 2 and the 1st moment of Ψ1 (D)
modulo p for each divisor D ∈ Δ0 . Since we are trying to write down a lift of ϕ,
our hands are forced on the 0-th moments. Indeed, Ψ1 (D)(1) should just be the
reduction of ϕ(D) modulo p2 . As for the 1st moments, there is no clear choice. So
just randomly assign values to Ψ1 (D)(z) ∈ Z/pZ.
The result is an element


Ψ1 ∈ Maps Δ0 , F(1) .
Here Maps means simply that, set maps. We’ve lost the homomorphism property
when we randomly assigned the first moments, and we’ve certainly lost the Γ0 invariance.
To somehow fix this random choice, we apply Up . (This shouldn’t be so unreasonable considering the arguments from the last section.) Though, a word of warning here: Up is a well-defined operator on modular symbols, i.e. it is independent of
 
double coset representatives of Γ0 10 p0 Γ0 . On Maps(Δ0 , · ), this is no longer true.
So we just pick coset representations. That is Up is defined as the operator
Up :=

p−1

a=0


1 a
.
0 p

Now the magic: the element Φ1 := Ψ1 |(Up /λ) lies in




SymbΓ0 F(1) ⊆ Maps Δ0 , F(1) ,
that is, Φ1 is both additive and Γ0 -invariant. Moveover, Φ1 is independent of any
choices made!
Let’s see why this is true. First, we’ll check that Φ1 is in fact a homomorphism.
To see this, consider
 


(4.1)
Φ1 (D) + Φ1 D  − Φ1 D + D 
p−1






=
Ψ1 (γa D) + Ψ1 γa D  − Ψ1 γa D + γa D 
(4.2)
γa
a=1
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where γa = 10 pa . By construction, Ψ1 (γa D) + Ψ1 (γa D  ) − Ψ1 (γa D + γa D  ) has
vanishing 0-th moments as these moments are built out of the values of ϕ which is
a bona-fide modular symbol. However, we have no control over the 1st moments.
To understand what is going on, let’s take an arbitrary element μ of F(1) with
vanishing 0-th moment and act γa on it. We have
(μ|γa )(1) = μ(γa · 1) = μ(1) = 0,
and thus μ|γa still has vanishing first moment. Further,
(μ|γa )(x) = μ(γa · x) = μ(a + px) = μ(a) + pμ(x) = 0
as μ(a) = aμ(1) = 0 and p kills whatever value μ(x) is taking. (Remember the 1st
moment lies in Z/pZ!) This means that any element in F(1) with vanishing first
moment is killed by γa and hence the expression in (4.1) vanishes. In particular, Φ1
is a homomorphism!
A similar argument proves that Φ1 is Γ -invariant. Just consider Φ1 |γ − Φ1 and
argue just as before (remembering that ϕ|γ = ϕ).
And so we’ve done it! We’ve formed a lift of ϕ with values in F(1). To see how
general this is, let’s try to form a F(2)-valued lift Ψ2 of Φ1 . For any divisor D ∈ Δ0 ,
we seek to define the 0-th, 1st, and 2nd moments of Ψ2 (D) modulo p 3 , p 2 and p
respectively. The 0-th moment is easy—just reduce ϕ(D) modulo p 3 . For the 1st
moment, we want to be lifting Φ1 . This means the value we choose for Ψ2 (D)(x)
should be congruent to Φ1 (D)(x) modulo p—pick any value modulo p 2 that works.
Lastly, we have no information on 2nd moment, so again, pick randomly.
As before, we set Φ2 := Ψ2 |Up ∈ Maps(Δ0 , F(2)). To check that Φ2 is a homomorphism, the identical argument as above reduces us to checking that any element
of F(2) with 0-th moment equal to 0 and first moment divisible by p is killed by
γa .
Let’s compute! Fix μ any such element of F(2). We have
(μ|γa )(1) = μ(γa · 1) = μ(1) = 0.
Further,
(μ|γa )(x) = μ(γa · x) = μ(a + px)
= μ(a) + pμ(x) = pμ(x) = 0
as μ(x) is divisible by p and thus pμ(x) is 0 modulo p 2 .
Lastly,

 

(μ|γa ) x 2 = μ(γa · x) = μ (a + px)2
 
 
= μ a 2 + 2ap μ(x) + p 2 μ x 2 = 0
as desired.
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As you might imagine, this just keeps working. The underlying fact that is needed
is that if μ is in F(M) with vanishing 0-th moment and with vanishing projection
to F(M − 1) then μ|γa = 0. We leave the details to you (plus the generalizations to
higher weight and higher (non-critical) slope).

5 Overconvergent Modular Symbols and p-Adic L-Functions
5.1 Motivating the Construction of p-Adic L-Functions
The p-adic L-function of a eigenform f ∈ S2 (Γ0 (N )) is a distribution μf ∈ D such
that when μf is evaluated at some Dirichlet character χ the result should be
L(f, χ, 1)
Ωf±
up to some explicit controllable constant.
When p  N and f is a p-ordinary form (that is, when ap (f ) is a p-adic unit),
a formula was given in Sect. 2.12 for μf (a + p n Zp ).28 We now take a little bit of
time to motivate this formula, and in the process, derive the basic properties of μf .
The starting point is Eq. (2.2) which relates L-values to period integrals. Rewriting this formula is terms of modular symbols gives
τ (χ )




L(f, χ, 1)
=
χ (a) · ϕf± a/p n − {∞} .
±
Ωf
a mod p n

(5.1)

Staring at this above expression just right, one sees the right hand side as a Riemann
sum. Indeed, think of χ as a function on Zp , and cover Zp by the opens a + p n Zp .
Then think of ϕf± ({a/p n } − {∞}) as the measure of a + p n Zp . The right hand side
then reads as the sum of measures of discs covering Zp times the value of χ on
centers of those discs. Moreover, this Riemann sum equals an L-value, which is
exactly what we are after.
However, if μ is a measure on Zp , then it must be true that

  

μ a + p n Zp =
μ a + jp n + p n+1 Zp
p−1

(5.2)

j =0

as a +p n Zp is the disjoint union of opens of the form a +jp n +p n+1 Zp . Could it be
that the values of the modular symbol ϕf± ({a/p n } − {∞}) satisfy such an additivity
28 Writing μ (a + p n Z ) is a bit of an abusive of notation. What is meant here is the value obtained
f
p
when evaluating μf on the characteristic function of a + pn Zp .
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property? Amazingly, the answer is nearly yes, and results from the fact that ϕf is a
Tp -eigensymbol.
Indeed, we know that ϕf |Tp = ap ϕf . Thus,


ap · ϕf a/p n − {∞}


= (ϕf |Tp ) a/p n − {∞}


p
= ϕf
0



0
1


p−1 
 

1
ϕf
a/p n − {∞} +
0
j =0

j
p





a/p n − {∞}


  


ϕf a + jp n /p n+1 − {∞} .
= ϕf a/p n−1 − {∞} +
p−1
a=0

Note that this formula is nearly what we are looking for except for two points: (a)
the factor of ap in the front of the left hand side, and (b) the first term of the right
 
hand side which arose from acting by p0 10 .
Let’s start with the second issue. We first note that if we had been using the
Hecke operator Up instead of Tp , then this problem wouldn’t be present. Indeed,
U is defined by only p terms and is exactly missing that extra troublesome matrix
 pp 0 
. The reason we are using Tp instead of Up is that we are working at a level
01
prime to p. To get around this, we can force p into the level through the process of
p-stabilization.
Namely, our form f is an eigenform for the full Hecke algebra for level Γ0 (N ).
However, if we instead think of f as an eigenform with level Γ0 (Np), it would no
longer be an eigenform at p (although it is still an eigenform away from p). As
usual, we also consider the form f (pz) which has level Γ0 (Np) and is an eigenform away from p. As discussed in Sect. 3.7, the span of f (z) and f (pz) is stable
under Up and the characteristic polynomial of Up on this two-dimensional space is
nothing other than the Hecke polynomial x 2 − ap (f )x + p. (Have you done this
exercise yet?) Performing a little linear algebra (i.e. diagonalizing), one sees that if
α and β are the roots of x 2 − ap (f ) x + p, and if we set
fα = f (z) − βf (pz)

and fβ = f (z) − αf (pz),

then fα |Up = αfα and fβ |Up = βfβ —i.e. fα and fβ are Up -eigenforms with eigenvalues α and β respectively.
Since we are assuming that f is p-ordinary, ap is a p-adic unit. Thus exactly
one of the two roots α and β is also a p-adic unit as their sum is ap and their
product is p. Let α be this unit root so that fα is a form of slope 0 with the same
Hecke-eigenvalues as f away from p.29
Returning to modular symbols, we can consider the modular symbol ϕfα attached
to fα . Since fα is a Up -eigensymbol, we get the following formula (analogous to
29 Note

then that fβ is a critical slope form, and in fact, all critical slope forms arise in this manner.
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what we derived above but without the extra bothersome term):

 



a/p n − {∞} =
ϕfα a + jp n /p n+1 − {∞} .
p−1

α · ϕfα

a=0

This relation is nearly what we had hoped for except for the presence of the α on
the left hand side. But, this is easily dealt with. Indeed, we set




1
μf a + p n Zp = n ϕfα a/p n − {∞} ,
α
and an easy computation shows that μf satisfies the additivity relation in (5.2).30
Further, since fα = f (z) − βf (pz), a simple computation shows that ϕfα = ϕf −
 
1/α ϕf | p0 10 . Plugging this into the definition of μf yields the formula stated in
Sect. 2.12 (and hopefully explains where that crazy formula comes from!). Lastly,
the interpolation property follows directly from (5.1) which in turn followed from
(2.2).

5.2 Proving that Φfα ({0} − {∞}) Is the p-Adic L-Function
In this section, we prove Theorem 3.2 for weight 2 ordinary forms. That is, let Φfα
be the unique overconvergent modular symbol in SymbΓ0 (D) lifting ϕfα . We will
show that Φfα ({0} − {∞}) = μf , the p-adic L-function of f .
Note that





Φfα {0} − {∞} = α −n Φfα |Upn {0} − {∞}
=α

−n

n −1
p

Φfα



b/p n − {∞}

b=0



1
0


b
.
pn

Evaluating at the characteristic function of a + p n Zp gives


Φfα {0} − {∞} (1a+pn Zp )
=α

−n

n −1 
p

Φfα




b/p n − {∞}



b=0

=α

−n

n −1
p

b=0

= α −n Φfα
30 In

Φfα





b/p n − {∞}



1
0

1
0

b
pn


(1a+pn Zp )



b
n
·
1
a+p Zp
pn


a/p n − {∞} (1Zp ),

fact, this definition only tells us the value of μf on locally constant functions. However, since
the values given are bounded (α is a unit!), standard arguments via Riemann sums allow us to
integrate μf against any continuous function (and thus against any locally analytic function).

Property of The Mathematics Center Heidelberg - © Springer 2014

102

as


1
0

103



1a+pn Zp ,
b
· 1a+pn Zp =
n
p
0,

if b ≡ a (mod p n )
otherwise.

But the specialization map for k = 0 is simply taking total measure. Thus, we get




Φfα {0} − {∞} (1a+pn Zp ) = α −n ρ ∗ (Φfα ) a/p n − {∞}


= α −n ϕfα a/p n − {∞}
which agrees exactly with the definition of the p-adic L-function from the previous
section.

6 Some Examples
We close this paper with a few explicit computations of overconvergent eigensymbols. Let’s begin by once again letting f denote the unique normalized newform in
S2 (Γ0 (11)), let ψf denote the corresponding C-valued modular symbol built out of
period integrals, and let ϕf = ψf+ /ΩE+ + ψf− /ΩE− . Following the algorithms (and
notation) of Sect. 2.6, recall that every modular symbol of level Γ0 (11) is determined by its values on the divisors D1 , D2 , and D3 . Explicitly, we have
1
ϕf (D1 ) = ,
5

3
ϕf (D2 ) = − ,
2

1
ϕf (D3 ) = .
2

For notational convenience, we will express the values of ϕf on D1 , D2 and D3 as:
'
(
1 3 1
ϕf ←→ , − , .
5 2 2
We now set p = 11 (so we won’t have to worry about p-stabilizations), and
we seek to construct an overconvergent lift of ϕf . Following Greenberg’s trick, we
will lift ϕf to a F(1)-valued modular symbol. Recall that F(1) is isomorphic to
Z/p 2 Z × Z/pZ where the first factor should be thought of as the 0-th moment mod
p 2 and the second factor is the 1st moment mod p. To compute this lift, we first lift
randomly, and then apply Up . The result is the F(1)-valued modular symbol
"
#
Φ1 ←→ (97, 3), (59, 4), (61, 4) .
Here we are denoting an element of F(1) as an ordered pair (a, b) where a is an
element of Z/p 2 Z and b is in Z/pZ.
We observe that Φ1 does indeed “lift” ϕf in the sense the 0-th moments of the
values of Φ1 match the values of ϕf modulo p 2 . For instance, the 0-th moment of
Φ1 (D1 ) is 97 and the difference
97 − ϕf (D1 ) = 97 −

1 484
4
=
= 112 ·
5
5
5
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is indeed divisible by 112 .
Repeating Greenberg’s lifting trick yields the following data:
"
#
Φ2 ←→ (1065, 47, 6), (664, 37, 5), (666, 70, 1) ,
"
#
Φ3 ←→ (11713, 894, 72, 6), (7319, 1126, 27, 5), (7321, 1159, 100, 9) ,
'
(
(128841, 7549, 798, 50, 4), (80524, 1126, 1237, 60, 2),
Φ4 ←→
,
(80526, 13138, 463, 86, 6)
..
.
Φ10 ←→

'

(228249336489, 4107437612, 751372925, 96227115,
15695904, 1666537, 14032, 10489, 929, 102, 0),
(142655835304, 17332646489, 213170204, 172173501,
12969871, 150949, 143485, 7580, 1257, 2, 2),
(142655835306, 5630575713, 733658311, 186492667,
19306282, 1166702, 17021, 8513, 1017, 57, 6)

(
.

So that’s a lot of numbers. We note that using, for instance, SAGE [S+ 12] to do
these computations takes less than a second to compute Φ10 . Note also that the
value Φ10 (D1 ) gives an approximation of the moments of the 11-adic L-function of
f . We further note that if one tried to compute the 11-adic L-function of f directly
from the modular symbol ϕf via Riemann sums, it would take a very very long
time. Moreover, to get 1 additional digit of accuracy would require 11 times as much
computation. By contrast, using this overconvergent modular symbols algorithm, to
get one additional digit only requires lifting and applying U11 one more time.
Writing this L-function in the T -variable (as in [PS11, Sect. 9]) gives
Lp (f, T ) ≈ 1490719231 T + 433614230 T 2 + 133205004 T 3 + · · · .
Note that Lp (f, T ) vanishes at T = 0—this is a trivial zero coming from the fact that
X0 (11) has split multiplicative reduction at 11. Further note that the leading term
1490719231 is an 11-adic unit. Thus, the μ-invariant of f is 0 and the λ-invariant
is 1.
We close with one final example. Recall the symbol ϕ1 defined by
ϕ1 ←→ [1, 0, 0].
This symbol is an Eisenstein eigensymbol. Lifting as before yields:
"
#
Φ1 ←→ (1, 0), (0, 4), (0, 2) ,
"
#
Φ2 ←→ (1, 0, 0), (0, 81, 5), (0, 101, 9) ,
"
#
Φ3 ←→ (1, 0, 0, 0), (0, 444, 27, 9), (0, 222, 64, 9) ,
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"
#
Φ4 ←→ (1, 0, 0, 0, 0), (0, 9761, 148, 9, 3), (0, 12201, 185, 97, 6) ,
"
#
Φ5 ←→ (1, 0, 0, 0, 0, 0), (0, 53684, 8134, 493, 3, 1), (0, 26842, 2847, 339, 50, 9) ,
..
.
⎡

(1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0),
⎢
Φ10 ←→ ⎣ (0, 17291616401, 261994188, 87331396, 16119018,
58323, 19441, 1600, 977, 3, 1),
(0, 21614520501, 327492735, 100232625, 9457894,
329206, 93798, 3776, 380, 10, 0)

(
.

Note that in this case the value of Φ10 on {0} − {∞} is simply the Dirac distribution
at 0. The associated 11-adic L-function (after restriction to Z×
p ) thus vanishes!
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Part II

J.E. Cremona and M.T. Aranés

Abstract We develop an explicit theory of congruence subgroups, their cusps, and
Manin symbols for arbitrary number fields. While our motivation is in the application to the theory of modular symbols over imaginary quadratic fields, we give a
general treatment which makes no special assumptions on the number field.

1 Introduction
Let K be a number field with ring of integers R. When K = Q or K is an imaginary quadratic field, spaces of cusp forms for GL(2, K) have been computed using
methods based on modular symbols. These methods are well known for K = Q: see
the books of the first author [Cre97] and Stein [Ste07] for detailed accounts. In the
case of imaginary quadratic fields with small class number, modular symbol methods have been developed by the first author and his students: see [Cre84], [Byg98]
and [Lin05], following earlier work of Manin, Mennicke and others. While modular
symbols as such are not sufficient for explicit computation of more general automorphic forms (see the introduction to [GV11] for a discussion of this point), some
of the algebraic background concerning congruence subgroups and the projective
line over finite residue rings, whose elements are often called Manin symbols or
M-symbols in this context, is relevant in more situations than computations with
modular symbols over the rationals or imaginary quadratic fields.
In this paper we give a systematic treatment of the algebraic theory of congruence
subgroups and Manin symbols over arbitrary number fields. For the most part, we
only need assume that R is a Dedekind domain, and do not make use of any special
properties enjoyed by the ring of integers of a number field; however we do give
some counting formulas which rely on finiteness of the class group and of residue
rings. This framework has already been useful in explicit computation of cusp forms
over imaginary quadratic fields, which can be done using either the homology or
the cohomology of Bianchi groups acting on hyperbolic 3-space, and we expect that
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our results will have wider application, though we will not discuss such applications
(including the function field case) further here.
In a sequel to this paper, we will show how, in the case of imaginary quadratic
fields, these ideas may be used in the explicit computation of automorphic forms
over imaginary quadratic fields, giving connections to the adelic language in which
such forms are normally defined, showing in particular how Hecke and AtkinLehner operators may be computed explicitly. See the contribution by A. Mohamed
in this volume ([Moh]) for related material about modular and Manin symbols over
imaginary quadratic fields, including formulas for the action of Hecke operators on
Manin symbols in the case of Euclidean imaginary quadratic fields, and also the
work of Şengün ([Şen11] and the survey article in this volume [Şen]).
The main results of the paper are: criteria for cusp equivalence under the congruence subgroups Γ0 (n) (Theorem 4.4) and Γ1 (n) (Theorem 4.10), and the number of
cusps for Γ0 (n) (Theorem 4.6). The cusp equivalence criteria are given in a form
suitable for implementation, and algorithms based on the results of this paper, including tests for cusp equivalence and enumeration of Manin symbols over arbitrary
number fields, have been implemented by the second author in the Sage open-source
mathematical software system [S+ 12].
After setting basic notation, we define in Sect. 2 a special class of 2 × 2 matrices
over a number field K called (a, b)-matrices, which are used throughout the paper.
They are used to generalise the definition of Manin symbols (also called M-symbols)
to K in Sect. 3. In Sect. 4 we study cusps and cusp equivalence with respect to the
standard congruence subgroups, giving criteria for equivalence and a result giving
the number of cusps for congruence subgroups; the proofs here also use (a, b)matrices. These results, which depend critically on the class group of K, generalise
classical results over Q.

1.1 Notation and Basic Definitions
We denote by R a Dedekind Domain with field of fractions K. Let Mat2 (K) and
Mat2 (R) be the algebras of 2 × 2 matrices with entries in K and R respectively,
and GL(2, K) and Γ = GL(2, R) their multiplicative groups. Let R ∗ be the set of
nonzero elements of R, and R × the unit group.
Nonzero ideals of R will be denoted a, b, . . . , n and prime ideals by p, q. The
norm of an ideal is N (a) = #(R/a), which we assume throughout to be finite. We
have N(ab) = N(a)N (b) for all a, b, and #(R/a)× = ϕ(a), where
 

1 − N (p)−1 .
ϕ(a) = N (a)
p|a

Associated to each nonzero integral ideal n of R, we have the standard congruence subgroups of level n of GL(2, R), denoted Γ0 (n), Γ1 (n) and Γ (n). We will
mainly be concerned with Γ0 (n) and Γ1 (n) here:


a b
Γ0 (n) =
∈Γ c∈n ;
c d
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Γ1 (n) =

a
c


b
∈Γ
d
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c, d − 1 ∈ n .

Note that as we are using Γ = GL(2, R) as our base group, not SL(2, R), we define
Γ0 (n) and Γ1 (n) accordingly. We have [Γ : Γ0 (n)] = ψ(n), where
 

1 + N (p)−1 ,
ψ(n) = N (n)
p|n

and [Γ0 (n) : Γ1 (n)] = ϕ(n). Both ϕ and ψ are multiplicative in the sense
that ϕ(mn) = ϕ(m)ϕ(n) when m, n are coprime, and similarly for ψ . This multiplicativity, and the index formulas, are proved exactly as for K = Q.
We will use several standard facts about finitely generated modules over the
Dedekind Domain R: a suitable reference for these, including many relevant algorithms, is the first chapter of Cohen’s book [Coh00]. Specifically we will be
concerned with R-lattices, which we define to be projective (locally free) Rsubmodules of K ⊕ K of rank 2. Elements of R-lattices (and indeed all elements
of K ⊕ K) are row vectors, with matrices acting on the right.
The group Γ may be characterized through its action on R-lattices, as the set
of all matrices γ ∈ GL(2, K) satisfying (R ⊕ R)γ = R ⊕ R. There is a similar
characterization of Γ0 (n), whose proof is immediate.
Proposition 1.1

Γ0 (n) = γ ∈ Γ | (n ⊕ R)γ = (n ⊕ R)

= γ ∈ GL(2, K) | (R ⊕ R)γ = R ⊕ R ∧ (n ⊕ R)γ = (n ⊕ R) .
In the above we could also replace n ⊕ R by R ⊕ n−1 . Thus Γ0 (n) is the right
stabilizer of the pair of lattices (L, L ) where L = R ⊕ R and L = R ⊕ n−1 . A pair
of lattices (L, L ) satisfying L ⊇ L and L /L ∼
= R/n (as R-modules) is called a
modular point for Γ0 (n); these will be studied in detail in the sequel to this paper.
To characterize Γ1 (n) in the same way, we need to rigidify the lattice pair (L, L )
by fixing an R-module generator of the cyclic quotient L /L, which is isomorphic
to R/n.
Let n ∈ n−1 generate n−1 /R, so that n−1 = R + Rn, and let β = (0, n) ∈ L .
Then L = L + Rβ, and Γ1 (n) is the subgroup of Γ fixing β (mod L), since

Γ1 (n) = γ ∈ GL(2, K) | (R ⊕ R)γ = R ⊕ R ∧ βγ = β (mod R ⊕ R) ;
this follows from nx ∈ R ⇐⇒ x ∈ n, for x ∈ R. This characterization of Γ1 (n) is
independent of the choice of β such that L = L + Rβ. When R = Z and n = N Z,
one usually takes n = 1/N .
For a, b ∈ K we denote by a and a, b the (fractional) ideals aR and aR +
bR. For an ideal or fractional ideal a we denote its class in the class group Cl(K)
by [a]. Among the elementary properties of Dedekind Domains we will use are the
following.
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• For any ideal a and any nonzero a ∈ a there exists b ∈ a with a = a, b;
• Every ideal class contains an ideal coprime to any given ideal.

2 (a, b)-Matrices
In our discussion of M-symbols and cusp equivalence later in this paper, and of
Hecke and other operators in the sequel, certain matrices in Mat2 (R) will play an
important role. Over Q, or more generally when K has class number 1, these matrices are not visible, as their role is played by elements of Γ = GL(2, R) itself in
discussions of cusp equivalence, while in Hecke theory their role is played by matrices in Hermite Normal Form. They will be used in the following section to define
M-symbols; in the discussion of cusps and cusp equivalence in the final section,
their use stems from the fact that every cusp has the form M(∞) for one of these
matrices M.
We will define these special matrices below, after some preliminary remarks.
They are associated with any pair of ideals a, b which are in inverse ideal classes,
i.e. with [b] = [a]−1 in Cl(K), so that ab is principal.
The following two results are well known from the structure theory of finitely
generated projective R-modules [Coh00, Lemma 1.2.20].
Proposition 2.1 Let a, b be ideals of R. Then a ⊕ b ∼
= ab ⊕ R as R-modules.
Corollary 2.2 Let a, b be ideals in inverse classes. Then a ⊕ b ∼
= R ⊕ R.
We will need a very explicit and constructive form of this corollary. Observe
∼
that any R-module isomorphism R ⊕ R → a ⊕ b is necessarily given by a matrix
M ∈ Mat2 (R) such that
(R ⊕ R)M = a ⊕ b.
We define an (a, b)-matrix to be a matrix M ∈ GL2 (R) satisfying this condition,
and denote the set of all (a, b)-matrices by Xa,b . Note that (a, b)-matrices are only
defined when ab is principal. We will now see how to construct them.
Theorem 2.3 Let a, b be ideals in inverse classes. Write a = a1 , a2 , let g be a
generator
of the principal ideal ab, and write g = a1 b2 − a2 b1 with b1 , b2 ∈ b. Then

M = aa12 bb12 is an (a, b)-matrix.
Proof Since each row of M lies in a ⊕ b, clearly (R ⊕ R)M ⊆ a ⊕ b. Conversely,
if (a3 , b3 ) ∈ a ⊕ b then (a3 , b3 ) = (x, y)M where
(x, y) = (a3 , b3 )M −1 = g −1 (a3 b2 − a2 b3 , a1 b3 − a3 b1 ) ∈ R ⊕ R
since all ai bj ∈ ab = g.
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From the above proof we see that (a, b)-matrices exist whose first column is an
arbitrary pair of generators of a. In particular, the lower left entry may be chosen to
be any nonzero element of a. For an integral ideal n, we say that an (a, b)-matrix
has level n if its lower left entry lies in an.
In the case a = b = R, an (a, b)-matrix is simply an element of Γ and (ab)matrices of level n are precisely elements of Γ0 (n). The preceding construction
generalizes the familiar construction of a unimodular matrix with any prescribed
first column of coprime elements.
Let


x y
Δ(a, b) =
x, w ∈ R, y ∈ a−1 b, z ∈ ab−1 , xw − yz ∈ R × .
z w
Note that Δ(a, b) = Γ when a = b, and more generally that


b | a =⇒ Δ(a, b) ∩ Γ = Γ0 ab−1 .
Just as Γ is the stabilizer of the lattice R ⊕ R, we have the following generalization, whose proof is straightforward. In some texts (for example [vdG88]) the
group Δ(a, b) is denoted GL(a ⊕ b); our notation is chosen in order to allow subscripts for certain subgroups to be defined shortly.
Proposition 2.4 Let a and b be two ideals (not necessarily in inverse ideal classes).
Then for γ ∈ GL(2, K),
(a ⊕ b)γ = a ⊕ b ⇐⇒ γ ∈ Δ(a, b),
and more generally,
(a ⊕ b)γ = (a ⊕ b)γ  ⇐⇒ γ  γ −1 ∈ Δ(a, b).
We will need the following subgroups of Δ(a, b):


x y
Δ0 (a, b) =
x, w ∈ R, y ∈ a−1 b, xw ∈ R × ;
0 w


1 y
Δ1 (a, b) =
∈ Δ(a, b) ;
0 w




1 y
1 y
∈ Δ(a, b) =
y ∈ a−1 b ;
Δ1,1 (a, b) =
0 1
0 1
these satisfy Δ1,1 (a, b) ⊆ Δ1 (a, b) ⊆ Δ0 (a, b) ⊆ Δ(a, b).
For each pair of ideals a, b in inverse classes, the set Xa,b is clearly closed under multiplication by elements of Γ on the left and by elements of Δ(a, b) on the
right. Moreover, a simple calculation establishes that the resulting group actions are
transitive, giving us the following description.
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Theorem 2.5 Let M0 ∈ Xa,b . Then
Xa,b = Γ M0 = M0 Δ(a, b).
The orbit of M0 under Δ1 (a, b) is the set of (a, b)-matrices with the same first
column as M0 , while its orbit under Δ1,1 (a, b) is the set of those with same first
column and same determinant.
If a and b are both principal, one choice for a representative (a, b)-matrix is a
diagonal matrix.
A more general version of Proposition 2.4 is the following, whose proof is again
straightforward.
Proposition 2.6 M is an (a, b)-matrix of level n if and only if
(R ⊕ R)M = a ⊕ b

and (n ⊕ R)M = an ⊕ b.

We next consider the set of (a, b)-matrices under the action of Γ0 (n) on the left.
The following is a generalization of [Cre97, Lemma 2.2.1], which is the special case
when a = b = R = Z. When a = b = R we obtain a criterion (see Proposition 3.2
below) for two elements of Γ to lie in the same right coset of Γ0 (n), which is
used in computations with modular symbols. We will also use this rather technical
result in the definition of Manin symbols in the next section (using the equivalence
of statements (1)–(3)), and in the study of Γ0 (n)-equivalence of cusps in the final
section (using the equivalence of statements (1) and (4)).
Theorem 2.7 Let a, b be ideals in inverse classes, and let

 


a 1 b1
a1 b1

M=
and M = 
a2 b2
a2 b2
be two (a, b)-matrices.
Then the following statements (1)–(3) are equivalent:
(1) M  = γ M for some γ ∈ Γ0 (n);
(2) a2 b2 ≡ a2 b2 (mod abn);
(3) There exists u ∈ R coprime to n such that
(i) ua2 ≡ a2 (mod an), and
(ii) ub2 ≡ b2 (mod bn).
Each of the preceding statements also implies
(4) There exist u ∈ R coprime to n and v ∈ R × and a divisor d of n such that the
following hold:
(i) a2  + an = a2  + an = ad;
(ii) ua2 ≡ a2 (mod an);
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(iii) va1 ≡ ua1 (mod ad).

 
Conversely, if (4) holds, then there exists γ ∈ Γ0 (n) such that γ M = M  10 w1 with
w ∈ a−1 b, so that γ M is another (a, b)-matrix with the same first column and determinant as M  .
Proof Let g = det(M), so ab = g and det(M  ) = vg with v∈ R× , and let γ =
wx
M  M −1 , so det(γ ) = v and γ ∈ Γ by Theorem 2.5. Write γ = y u . Then


y = g −1 a2 b2 − a2 b2 ,
so γ ∈ Γ0 (n) ⇐⇒ y ∈ n ⇐⇒ (2) holds, showing that (1) and (2) are equivalent.
Now assume (1) and (2). The diagonal entries of γ are w = g −1 (a1 b2 − b1 a2 )
and u = g −1 (a1 b2 − b1 a2 ), so uw ≡ v (mod n) and hence u is invertible modulo n.
The bottom row of M  = γ M now gives
  
a2 , b2 = (ya1 + ua2 , yb1 + ub2 )
and hence (3) holds. This also show that (1) implies (4.ii). Moreover, a2 = ya1 +
ua2 ∈ an + a2  implies an + a2  ⊆ an + a2 , so by symmetry an + a2  = an +
a2  = ad for some d | n, giving (4.i). Finally, (4.iii) follows from
va1 − ua1 = (uw − xy)a1 − u(wa1 + xa2 )
= −x(a1 y + ua2 ) ∈ an + a2  = ad.
Now assume (3). Then ua2 b2 ≡ a2 b2 ≡ ua2 b2 (mod abn), so ua2 b2 /g ≡
ua2 b2 /g (mod n). Since u is coprime to n we may divide by u on both sides and
then multiply by g again to give (2).
Finally, assume (4). We first show that ub2 ≡ b2 (mod bd):




ub2 − b2 gv = ub2 a1 b2 − a2 b1 − vb2 (a1 b2 − a2 b1 )


= b2 b2 ua1 − va1 + va2 b1 b2 − ua2 b1 b2 ∈ dab2 ,
since ua1 − va1 ∈ ad and a2 , a2 ∈ a2  + an = ad. Dividing by gv gives ub2 − b2 ∈
bd as required.
If we had ub2 − b2 ∈ bn then the hypotheses of (3) would be satisfied and we
could conclude. However, since

 
 
bd = a−1 bad = a−1 b a2 + an = a−1 b a2 + bn,
there exists w ∈ a−1 b such that ub2 − (wa2 + b2 ) ∈ bn.
Setting

  

a1 b1

 1 w
= 
M =M
a2 b2
0 1
with b2 = wa2 + b2 , we have ub2 − b2 ∈ bn, so (3) holds with M  in place of M  ,
as required.
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3 Manin Symbols
We continue to work with pairs of ideals a, b of R in inverse ideal classes.
We have seen that the first column of an (a, b)-matrix can be any pair of elements
which generate a. We next characterize which pairs (a, b) ∈ a ⊕ b occur as a row of
an (a, b)-matrix; equivalently, which elements of a ⊕ b form part of an R-basis for
this free module.
Proposition 3.1 Let a, b be ideals in inverse classes. A pair (a, b) ∈ a ⊕ b occurs
as a row of an (a, b)-matrix if and only if
aa−1 + bb−1 = R;
that is, if and only if the integral ideals aa−1 and bb−1 are coprime.
Proof The stated condition is equivalent to ab + ba = ab, and hence to g ∈ ab + ba,


where g is generator of ab. If aa12 bb12 is an (a, b)-matrix with determinant g, then
g = a1 b2 − b1 a2 ∈ a1 b + b1 a, so (a1 , b1 ) satisfies the condition; similarly so does
(a2 , b2 ). Conversely, if g ∈ ab + ba, write g = ab2 − ba2 with a2 ∈ a and b2 ∈ b,


and then aa2 bb2 is an (a, b)-matrix.

Proposition 3.2 Let γi =

bi 
ci di ∈ Γ

 ai

for i = 1, 2. Then

Γ0 (n)γ1 = Γ0 (n)γ2 ⇐⇒ c1 d2 ≡ c2 d1 (mod n).
Proof This follows from “(1) ⇐⇒ (2)” in Theorem 2.7, taking a = b = R and

M i = γi .
The set of coprime pairs (c, d) ∈ R ⊕ R modulo the equivalence relation
(c1 , d1 ) ∼ (c2 , d2 ) ⇐⇒ c1 d2 ≡ c2 d1 (mod n)
is simply P1 (R/n). Its elements have been called M-symbols or (c : d)-symbols
of level n, and have been extensively used in explicit computations with modular
symbols: see [Cre97] or [Ste07], for example, for the case K = Q, and [Cre84] for
when K is imaginary quadratic of class number one.
We now define, more generally, M-symbols of level n and type (a, b). In our
applications we will always be free to choose ideals representing each ideal class,
which simplifies the definition: thus we now restrict to the situation where ab and n
are coprime. Assuming this, an M-symbol of level n and type (a, b) is defined to be
an equivalence class of pairs (a, b) ∈ a ⊕ b satisfying aa−1 + bb−1 = R, modulo
the equivalence relation


(a, b) ∼ a  , b ⇐⇒ ab ≡ a  b (mod n)
⎧
⎨ there exists u ∈ R coprime to n such that
⇐⇒ ua ≡ a  (mod n), and
⎩
ub ≡ b (mod n).
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Thus M-symbols of type (R, R) are just elements of P1 (R/n); these will be called
principal M-symbols.
In the more general situation where we do not assume that ab and n are coprime,
the correct equivalence relation would be as follows.


(a, b) ∼ a  , b ⇐⇒ ab ≡ a  b (mod abn)
⎧
⎨ there exists u ∈ R coprime to n such that
⇐⇒ ua ≡ a  (mod an), and
⎩
ub ≡ b (mod bn).
The set of M-symbols of level n and type (a, b) is in bijection with the orbit
space Γ0 (n)\Xa,b , by Proposition 3.1 and Theorem 2.7. Since Γ acts transitively
on Xa,b by Theorem 2.5, and [Γ : Γ0 (n)] = ψ(n), we deduce the following.
Proposition 3.3 For every pair of ideals a, b in inverse classes, the number of Msymbols of level n and type (a, b) is ψ(n).
Below we will use M-symbols to count the number of Γ0 (n)-orbits on cusps.
For this it will be useful to able to normalize them in certain ways. The next result
generalizes [Byg98, Lemmas 24 and 25] for principal M-symbols and the special
case for K = Q in [Cre97].
Proposition 3.4 Let a, b be ideals in inverse classes which are both coprime to n.
Given (a, b) ∈ a ⊕ b such that aa−1 + bb−1 + n = R, there exist (a  , b ) ∈ a ⊕ b
such that a  ≡ a (mod n), b ≡ b (mod n) and a  a−1 + b b−1 = R.
In other words, in the definition of M-symbols of type (a, b) and level n there
is no harm in relaxing the condition that aa−1 + bb−1 = R to the weaker condition
that aa−1 + bb−1 is coprime to n.
Proof We follow the proof of [Byg98, Lemma 25].
Assume that b = 0 (otherwise interchange the roles of a and b). We will take
b = b and a  = a + c where c ∈ an is chosen appropriately.
Let q be the product of the (finite) set of prime ideals which divide bb−1 but
not aa−1 . Choose r coprime to bb−1 in the inverse class to anq, so anqr = c
with c ∈ an. It remains to show that bb−1 and a  a−1 are coprime. Let p be a prime
dividing bb−1 ; we show that ap  a  .
If p | aa−1 then p  q (by construction of q), p  n (by hypothesis), and p  r (by
construction of r), so p  ca−1 = nqr. Hence ap  c, but ap | a so ap  a  .
If p  aa−1 then p | q and hence p | ca−1 = nqr, so ap | c. But ap  a, so again
ap  a  .
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4 Cusps and Cusp Equivalence
Some of the material in this section appeared in [Cre84, Lemma 2.2.7] for the case
of trivial class group, and in the theses of Bygott [Byg98, §1.5] and Lingham [Lin05,
§1.4–1.5] for the general case. The results for Γ1 (n) are from the second author’s
thesis [Ara11]. Also, for K totally real (which makes no difference in our context)
some of this material may be found in the literature on Hilbert Modular Forms and
related matters: see [vdG88], for example.
By a cusp of GL2 (K) (or simply, a cusp of K) we mean an element of P1 (K),
identified as usual with K ∪ {∞}.
Over Q, or a field K with trivial class group, we may represent cusps in the
form a/b where a, b ∈ R are coprime, and we allow b = 0 for the cusp ∞; this
representation is unique up to multiplication
of a and b by a unit of R. We may

then regard the column vector ab as the first column of a matrix in Γ , and study the
action of Γ and its subgroups on the set P1 (K) via its action by left multiplication
on Γ itself. In the general case we replace this action by left multiplication on
(a, b)-matrices.
Cusps may be always represented1 in the form a/b with a, b ∈ R not both zero,
but this representation is far from unique. We do not attempt to normalize the representation of cusps, but instead we allow arbitrary representatives. To each representation α = a/b, we may associate the ideal a, b and its class [a, b]. Given two
representatives a/b and a  /b for the same cusp α ∈ P1 (K), the ideals a, b and
a  , b  need not be equal but they have the same class:
Proposition 4.1 If a/b = a  /b ∈ P1 (K) then [a, b] = [a  , b ].
Moreover, given any ideal a in the class [a, b], there is a representative a  /b
of the cusp a/b whose ideal is a  , b  = a.
Proof From a/b = a  /b we have ab = a  b. If b = 0 then b = 0 and vice versa,
and in this case both ideal classes are trivial. Otherwise we have b a, b = a  , b b
so that [a, b] = [a  , b ].
If [a] = [a, b] then there exist nonzero c, d ∈ R with da = ca, b, so a =

a  , b  with a  = ca/d, b = cb/d ∈ a ⊆ R, and a/b = a  /b ∈ P1 (K).
Hence we have a well-defined class [α] ∈ Cl(K) for each cusp α ∈ P1 (K), and
for every ideal a ∈ [α], there is a representative α = a/b with a, b = a. If two
representatives a/b, a  /b have the same ideal a = a, b = a  , b  then there is a
unit u ∈ R × with a  = ua, b = ub; for we may define u = a  /a = b /b (omitting
one of these if a = a  = 0 or b = b = 0), and then ua = a so u ∈ R × .
We now consider the actions of Γ , Γ0 (n) and Γ1 (n) on the set of cusps (by linear
fractional transformations), and on the set of representatives ab ∈ R 2 \ {0} (by left
1 We

avoid the common notation (a : b) in order to avoid confusion with M-symbols.
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multiplication). The natural map
π : R \ {0} −→ P (K),
2

1

 
a
−→ a/b
b

is clearly Γ -equivariant.

4.1 Cusp Equivalence Under Γ
 
Theorem 4.2 The ideal a, b associated to ab is Γ -invariant.
Conversely, if a, b = a  , b  then there exists γ ∈ Γ such that
   
a
a
γ
=  .
b
b
 
 
Proof If ab = γ ab with γ ∈ Γ , then a  , b ∈ a, b, so a  , b  ⊆ a, b, and the
situation is symmetric so a  , b  = a, b.
For the second part, let a = a, b = a  , b , let b be an ideal in the inverse
class to a, and let g be a generator of ab. Let M1 and M2 be (a, b)-matrices with
 
 
determinant g and first columns ab and ab respectively. Then
γ = M2 M1−1 ∈ Γ,
and from γ M1 = M2 we have γ

a 
b

=

a  
b

.



The following result is classical and was certainly known in the 19th century to
Hurwitz, Humbert, Bianchi and others. It also appears in the literature on Bianchi
and Hilbert modular forms (see Proposition 1.1 in van der Geer [vdG88]).
Theorem 4.3 The association α → [α] defines a bijection
∼ Cl(K).
Γ \P1 (K) −→
Proof The map α = a/b → [a, b] induces a map Γ \P1 (K) → Cl(K) by Proposition 4.1, which is (well-defined and) obviously surjective. It is injective since if a/b
and a  /b have the same class then by Proposition 4.1 we may assume they have the
same ideal, and then Theorem 4.2 says that they are in the same Γ -orbit.

When the class group is trivial one normally chooses representatives for cusps
“in lowest terms”, i.e., as a/b with a, b = 1 = R. In any case, we can always
choose representatives whose ideal is coprime to any given ideal, such as the level.
For α = a/b ∈ P1 (K), we define the denominator ideal of α, denoted d(α), to
be the ideal b/a, b. The denominator ideal is independent of the representation
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α = a/b. For α = 0, ∞ we may write the principal fractional ideal αR uniquely as
αR = ab−1 with a, b coprime integral ideals, and then d(α) = b. In this notation we
have [a] = [b] = [a, b]−1 . ba, b = b. If α = ∞, then
d(α) = { b ∈ R | bα ∈ R } = R ∩ α −1 R,
so d(α) is the set of all denominators of representatives of α.

4.2 Cusp Equivalence Under Γ0 (n)
Fix a nonzero ideal n. We now describe the orbits of P1 (K) under Γ0 (n).
To each cusp α, we assign the ideal dn (α) = d(α) + n, a divisor of n. We will
see in Theorem 4.4 below that this is well-defined and Γ0 (n)-invariant. Thus, two
necessary conditions for cusps α, α  to be Γ0 (n)-equivalent are that [α] = [α  ] and
dn (α) = dn (α  ). It remains to see how to distinguish cusps in the same class and
with same value of dn (α), and to count them.
The following condition for cusps in the same class to be Γ0 (n)-equivalent is a
generalization of [Cre97, Lemma 2.2.3]; most of the work has already been done in
Theorem 2.7.
Theorem 4.4 Let α, α  be two cusps in the same ideal class. Choose representatives
α = a1 /a2 and α  = a1 /a2 with the same ideal a = a1 , a2  = a1 , a2 . Then the
following are equivalent:
(1) There exists γ ∈ Γ0 (n) such that γ (α) = α  ;
(2) There exist u ∈ R coprime to n and v ∈ R × and a divisor d of n such that
(i) dn (α) = dn (α  ) = d.
(ii) a2 ≡ ua2 (mod na).
(iii) ua1 ≡ va1 (mod da).
In case a and n are coprime we can replace the moduli in conditions (2.ii) and
(2.iii) by n and d respectively.
Proof The existence of γ ∈ Γ0 (n) with γ (α) = α  is equivalent to the existence of
γ ∈ Γ0 (n) with
   
a
a
γ 1 = 1 ,
a2
a2
since we are free to multiply γ by a unit times the identity matrix. Hence if γ (α) =
  a  
α  with γ ∈ Γ0 (n), we may assume that γ aa12 = a1 . Let M be an (a, b)-matrix with
2
 
a  
first column aa12 , and M  = γ M, which is an (a, b)-matrix with first column a1 .
2
Now (2) follows from Theorem 2.7.
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For the converse, assume that (2) holds. Again, using Theorem 2.7 we see that
there exist (a, b)-matrices M and M  = γ M with γ ∈ Γ0 (n) and first columns aa12
  a  
a  
and a1 , so γ aa12 = a1 as required.
2

2

For the last part, when a + n = 1 we have first dn (α) = a2 /a + n = a2  + n;
then a2 − ua2 ∈ n ⇐⇒ a2 − ua2 ∈ an since certainly a2 − ua2 ∈ a, and similarly
ua1 − va1 ∈ ad ⇐⇒ ua1 − va1 ∈ d.

We also give the following criterion, generalizing [Cre97, Proposition 2.2.3(3)].
This is more convenient when it comes to testing two cusps for Γ0 (n)-equivalence.

Corollary 4.5 Let α, α  be cusps with [α] = [α  ], let a be an ideal in the class [α]
which is coprime to n, and let b be an ideal in the inverse class. Write the two cusps
as α = a1 /a2 and α  = a1 /a2 with a1 , a2  = a1 , a2  = a.
Form (a, b)-matrices

 


a b1
a b1
M= 1
and M  = 1
.
a2 b2
a2 b2
Then α and α  are Γ0 (n)-equivalent if and only if dn (α) = dn (α  ) and there exists
v ∈ R × such that


a2 b2 ≡ va2 b2 mod abd2
where d = dn (α).
Proof If γ ∈ Γ0 (n) satisfies γ (α) = α  then (after multiplying γ by a unit if necessary), γ M = M  where M  has the same first column as M  . Thus
 



a1 b1

 1 w
M = 
=M
,
a2 b2
0 v
where w ∈ a−1 b and v = det(γ ) det(M) det(M −1 ) ∈ R × . Now Theorem 2.7 implies
that a2 b2 − a2 b2 ∈ abn, so a2 b2 − va2 b2 ∈ a−1 ba2 a2  + abn. The latter ideal can be
seen to equal abd2 , where d = dn (α) = dn (α  ), these being equal by the Theorem.
Conversely, suppose that d = dn (α) = dn (α  ) and the congruence a2 b2 ≡
va2 b2 (mod abd2 ) holds. Noting again that abd2 = a−1 ba2 a2  + abn, this implies
the existence of w ∈ a−1 b such that a2 b2 − a2 b2 ∈ abn where b2 = wa2 + vb2 . Then
 
γ = M  M −1 = M  10 wv M −1 ∈ Γ0 (n) so γ M = M  and hence γ (α) = α  .

Finally we will find a formula for the number of Γ0 (n)-equivalence classes. In
the case n = R we have seen that the number is the class number of R.
There are two different approaches to this enumeration, which we call the “vertical” and “horizontal” approaches. First of all, from general principles of group
actions, each Γ -orbit of cusps splits into a finite union of Γ0 (n)-sub-orbits, in bijection with the set of double cosets Γ0 (n)\Γ /Γα , where α is any cusp in the orbit and
Γα ≤ Γ is its stabilizer.

Property of The Mathematics Center Heidelberg - © Springer 2014

Congruence Subgroups, Cusps and Manin Symbols over Number Fields

J.E. Cremona and M.T. Aranés

The vertical approach, which is more direct, is to first consider the coset space
Γ /Γα , which is in bijection with the cusps in the orbit Γ α, and then consider
how Γ0 (n) acts on this. We call this approach “vertical” since in the case α = ∞ we
are essentially looking at the action of Γ0 (n) on column vectors, the first columns
of elements of Γ . In general this approach would require considering one cusp α in
each class, which would be complicated since the stabilizer Γα is not so simple in
general as when α = ∞.
A variation on the vertical approach is possible using (a, b)-matrices. Fix an ideal
class, an ideal a in that class and an ideal b in the inverse class. Cusps in class [a]
all have representations with ideal a, and so are of the form α = M(∞) where M is
an (a, b)-matrix. Now the Γ0 (n)-sub-orbits of Γ α are also in bijection with double
cosets Γ0 (n)\Xa,b /Δ0 (a, b). The equivalence may be seen by fixing one M0 ∈ Xa,b
and observing that Xa,b = Γ M0 by Theorem 2.5, and M0 Δ0 (a, b)M0−1 = Γα where
α = M0 (∞), since Δ0 (a, b) = {M ∈ Δ(a, b) | M(∞) = ∞}. Hence from a double
coset decomposition

Γ0 (n) γi Γα
Γ =
i

with γi in a set of representatives of Γ0 (n)\Γ /Γα , we obtain

Xa,b = Γ M0 =
Γ0 (n) γi Γα M0
i

=



Γ0 (n) Mi Δ0 (a, b)

i

=



Γ0 (n) Mi Δ1 (a, b)

i

with Mi = γi M0 in a set of representatives of Γ0 (n)\Xa,b /Δ1 (a, b); the last equality
follows from Δ0 (a, b) = R × Δ1 (a, b) and the unit scalars may be absorbed in Γ0 (n).
Viewing Xa,b /Δ1 (a, b) as the set of first columns of (a, b)-matrices, and considering the left action of Γ0 (n) on this set, gives the vertical approach used in Theorem 4.4 to determine Γ0 (n)-equivalence of cusps.
The horizontal approach proceeds instead as follows. For the principal class, we
may enumerate Γ0 (n)\Γ /Γα by first taking the coset space Γ0 (n)\Γ , which is represented by the set of principal M-symbols (c : d), and then considering the right
action of Γα on this set, for any principal cusp α. In the case K = Q this is the
approach used2 by Shimura in [Shi71, Proposition 1.43(4)], using α = 0.
In our situation we would need to consider the action of more general stabilizers Γα on the set of M-symbols, which is not very convenient. However, the alternative formulation in terms of (a, b)-matrices works instead. We may enumerate
2 Note that the definition marked (*) on [Shi71, p. 25] is not quite correct as stated: in each residue
class modulo N/d one must take a representative c which is coprime to d, if one exists, but one
cannot restrict to the range 0 < c ≤ N/d.
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Γ0 (n)\Xa,b /Δ1 (a, b) by considering the action of Δ1 (a, b) on the set Γ0 (n)\Xa,b
of M-symbols of type (a, b). This leads to the following result, which generalizes
the classical formula when R = Z.
Here, ϕu (m) is defined by


ϕu (m) = # (R/m)× /R × .

−1
Theorem 4.6 Each Γ -orbit on P1 (K) splits into
d|n ϕu (d + nd ) disjoint
Γ0 (n)-orbits. Hence the total number of Γ0 (n)-orbits of cusps is
 

ϕu d + nd−1
h
d|n

where h is the class number of R.
Proof (using vertical approach) For each ideal class we choose an ideal a in that
class and a divisor d of n, and count Γ0 (n)-orbits of cusps in the class represented
as α = a1 /a2 with a1 , a2  = a and dn (α) = d. To see that there is at least one
such cusp, let b be an ideal coprime to n in the class inverse to da, so that dab =
a2  for some a2 ∈ R. Now a2 ∈ a, so a = a1 , a2  for some a1 ∈ R, and we take
α = a1 /a2 . Now dn (α) = a2  + n = dab + n = d, since ab is coprime to n. This
argument, together with condition (2) of Theorem 4.4, shows that every Γ0 (n)-orbit
of cusps α with this class and this denominator ideal dn (α) has a representative
with this specific denominator a2 . It remains to examine when a1 /a2 and a1 /a2
with a = a1 , a2  = a1 , a2  are Γ0 (n)-equivalent; one finds (though we omit the
details) that the number of such cusps, up to Γ0 (n)-equivalence, is ϕu (d + nd−1 ). 
Proof (using horizontal approach) Let a and b be asin the first proof; again we
show that the number of orbits of cusps in class [a] is d|n ϕu (d + nd−1 ), independent of the class of a.
The action of Δ1 (a, b) on the set of all M-symbols of type (a, b) is given by


1 y
(a : b)
= (a : ya + wb).
0 w
We saw earlier that this number of orbits of cusps in class [a] is the same as the
number of right Δ1 (a, b)-orbits under this action.
We first classify M-symbols by the possible values of a. To each (a : b) we
associate the divisor d = a + n = aa−1 + n of n. This is well-defined since if
(a : b) = (a  : b ) then there exists u ∈ R coprime to n such that a ≡ ua  (mod n)
which implies that a + n = a   + n.
Fix a divisor d of n. Choose d coprime to n such that dd a = a is principal.
Then a + n = d (since ad is coprime to n). Now for any M-symbol (a  : b ) with
a   + n = d = a + n, there exists u coprime to n such that a ≡ ua  (mod n);
then (a  : b ) = (ua  : ub ) = (a : b) with b = ub . This shows that every M-symbol
associated with the fixed divisor d has the form (a : b) with this fixed value of a and
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some b ∈ b. Note that for this step we required the validity of M-symbols of the form
(a : b) where aa−1 and bb−1 are not necessarily coprime but such that aa−1 + bb−1
is coprime to n.
For fixed a, consider M-symbols of the form (a : b) under M-symbol equivalence
and the action of Δ1 (a, b) as above. For such a symbol we have
b + d + n/d = bb−1 + aa−1 + n/d = 1.
Also,



(a : b) = a : b ⇐⇒ b ≡ b (mod n/d)

since






(a : b) = a : b ⇐⇒ n | a b − b = dd a b − b


⇐⇒ n | d b − b
⇐⇒ n/d | b − b .
Moreover, under the Δ1 (a, b)-action, we have




1 y
= (a : ay + b) for all y ∈ a−1 b,
(a : b) −→ a : b = (a : b)
0 1
so this action identifies (a : b) and (a : b ) whenever b − b ∈ aa−1 b = dd b. Since
n/d + dd b = n/d + d, we may identify (a : b) and (a : b ) whenever b ≡ b (mod d +
n/d). So the number of orbits of the smaller group Δ1,1 (a, b) is exactly ϕ(d + n/d).
Taking into account the units we find the (possibly) smaller number ϕu (d + n/d),
and this gives the result as stated.


4.3 Cusp Equivalence Under Γ1 (n)
We can adapt our results about M-symbols and cusp equivalence for the congruence
subgroup Γ0 (n) to obtain similar results for Γ1 (n). Over Q, this was done by the
first author in [Cre92]; see also [Ste07, Chap. 8]. The proofs are similar to those
for Γ0 (n), and can be found in the second author’s thesis [Ara11], so will be omitted.
We start by studying the left action of Γ1 (n) on the set of (a, b)-matrices, with a
result analogous to Theorem 2.7.
Theorem 4.7 Let a, b be ideals in inverse classes, and let

 


a 1 b1
a1 b1

M=
and M = 
a2 b2
a2 b2
be any two (ab)-matrices. Then the following statements are equivalent:
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(1) M  = γ M with γ ∈ Γ1 (n).
(2) The following congruences hold:
(i) a2 b2 ≡ a2 b2 (mod abn),
(ii) a2 ≡ a2 (mod n),
(iii) b2 ≡ b2 (mod m).
(3) There exists u ∈ 1 + n such that:
(i) a2 = ua2 (mod an),
(ii) b2 = ub2 (mod bn).
If any of these equivalent statements holds, then there exist v ∈ R × , u ∈ 1 + n and
d | n such that:
(1) a2  + an = a2  + an = ad,
(2) a2 ≡ ua2 (mod an),
(3) ua1 ≡ va1 (mod ad).
Conversely, if these conditions hold, there exists γ ∈ Γ1 (n) such that



 1 w
γM =M =M
with w ∈ a−1 b.
0 1


Proof Similar to Theorem 2.7: see [Ara11, p. 34] for details.

Now we can adapt the definition of M-symbols for Γ0 (n) to obtain a set of symbols in bijection with the cosets of Γ0 (n) in Γ . As before, we assume, as we may,
that ab and n are coprime. Then an M-symbol of level n and type (a, b) for Γ1 (n) is
an equivalence class of

(a, b) ∈ a ⊕ b | aa−1 + bb−1 = R / ∼
where:


(a, b) ∼ a  , b ⇐⇒



a ≡ a
b ≡ b

(mod n),
(mod n).

We refer to M-symbols of type (R, R) and level n as principal M-symbols of level
n for Γ1 (n), and note that principal M-symbols are a direct generalization of the
M-symbols for Γ1 (N ) introduced in [Cre92].
If (a, b) and n are not coprime, then the appropriate equivalence relation to use
is more complicated:


(a, b) ∼ a  , b ⇐⇒ ab ≡ a  b (mod abn) and

a ≡ a
b ≡ b

(mod an)
(mod bn)

⎧
⎪
⎨ there exists u ∈ R such that u − 1 ∈ n, and
⇐⇒ ua ≡ a  (mod an)
⎪
⎩
ub ≡ b (mod bn).
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It is clear from the definition that we have a bijection between M-symbols of type
(a, b) and level n for Γ1 (n) and orbits of (a, b)-matrices under the action of Γ1 (n).
We also have an analogue to Proposition 3.3.
Proposition 4.8 For every pair of ideals a, b in inverse classes, the number of Msymbols of level n and type (a, b) for Γ1 (n) is [Γ : Γ1 (n)].
Our final result gives a test for Γ1 (n)-equivalence of cusps.
Let α, α  be two cusps in the same ideal class, and choose representatives α =
a1 /a2 and α  = a1 /a2 with the same ideal a = a1 , a2  = a1 , a2 . In our study of
Γ0 (n)-orbits of cusps, we used the equivalence between the existence of an element
γ ∈ Γ0 (n) with γ (α) = α  and the existence of γ ∈ Γ0 (n) such that
   
a
a
γ 1 = 1 .
a2
a2
This equivalence holds because Γ0 (n) contains all matrices of the form wI , where
w ∈ R × and I is the 2 × 2 identity matrix. This is not true for Γ1 (n) in general (it
holds only if w − 1 ∈ n). Instead, we have the following, whose proof is straightforward:
Lemma 4.9 Let α, α  be two cusps in the same ideal class. Choose representatives
α = a1 /a2 and α  = a1 /a2 with the same ideal a = a1 , a2  = a1 , a2 . Then the
following are equivalent:
(i) There exists γ ∈ Γ1 (n) such that γ α = α  .
(ii) There exist γ ∈ Γ1 (n) and w ∈ R × such that
    
a
a1
γ 1 =
.
a2
wa2
Theorem 4.10 Let α, α  be two cusps in the same ideal class. Choose representatives α = a1 /a2 and α  = a1 /a2 with the same ideal a = a1 , a2  = a1 , a2 . Then
the following are equivalent:
(1) α and α  are Γ1 (n)-equivalent;
(2) there exist u ∈ R such that u ∈ 1 + n, v, w ∈ R × and d | n such that:
(i) dn (α) = dn (α  ) = d;
(ii) wa2 ≡ ua2 (mod an);
(iii) ua1 ≡ va1 (mod ad).
In case a and n are coprime, we can replace the moduli in conditions (2.ii) and
(2.iii) by n and d respectively.
Proof See [Ara11].
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Abstract We report on a systematic computation of weight one cuspidal eigenforms for the group Γ1 (N ) in characteristic zero and in characteristic p > 2. Perhaps the most surprising result was the existence of a mod 199 weight 1 cusp form
of level 82 which does not lift to characteristic zero.

1 Introduction
It is nowadays relatively easy to compute spaces of classical cusp forms of weights
two or more, thanks to programs by William Stein written for the computer algebra
packages Magma [BCP97] and SAGE [S+ 12]. On the other hand, there seems to be
relatively little published regarding explicit computations of weight one cusp forms.
In characteristic zero, computations have been done by Buhler [Buh78] and Frey
and his coworkers [Fre94], and there is a beautiful paper of Serre [Ser77] which
explains several tricks for computing with weight one forms of prime level, but as
far as we know there is (until now) nothing systematic in the literature. In characteristic p (where there are sometimes more forms—that is, forms that do not lift to
characteristic zero) there is even less in the literature; see [Edi06] and the references
therein, and the beginning of Sect. 4 of this paper, for more information. The algorithms of [Edi06] for computing mod p forms of weight 1 have been implemented
by Wiese in the computer algebra package Magma. Note however that they involve
giving both N and p as inputs, and the running time depends on p.
In this paper we report on a fairly systematic computation of weight 1 forms that
we did using Magma about ten years ago now (although we re-ran the code more
recently and, unsurprisingly, the same programs could now go a little further). The
characteristic zero code we wrote has since been incorporated as part of Magma, but
the methods work just as well in characteristic p; indeed for a given level N we can
compute mod p for all odd primes p  N at once. In particular our algorithm takes
as input only N , and spits out a basis for the characteristic zero weight 1 forms, plus
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the primes p for which there are mod p forms that do not lift, plus the q-expansions
of these non-liftable forms. We remark that we do not even attempt to define mod p
modular forms of level N if p | N . We apologize that it has taken so long to get the
results down on paper. Our methods and calculations have in the mean time been
greatly extended by George Schaeffer, and his thesis [Sch12] contains many more
examples of mod p forms that do not lift to characteristic zero.
The methods basically go back to Buhler’s thesis [Buh78], and the main idea is
very simple: we cannot compute in weight 1 directly using modular symbols, but
if we choose a non-zero modular form f of weight k ≥ 1 then multiplication by f
takes us from cusp forms of weight 1 to cusp forms of weight k + 1 ≥ 2 where we
can compute using modular symbols, and then we divide by f again to produce the
space of weight 1 forms with possible poles where f vanishes. Repeating this idea
for lots of choices of f and intersecting the resulting spaces will often enable us to
compute the space of holomorphic weight 1 forms rigorously. We explain the details
in the next section.
Recent developments by Khare and Wintenberger on Serre’s conjecture give
another approach for computing weight 1 forms in characteristic zero: instead of
working on the automorphic side one can compute on the Galois side. The work
of Khare and Wintenberger implies that there is a canonical bijection between the
set of weight 1 normalised new cuspidal eigenforms over C and the set of continuous odd irreducible representations Gal(Q/Q) → GL2 (C) (see Théorème 4.1
of [DS74] for one direction and Corollary 10.2 of [KW09] for the other). Say f
is the Galois representation attached to the form f ; then the level of f is the conductor of f . Let us consider for a moment an arbitrary irreducible representation
 : Gal(Q/Q) → GL2 (C). The projective image of  in PGL2 (C) is a finite subgroup of PGL2 (C) and is hence either cyclic, dihedral, or isomorphic to A4 , S4
or A5 , and in fact the cyclic case cannot occur because  is irreducible. If f is a
characteristic zero eigenform then we say that the type of f is dihedral, tetrahedral
(A4 ), octahedral (S4 ) or icosahedral (A5 ) according to the projective image of f .
Because of the Khare–Wintenberger work, one approach for computing weight 1
modular forms of level N in characteristic zero would be to list all the finite extensions of Q which could possibly show up as the kernel of the projective representation attached to a level N form, and then reverse-engineer the situation (carefully
analysing liftings and ramification, which would not be much fun) to produce the
forms themselves. Listing the extensions is just about possible: one can use class
field theory to deal with the dihedral cases, and the A4 , S4 and A5 calculations
can be done because the projective representation attached to a level N form is unramified outside N , so to compute in level N one just has to list all A4 , S4 and
A5 extensions unramified outside N (which is feasible nowadays for small N and
indeed there are now tables of such things, see for example [JR] for an online resource). Note that A4 and S4 are solvable, so one could perhaps in theory also use
class field theory to analyse these cases. However lifting the projective representation to a representation can be troublesome to do in practice. Furthermore, this
approach does not work in characteristic p: the problem is if k is a finite subfield of
Fp then PGL2 (k) is a finite subgroup of PGL2 (Fp ), and this gives us infinitely many

Property of The Mathematics Center Heidelberg - © Springer 2014

130

131

more extensions which must be checked for; hence the method breaks down. In fact
looking for mod p Galois representations with large image is quite hard, it seems,
and perhaps it is best to do the calculations on the automorphic side and use known
theorems to deduce results on the Galois side. For example, as a consequence of our
search at level 82 we proved the following result:
Theorem 1.1
(1) There is a mod 199 weight 1 cusp form of level 82 which is not the reduction of
a weight 1 characteristic zero form.
(2) There is a number field M, Galois over Q, unramified outside 2 and 41, with
Galois group PGL2 (Z/199Z).
This result, which relies on a computer calculation, is proved in the final section
of this paper.
When we initially embarked upon this computation, the kinds of things we
wanted to know were the following:
• What are the ten (or so) smallest integers N for which the space of weight 1 cusp
forms of level N is non-zero?
• What is the smallest N for which there exists a weight 1 level N eigenform whose
associated Galois representation has projective image isomorphic to A4 ? To S4 ?
• Give some examples of pairs (N, p) consisting of an integer N and a prime p
for which there is a mod p weight 1 eigenform of level N which does not lift
to a characteristic zero weight 1 eigenform of level N (Mestre had already given
an example with (N, p) = (1429, 2); see the appendices to [Edi06]; can one find
examples with p > 2?).
We found it hard to extract the answers to these questions from the literature, so
we answered them ourselves with a systematic computation of weight one forms
in characteristic zero and p > 2. In 2002 we looked in the range 1 ≤ N ≤ 200
in characteristic zero, and 1 ≤ N ≤ 82 in characteristic p (adopting a “quit while
you’re ahead” policy in the characteristic p case). Both of these bounds are very
modest and even ten years ago, when we actually did the calculations, it would have
been possible to go further. When Gabor Wiese re-ignited our interest in this project
we ran the characteristic zero programs once more on a more modern computer, and
this time they ran much faster, and up to N = 352, before running out of memory.
George Schaeffer has since stepped up to the plate and his PhD thesis pushes these
calculations much further.
Our systematic computations did not find any characteristic zero weight 1 modular forms with associated Galois representations having projective image isomorphic to A5 so we do not know what the smallest conductor of an A5 -representation
is. Some trickery computing mod 5 representations attached to weight 5 forms did
enable us to “beat Buhler’s record” however—so we do now know that there is an
icosahedral weight 1 form of level 675; Buhler’s weight 1 form has level 800. We
verified that there were no newforms of level N ≤ 352 whose associated projective Galois representation has image isomorphic to A5 . Hence the smallest level of
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a weight 1 form of A5 type is in the range [353, 675]. Note that by the remarks
on p. 248 (case (c2 )) of [Ser77], and the computer calculations of [Fre94] (see in
particular Sect. 4.1 of [Kim94]), we know that the smallest prime appearing as the
conductor of an A5 representation is 2083 (and hence the range can be shortened to
[354, 675]).
The outline of this paper is as follows. We explain our algorithm in Sect. 2,
summarise the characteristic zero results in Sect. 3, and the characteristic p results
in Sect. 4.
Finally we would like to thank both Frank Calegari and the anonymous referee
of this paper, for helpful remarks.

2 Computing Weight One Cusp Forms
We remind the reader of some definitions. If N ≥ 5 is an integer, then there
is a smooth affine curve Y1 (N ) over Z[1/N ] parameterising elliptic curves over
Z[1/N ]-schemes equipped with a point of exact order N . The fibres of


Y1 (N ) −→ Spec Z[1/N ]
are geometrically irreducible. If E1 (N ) denotes the universal elliptic curve over
Y1 (N ) then the pushforward of ΩE1 1 (N )/Y1 (N ) is a sheaf ω on Y1 (N ).
There is a canonical compactification X1 (N ) of Y1 (N ), obtained by adding
cusps, and this curve is smooth and proper over Z[1/N ]. Furthermore the sheaf
ω extends in a natural way to X1 (N ). If R is any Z[1/N ]-algebra then we denote by
X1 (N )R the pullback of X1 (N ) to R. We write Mk (N; R) for H 0 (X1 (N )R , ω⊗k )
and refer to this space as the level N weight k modular forms defined over R. We
write Sk (N; R) for the sub-R-module of this R-module consisting of sections which
vanish at every cusp.
If K is a field where N is invertible then the K-dimension of Mk (N; K) is 0 if
k < 0, it is 1 if k = 0, and can be easily computed if k ≥ 2 using the Riemann-Roch
formula. If however k = 1 then the Riemann-Roch theorem unfortunately only tells
us the dimension of the subspace of Eisenstein series in Mk (N; K). Similarly for
k = 1 the dimension of Sk (N; K) is also easily computed, but for k = 1, even the
dimensions of these spaces seem to lie deeper in the theory.
A weight one cusp form of level N is a section of ω which vanishes at every cusp,
and is hence a section of ω ⊗ C −1 where C is the sheaf associated to the divisor of
cusps. One can compute the degree of ω on X1 (N )C without too much trouble: for
example ω⊗12 descends to a degree 1 sheaf on the j -line X0 (1)C and hence the
degree of ω on X1 (N ) is [SL2 (Z) : Γ
1 (N )]/24. Similarly the number of cusps on
X1 (N )C is well-known to be (1/2) · 0<d|N φ(d)φ(N/d), the sum being over the
positive divisors of N . Hence the degree of ω ⊗ C −1 is easily computed in practice
for small N . Although we did these calculations over C, the degree of ω is the same
in characteristic zero and in characteristic p (we are assuming N ≥ 5 so the scheme
of cusps over Z[1/N ] is etale). From these formulae, which are messy but entirely
elementary, it is easy to deduce the following.
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Lemma 2.1 Let K be a field in which the positive integer N is invertible. Then there
are no non-zero weight 1 cusp forms of level N over K, if 5 ≤ N ≤ 22, 24 ≤ N ≤ 28,
N = 30 or N = 36.
Proof Indeed, the degree of ω ⊗ C −1 is less than zero in these cases.



If N ≤ 4 then there are theoretical issues with the approach we have adopted,
because X1 (N )K is only a coarse moduli space, and there is no natural sheaf ω on
X1 (N )K (there is a problem at one of the cusps when N = 4, and problems at elliptic
points when N ≤ 3). On the other hand, one can still give a rigorous definition of
a modular form of level N for N ≤ 4 (using the theory of algebraic stacks, for
example, or the classical definition as functions on the upper half plane if K = C)
and one easily checks, using any of these definitions, that a cusp form of level N is
also naturally a cusp form of level N t for any positive integer t . Because 1, 2, 3 and
4 all divide 12, and there are no non-zero weight 1 cusp forms of level 12 by the
above lemma, we conclude
Corollary 2.2 Let K be a field where the positive integer N is invertible. There are
no non-zero weight 1 cusp forms of level N over K for any N < 23.
The same argument shows that the dimension of the space of weight 1 cusp
forms of level 23 is at most 1, because the degree of ω ⊗ C −1 on X1 (23) is 0.
Moreover, there will be a non-zero cusp form of level 23 if and only if this sheaf is
isomorphic to the structure sheaf on X1 (23). Conversely, there is indeed a non-zero
level 23 weight 1cusp form in characteristic zero: namely the form η(q)η(q 23 ),
where η = q 1/24 n≥1 (1 − q n ). The mod p reduction of this form is a mod p cusp
form for any p = 23, and this proves that the dimension of the level 23 forms is 1 in
characteristic zero and in characteristic p = 23.
We have now solved the problem of computing weight one level N cusp forms
for N ≤ 28, but of course such tricks only work for small levels, and for N ≥ 29
we used a computer to continue our investigations. Our strategy was as follows.
Let K be an algebraically closed field where N ≥ 29 is invertible. Let Sk (N; K)
denote the weight k cusp forms of level N defined over K. We wish to compute
S := S1 (N; K). First let us choose a form 0 = f ∈ Mk (N; K) for some k ≥ 1 that
we can compute the q-expansion of to arbitrary precision (for example f can be a
form of weight at least 2, or a weight 1 Eisenstein series or theta series).
Then
f.S := {f h | h ∈ S}
is a subspace of Sk+1 (N; K), which is a space that we can compute as k + 1 ≥ 2. We
compute a basis of q-expansions for Sk+1 (N; K), and then divide each q-expansion
by f , giving us an explicit finite-dimensional space of q-expansions which contains S. Repeating this for many choices of f and continually taking intersections
will typically cut this space down, but after a while its dimension will stabilise.
Let V be the space of q-expansions so obtained; this is now our candidate for S.
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We know for sure that it contains S. In fact, if we could somehow choose forms f1
and f2 as above, which were guaranteed to have no zeros in common on X1 (N )K ,
then we would know for sure that our space really was S. However, we know of
no efficient way of testing to see whether two given forms share a zero on X1 (N ),
especially in characteristic p. Note that in [Fre94], working over C, a careful choice
of f1 and f2 is indeed made, to guarantee that they have no common zero; our
approach is more haphazard.
So far, we have a “candidate space” of q-expansions, which we know includes S
and this gives us a reasonable upper bound for the dimension of S. To get a good
lower bound, because we were only really interested in the case of N at most 350 or
so, we wrote a program which counts dihedral representations (the logic being the
folklore conjecture that “most weight 1 forms are dihedral”). More precisely, what
our program does is the following. For a given N it counts the number of representation Gal(Q/Q) → GL2 (C) which are continuous, odd, irreducible, induced from
a character of a quadratic extension of Q, and have conductor N . This computation
is a finite one because if M is a quadratic extension of Q and ψ : Gal(M/M) → C×
is a continuous 1-dimensional representation then the conductor of Ind(ψ) is the
absolute value of disc(M)|c(ψ)|, where c(ψ) is the conductor of ψ (an ideal of the
integers of M), and |c(ψ)| is its norm. Hence there are only finitely many possibilities for M and, for each possibility, one can use class field theory to enumerate the
characters Gal(M/M) → C× of conductor I , for I any ideal of OM . This approach
gives a lower bound for the dimension of the space of newforms in S, and if we repeat the computation for divisors of N , then we get a lower bound for the dimension
of S.
We have explained how to get both upper and lower bounds for the dimension
of a space S of characteristic zero weight one cusp forms. If these bounds coincide,
which of course they often do in practice in the range we considered, then we have
computed the dimension of S, we have also proved that the Galois representations
associated to all eigenforms of level N and conductor χ are induced from characters
of index two subgroups, and furthermore, because both methods we have sketched
are constructive, we now have two ways of actually computing the q-expansions of
a basis for S to as many terms as we like, within reason—an automorphic method
and a Galois method.
If however we run the algorithm above, and the lower bound it produces is still
strictly less than our upper bound, then we guess that there are some non-dihedral
forms at level N that are not contributing to our lower bound. What we now need
is a way of rigorously proving that these formal q-expansions really do correspond
to holomorphic weight 1 forms rather than forms with poles. We do this as follows.
Choose a form h in our vector space V . We are now suspecting that h is holomorphic; what we know is that h = g/f for some non-zero weight k form f and
weight k + 1 form g. Let D denote the divisor of zeros of f . Then h is a meromorphic section of ω, with divisor of poles bounded by D. In particular we have a
bound on the degree of the divisor of poles of h2 , which is now meromorphic and
weight 2. Now here’s the trick. If we can find a holomorphic weight 2 form φ of
level N whose q-expansion is the same as that of h2 up to order q M+1 , where M is
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a large integer, then we have proved that h2 is holomorphic; for h2 − φ is a weight 2
form which is a holomorphic section of ω⊗2 ⊗ (2D) ∼
= ω⊗(2+2k) and yet it has a zero
of order at least M at ∞, so as long as M is greater than the degree of ω⊗(2+2k) the
form h2 − φ must be identically zero, and in particular h must be holomorphic. If
we can prove that a basis for V consists of holomorphic forms, then we have proved
V = S. If this algorithm fails then we have really proved V = S and we go back
to choosing forms f as above and dividing out. Eventually in practice the process
terminates, at least for N ≤ 350 or so on architecture that is now ten years old. As
mentioned before, George Schaeffer has taken all of this much further now.
In practice we do not quite do what is suggested above. Firstly, instead of working
with the full space of forms of level N we fix a Dirichlet character of level N and
work with forms of level N and this character. This gives us a huge computational
saving because it cuts down the dimension of all the spaces we are working with by
a factor of (very) approximately N . It does introduce some thorny issues at primes
dividing φ(N), where the diamond operators may not be semisimple, but these can
be dealt with by simply gritting one’s teeth and ignoring diamond operators whose
order divides p in this case. In fact the issues became sufficiently thorny here for
p = 2 that we decided to leave p = 2 alone and restrict to the case p > 2.
Secondly, in fact we do not work over a field at all; we do the entire calculation
on the integral level, working over Z[ζn ] for ζn a primitive nth root of unity, n
chosen sufficiently large that all the relevant Dirichlet characters showing up in the
computation have order dividing n. In characteristic zero we only need to compute
with one Dirichlet character per Galois conjugacy class; but a characteristic zero
conjugacy class can break into several conjugacy classes mod p and so we need
to reduce things not modulo p but modulo the prime ideals of Z[ζn ]. If χ and α
are Z[ζn ]-valued Dirichlet characters of level N , and we are trying to compute in
level N , weight 1 and character χ , then we choose f ∈ Sk (N, α; Z[ζn ]) and let
L denote the lattice Sk+1 (N, αχ; Z[ζn ])/f . We run through many choices of f
and, instead of intersecting vector spaces, we intersect lattices. When computing an
intersection of two lattices L1 and L2 arising in the above way, one computes not
just the intersection but also the size of the torsion subgroup of (L1 + L2 )/L1 ; if
any prime number divides the order of this torsion subgroup then the intersection
of L1 and L2 is bigger in characteristic p than in characteristic zero. The torsion
subgroup is a Z[ζn ]-module and we compute the primes above p in its support; the
reduction of χ modulo these prime ideals are the mod p characters where there may
be more mod p forms than characteristic zero forms. Note that in practice the order
of the torsion subgroup of (L1 + L2 )/L1 can be so big that it is unfactorable, but this
does not matter because we simply collect all the orders of these torsion groups and
continually compute their greatest common divisor. What often happens in practice
is that we manage to prove that the intersection is no bigger in characteristic p than
in characteristic zero for all odd p  N ; then we have proved that all characteristic p
forms lift to characteristic zero.
Occasionally however we may run into a prime number p which shows up in
these torsion orders to the extent that we cannot rule out the dimension of the mod p
space being higher; we can then compute the q-expansion of a candidate non-liftable
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form and square it and look in weight 2 in characteristic p as explained above; if
we can find the q-expansion of the square in weight 2 to sufficiently high precision
then we have constructed a non-liftable form.
These tricks, put together, always worked in the region in which we did computations, which was N ≤ 352 in characteristic 0 and N ≤ 82 in characteristic p > 2.
We stopped at N = 352 in characteristic zero because of memory issues; by then
we had seen A4 and S4 extensions, but we still felt a long way from finding an A5
example—there is no reason why one should not be able to proceed further by using
a more powerful modern machine. In characteristic p we were running into problems of factoring very large integers when computing the torsion subgroups of the
quotients above, so we stopped at N = 82 because of a very interesting example that
we found there (see Sect. 4).

3 Characteristic Zero Results
We ran our calculations in characteristic 0 for all N ≤ 352. Of course, the dimension
of S1 (N, χ; C) was often zero.

3.1 Small Level
In characteristic zero there is a good theory of oldforms and newforms, and we
firstly list the dimensions of all the non-zero spaces S1new (N, χ; C) for N ≤ 60.
Note that if χ1 and χ2 are Galois conjugate characters then the associated spaces
S1new (N, χ1 ; C) and S1new (N, χ2 ; C) are also Galois conjugate in a precise sense,
and in particular have the same dimension, so we only list characters up to Galois
conjugacy. The (lousy) notation we use for characters is as follows: if the prime
factorization of N is pe q f . . . , then a Dirichlet character χ of level N can be written
as a product of Dirichlet characters χp , χq . . . of levels p e , q f , . . . By pa we mean
a character χp of level p e and order a, and by pa qb . . . we mean the product of
such characters. This notation will not always specify the Galois conjugacy class of
a character uniquely (which is why it’s lousy), but it does in the cases below apart
from the case N = 56, where we need to add that the character 22 is the unique even
character of level 8 and order 2 (thus making the product 22 72 odd).
One can now deduce, for example, that the dimension of S1 (52; C) is two, because no N strictly dividing 52 appears in the table (see Table 1), at N = 52 the
character in the table above has a non-trivial Galois conjugate, and both the character and its conjugate contribute 1 to the dimension. Similar computations give
the dimensions of all weight 1 spaces of level N ≤ 60. All of these forms are of
dihedral type and hence are easily explained in terms of ray class groups. For example, the √
two newforms at level 47 are explained by the fact that the class group
of L = Q( −47 ) is cyclic of order 5, and if H denotes the Hilbert class field of
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Table 1 Dimensions for
N ≤ 60

N

137

χ

dim S1 (N, χ ; C)

23

232

1

31

312

1

39

32 132

1

44

21 112

1

47

472

2

52

22 133

1

55

52 112

1

56

22 72

1

57

32 193

1

59

592

1

L then the four non-trivial characters of Gal(H /L) can all be induced up to give
2-dimensional Galois representations of Gal(H /Q) of conductor 47 (one gets two
isomorphism classes of 2-dimensional √
representations). In particular, the two newforms of level 47 are defined over Q( 5 ) and are Galois conjugates. As another
example, one checks that if P is a prime above 13 in Q(i) then the corresponding
ray class field of conductor P has degree 3 over Q(i), and the corresponding order 3
character of the absolute Galois group of Q(i) can be induced up to Gal(Q/Q) giving a 2-dimensional representation of conductor 52 which is readily checked to be
irreducible and odd, and is the representation corresponding to the level 52 form in
the table above (up to Galois conjugacy).
One can of course also explain all the forms in the table above using theta series: for example the first form in the list has level 23 and quadratic character; the
corresponding normalised newform f can be written down explicitly:
 2
2
2
2
q m +mn+6n − q 2m +mn+3n .
2f =
m,n

There is also
another well-known formula for f , namely f = η(q)η(q 23 ), where
1/24
n
η(q) = q
n (1 − q ). For other examples one can see [Ser77].

3.2 A4 Examples
Our algorithm computed lower bounds for spaces of forms by counting dihedral representations, and hence our methods make it easy to spot when one has discovered
a form which is not of dihedral type. To work out what is going on with these forms
one needs to do both local and global calculations; the more pedantic amongst us
might at this point like to choose algebraic closures Q of Q, and Q of Q for all
primes , and also embeddings of Q into Q (for all ) and into C; this makes life
slightly easier in terms of notation.
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Notation: if  is a prime then D denotes the absolute Galois group of Q , and
I is its inertia subgroup.
The smallest level where there is a non-dihedral form is N = 124 = 22 × 31. In
fact at level 124 there are four non-dihedral newforms (and no other newforms, although there is a 3-dimensional space of oldforms coming from level 31). Let χ be a
level 124 Dirichlet character with order 2 at 2 and order 3 at 31; then S1 (124, χ; C)
has dimension 2, as does S1 (124, χ −1 ; C) (note that χ −1 is the complex conjugate
of χ ). What are the Galois representations attached to the corresponding eigenforms? Well, let f, g denote the two normalised eigenforms in S1 (124, χ; C).
Lemma 3.1 The projective image of the Galois representations associated to f and
g are isomorphic to A4 ; furthermore, in both cases the number field cut out by this
projective representation is the splitting field K of x 4 + 7x 2 − 2x + 14.
Proof We use the following strategy. We first construct two odd Galois representations to GL2 (C) of conductor 124 and determinant χ , whose projective images both
cut out K; such representations are known to come from weight 1 forms of level 124
and hence they must be the representations associated to f and g. The lemma is
hence reduced to the construction of these two Galois representations, the heart
of the matter being controlling the conductor. The strategy for doing such things
was already used heavily in [Fre94], and the key input is Theorem 5 of [Ser77], a
theorem of Tate, which states the following: if we have a projective representation
 : Gal(Q/Q) → GL2 (C) and for each ramified prime  with associated decomposition group D we choose a lifting of |D to  : D → GL2 (C), then there is a
global lift  : Gal(Q/Q) → GL2 (C) of  such that if I is the inertia subgroup of D
then |I ∼
=  |I . In particular the conductor of  is the product of the conductors
of the  . This result reduces the computation of conductors of global lifts to a local
calculation, which we now do.
The splitting field K has degree 12 over Q. Let  : Gal(K/Q) → PGL2 (C) be an
injection. We will lift  to  with conductor 124. One easily checks using a computer
algebra package that K is unramified outside 2 and 31. The decomposition group
at 2 √
is cyclic of order 2 and the completion of K at a prime above 2 is isomorphic to
Q2 ( 3 ). The decomposition group at 31 is cyclic of order 3 and cuts out a ramified
degree 3 extension K31 of Q31 . The projective representation on the decomposition
group at 2 lifts to a reducible
representation 1 ⊕ τ , with τ the order 2 local character
√
which cuts out Q2 ( 3 ). This local representation has conductor 4. Similarly the
projective representation at 31 lifts to the reducible representation 1 ⊕ σ , with σ an
order 3 character with kernel corresponding to K31 . This local representation has
conductor 31. Tate’s theorem now implies that there is a global lift
 : Gal(Q/Q) −→ GL2 (C)
of  with conductor 124, which furthermore on I2 looks like 1 ⊕ τ . We know that 
is not induced from an index 2 subgroup of Gal(Q/Q) (if it were then the projective
image of  would be dihedral), and hence  :=  ⊗ χ4 ∼
 , where χ4 is the conduc=
tor 4 Dirichlet character. A local calculation at 2 shows that  also has conductor 4
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√
√
nr

(note that Qnr
2 ( 3 ) = Q2 ( −1 )). Furthermore,  and  are odd (because K is
not totally real) and hence both modular, so correspond to two distinct newforms of
level 124; these forms must be f and g.

Note that the strategy of the above proof easily generalises to other levels, assuming one can find the relevant number field, which we could do in every case
that we tried simply by looking through tables of number fields of small degree unramified outside a given set of primes. The next level where we see non-dihedral
forms is N = 133 = 7.19, with character χ of order 2 at 7 and 3 at 19; again this
determines χ up to conjugation. The weight 1 forms and the corresponding representations were originally discovered by Tate and some of his students in the 1970s;
see the concluding remarks of [Tat76] for some more historical information about
the calculations (which were done by hand)1 . Again the dimension of the space of
weight 1 forms of level N and character χ is 2, both forms are of A4 type and the
corresponding A4 -extension of Q is the splitting field of x 4 + 3x 2 − 7x + 4. This
can be proved using the same techniques as the preceding lemma; the splitting field
is unramified√outside 7 and 19, the decomposition group at 7 is cyclic of order 2 cutting out Q7 ( 7 ) and the decomposition group at 19 is cyclic of order 3; the global
quadratic character one twists by to get the second form is the one with conductor 7.
Whilst we did not go through tables of extensions of Q carefully and do the
analogues of the above calculations to check everything rigorously, computational
results seemed to indicate that the first few levels for which there are A4 newforms
are the levels 124, 133, 171, 201, 209, 224. . . .

3.3 S4 Examples
We talked about the non-dihedral forms of levels 124 and 133 in the previous section. The next non-dihedral newform occurs at level 148 = 22 × 37, and it is our first
form of type S4 . If χ is a Dirichlet character of level 148 which is trivial at 2 and has
order 4 at 37 (there are two such characters, and they are Galois conjugate) then the
dimension of S1 (148, χ; C) is 1. One checks using similar techniques that the S4 extension of Q cut out by the projective Galois representation must be the splitting
field of x 4 − x 3 + 5x 2 − 7x + 12. Indeed, the splitting field of this polynomial has
Galois group S4 , is unramified outside 2 and 37, the decomposition group at 2 is isomorphic to S3 with inertia the order 3 subgroup, and the decomposition and inertia
groups at 37 are both cyclic of order 4. Note that any inclusion S3 → PGL2 (C) lifts
to an inclusion S3 → GL2 (C); the induced map 2 : D2 → GL2 (C) has conductor 4
because it is the sum of two order three tame characters on inertia.
The author confesses that he was initially slightly surprised to see this latter extension show up again when looking for mod p phenomena in the next section.
1 We

thank Chandan Singh Dalawat for pointing out this reference to us on MathOverflow.
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Again, an analysis of tables of S4 extensions of Q should enable one to check
that the first few levels for which there are S4 forms are the levels 148, 229, 261,
283, 296. . . .

3.4 An A5 Example
Our search for forms of level N , 1 ≤ N ≤ 352, did not reveal any A5 forms. However following a suggestion of Frank Calegari, we did discover the following.
Proposition 3.2 There is a level 675 characteristic zero weight 1 form whose associated Galois representation has projective image isomorphic to A5 .
Proof We present a proof which is in a sense unenlightening. Let L be the splitting
field of x 5 − 25x 2 − 75. Using a computer algebra package (for example Magma)
one explicitly checks that L is not totally real, that Gal(L/Q) ∼
= A5 , and that L is
unramified outside 3 and 5. Furthermore 3 factors as (P1 P2 . . . P10 )6 with each Pi
having degree 1, the discriminant of L at 3 is 370 , and hence the discriminant of the
completion L1 of L at P1 is 37 . Hence, if Gi denote
the lower numbering filtration

on the group G0 = Gal(L1 /Q3 ) we know 7 = i (|Gi | − 1), and |G0 | = 6, |G1 | =
3, so Gn = 1 for all n ≥ 2. From this we conclude that the conductor of a minimal
lift of the associated representation A5 → PGL2 (C) is 33 at 3. A similar calculation
at 5 shows that the conductor of a minimal lift is 52 . By Khare–Wintenberger the
associated minimal lift Galois representation Gal(L/Q) → GL2 (C) has conductor
33 52 = 675 and is modular.

As is probably clear, the proof does not answer the most important question,
namely how one runs across the polynomial x 5 − 25x 2 − 75. The answer is that,
following a suggestion of Frank Calegari, we computed mod 5 forms of small weight
and character until we got lucky. At level 27 there is an ordinary weight 5 cuspidal
eigenform for which the associated mod 5 Galois representation seemed to have
image contained in Z.SL(2, F5 ) with Z the centre of GL(2, F5 ). A search through
the online tables [JR], knowing that there may be an A5 extension of Q unramified
outside 3 and 5 for which the associated weight 1 form may have conductor less
than 800, soon led us to the polynomial. Note in particular that the discovery of this
A5 form was completely independent of the weight 1 computations described in the
rest of this paper.

4 Unliftable Mod p Weight One Forms
Also perhaps of some interest are the mod p forms of level N that do not lift to
characteristic 0 forms of level N . We first note the following subtlety: there is a
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mod 3 form of level 52 with character of order 2 at 2 and trivial at 13, and this mod 3
form does not lift to a characteristic zero cusp form with order 2 character. But this
is not surprising—indeed this phenomenon can happen in weight k ≥ 2 as well,
and in weight 2 it first happens at N = 13; this was the reason that Serre’s initial
predictions about the character of the form giving rise to a modular representation
needed a slight modification. The weight 1 mod 3 form of level 52 in fact lifts to a
level 52 form with character of order 6, and also to an Eisenstein series of level 52
with order 2 character; on the Galois side what is happening is that the weight 1
level 52 cusp form of dihedral type mentioned in the previous section has associated
Galois representation which is irreducible and induced from an index 2 subgroup,
but the mod 3 reduction of this representation is reducible. The phenomenon of not
being able to lift characters in an arbitrary manner was deemed “uninteresting” and
we did not explicitly search for it (it happens again mod 5 at level 77 and many more
times afterwards; note in particular that it can happen mod p for p ≥ 5).
We now restrict our attention to mod p weight 1 eigenforms of level N which
do not lift to characteristic zero eigenforms of level N . We did an exhaustive search
for such examples with p > 2. The first example we found was at level 74, where
there is a mod 3 form with character trivial at 2 and of order 4 at 37. The associated
mod 3 Galois representation was checked to be irreducible and have solvable image,
and this confused the author for a while, because he was under the impression that
the only obstruction to lifting weight 1 forms was lifting the image of Galois. This
notion is indeed vaguely true, but what is happening here is that the mod 3 form of
level 74 lifts to no form of level 74 but to the form of type S4 and level 148 = 2 × 74
which we described in the previous section. Why has the conductor gone up? It
is for the following reason: there
 is a 2-dimensional mod 3 representation of D2
whose image is the subgroup 10 ∗∗ of GL2 (F3 ) and such that the image of inertia
has order 3. The conductor of this mod 3 representation is 21 ; however all lifts of
this representation to GL2 (C) have conductor at least 22 . This example was nice to
find, firstly because it gave the author confidence that his programs were working,
but secondly it somehow really emphasizes just how miraculous this whole theory
is—these subtleties of conductors dropping show up on both the automorphic side
and the Galois side.
After finding this level 74 example, what we now realised we really wanted was a
mod p form which did not lift to any weight 1 form at all. Fortunately we soon found
it—it was at level N = 82 = 2 × 41, and to our surprise was a mod 199 form (note
that 199 is prime) whose associated Galois representation had rather large image.
We finish this note by explaining what we found here.
Let F1992 denote the field with 1992 elements. Fix a root τ of X 2 + 127X + 1;
changing τ will just change everything below by the non-trivial field automorphism
of F1992 . One can check that the multiplicative order of τ is 40.
Let χ be the group homomorphism (Z/82Z)× → F×
which sends 47 ∈
1992
(Z/82Z)× (note that 47 is a generator of the cyclic group (Z/82Z)× ) to τ . Our
programs showed that the space of mod 199 weight 1 cusp forms of level N and
character χ was 1-dimensional. Let f denote this weight 1 eigenform. The reader

Property of The Mathematics Center Heidelberg - © Springer 2014

Computing Weight One Modular Forms over C and Fp

K. Buzzard

who wants to join in at home will need to know the first few terms in the q-expansion
of f :
f = q + (18τ + 85)q 2 + (183τ + 55)q 3 + (120τ + 135)q 4 + (171τ + 45)q 5
+ (187τ + 187)q 6 + (140τ + 128)q 7 + (194τ + 161)q 8
+ (84τ + 141)q 9 + (151τ + 150)q 10 + (106τ + 4)q 11
+ (127τ + 191)q 12 + (112τ + 92)q 13 + (27τ + 2)q 14
+ (146τ + 37)q 15 + (172τ + 44)q 16 + (192τ + 4)q 17
 
+ (137τ + 125)q 18 + (189τ + 117)q 19 + O q 20 .
This is enough to determine f uniquely. For one can formally multiply this power
series by a weight 1 Eisenstein series of level 82 and character χ −1 and the resulting q-expansion (which at this point we know up to O(q 20 )) is the q-expansion of
a level 82 mod 199 weight 2 form with trivial character which turns out to be determined uniquely by the first 19 coefficients of its q-expansion. The q-expansion
of this unique weight 2 form can be worked as far as one wants within reason; we
computed it to O(q 20000 ) in just a few minutes. Dividing through by the Eisenstein
series again gives us the q-expansion of f to as much precision as one wants.
Computing the q-expansion of f to high precision gives us, for free, plenty of
facts about the mod 199 Galois representation associated to f . Note first that there
is a mod 199 Galois representation attached to f ; one cannot use the Deligne–Serre
theorem here (because f doesn’t lift to a weight 1 form of characteristic zero) but
one can construct the representation by general theory as follows. One can multiply f by the mod 199 Hasse invariant A to get a mod 199 form Af of weight 199
which is an eigenvector for all Hecke operators away from 199; the smallest Heckestable subspace containing Af is 2-dimensional and consists of two eigenvectors
f1 and f2 ; the T -eigenvalues of f , f1 and f2 all coincide for  = 199, and the
T199 -eigenvalues of f1 and f2 are the two roots of X 2 − a199 X + χ(199), which are
distinct. Both f1 and f2 lift to characteristic zero weight 199 eigenforms which are
ordinary at 199, and the associated mod 199 Galois representations are isomorphic;
this is the mod 199 Galois representation f associated to f .
One consequence of thecomputation of f is that its q-expansion has all coefficients in F1992 . Write f = n≥1 an q n , with an ∈ F1992 . Explicit computation shows
that a2 and a41 are non-zero. The Brauer group of a finite field is trivial and hence
there is an associated semisimple Galois representation
f : Gal(Q/Q) −→ GL2 (F1992 ).
Standard facts about the mod p Galois representations associated to modular forms
now imply that f is unramified outside {2, 41}. Indeed, for  = 199 this is standard,
and for  = 199 we use the fact that the mod 199 representations of D199 attached
to f1 and f2 above are upper triangular with unramified characters on the diagonal, and furthermore the unramified character showing up as the subspace in f1 is
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the character that shows up as the quotient in f2 ; hence f restricted to D199 is a
direct sum of two unramified characters, f (Frob199 ) is semisimple, and the characteristic polynomial of f (Frob199 ) is X 2 a199 X + χ(199), just as the characteristic
/ {2, 41}.
polynomial of f (Frob ) is X 2 − a X + χ() for all other primes  ∈
Standard mod p local-global results apply to f1 and f2 , because they have weight
bigger than 1 and lift to characteristic zero. Furthermore standard level-lowering results apply to f , because it is absolutely irreducible—indeed, if it were reducible
then its semisimplification would be the sum of two characters of conductor dividing 82, and hence if 1 and 2 were primes congruent mod 82 then one would have
a1 = a2 . However one checks from the computations that a7 = a89 . In particular
“classical” level-lowering results can be applied to f1 and f2 , and one can deduce
level-lowering results for f . For example, there are no weight 1 mod 199 forms of
level 41 and character χ , hence f must be ramified at 2. It is also ramified at 41
(because its determinant is).
The kernel of f hence corresponds to a number field L ramified only at 2
and 41 such that Gal(L/Q) is isomorphic to the image of f , which is a subgroup
of GL2 (F1992 ). The local representation at 2 is Steinberg, which means that inertia
at 2 has order 199; the local representation at 41 is principal series corresponding to
one unramified and one tamely ramified (but ramified) character, which implies that
inertia at 41 has order 40. In particular L is tamely ramified at both 2 and 41.
The only natural question left is: what is the image of f , or equivalently what is
Gal(L/Q)? For several years we assumed that the image would contain SL2 (F1992 ),
but it was only in 2009 that we actually tried to sit down and compute it, and we
discovered that in fact the image is smaller.
Proposition 4.1 The image X of f is, after conjugation in GL2 (F199 ) if necessary,
contained in Z · GL2 (F199 ), with Z the subgroup of scalar matrices in GL2 (F1992 ).
Furthermore the quotient of X by X ∩ Z is PGL2 (F199 ).
Corollary 4.2
(1) There is a number field M, Galois over Q, unramified outside 2 and 41, tamely
ramified at 2 and 41, and with Gal(M/Q) = PGL2 (F199 ).
(2) The weight 1 form f does not lift to any weight 1 eigenform of characteristic
zero.
Proof of corollary (i) M is the kernel of f . (ii) There is no finite subgroup of
GL2 (C) with a subquotient isomorphic to the simple group PSL2 (F199 ) and so f
does not lift to GL2 (C); hence neither does f .

Remark 4.3 Our original proof of the proposition involved computing many of the
q-expansion coefficients of f ; indeed one crucial intermediate calculation took a
month. We are very grateful to the anonymous referee for suggesting a simpler approach.
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Proof of proposition Let f denote the projective representation associated to f ,
so
f : Gal(Q/Q) −→ PGL2 (F1992 ).
It suffices to prove that the image of f is the subgroup PGL2 (F199 ) of PGL2 (F1992 ).
We now adopt a rather brute force approach. We have defined X to be the image
of f ; we now let X denote the image of f in PGL2 (F1992 ). The finite subgroups
of PGL2 (Fp ) for p a prime were classified by Dickson (see [Dic58], Sects. 255
and 260); they are as follows. They are either conjugate in PGL2 (Fp ) to a subgroup
of the upper-triangular matrices, are dihedral of order prime to p, are isomorphic
to A4 , S4 or A5 , or are conjugate to PSL2 (k) or PGL2 (k) for some finite subfield
k ⊂ Fp . We will rule out all but one possibility for X; we know of no other way of
proving the result.
We start by observing that looking at the q-expansion of f gives upper and
lower bounds for the size of X. First, the size of X is bounded above by the
size of PGL2 (F1992 ), and this means that X cannot be conjugate to PSL2 (k) or
PGL2 (k) for any finite field k of size at least 1993 . In fact because det(f ) =
im(χ) = μ40 ⊂ F1992 consists of squares in F1992 , the image of f is contained
within μ80 SL2 (F1992 ) (where here μ80 is the cyclic group of 80th roots of unity
considered as a subgroup of the scalars in GL2 (F1992 )), which rules out the case
X = PGL2 (F1992 ) as well.
On the other hand we can compute the semisimple conjugacy classes of the first
1500 unramified primes by explicitly computing the q-expansion of f to high precision; this only takes a few minutes and shows that X has at least 199 elements
(the point being that a2 /χ() takes on all 199 values of F199 as  varies over the
first 1500 unramified primes; we do not need to worry about whether Frobenius elements actually are semisimple, because if g ∈ X ⊆ GL2 (F1992 ) is non-semisimple
2
then its semisimplification is g 199 ∈ X). This means that X cannot be isomorphic
to A4 , S4 or A5 . Next we observe that X cannot be conjugate to a subgroup of the
upper-triangular matrices. For if it were, the semisimple representation f would be
the sum of two characters each having conductor a divisor of 82 and in particular
one could deduce that if 1 and 2 were unramified primes which were congruent
mod 82 then a1 and a2 would be equal; however this is not the case, as a7 = a89 .
As a consequence we deduce that f is absolutely irreducible.
We are left with the following possibilities: X can be dihedral of order prime
to 199, or conjugate to PSL2 (k) for k of size 199 or 1992 , or conjugate to
PGL2 (F199 ). We next rule out the dihedral case; if X were dihedral then f restricted to an index two subgroup would be the sum of two characters, and hence f
would be induced from an index 2 subgroup corresponding to a quadratic extension
of √
Q unramified outside 2 and 41. There are only seven such extensions, namely
Q( D ) for D ∈ {2, 41, 82, −1, −2, −41, −82}, and for each one it is easy to find
a prime  ∈
/ {2, 41} which is inert in the extension and such that a = 0 (indeed the
smallest prime  such that a = 0 is  = 193, but there is an inert prime p ≤ 13
in each of these quadratic extensions). However all such Frobenius elements would
have trace zero if X were dihedral.
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We next rule out the case 
X = PSL2 (F1992 ). Our original method rather convoluted, involving writing f = n an q n and verifying, on a computer, that the coefficients
 an for all n ≤ 353011 with n ≡ 1 mod 41 were all in F199 . We then argued
that t≥0 a1+41t q 1+41t , a weight 1 form of level 2 × 412 = 3362, must have all qexpansion coefficients in F199 , which gave information about the restriction of f to
the absolute Galois group of Q(ζ41 ), and this sufficed. This calculation took several
weeks on a computer. We are grateful to the anonymous referee for providing the
following alternative argument. The trick is to observe that our computer calculations have shown that the space of mod 199 level 82 weight 1 forms of character χ
is 1-dimensional, and is spanned by f . Let us now construct another element of this
space, as follows. In simple terms it could be described as “the Galois conjugate of
the newform attached to f ⊗ χ −1 ”, but because the theory of newforms is thorny in
characteristic p let us spell out how to construct this form explicitly. First take f1 ,
the mod 199 weight 199 eigenform from before with the same Galois representation
as f . Lift it to F1 , a characteristic zero eigenform of weight 199 and level 82, and
with character χ
 of conductor 41. The only possibility for the local component of
the automorphic representation attached to F1 at 41 is a principal series representation attached to one unramified and one ramified character. This means that the
newform G1 attached to F1 ⊗ χ
−1 also has level 82. Similarly if we lift F2 to a
form of character χ
, the newform G2 attached to F2 ⊗ χ
−1 has level 82. Furthermore the mod 199 reductions of G1 and G2 have level 82, character χ −1 = χ 199
and q-expansions which are equal apart from the coefficients of q n with 199 | n.
This means that their difference is the 199th power of a weight 1 form of level 82
and character χ , and this form must hence be a multiple of f .
Unravelling this we see that we have proved that if f = n an q n then for all
primes  = 2, 41, 199 we have a  = a /χ(), where a  = a199 is the Galois conjugate of a . In particular if x ∈ X and we lift x to y ∈ SL2 (F199 ) with eigenvalues α and 1/α then (α + 1/α)2 = a2 /χ() ∈ F199 . However it is easy to check
that most elements of PSL2 (F1992 ) do not have this property. We conclude that
X = PSL2 (F1992 ).
We finally have to distinguish between the two remaining possibilities for X,
namely X = PSL2 (F199 ) and X = PGL2 (F199 ). Because X can be no larger than
PGL2 (F199 ) we do know that (after conjugation if necessary) X ⊆ Z.GL2 (F199 ),
with Z the scalars in GL2 (F1992 ). Furthermore det(X) = μ40 ⊂ F×
and hence
1992
X ∩ Z ⊆ μ80 . One checks that if  is the prime 661 then f (Frob ) has semisimplification a scalar matrix with order 40 and hence μ40 ⊆ X ∩ Z. Furthermore
the normal index 40 subgroup Y := f (Gal(Q/Q(ζ41 ))) of X is contained within
SL2 (F199 ) and hence Y = Y ∩ Z is a normal subgroup of X of index at most 40
and hence a normal subgroup of PSL2 (F199 ) of index at most 40. But PSL2 (F199 )
is simple and hence Y = PSL2 (F199 ). This means that Y is either SL2 (F199 ) or
an index 2 subgroup—but SL2 (F199 ) is a perfect group and hence Y = SL2 (F199 ),
and so μ40 SL2 (F199 ) ⊆ X. Because we know Y has index 40 in X we deduce that
μ40 SL2 (F199 ) is an index 2 subgroup of X.
If X = PSL2 (F199 ) then this forces X = μ80 SL2 (F199 ), but this cannot be the
case because the eigenvalues α and β of f (Frob3 ) have the following prop-
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erty: if δ ∈ μ80 ⊂ F1992 satisfies δ 2 = αβ then (α + β)/δ ∈
/ F199 . Hence X =
PGL2 (F199 ).

We finish by remarking that the corresponding PGL2 (F199 )-extension of Q contains a quadratic field J , corresponding to the subgroup PSL2 (F199 ). It is easy to
establish what this subextension is, as it is unramified outside 2 and 41 and in fact
also√unramified at 2, because L/Q is tamely ramified at 2, and hence it must
√ be
Q( 41 ). In particular we deduce the existence of a Galois extension of Q( 41 ),
unramified outside 2 and 41, with Galois group PSL2 (F199 ).
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Abstract We use Kneser’s neighbor method and isometry testing for lattices due
to Plesken and Souveigner to compute systems of Hecke eigenvalues associated to
definite forms of classical reductive algebraic groups.

1 Introduction
Let Q(x) = Q(x1 , . . . , xn ) ∈ Z[x1 , . . . , xn ] be an even positive definite integral
quadratic form in n variables with discriminant N . A subject of extensive classical study, continuing today, concerns the number of representations of an integer by
the quadratic form Q. To do so, we form the corresponding generating series, called
the theta series of Q:

q Q(x) ∈ Z[[q]].
θQ (q) =
x∈Zn

By letting q = e2πiz for z in the upper half-plane H, we obtain a holomorphic function θ : H → C; owing to its symmetric description, this function is a classical modular form of weight n/2 and level 4N . For example, in this way one can study the
representations of an integer as the sum of squares via Eisenstein series for small
even values of n.
Conversely, theta series can be used to understand spaces of classical modular
forms. This method goes by the name Brandt matrices as it goes back to early work
of Brandt and Eichler [Eic73, Eic75] (the basis problem). From the start, Brandt
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matrices were used to computationally study spaces of modular forms, and explicit algorithms were exhibited by Pizer [Piz80], Hijikata, Pizer, and Shemanske
[HPS89], and Kohel [Koh01]. In this approach, a basis for S2 (N ) is obtained by
linear combinations of theta series associated to (right) ideals in a quaternion order
of discriminant N ; the Brandt matrices which represent the action of the Hecke operators are obtained via the combinatorial data encoded in the coefficients of theta
series. These methods have also been extended to Hilbert modular forms over totally
real fields, by Socrates and Whitehouse [SW05], Dembélé [Dem07], and Dembélé
and Donnelly [DD08].
The connection between such arithmetically-defined counting functions and
modular forms is one piece of the Langlands philosophy, which predicts deep connections between automorphic forms in different guises via their Galois representations. In this article, we consider algorithms for computing systems of Hecke eigenvalues in the more general setting of algebraic modular forms, as introduced by
Gross [Gro99]. Let G be a linear algebraic group defined over Q, a closed algebraic
subgroup of the algebraic group GLn . (For simplicity now we work over Q, but in
the body we work with a group G defined over a number field F ; to reduce to this
case, one may just take the restriction of scalars.) Let G(Z) = G(Q) ∩ GLn (Z) be
the group of integral points of G.
Suppose that G is reductive, so that its maximal connected unipotent normal subgroup is trivial (a technical condition important for the theory). Let G∞ = G(R)
denote the real points of G. Then G∞ is a real Lie group with finitely many connected components.
Now we make an important assumption that allows us to compute via arithmetic
and lattice methods: we suppose that G∞ is compact. For example, we may take G
to be a special orthogonal group, those transformations of determinant 1 preserving
a positive definite quadratic form over a totally real field, or a unitary group, those
preserving a definite Hermitian form relative to a CM extension of number fields.
Under this hypothesis, Gross [Gro99] showed that automorphic forms arise without
analytic hypotheses and so are called algebraic modular forms.
 = Q ⊗Z 
 be a compact open subgroup of
Let Q
Z be the finite adeles of Q. Let K
 (a choice of level), let G = G(Q), and let
 = G(Q)
G
 K.

Y = G\G/
The set Y is finite. Let W be an irreducible (finite-dimensional) representation of G.
 is
Then the space of modular forms for G of weight W and level K

 = f : G/
 K
 −→ W | f (γ g) = γf (g) for all γ ∈ G .
M(W, K)
 is determined by its values on the finite set Y ; indeed,
Such a function f ∈ M(W, K)
if W is the trivial representation, then modular forms are simply functions on Y . The
 is equipped with an action of Hecke operators for each double coset
space M(W, K)


 these operators form a ring under convolution, called the Hecke
Kp
K with p
 ∈ G;
algebra.
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Algebraic modular forms in the guise of Brandt matrices and theta series of
quaternary quadratic forms, mentioned above, correspond to the case where G =
PGL1 (B) = B × /F × where B is a definite quaternion algebra over a totally real
field F . The first more general algorithmic consideration of algebraic modular
forms was undertaken by Lanksy and Pollack [LP02], who computed with the group
G = PGSp4 and the exceptional group G = G2 over Q. Cunningham and Dembélé
[CD09] later computed Siegel modular forms over totally real fields using algebraic
modular forms, and Loeffler [Loe08] has performed computations
√ with the unitary
group U (2) relative
to
the
imaginary
quadratic
extension
Q(
−11)/Q and U (3)
√
relative to Q( −7)/Q.
In this paper, we consider the case where the group G arises from a definite orthogonal or unitary group. Our main idea is to use lattice methods, making these
computations efficient. This connection is undoubtedly known to the experts. We
conjecture that, assuming an appropriate analogue of the Ramanujan-Petersson conjecture, lattice methods will run in polynomial time in the output size. (This is
known to be true for Brandt matrices, by work of Kirschmer and the second author [KV].)
To illustrate our method as we began, let Q be a positive definite quadratic form
in d variables over a totally real field F , and let O(Q) be the orthogonal group
of Q over F . (If we take a Hermitian form instead, we would then work with the
unitary group.) Then G is a reductive group with G∞ = G(F ⊗Q R) compact. Let
 is an open
⊂G
 of Λ
 = Λ ⊗Z Q
Λ be a ZF -lattice in F d . Then the stabilizer K


compact subgroup and the set Y = G\G/K is in natural bijection with the finite
set of equivalence classes of lattices in the genus of Λ, the set of lattices which are
locally equivalent to Λ.
The enumeration of representatives of the genus of a lattice has been studied
in great detail; we use Kneser’s neighbor method [Kne57]. (See the beginning of
Sect. 5 for further references to the use of this method.) Let p ⊂ ZF be a nonzero
prime ideal with residue class field Fp . We say that two ZF -lattices Λ, Π ⊂ F n are
p-neighbors if we have pΛ, pΠ ⊂ Λ ∩ Π and
dimFp Λ/(Λ ∩ Π) = dimFp Π/(Λ ∩ Π) = 1.
The p-neighbors of Λ are easy to construct and, under nice conditions, they are
locally equivalent to Λ and every class in the genus is represented by a p-neighbor
for some p. In fact, by the theory of elementary divisors, the Hecke operators are
also obtained as a summation over p-neighbors. Therefore the algorithmic theory of
lattices is armed and ready for application to computing automorphic forms.
The main workhorse in using p-neighbors in this way is an algorithm for isometry
testing between lattices (orthogonal, Hermitian, or otherwise preserving a quadratic
form). For this, we rely on the algorithm of Plesken and Souvignier [PS97], which
matches up short vectors and uses other tricks to rule out isometry as early as possible. This algorithm was implemented in Magma [BCP97] by Souvignier, with
further refinements to the code contributed by Steel, Nebe, and others.
These methods also apply to compact forms of symplectic groups; see the work
of Chisholm [Chi]. We anticipate that these methods can be generalized to a wider
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class of reductive groups, and believe that such an investigation would prove valuable for explicit investigations in the Langlands program. Already the case of a
(positive definite) quadratic form in many variables over Q of discriminant 1 we
expect will exhibit many interesting Galois representations.
The outline of this paper is as follows. In Sect. 2, we give basic terminology
and notation for algebraic modular forms. In Sect. 3, we review orthogonal and
unitary groups and their Hecke theory. In Sect. 4 we discuss elementary divisors in
preparation for Sect. 5, where we give an exposition of Kneser’s neighbor method
and translate Hecke theory to the lattice setting. In Sect. 6, we present the algorithm,
and we conclude in Sect. 7 with some explicit examples.

2 Algebraic Modular Forms
In this first section, we define algebraic modular forms; a reference is the original
work of Gross [Gro99] as well as the paper by Loeffler in this volume [Loe].

2.1 Algebraic Modular Forms
Let F be a totally real number field and let
F∞ = F ⊗ Q R ∼
= R[F :Q] .
 be the ring of finite
 = Q ⊗Z 
 = F ⊗Q Q
Z be the finite adeles of Q, let F
Let Q
adeles of F .
Let G be a reductive algebraic group over F . We make the important and non = G(F
) and
trivial assumption that the Lie group G∞ = G(F∞ ) is compact. Let G
G = G(F ).
Remark 2.1 We do not assume that G is connected, even though this assumption is
often made; the results we need hold even in the disconnected case (in particular,
for the orthogonal group).
Let  : G → W be an irreducible (finite-dimensional) representation of G defined over a number field E.
Definition 2.2 The space of algebraic modular forms for G of weight W is
 −→ W
M(G, W ) = f : G

f is locally constant and
 .
f (γ 
g ) = γf (
g ) for all γ ∈ G, 
g∈G

We will often abbreviate M(W ) = M(G, W ).
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 ⊂ G,

Each f ∈ M(W ) is constant on the cosets of a compact open subgroup K
so M(W ) is the direct limit of the spaces

 = f:G
 −→ W | f (γ 
 

M(W, K)
g
u) = γf (
g ) for all γ ∈ G, 
g ∈ G,
u∈K
(2.1)
 We will consider these smaller spaces, so let K
⊂G

of modular forms of level K.

be an open compact subgroup. When W = E is the trivial representation, M(W, K)
 K.

is simply the space of E-valued functions on the space Y = G\G/
 K
 is finite.
Proposition 2.3 ([Gro99, Proposition 4.3]) The set Y = G\G/
Let h = #Y . Writing
=
G

h



G
xi K,

(2.2)

i=1

 is completely determined by
it follows from the definition that any f ∈ M(W, K)
the elements f (
xi ) with i = 1, . . . , h. Let

xi K
xi−1 .
Γi = G ∩ 
The (arithmetic) group Γi , as a discrete subgroup of the compact group G∞ , is
finite [Gro99, Proposition 1.4].
Lemma 2.4 The map
h

 −→
M(W, K)

H 0 (Γi , W )
i=1




f −→ f (
x1 ), . . . , f (
xh )
is an isomorphism of F -vector spaces, where
H 0 (Γi , W ) = {v ∈ W | γ v = v for all γ ∈ Γi }.
 is finite-dimensional as an
In particular, from Lemma 2.4 we see that M(W, K)
E-vector space.

2.2 Hecke Operators
 comes equipped with the action of Hecke operators, defined as
The space M(W, K)
 K)
 = Hecke(K)
 be the space of locally constant, compactly
follows. Let Hecke(G,

 Then Hecke(G,
 K)
 is a ring under consupported, K-bi-invariant functions on G.
volution, called the Hecke algebra, and is generated by the characteristic functions
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p
 for p
 Given such a characteristic function T (
T (
p ) of double cosets K
K
 ∈ G.
p ),


decompose the double coset K p
K into a disjoint union of right cosets

p
=

K
K
p
j K
(2.3)
j

 by
and define the action of T (
p ) on f ∈ M(W, K)



 =
pj ).
T (
p )f (G)
f (G

(2.4)

j

This action is well-defined (independent of the choice of representative p
 and repre
of f . Finally, a straightforward calculation
sentatives p
j ) by the right K-invariance
shows that the map in Lemma 2.4 is Hecke equivariant.

2.3 Level
There is a natural map which relates modular forms of higher level to those of lower
level by modifying the coefficient module, as follows [DV, §8].
 is a finite index subgroup. Decomposing as in (2.2), we
 ≤ K
Suppose that K
obtain a bijection
 K
 =
G\G/

h


∼
 K
 −→
G\(G
xi K)/

i=1

h


i /K
i
Γi \K

i=1


 
i
 −→ Γi 
xi 
G(γ 
xi 
u)K
u
xi−1 K

 This yields
for γ ∈ G and 
u ∈ K.





∼ H 0 Γi , Hom K
 −→
i /K
i , W ∼
M W, K
=

h


i 
H 0 Γi , Coind K
 W .
K

i=1

i

Via the obvious bijection
i ∼
i /K
 K
 ,
K
= K/

(2.5)



letting W = CoindK
 W we can also write
K


 ∼
M W, K
=

h

H 0 (Γi , Wi )

(2.6)

i=1

where Wi is the representation W with action twisted by the identification (2.5).
 = (Kp )p in terms of its local components, for any Hecke opMoreover, writing K
erator T (
p ) such that
p
∈
/ Kp =⇒ Kp = Kp
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(noting that p
 ∈ Kp for all but finitely many primes p), the same definition (2.4)
applies and by our hypothesis we have a simultaneous double coset decomposition


 p
 =
p
=
 and K

K
K
p
j K
K
p
j K.
j

j

Now, comparing (2.6) to the result of Lemma 2.4, we see in both cases that modular
forms admit a uniform description as h-tuples of Γi -invariant maps. For this reason,
a special role in our treatment will be played by maximal open compact subgroups.

2.4 Automorphic Representations
As it forms one of the core motivations of our work, we conclude this section by
briefly describing the relationship between the spaces M(W ) of modular forms and
automorphic representations of G. Suppose that W is defined over F (cf. Gross
[Gro99, §3]). Since G∞ is compact, by averaging there exists a symmetric, positivedefinite, G∞ -invariant bilinear form
 ,  : W∞ × W∞ −→ F∞
where W∞ = W ⊗F F∞ . Then we have a linear map



 × G∞ ), F∞
Ψ : M(W ) −→ HomG∞ W∞ , L2 G\(G
by




 g∞ ) = (g∞ )v, f (G)
Ψ (f )(v)(G,

 × G∞ . The Hecke algebra Hecke(K)
 acts
 g∞ ) ∈ G
for f ∈ M(W ), v ∈ W , and (G,
on the representation space



 × G∞ ), F∞
HomG∞ W∞ , L2 G\(G
via its standard action on L2 by convolution.
Now, for a nonzero v ∈ W∞ , define


 × G∞ ), F∞
Ψv : M(W ) −→ L2 G\(G
f −→ Ψ (f )(v).
(In practice, it is often convenient to take v to be a highest weight vector.)

Proposition 2.5 ([Gro99, Proposition 8.5]) The map Ψv is Hecke(K)-equivariant


and induces a bijection between irreducible Hecke(K)-submodules of M(W, K)
and automorphic representations π of G(AF ) such that
 has a nonzero fixed vector, and
(1) π(K)
(2) π∞ is isomorphic to ∞ .
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 eigenvector f ∈ M(W, K)
 gives rise to an automorphic
In particular, a Hecke(K)
representation. Since automorphic representations are of such fundamental impor into its Hecke eigenspaces are of
tance, explicit methods to decompose M(W, K)
significant interest.

3 Hermitian Forms, Classical Groups and Lattices
Having set up the general theory in the previous section, we now specialize to the
case of orthogonal and unitary groups. In this section, we introduce these classical
groups; basic references are Borel [Bor91] and Humphreys [Hum75].

3.1 Classical Groups
Let F be a field with char F = 2 and let L be a commutative étale F -algebra
equipped with an involution : L → L such that F is the fixed field of L under .
Then there are exactly three possibilities for L:
1. L = F and is the identity;
is the nontrivial element of
2. L is a quadratic field extension of F and
Gal(L/F ); or
2 . L ∼
= F × F and (b, a) = (a, b) for all (a, b) ∈ F × F .
(As étale algebras, cases 2 and 2 look the same, but we will have recourse to single
out the split case.)
Let V be a finite-dimensional vector space over L. Let
φ : V × V −→ L
be a Hermitian form relative to L/F , so that:
1. φ(x + y, z) = φ(x, z) + φ(y, z) for all x, y, z ∈ V ;
2. φ(ax, y) = aφ(x, y) for all x, y ∈ V and a ∈ L; and
3. φ(y, x) = φ(x, y) for all x, y ∈ V .
Further suppose that φ is nondegenerate, so φ(x, V ) = {0} for x ∈ V implies x = 0.
For example, the standard nondegenerate Hermitian form on V = Ln is
φ(x, y) =

n


xi yi .

(3.1)

i=1

Let G be the (linear) algebraic group of automorphisms of (V , φ) over F : that is
to say, for a commutative F -algebra D, we have
G(D) = AutD⊗F L (VF ⊗F D, φ).
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(Note the tensor product is over F , so in particular we consider V as an F -vector
space and write VF .) More explicitly, we have

G(F ) = AutL (V , φ) = T ∈ GL(V ) | φ(T x, T y) = φ(x, y) .
Since φ is nondegenerate, for every linear map T : V → V , there is a unique linear
map T ∗ : V → V such that


φ(T x, y) = φ x, T ∗ y
for all x, y ∈ V . It follows that


G(F ) = T ∈ GL(V ) | T T ∗ = 1

where the ∗ depends on φ. The group G is a reductive linear algebraic group.
In each of the three cases, we have the following description of G.
1. If L = F , then φ is a symmetric bilinear form over F and G = O(φ) is the
orthogonal group of the form φ.
2. If L is a quadratic field extension of F , then φ is a Hermitian form with respect
to L/F and G = U(φ) is the unitary group associated to φ.
2 . If L = F × F , then actually we obtain a general linear group. Indeed, let
e1 = (1, 0) and e2 = (0, 1) be an F -basis of idempotents of L. Then V1 = e1 V
and V2 = e2 V are vector spaces over F , and the map T → T |V1 gives an isomorphism of G = G onto GL(V1 ).
Remark 3.1 To obtain symplectic or skew-Hermitian forms, we would work instead
with signed Hermitian forms above.
Remark 3.2 We have phrased the above in terms of Hermitian forms, but one could
instead work with their associated quadratic forms Q : V → L defined by Q(v) =
φ(v, v). In characteristic 2, working with quadratic forms has some advantages,
but in any case we will be working in situations where the two perspectives are
equivalent.

3.2 Integral Structure
Suppose now that F is a number field with ring of integers ZF . By a prime of F we
mean a nonzero prime ideal of ZF .
Let (V , φ) and G be as above. Since our goal is the calculation of algebraic
modular forms, we insist that G∞ = G(F∞ ) = G(F ⊗Q R) be compact, which rules
out the case 2 (that L = F × F ) and requires that F be totally real, so either:
1. L = F and G is the orthogonal group of the positive definite quadratic space
(V , φ), or

Property of The Mathematics Center Heidelberg - © Springer 2014

Lattice Methods for Algebraic Modular Forms on Classical Groups

M. Greenberg and J. Voight

2. L/F is a quadratic field extension and G is the unitary group of the definite
Hermitian space (V , φ).
Let ZL be the ring of integers of L. Let Λ ⊂ V be a lattice in V , a projective ZL module with rank equal to the dimension of V . Suppose further that Λ is integral,
so φ(Λ, Λ) ⊆ ZL . Define the dual lattice by

Λ# = x ∈ V | φ(Λ, x) ⊆ ZL .
We say Λ is unimodular if Λ# = Λ.
To a lattice Π ⊆ V we associate the lattice
 = V ⊗L L

 = Π ⊗ZL 
Π
ZL ⊂ V
with Πp = Π ⊗ZL ZL,p ; we have Π ⊗ZL ZL,p = Λ ⊗ZL ZL,p for all but finitely
 with Πp = Λp for all but finitely
primes p. Conversely, given a lattice (Πp )p ⊆ V
many p, we obtain a lattice
Π = {x ∈ V | x ∈ Πp for all p}.
(In fact, one can take this intersection over all localizations in V , not completions,
but we do not want to confuse notation.) These associations are mutually inverse to
 = (Πp )p unambiguously.
one another (weak approximation), so we write Π

 and let

Let G = G(F ) be the group of (finite) adelic points of G,
 = {
|
 = Λ}

K
g∈G
gΛ

(3.2)


 in G.
be the stabilizer of Λ

 Further, let G = G(F ) be the F Then K is an open compact subgroup of G.

points of G and let
Γ = {g ∈ G | gΛ = Λ}
be the stabilizer of Λ in G. Then the group Γ is finite, since it is a discrete subgroup
of the compact group G∞ [Gro99, Proposition 1.4].
Remark 3.3 In fact, by work of Gan and Yu [GY00, Proposition 3.7], there is a
unique smooth linear algebraic group G over ZF with generic fiber G such that for
any commutative ZF -algebra D we have
G(D) = AutD⊗Z ZL (Λ ⊗ZL D, φ).
F

As we will not make use of this, we do not pursue integral models of G any further
here.
We now consider the extent to which a lattice is determined by all of its localizations in this way: this extent is measured by the genus, which is in turn is given by
a double coset as in Sect. 2, as follows.

Property of The Mathematics Center Heidelberg - © Springer 2014

156

157

Definition 3.4 Let Λ and Π be lattices in V . We say Λ and Π are (G-)equivalent
(or isometric) if there exists γ ∈ G such that γ Λ = Π .

We say Λ and Π are locally equivalent (or locally isometric) if there exists 
g∈G


such that 
g Λ = Π . The set of all lattices locally equivalent to Λ is called the genus
of Λ and is denoted gen(Λ).
 we have
For any 
g = (gp )p ∈ G,
=

gΛ



gp Λ p ;

p

since gp Λp = Λp for all but finitely many p, by weak approximation, there is a
 =
 By definition Π ∈ gen(Λ) and every latunique lattice Π ⊆ V such that Π
g Λ.
tice Π ∈ gen(Λ) arises in this way. Thus, the rule
(
g , Λ) −→ Π = 
gΛ
 on gen(Λ). The stabilizer of Λ under this action is by definition
gives an action of G

K, therefore the mapping
 K
 −→ gen(Λ)
G/
 −→ 

gK
gΛ
is a bijection of G-sets. The set G\ gen(Λ) of isometry classes of lattices in gen(Λ)
is therefore in bijection with the double-coset space (class set)
 K.

Y = G\G/
By Proposition 2.3 (or a direct argument, e.g. O’Meara [O’Me00] for the orthogonal
case and Iyanaga [Iya68, 6.4] for the Hermitian case), the genus gen(Λ) is the union
of finitely many equivalence classes called the class number of Λ, denoted h =
h(Λ).
 can
In this way, we have shown that an algebraic modular form f ∈ M(W, K)
be viewed as a function of the set of classes in gen(Λ). Translating the results
of Sect. 1 in this context, if Λ1 , . . . , Λh are representatives for the equivalence
classes in gen(Λ), then a map f : gen(Λ) → W is determined by the finite set
f (Λ1 ), . . . , f (Λh ) of elements of W . The problem of enumerating this system
of representatives Y becomes the problem of enumerating representatives for the
equivalence classes in gen(Λ), a problem which we will turn to in Sect. 5 after
some preliminary discussion of elementary divisors in Sect. 4.

4 Elementary Divisors
In this section, we give the basic connection between elementary divisors and Hecke
operators, providing a link to the neighbor method in the lattice setting. These results
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being standard, the goals of this section are to gather results that are somewhat
scattered throughout the literature and to give precise statements adapted to our
desired applications.
Let F be a local field of mixed characteristic with ring of integers ZF , let φ be a
Hermitian form on V relative to L/F (including the possibility L = F , as before),
and let ZL be the integral closure of ZF in L with uniformizer P .
Let Ts ⊂ G be a maximal split torus in G and let Ws be the Weyl group of (G, Ts ).
Let
X ∗ (Ts ) = Hom(Ts , Gm ) and

X∗ (Ts ) = Hom(Gm , Ts )

be the groups of characters and cocharacters of Ts , respectively.
Theorem 4.1 The Cartan decomposition holds:

Kλ(P )K,
G=
λ∈X∗ (Ts )/Ws

where K is hyperspecial maximal compact subgroup of G.
There is a standard method for producing a fundamental domain for the action of
Ws on X∗ (Ts ), allowing for a more explicit statement of the Cartan decomposition.
Let Φ + ⊆ X ∗ (Ts ) be a set of positive roots and let

Ys+ = λ ∈ X∗ (Ts ) | λ(α) ≥ 0 for all α ∈ Φ + .
Proposition 4.2 ([Tit79, p. 51]) Ys+ is a fundamental domain for the action of Ws
on X∗ (Ts ). Therefore, we have

Kλ(P )K.
G=
λ∈Ys+

We now proceed to analyze the decomposition in Proposition 4.2 explicitly in our
situation. We suppose that Λ is unimodular (in our methods, we will consider the
completions at primes not dividing the discriminant), and we consider two cases.
We first consider the split case (2 ) with L ∼
= F × F . Let
V1 = (1, 0)V ∼
= Fn

and Λ1 = (1, 0)Λ ∼
= ZnF .

Recall that T → T |V1 identifies G = G(F ) with GL(V1 ). Already having described
V1 and Λ1 in terms of coordinates we have
G = GLd (F )

and K = GLd (ZF ).

Let T ≤ G be the subgroup of diagonal matrices, consisting of elements
t = diag(t1 , . . . , tn ).
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For i = 1, . . . , n, define the cocharacter λi : F × → T by
λi (a) = diag(1, . . . , 1, a, 1, . . . , 1),
where a occurs in the i-th component. Then

Ys+ = λr11 · · · λrnn | r1 ≤ · · · ≤ rn .
Proposition 4.3 (Elementary divisors; split case) Let Λ and Π be unimodular lattices in V with L ∼
= F × F . Then there is a basis e1 , . . . , en of Λ and integers
r1 ≤ · · · ≤ rn such that
(P /P )r1 e1 , . . . , (P /P )rn en
is a basis of Π . Moreover, the sequence r1 ≤ · · · ≤ rn is uniquely determined by Λ
and Π .
Now we consider the more difficult cases (1) and (2), which we can consider uniformly. We have that either L = F or the maximal ideal of ZF is inert or ramified in
ZL . Let ν = ν(φ) be the Witt index of (V , φ), the dimension of a maximal isotropic
subspace. Then ν = dim Ts ≤ n/2 and V admits a basis of the form
e1 , . . . , eν , g1 , . . . , gn−2ν , f1 , . . . , fν
such that
φ(ei , ej ) = φ(fi , fj ) = 0 and φ(ei , fj ) = δij .

(4.1)

In this basis, the matrix φ is
⎛
A(φ) = ⎝
I

I
(φ(gi , gj ))i,j

⎞
⎠

where I is the ν × ν identity matrix. The set of matrices of the form
⎛
⎞
diag(t1 , . . . , tν )
⎝
⎠
I
diag(t 1 , . . . , t ν )−1
constitute a maximal split torus in G. Considering λi as a cocharacter of GLν (F ) as
above, define
μi : F × −→ T

⎛

⎞

a −→ μi (a) = ⎝

λi (a)
I

λi (a)−1

⎠.
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With these choices, we have

Ys+ = μr11 · · · μrνn | r1 ≤ · · · ≤ rν .
Proposition 4.4 (Elementary divisors; nonsplit case) Let Λ and Π be unimodular
lattices in V with L ∼
 F × F . Then there is a basis
=
e1 , . . . , eν , g1 , . . . , gn−2ν , f1 , . . . , fν
of Λ satisfying (4.1) and integers r1 ≤ · · · ≤ rν such that
P −r1 e1 , . . . , P −rν eν , g1 , . . . , gj , P 1 f1 , . . . , P ν fν
r

r

is a basis of Π . Moreover, the sequence r1 ≤ · · · ≤ rν is uniquely determined by Λ
and Π .

5 Neighbors, Lattice Enumeration and Hecke Operators
In this section, we describe the enumeration of representatives for equivalence
classes in the genus of a Hermitian lattice. We develop the theory of neighbors with
an eye to computing Hecke operators in the next section.
The original idea of neighbors is due to Kneser [Kne57], who wished to enumerate the genus of a (positive definite) quadratic form over Z. Schulze-Pillot [Schu91]
implemented Kneser’s method as an algorithm to compute the genus of ternary and
quaternary quadratic forms over Z, and Scharlau and Hemkemeier [SH98] developed effective methods to push this into higher rank. For Hermitian forms, Iyanaga
[Iya69] used Kneser’s method to compute the class numbers of unimodular positive
definite Hermitian forms over Z[i] of dimensions ≤ 7; later Hoffmann [Hof91] pursued the method more systematically with results for imaginary quadratic fields of
discriminants d = −3 to d = −20 and Schiemann [Schi98] extended these computations further for imaginary quadratic fields (as far as d = −455). For further reference on lattices, see also O’Meara [O’Me00, Chap. VIII], Knus [Knu91], Shimura
[Shi64], and Scharlau [Sch85].

5.1 Neighbors and Invariant Factors
Let F be a number field with ring of integers ZF . Let L be a field containing F with
[L : F ] ≤ 2, ring of integers ZL , and involution with fixed field F . In particular,
we allow the case L = F and ZL = ZF . Let φ be a Hermitian form on V relative to
L/F , and let Λ ⊂ V be an integral lattice.
If Π ⊂ V is another lattice, then there exists a basis e1 , . . . , en for V and fractional ideals A1 , . . . , An and B1 , . . . , Bn of ZL , Ai ⊂ Bi , such that
Λ = A1 e1 ⊕ · · · ⊕ An en

and Π = B1 e1 ⊕ · · · ⊕ Bn en
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(a direct sum, not necessarily an orthogonally direct sum) satisfying
B1 /A1 ⊇ · · · ⊇ Bn /An .
The sequence B1 /A1 , . . . , Bn /An is uniquely determined and called the invariant
factors of Π relative to Λ. Note that Π ⊆ Λ if and only if the invariant factors are
integral ideals of ZL .
Define the fractional ideal
d(Λ, Π) =

n


Bi /Ai

i=1

and let d(Λ) = d(Λ# , Λ), where Λ# ⊇ Λ is the dual lattice of Λ. Then in fact
d(Λ) = d(Λ), so d(Λ) arises from an ideal over ZF , which we also denote d(Λ) and
call the discriminant of Λ. In particular, Λ is unimodular if and only if d(Λ) = ZF ,
and more generally Λp = Λ ⊗ZF ZF,p is unimodular whenever p is a prime of F
with p  d(Λ).
Definition 5.1 Let P be a prime of L and let k ∈ Z with 0 ≤ k ≤ n. An integral
lattice Π ⊂ V is a Pk -neighbor of Λ if Π has k invariant factors P and P−1 , i.e.,
invariant factors
P, . . . , P, ZL , . . . , ZL , P−1 , . . . , P−1 if k ≤ n/2, and
0
12
3
0 12 3
k

P, . . . , P, PP
0 12 3 0
n−k

k
−1

−1

, . . . , PP , P
12
3 0
2k−n

−1

, . . . , P−1 if k > n/2 and P = P.
12
3
n−k

Although when k > n/2 the definition makes sense when P = P—and a Pk neighbor is the same as an Pn−k -neighbor—we avoid this redundancy (recall the
maximal isotropic subspaces in this case have dimension ≤ n/2, by Proposition 4.4).
It follows from a comparison of invariant factors that Π is a Pk -neighbor of Λ if
and only if
Π/(Λ ∩ Π) ∼
= (ZL /P)k

and Λ/(Λ ∩ Π) ∼
= (ZL /P)k .

A p-neighbor Π of Λ has the same discriminant d(Λ) = d(Π).
Remark 5.2 One may also define N -neighbors for N a finitely generated torsion
ZL -module.

5.2 Neighbors and Isotropic Subspaces
Let P be prime of L above p and let q = PP. Then q = p or q = p2 . Suppose
that p  d(Λ). Let X ⊆ Λ be a finitely generated ZL -submodule. We say that X is
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isotropic modulo q if
φ(x, y) ∈ q for all x, y ∈ X.
Define the dual of X to be

X # = y ∈ V | φ(X, y) ⊆ ZL .
Then

PX # = y ∈ V | φ(X, y) ⊆ P
and Λ ∩ PX # ⊆ Λ ⊂ V is a lattice.
Proposition 5.3 Let X ⊆ Λ be isotropic modulo q. Then


Λ(P, X) = P−1 X + Λ ∩ PX #
is a Pk -neighbor of Λ, where k = dim X/PX.
Proof The integrality of Λ(P, X) follows from the fact that φ(x, y) ∈ PP for all
x, y ∈ X and φ(x, y) ∈ P for all x ∈ X and all y ∈ Λ ∩ PX # .
First, we prove a claim: Λ ∩ Λ(P, X) = Λ ∩ PX # . The inclusion “⊇” is clear.
For the reverse, suppose y ∈ Λ ∩ Λ(P, X), so y = v + w with v ∈ P−1 X and
w ∈ Λ ∩ PX # ; then v = y − w ∈ Λ and


−1
−1
φ(X, v) ⊆ φ X, P−1 X = φ(X, X)P ⊆ PP P = P
so v ∈ Λ ∩ PX # and thus y = v + w ∈ Λ ∩ PX # as well. This proves the claim.
Now, choose a ZL /P-basis x1 , . . . , xk for X/PX ⊆ Λ/PΛ. Consider the map
φ(·, X) : Λ −→ (ZL /P)k


y −→ φ(y, xi ) + P.
Since p is coprime to d(Λ), the Hermitian form φ is nondegenerate modulo P; since
X is totally isotropic, it follows that φ(·, X) is surjective. Since φ(y, x) = φ(x, y)
for all x, y ∈ V , we have that ker(φ(·, X)) = Λ ∩ PX # . Therefore, by the claim, we
have




Λ/ Λ ∩ Λ(P, X) = Λ/ Λ ∩ PX # ∼
(5.1)
= (ZL /P)k .
Next, we have
P−1 X ∩ Λ = X.
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Therefore,
 


 
Λ(P, X)/ Λ ∩ Λ(P, X) = P−1 X + Λ ∩ PX # / Λ ∩ PX #



∼
= P−1 X/ P−1 X ∩ Λ ∩ PX #
= P−1 X/X ∼
= X/PX

(5.2)

and X/PX ∼
= (ZL /P)k . Together with (5.1), we conclude that Λ(P, X) is a Pk neighbor.

Proposition 5.4 Let Π be a Pk -neighbor of Λ. Suppose that q = PP is coprime
to d(Λ). Then there exists X ⊆ Λ isotropic modulo q with dim X/PX = k such that
Π = Λ(P, X).
Proof Let X be the ZL -submodule of PΠ generated by a set of representatives for
PΠ modulo P(Π ∩ Λ). Then X is finitely generated and φ(X, X) ⊆ PP = q by
the integrality of Π . Since Π is a P-neighbor, we have
Π/(Λ ∩ Π) ∼
= (ZL /P)k
so PΠ ⊆ Λ ∩ Π ⊆ Λ, showing that X ⊆ Λ and X/PX ∼
= (ZL /P)k by nondegeneracy.
Next, we prove that Π ⊆ Λ(P, X). If y ∈ Π , then by the integrality of Π ,
φ(X, y) ⊆ φ(PΠ, y) = Pφ(Π, y) ⊆ P.
Therefore, Λ ∩ Π ⊆ Λ ∩ PX # . But
Λ ∩ Π  P−1 X + Λ ∩ Π ⊆ Π
and





P−1 X + (Λ ∩ Π) /(Λ ∩ Π) ∼
= P−1 X/ P−1 X ∩ (Λ ∩ Π)


∼
= X/ X ∩ P(Λ ∩ Π) ∼
= X/PX

by construction; since Π/(Λ ∩ Π) ∼
= (ZL /P)k , we con= (ZL /P)k and X/PX ∼
−1
clude P X + (Λ ∩ Π) = Π . Thus


Π = P−1 X + (Λ ∩ Π) ⊆ P−1 + Λ ∩ PX # = Λ(P, X)
as claimed.
But now since both Λ(P, X) and Π are Pk -neighbors of Λ, they have the
same invariant factors relative to Λ, so the containment Π ⊆ Λ(P, X) implies
Π = Λ(P, X).
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From this proposition, we see that by taking a flag inside an isotropic subspace X
modulo q with dim X/PX = k, every Pk -neighbor Π can be obtained as a sequence
Λ1 = Λ(P, X1 ), Λ2 = Λ1 (P, X2 ), . . . , Π = Λk−1 (P, Xk−1 )
of P-neighbors. However, not all such k-iterated neighbors are Pk -neighbors: Λ is
itself a P-neighbor of any of its P-neighbors, for example.
The P-neighbors can also be understood very explicitly when P is odd (i.e.,
P  2). Let X ⊆ Λ be isotropic modulo q with dim X/PX = k. We revisit the elementary divisor theory of Sect. 4. There is a ZL,q -basis x1 , . . . , xn for Λq such that
x1 , . . . , xk modulo q is a basis for X modulo q and such that a basis for Λ(P, X)q
is
(P /P )x1 , . . . , (P /P )xk , xk+1 , . . . , xn

(5.3)

P −1 x1 , . . . , P −1 xk , xk+1 , . . . , xn−k , P xn−k+1 , . . . , P xn ,

(5.4)

if P = P and is

if P = P, where P is a uniformizer of P.
To conclude would like to put together Propositions 5.3 and 5.4 to obtain a bijection between isotropic subspaces and neighbors of Λ; this is almost true, but some
additional structure is needed.
In the split case (P = P), the bijection is simple enough.
Lemma 5.5 Let X, X  ⊆ Λ be isotropic modulo q with
dim X/PX = dim X  /PX  = k.
Suppose that P = P. Then Λ(P, X) = Λ(P, X  ) if and only if X/PX = X  /PX  ⊆
Λ/PΛ.
This lemma implies that when P = P, there is a bijection between isotropic
subspaces X modulo q with dim X/PX = k and Pk -neighbors of Λ.
Proof We have q = PP and so we use the Chinese remainder theorem. We have
Λ(P, X)p = Λ(P, X) ⊗ ZL,P = P−1 XP + ΛP ,
so Λ(P, X)P = Λ(P, X  )p if and only if X/PX = X  /PX  . Similarly, Λ(P, X)P
= (Λ ∩ PX # )P and this only depends on X modulo P.

So we turn to the non-split case. Let X ⊆ Λ be isotropic modulo q with
dim X/PX = k. By (4.1), there exists a projective submodule Z ⊆ Λ isotropic
modulo q with dim Z/PZ = k such that X, Z form a hyperbolic pair; we call Z
a hyperbolic complement.
Now suppose that X  ⊆ Λ is also isotropic modulo q with dim X  /PX  = k. Then
by the results in Sect. 4, there exists a common hyperbolic complement Z to both X
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and X  . We say that X, X  are equivalent, and write X ∼ X  , if X/PX = X  /PX 
inside Λ/PΛ and there exists a common hyperbolic complement Z such that




X ∩ q(X ⊕ X)# / Λ ∩ q(X ⊕ Z)# = X  ∩ q(X ⊕ X)# / Λ ∩ q(X ⊕ Z)#


⊆ Λ/ Λ ∩ q(X ⊕ Z)# .
The sum X ⊕ Z is direct (but not orthogonally direct) and this space is nondegenerate, as it is hyperbolic. In other words, the two subspaces are equivalent if they are
the same modulo P and the same modulo q projecting orthogonally onto a common
hyperbolic space. The relation ∼ is indeed an equivalence relation: it is symmetric
since Λ ∩ q(X ⊕ Z)# = Λ ∩ q(X  ⊕ Z)# and transitive by choosing a subspace Z
which is a common hyperbolic complement to all three.
Proposition 5.6 We have Λ(P, X) = Λ(P, X  ) if and only if X ∼ X  . If k = 1 or
P = P, then X ∼ X  if and only if X/PX = X  /PX  .
Proof Suppose that X ∼ X  , and let Z be a common hyperbolic complement to
X, X  . It is enough to understand what happens locally at q, so let Xq = X ⊗ ZF,q
and so on. We write
Λq = Xq ⊕ Zq ⊕ Uq
with Uq = Λ ∩ q(X ⊕ Z)# the orthogonal complement of Xq ⊕ Zq , and similarly
with Xq . We have Uq = Uq . Then
Λ(p, X)q = P−1 Xq ⊕ PZq ⊕ Uq
and so Λ(p, X)q = Λ(p, X  )q if and only if X ∼ X  .



This proposition can be understood quite explicitly. In the case given by the
choice of basis (5.4), the hyperbolic complement Z is the subspace generated locally
by xn−k+1 , . . . , xn , and the set of inequivalent subspaces X  with this complement
are given by the isotropic subspaces of the form
x1 = x1 + P y1 , . . . , xk = xk + P yk
where yi ∈ Z.

5.3 Neighbors, the Genus and Strong Approximation
We now relate neighbors to the genus. Referring back to the explicit form of the
neighbors given in (5.3)–(5.4), when P is odd, we see that the corresponding
change of basis from Λ to its neighbor Λ(p, X) is an isometry: in the first case,
since q = P P −1 has qq = 1, this diagonal change of basis is an isometry and thus
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Λ(P, X)p ∼
= Λp ; a direct calculation in the latter case shows again that it is an
isometry. Since the invariant factors of a Pk -neighbor are supported over p, we
have proven the following lemma.
Lemma 5.7 Let Π be a P-neighbor of Λ with p below P and p  2d(Λ). Then Π
belongs to the genus of Λ.
Now we form the graph of Pk -neighbors: the vertices consist of a set of equivalence classes of lattices in the genus of Λ, and for each vertex Π we draw a directed
edge to the equivalence class of each Pk -neighbor of Π . This graph is κ-regular,
where κ is the number of isotropic subspaces of Λp modulo P of dimension k—
since all lattices in the genus are isomorphic. If, for example, φ is the standard form
(so is totally split) and P = P, then this number is simply the cardinality of the
Grassmanian Gr(n, k)(FP ) of subspaces of dimension k in a space of dimension n,
and we have the formula
#Gr(n, k)(Fq ) =

(q n − 1)(q n − q) · · · (q n − q k−1 )
.
(q k − 1)(q k − q) · · · (q k − q k−1 )

(5.5)

To conclude, we show that in fact the entire genus can be obtained via iterated
P-neighbors; this is equivalent to the assertion that the graph of P-neighbors is
connected.
First, we need the following important result, a consequence of strong approximation. For the orthogonal case L = F , see Eichler [Eic52], Kneser [Kne57], or
O’Meara [O’Me00, §104]; for the unitary case L/F , see Shimura [Shi64, Theorem 5.24, 5.27] (and Schiemann [Schi98, Theorem 2.10]); and for a further perspectives, see the survey by Kneser [Kne66].
We say that a lattice Λ is nice at the ramified primes if for all q ramified in L/F ,
the lattice Λq splits a one-dimensional sublattice. If n is odd or L = F or Λ is even
unimodular, this condition holds.
Let Cl(ZL ) be the class group of ZL and let Cl(ZL )  be the subgroup of those
classes that have a representative A with A = A.
Theorem 5.8 (Strong approximation) Let S be a nonempty set of primes of L coprime to 2d(Λ), and suppose that:
(1) L = F , n ≥ 3, d(Λ) is squarefree, and #Cl(ZF ) is odd; or
(2) [L : F ] = 2, n ≥ 2, Λ is nice at the ramified primes, and S represents all elements in Cl(ZL )/Cl(ZL )  .
Then every lattice in gen(Λ) is equivalent to a lattice Π with Πq = Λq for all
primes q below a prime Q ∈
/ S.
Proof (sketch) The hypotheses n ≥ 3 in case (1) and n ≥ 2 and case (2) are necessary, as they imply that the corresponding spin or special unitary group is simply connected; they also further imply that for all primes p  d(Λ) below a prime

Property of The Mathematics Center Heidelberg - © Springer 2014

166

167

P ∈ S, the form φp on Vp is isotropic, so Gp is not compact. Since the set S is
nonempty, strong approximation then implies that every lattice in the spin genus or
special genus of Λ is equivalent to a lattice Π as in the statement of the theorem.
Finally, in the orthogonal case (1), the hypothesis that S represents all elements in
Cl(ZF )/Cl(ZF )2 implies that the genus of Λ is covered by the spinor genera: over
Q, see Kneser [Kne56] and more generally see O’Meara [O’Me00, §91, §102] (in
his notation, θ (O + (Λq )) contains all q-adic units, and so gen(Λ) = spn+ (Λ)). In
the unitary case (2), the difference between the special genus and the genus of Λ is
measured by the group Cl(ZL )/Cl(ZL )  by the above cited work of Shimura when
Λ is nice at the ramified primes.

Remark 5.9 These are not the minimal set of hypotheses in which strong approximation holds, but they will suffice for our purposes; see the references above for a
more comprehensive treatment.
We then have the following corollary; see also Kneser [Kne57, §2], Iyanaga
[Iya69, 2.8–2.11], and Hoffmann [Hof91, Theorem 4.7].
Corollary 5.10 Under the hypotheses of Theorem 5.8, every lattice in gen(Λ) can
be obtained as a sequence of P-neighbors for P ∈ S.
Proof Let Π ∈ gen(Λ). By strong approximation, we may assume that ΠQ = ΛQ
for all Q ∈
/ S.
First, suppose that ΠQ = ΛQ for all Q = P. Then Pm Π ⊆ Λ for some m ∈ Z≥0 .
We proceed by induction on m. If m = 0, then Π ⊆ Λ and since d(Π) = d(Λ) we
have Π = Λ.
Suppose m > 0, and choose m minimal so that Pm Π ⊆ Λ. Let X be the ZL submodule of Pm Π generated by a set of representatives for Pm Π modulo Pm Π ∩
PΛ. Then X ⊆ Pm Π ⊆ Λ. Now consider again the proof of Proposition 5.4. We
see that X is isotropic (in fact, φ(X, X) ∈ (PP)m ). Form the neighbor Λ(P, X).
Then Λ(P, X) can be obtained from a sequence of P-neighbors of Λ.
Now we have




Pm−1 Π = P−1 X + Λ ∩ Pm−1 Π ⊆ P−1 X + Λ ∩ PX # = Λ(P, X),
since




φ X, Pm−1 Π ⊆ φ Pm Π, Pm−1 Π ⊆ Pqm−1 φ(Π, Π) ⊆ P.
Therefore, by induction, Pm−1 Π can be obtained by a repeated P-neighbor of
Λ(P, X), and we are done by transitivity.
In the general case, we simply repeat this argument for each prime P in ZL . 
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5.4 Hecke Operators
We now connect the theory of neighbors to Hecke operators via elementary divisors
and the Cartan decomposition as in the previous section. Specifically, we compute
 for primes p  d(Λ). In this case, the
the action of Hecke(G(Fp ), Kp ) on M(W, K)
corresponding lattice is unimodular.
As should now be evident from this description in terms of maximal isotropic
subspaces, the Hecke operator acts on a lattice by a summation over its neighbors.
We record this in the following theorem.
 correspond to the sequence
Theorem 5.11 Let p
∈ G
0 ≤ ··· ≤ 0 ≤ 1 ≤ ··· ≤ 1
0 12 3
k

p
=
in Proposition 4.4 or 4.3. Write K
K
lattices



 Then for any 
 the set of
p
j K.
x ∈ G,

∩ V
xp
j Λ = 
xp
j Λ
Πj = 
is in bijection with the set of Pk -neighbors of 
x Λ.

6 Algorithmic Details
Having discussed the theory in the previous sections, we now present our algorithm
for using lattices to compute algebraic modular forms.

6.1 General Case
We first give a general formulation for algebraic groups: this general blueprint can
be followed in other situations (including symplectic groups, exceptional groups,
 of algebraic modular forms of weight W and
etc.). We compute the space M(W, K)
 on a group G. To begin with, we must decide upon a way to represent in
level K
 and the G-representation W so we
bits the group G, the open compact subgroup K,
 as a
can work explicitly with these objects. Then, to compute the space M(W, K)
module for the Hecke operators, we carry out the following tasks:
 (i = 1, . . . , h) for G\G/
 K,
 as in (2.2), compute
1. Compute representatives 
xi K

Γi = G ∩ 
xi K
xi−1 , and initialize
h

H=

H 0 (Γi , W ).
i=1

Choose a basis of (characteristic) functions f of H .
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 as in Sect. 4.
2. Determine a set of Hecke operators T (
p ) that generate Hecke(K),
For each such T (
p ):
p
 into a union of right cosets p
 as in
(a) Decompose the double coset K
K
j K,
(2.3);
j , find γij ∈ G and j ∗ so that
(b) For each 
xi and p
 = γij 

j K
xj ∗ K.

xi p
(c) Return the matrix of T (
p ) acting on H via the formula



γij f (
xj ∗ )
T (
p )f (
xi ) =
j

for each f in the basis of H .
In Step 2c, since each function f is a characteristic function, we are simply recording for each occurrence of j ∗ an element of G.
We now turn to each of the pieces of this general formulation in our case.

6.2 Representation in Bits
We follow the usual algorithmic conventions for number fields [Coh93]. A Hermitian form (V , φ) for L/F is represented by its Gram matrix. We represent a ZF lattice Λ ⊂ V by a pseudobasis over ZF , writing
Λ = A1 x1 ⊕ · · · ⊕ An xn
with x1 , . . . , xn ∈ V linearly independent elements and Ai ⊂ L fractional ZL -ideals
 is the stabilizer of Λ by (3.2) so no further
[Coh00]. The open compact subgroup K
specification is required.
The irreducible, finite dimensional representations of G are given by highest
weight representations. The theory is explained e.g. by Fulton and Harris [FH91],
and in the computer algebra system Magma there is a construction of these representations [dGr01, CMT04], based on the LiE system [vLCL92].

6.3 Step 1: Enumerating the Set of Representatives
 for G\G/
 K
 using the results of Sects. 4
We enumerate a set of representatives 
xi K
and 5. For this, we will use Corollary 5.10, and so we must assume the hypotheses
of Theorem 5.8.
Next, according to Corollary 5.10 we compute a nonempty set of primes S of L
coprime to 2d(Λ) that represent all elements in Cl(ZL )/Cl(ZL )  . By the Chebotarev density theorem, we may assume that each prime P is split in L/F if L = F .
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There are standard techniques for computing the class group due to Buchmann (see
Cohen [Coh00, Algorithm 6.5.9] for further detail). We compute the action of the
involution on Cl(ZL ) directly and then compute the subgroup Cl(ZL )  fixed by
and the corresponding quotient using linear algebra over Z.
Next, we traverse the graph of P-neighbors for each P ∈ S. To do this, we perform the following tasks:
(a) Compute a basis for ΛP as in Propositions 4.3 and 4.4 according as L = F or
L = F .
(b) Compute the one-dimensional isotropic subspaces modulo P in terms of the
basis ei for the maximal isotropic subspace.
(c) For each such subspace X, compute the P-neighbor Λ(P, X) = P−1 X + PX #
using linear algebra.
(d) Test each neighbor Λ(P, X) for isometry against the list of lattices already
computed. For each new lattice Λ , repeat and return to step a with Λ in place
of Λ.
Since the genus is finite, this algorithm will terminate after finitely many steps.
Remark 6.1 One can also use the exact mass formula of Gan and Yu [GY00] and
Gan, Hanke, and Yu [GHY01] as a stopping criterion, or instead as a way to verify
the correctness of the output.
In Steps 1a–1b we compute a basis. When [L : F ] = 2, this is carried out as in
Sect. 5 via the splitting Lp ∼
= Fp × Fp . When L = F , we use standard methods
including diagonalization of the quadratic form: see e.g. work of the second author
[Voi] and the references therein, including an algorithm for the normalized form
of a quadratic form over a dyadic field, which at present we exclude. From the
diagonalization, we can read off the maximal isotropic subspace, and this can be
computed by working not over the completion but over ZF /pe for a large e. Next, in
Step 1c we compute the neighbors. This is linear algebra. Step 1d, isometry testing,
is an important piece in its own right, which we discuss in the next subsection; as a
consequence of this discussion, 4
we will also compute Γi = Aut(Λi ). From this, the
computation of a basis for H = hi=1 H 0 (Γi , W ) is straightforward.

6.4 Isometry Testing
To test for isometry, we rely on standard algorithms for quadratic Q-spaces and Zlattices even when computing relative to a totally real base field F or a CM extension
L/F . Let a1 , . . . , ad be a Z-basis for ZL with a1 = 1, and let x1 , . . . , xn be a basis
of V .
Then
{ai xj } i=1,...,d

j =1,...,n
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is a Q-basis of V . Define Q-bilinear pairings
φi : V × V −→ Q

by φi (x, y) = trL/Q φ(ai x, y).

Since a1 = 1 and φ is a definite Hermitian form on V over L, φ1 is a positive definite, symmetric, bilinear form on V over Q. In other words, (V , φ1 ) is a quadratic
Q-space. The L-space (V , φ) can be explicitly recovered from (V , φ1 ), together
with the extra data φ2 , . . . , φd by linear algebra. Note that the forms φ2 , . . . , φd are
in general neither symmetric nor positive definite.
Lemma 6.2 Let f : V → V be a Q-linear, surjective map. Then the following are
equivalent.
(i) f is L-linear and φ(f (x), f (y)) = φ(x, y) for all x, y ∈ V .
(ii) φi (f (x), f (y)) = φi (x, y) for all i = 1, . . . , d and all x, y ∈ V .
Proof If f is L-linear and φ(f (x), f (y)) = φ(x, y) for all x, y ∈ V , we have






φi f (x), f (y) = trL/Q φ ai f (x), f (y) = trL/Q φ f (ai x), f (y)
= trL/Q φ(ai x, y) = φi (x, y).
Thus, (i) implies (ii).
Suppose now that φi (f (x), f (y)) = φi (x, y) for all i = 1, . . . , d and all x, y ∈ V .
Let x ∈ V and let i ∈ {1, . . . , d}. We want to show that f (ai x) = ai f (x). First, note
the identity
φi (u, v) = φ1 (ai u, v).
We compute:


φ1 f (ai x) − ai f (x), f (y)




= φ1 f (ai x), f (y) − φ1 ai f (x), f (y)


= φ1 (ai x, y) − φi f (x), f (y)
= φi (x, y) − φi (x, y)

(∗)



by the f -invariance of φ1 and (∗)


by (∗) and the f -invariance of φi

= 0.
Since f is assumed surjective, f (y) varies over all elements of V . Therefore, by
the nondegeneracy of φ1 (it’s positive-definite), we must have f (ai x) = ai f (x) as
was to be shown.
We now show that φ is f -invariant. Let σ1 , . . . , σd be the embeddings of L into
σ
C. If A = (ai j ) ∈ Mn (C), then
⎞
⎞ ⎛
⎛
φ1 (f (x), f (y))
φ(f (x), f (y))σ1
⎟
⎟ ⎜
⎜
..
..
A⎝
⎠
⎠=⎝
.
.
φ(f (x), f (y))σn

φn (f (x), f (y))
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⎛
⎞
⎞
φ(x, y)σ1
φ1 (x, y)
⎜
⎜
⎟
⎟
..
..
=⎝
⎠.
⎠ = A⎝
.
.
⎛

φn (x, y)

φ(x, y)σn

Since A is invertible by independence of characters and σ1 is injective, we get
φ(f (x), f (y)) = φ(x, y).

Using Lemma 6.2, we reduce the problem of testing if two Hermitian lattices
over ZF are isometric to a problem of testing if two lattices over Z are isometric in
a way which preserves each φi . For this, we rely on the algorithm of Plesken and
Souvignier [PS97], which matches up short vectors and uses other tricks to rule out
isometry as early as possible, and has been implemented in Magma [BCP97] by
Souvignier, with further refinements by Steel, Nebe, Unger, and others.
Remark 6.3 An essential speed up in the case of Brandt modules is given by Dembélé and Donnelly [DD08] (see also Kirschmer and the second author [KV, Algorithm 6.3]). To decide if two right ideals I, J in a quaternion order O are isomorphic,
one first considers the colon ideal (I : J )L = {α ∈ B | αJ ⊆ I } to reduce the problem to show that a single right ideal is principal; then one scales the positive definite
quadratic form over Q by an explicit factor to reduce the problem to a single shortest
vector calculation. It would be very interesting to find an analogue of this trick in
this context as well.

6.5 Step 2: Hecke Operators
Essentially all of the work to compute Hecke operators has already been set up in
enumerating the genus in Step 1. The determination of the Hecke operators follows
from Sects. 4 and 5, and their explicit realization is the same as in Step 1a. We
work with those Hecke operators supported at a single prime. In Step 2a, from Theorem 5.11, the double coset decomposition is the same as set of P-neighbors, which
we compute as in Step 1. In Step 2b, we compute the isometry γij using isometry
testing as in the previous subsection: we quickly rule out invalid candidates until the
correct one is found, and find the corresponding isometry. Finally, in Step 2c, we
collect the results by explicit computations in the weight representation.

7 Examples
In this section, we illustrate our methods by presenting the results of some explicit
computations for groups O(3) and O(4) and of the form G = UL/F (3), relative to a
CM extension L/F , where L has degree 2, 4, or 6.
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Remark 7.1 We made several checks to ensure the correctness of our programs.
First, we checked that matrices of Hecke operators for p and q with p = q commuted.
(They did.) Additionally, a known instance of Langlands functoriality implies that
forms on U (1) × U (1) × U (1) transfer to U (3). Checking that resulting endoscopic
forms occur in the appropriate spaces [Loe08, §§4.2, 4.6] also provided a useful test
of our implementation. (It passed.)
We begin with two illustrative examples on orthogonal groups.
Example 7.2 We begin with an example with a direct connection to classical modular forms, realizing the isogeny between O(3) and GL(2). We consider integral, positive definite quadratic forms in three variables (taking for simplicity F = Q). We
take the quadratic form Q(x, y, z) = x 2 + y 2 + 3z2 + xz, with (half-)discriminant
11, and the associated bilinear form
⎛
⎞
2 0 1
φ = ⎝0 2 0⎠ .
1 0 7
We take Λ = Z3 to be the standard lattice. We then compute the 3-neighbors of Λ:
the maximal isotropic subspaces are all of dimension ν = 1, and there are 3 + 1 = 4
such: we find one new class in the genus, represented by the lattice Π with basis
(1, 0, 0), (0, 3, 0), (1/3, 2/3, 1/3), so the class set is of cardinality 2. (The quadratic
form Q in this basis for Π is x 2 + 9y 2 + z2 + xz + 4yz.) We work with trivial weight
W . Computing the Hecke operators at a prime p = 2, 11 then amounts to computing
the p + 1 neighbors of Λ and Π , respectively, and identifying their isometry class.
We find:








2 2
4 2
4 4
10 4
, T5 =
, T7 =
, T13 =
, ....
T3 =
3 1
3 3
6 2
6 8
We compute the Hecke operators up to p = 97 in just a few seconds, and we verify
that these matrices commute.
The eigenvector (1, 1), obtained as the span of the constant functions, corresponds to the Eisenstein series of level 11 and weight 2, with eigenvalues ap = p + 1
for p = 11. The other eigenvector, (1, −1), has eigenvalues ap = −1, 1, −2, 4, . . .
for p = 3, 5, 7, 13, . . . , and we immediately recognize this as the unique classical
cusp form of level 11 and weight 2:
∞

n=1

an q n =

∞



1 − qn

2 

1 − q 11n

2

n=1

= q − 2q 2 − q 3 + 2q 4 + q 5 + 2q 6 − 2q 7 − 2q 9 − 2q 10 + q 11 + · · · .
This form corresponds to the isogeny class of the elliptic curve y 2 + y = x 3 − x 2 of
conductor 11 via the relation ap = p + 1 − #E(Fp ) for p = 11.
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Example 7.3 Now we consider the next largest space O(4). We take the bilinear
form
⎛
⎞
2 0 0 1
⎜0 2 1 0⎟
⎟
φ=⎜
⎝0 1 6 0⎠
1 0 0 6
of discriminant 112 . (This form corresponds to the reduced norm form on a maximal
order in the quaternion algebra of discriminant 11 over Q.) We now find a class set of
size 3 by computing 3-neighbors. Here, we have ν = 2, so for each prime p = 2, 11
we have two Hecke operators, corresponding to subspaces of size k = 1 and k = 2.
This space breaks up into three Hecke irreducible subspaces. The Eisenstein
space again corresponds to the constant functions with eigenvalues (p + 1)2 for
Tp,1 and 2p(p + 1) for Tp,2 . We have two others: we label their eigenvalues as ap,i
and bp,i for i = 1, 2.
Table 1 Computation of Tp,i on M(Q) for p with p = 2, 11; p < 50
3

p

5

7

ap,1

1

bp,1

−4

ap,2

−6 −10

bp,2

13

1

4

16

6 −16

9

19
4

23
0

56 −36

−8

25

17

29

31

1

0

49

0 −24

0

224

4 −28 −40 −46 −60

52

184

292

37

360

529

840

41
9

43

64

47

36

64

114 −336 −264

384

34

−58

44

−16

32

1009

1377

1744

1884

2272

These calculations take just a couple of minutes, with many careful checks along
the way to ensure the calculations are correct.
Now presumably, since O(4) is isogeneous to O(3) × O(3), there is some relationship between these eigenspaces and the eigenspaces given in Example 7.2 given
by the associated Galois representations.
We now turn to four examples on unitary groups.
√
Example 7.4 UL/F (3), L = Q( −7), F = Q, weights (0, 0, 0) and (3, 3, 0):
Table 2 Computation of Tp,1 on M(Q) for unramified, degree one p ⊂ ZL ; 2 < N(p) < 200
N(p)

2

11

23

29

37

43

53

67

71

79

107

ap

7

133

553

871

1407

1893

2863

4557

5113

6321

11557

bp

−1

5

41

−25

−1

101

47

−51

185

−15

293

113

127

149

151

163

179

191

193

N(p) 109
ap
bp

137

197

11991 12883 16257 18907 22351 22953 26733 32221 36673 37443 39007
215

−109

129

−37

335

425

237

−163

−127

131

479
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Here, we extend aspects of the calculation in the principal example of [Loe08].
In this case, the class number of the principal genus of rank 3 Hermitian lattices for
L/Q is 2, with classes represented by the standard lattice Λ1 = Z3L and the lattice
Λ2 ⊂ L3 with basis


√
1
1
ω = (1 + −7)
(1 − ω, 0, 0), (1, 1, 0), (−3 + ω, −1 + ω, −1 + ω).
2
2
The lattices Λ1 and Λ2 are 2-neighbours:
ωΛ2 ⊂ Λ1 ,

ω̄Λ1 ⊂ Λ2 .

(Representatives for the ideal classes in the principal genus were computed in the
first place by constructing the 2-neighbour graph Λ1 .) It follows that the space of
M(Q) of algebraic modular forms for UL/F (3) with trivial coefficients is simply the
2-dimensional space of Q-valued function on {[Λ1 ], [Λ2 ]}. We obtain two distinct
systems ap and bp of Hecke eigenvalues occurring in M(Q). (See Table 2. Computing the data in this table took about 3 minutes in total.) We point out observations of
Loeffler considering the nature of the corresponding algebraic modular forms: First,
observe that the system ap is “Eisenstein”, in the sense that the eigenvalues of Tp,1
is the degree of the Hecke operator Tp,1 :
ap = N (p)2 + N (p) + 1.
Equivalently, the corresponding algebraic modular form is the lift from U (1) ×
U (1) × U (1) of χtriv × χtriv × χtriv . The algebraic modular form with system of
eigenvalues bp is also a lift form U (1) × U (1) × U (1): if p is either generator of p,
then
bp = p 2 + pp + p 2
(the expression is independent of the choice of p).
We now consider analogous computations involving forms of higher weight.
The space M(V3,3,0 ) the associated to the above data has dimension 4, while the
representation space V3,3,0 itself has dimension 64. Loeffler [Loe08] showed that
M(V3,3,0 ) splits as the direct
√ sum of two 2-dimensional, Hecke-stable subspaces
not diagonalizable over Q( −7):
M(V3,3,0 ) = W1 ⊕ W2 .
One of these spaces arises as the lift involving a 2-dimensional Galois conjugacy
class of classical eigenforms in S9 (Γ1 (7)) via a lifting from the endoscopic subgroup U (1) × U (2) of U (3). The other corresponds to a Galois conjugacy class of
nonendoscopic forms, whose associated -adic Galois representations
 : GL −→ GL2 (Q )
are irreducible.
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√
We consider the corresponding modular space M(V3,3,0 /F7 ) of mod ( −7)modular forms of weight (3, 3, 0). We computed the Hecke operators Tp,1 for unramified, degree one primes p ⊂ ZL of norm at most 100. The data is presented in
Table 3.
Table 3 Computation of Tp,1
√
mod ( −7); p ⊂ ZL degree
one, unramified;
2 < N(p) < 100

2

11

23

29

37

43

53

67

71

79

ap

0

0

0

3

0

3

0

0

3

0

bp

6

5

6

3

6

3

5

5

3

6

Simultaneously
diagonalizing the matrices of these Hecke operators we obtain
√
two mod ( −7) systems of eigenvalues that we write a p and bp . We choose this
notation because those systems are the reductions modulo 7 of the corresponding
trivial weight systems ap and bp from earlier. We have an explicit modulo 7 congruence between a nonendoscopic form in weight (3, 3, 0) and an endoscopic form in
weight (0, 0, 0). Thus, the modulo 7 Galois representation associated to the system
bp is reducible.
7
√
√
Example 7.5 UL/F (3), F = Q( 13), L = F ( −13 − 2 13), weight (0, 0, 0):
In this example, the class number of the principal genus is 9, as is the dimension
of the corresponding space of automorphic forms with trivial weight.
Table 4 Computation of Tp,1
for degree one, unramified
p ⊂ ZL ; 2 < N(p) < 250

N(p) 29 53 61 79 107 113 131 139 157 191 211
ap

4

11 12 5

5

3

6

10

1

11

2

We computed the matrices of the Hecke operators acting on the Q-vector space
M(Q) for unramified, degree one p ⊂ ZL with 2 < N(p) < 250. There appears
to be a 1-dimensional “Eisenstein” subspace on which Tp,1 acts via deg Tp,1 =
N(p)2 + N (p) + 1. The 8-dimensional complement of this line decomposes into
Q-irreducible subspaces of dimensions 2, 2, and 4. In all of these computations, the
level subgroup is the stabilizer of the standard lattice Z3L ⊂ L3 .
The Hecke algebra acts nonsemisimply on the space M(F13 ) of modulo 13
automorphic forms. It appears that the minimal polynomial of Tp,1 has degree
6 when N(p) ≡ 1 (mod 13) and degree 7 when N (p) ≡ 3, 9 (mod 13). (Other
residue classes do not occur for norms of degree one primes of F splitting in
L.) When N(p) ≡ 1 (mod 13), the eigenvalue 3 ≡ N (p)2 + N (p) + 1 (mod 13)
occurs with multiplicity 5, while when N (p) ≡ 3, 9 (mod 13), the eigenvalue
0 ≡ N(p)2 + N(p) + 1 (mod 13) occurs with multiplicity 1. Finally, there is a 1dimensional eigenspace in M(F13 ) with eigenvalues a q as in Table 4.
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Example 7.6 UL/F (3), F = Q(ζ7 + ζ7−1 ), L = Q(ζ7 ), weight (0, 0, 0):
In this case, the class number of the principal genus is 2, with the classes represented by the standard lattice Λ1 = Z3L and its 29-neighbour Λ2 with basis


ζ7 + ζ74 − ζ75 , 0, 0 , (6, 1, 0),
⎛

⎞
−138 − 234ζ7 − 210ζ72 − 303ζ73 − 258ζ74 − 117ζ75
1 ⎝
⎠.
16 + 12ζ7 + 13ζ72 + 20ζ73 + 11ζ74 + 6ζ75
29
3
5
2
4
16 + 12ζ7 + 13ζ7 + 20ζ7 + 11ζ7 + 6ζ7
(This calculation took 1.85 seconds.)
As above, ap = N (p)2 + N (p) + 1 = deg Tp,1 , and the form with system of Hecke
eigenvalues ap is a lift from U (1) × U (1) × U (1). Also, observe that
ap ≡ bp ≡ 3 (mod 7),
√
Table 5 Timings: computation of Tp,1 mod ( −7) for p with 2 < N(p) < 100; p = p
29

43

71

113

127

197

211

239

ap

871

1893

5113

12883

16257

39007

44733

57361

79243

bp

−25

101

185

−109

129

479

−67

17

395

N(p)

281

implying that the modulo 7 Galois representation attached to the system bp is reducible.
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Abstract We present an efficient algorithm for computing certain special values
of Rankin triple product p-adic L-functions and give an application of this to the
explicit construction of rational points on elliptic curves.

1 Introduction
The purpose of this paper is to describe an efficient algorithm for computing certain
special values of Rankin triple product p-adic L-functions. These special values are
p-adic numbers and our algorithm computes them in polynomial-time in the desired
precision. This improves on existing algorithms which require exponential time in
the desired precision. Our method has the pleasant feature of also being applicable
to Rankin double product p-adic L-functions, and working equally well in weight
one as compared to higher weights (Sects. 2.2.5 and 2.3.3). We hope it will usefully
complement the powerful methods based upon overconvergent modular symbols for
computing p-adic L-functions [DP06, PS11], which the author understands are less
readily adaptable to higher product p-adic L-functions.
We describe an application of our algorithm to the efficient construction of rational points on elliptic curves over Q. The curves we consider all have rank one and
relatively small conductor, and so this application does not yield any “new” points.
However, the constructions give experimental verification both of the correctness
of the implementation of our algorithm, and various sophisticated and new conjectural constructions of rational points on elliptic curves. Even in the rank one setting
these constructions are of interest; for instance, they allow one to carry out by padic means the complex analytic calculations in [DDLR] (see Example 3.1), and in
fact p-adically interpolate points found using much older but not well-understood
methods. A different and enticing application of our algorithm is to the experimental study of conjectural constructions of “new” points on elliptic curves over certain
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number fields using weight one modular forms [DLR]. In this paper though we shall
not address experimentally the calculation of these (Stark-Heegner) points attached
to weight one forms or the p-adic interpolation of points. We plan to return to these
questions in future joint work.
All of the applications of our algorithm are based upon ideas of Darmon and
Rotger [DRa, DRb]. In particular, Darmon encouraged the author to try to apply the
method for computing with overconvergent modular forms in [Lau11] to Rankin
p-adic L-functions, and gave him invaluable help during the implementation of the
algorithm and preparation of this paper. Much of the work behind this paper was
in making the methods in [Lau11] sufficiently fast in practice to turn a theoretical
algorithm (for higher level) into one useful for experimental mathematics.
In writing this paper the author had the choice between trying to give a comprehensive background to the theory necessary to define Rankin p-adic L-functions
and present the work of Darmon and Rotger, or distilling just enough to describe
his contribution. He chose the latter, since the long introduction to [DRb] is already
very clear but incompressible. This introduction should be read in parallel to our
brief (and simplified) description below by anyone wishing to get a deeper understanding of the significance of the algorithm in our paper. The reader should also
refer to that source for definitions of any unfamiliar terms below. (All the definitions we shall really need are gathered in Sects. 2.1 and 2.3.1.)
Let f, g, h be newforms of weights k, l, m ≥ 2, primitive characters χf , χg , χh
with χf χg χh = 1, and level N . Assume that the Heegner Hypothesis H [DRb,
Sect. 1] is satisfied. Let p be a prime not dividing the level N , and fix an embedding of Q into Cp , the completion of an algebraic closure of the field of p-adic
numbers Qp . Assume f, g and h are ordinary at p. Let f, g and h be the (unique)
Hida families of (overconvergent) p-adic modular forms passing through f, g and
f
h. The Rankin p-adic L-function Lp (f, g, h) associates to each triple of weights
f
(x, y, z) in (a suitable subset of) Z3≥2 a p-adic number Lp (f, g, h)(x, y, z) ∈ Cp . It
has a defining interpolation property over a certain set Σf of unbalanced weights,
relating it to the special value of the classical (Garrett-)Rankin triple product Lfunction at its central critical point. (Weights (x, y, z) are balanced if the largest is
strictly smaller than the sum of the other two, and otherwise unbalanced.) The theorem of Darmon and Rotger [DRb, Theorem 1.3] equates its value at the balanced
weights to an explicit algebraic number times the p-adic Abel-Jacobi map of a certain cycle on a product of Kuga-Sato varieties evaluated at a particular differential
form. At balanced weights (x, y, z) for reasons of sign the classical Rankin triple
product L-function vanishes at its central critical point, and so the special value
f
Lp (f, g, h)(x, y, z) is thought of as some kind of first derivative. (Darmon and Rotg
ger actually construct in addition Lp (f, g, h)(x, y, z) and Lhp (f, g, h)(x, y, z) but we
f

only consider Lp (f, g, h)(x, y, z) and shall omit from here-on the superscript f .)
In this paper we present an algorithm for computing Lp (f, g, h)(x, y, z) ∈ Cp
for balanced weights (x, y, z) to a given p-adic precision in polynomial-time in the
precision, provided p ≥ 5 and under the following assumption on the weights. Let
us specialize the Hida families back to the original weights (k, l, m) to recover the
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newforms f , g and h, and assume that (k, l, m) is a balanced triple. (This is only a
notational simplification—we are after all really interested in our original newforms,
the Hida families being introduced just to define the interpolation properties of the
L-function.) Our algorithm requires that k = l − m + 2. This is enough for all our
present and immediately envisaged arithmetic applications.
The problem which makes finding special values of Rankin triple product p-adic
L-functions challenging is that of computing ordinary projections of p-adic modular forms. That is, in the definition of Lp (f, g, h)(k, l, m) one encounters a p-adic
modular form “d −(1+t) (g [p] ) × h” which is not classical, and then has to compute its
ordinary projection to some precision. Since this form is not classical any straightforward approach to this has exponential-time in the desired p-adic precision; for
example, by iterating the Atkin operator on q-expansions or on some suitable space
of classical modular forms (as the latter necessarily has exponential dimension in
the required precision, by consideration of weights cf. [Gou88, Proposition I.2.12
ii.]).
Our solution lies in the fact that “d −(1+t) (g [p] ) × h” is nearly overconvergent
[DRb, Sect. 2.4]. More precisely, our assumption (k = l − m + 2) on the weights is
exactly that which ensures it is overconvergent, and so the methods we developed
for computing with such forms in [Lau11] can be applied. We expect that our methods can be generalised to handle nearly overconvergent modular forms (using their
explicit description in [CGJ95]) and thus compute Rankin triple product p-adic Lfunctions at any balanced point (x, y, z), but we have not carried out any detailed
work in this direction. The main result of our paper is really the algorithm (and its
refinements) in Sect. 2.2 for computing the ordinary projection of certain overconvergent modular forms and in addition the ordinary subspace. (We give a full and
rigorous analysis of this algorithm, but not of two aspects of our overall algorithm
for computing Rankin triple product p-adic L-functions. These are of minor practical importance, see Note 2.3 (1) and (3), but difficult to analyse.)
Regarding arithmetic applications, the most immediate is the following one deduced by Darmon from [DRb, Theorem 1.3] and [DRS12, Lemma 2.4], in a personal
communication. Assume that f and g are newforms of weight 2 and trivial character, and that f has rational Fourier coefficients. Let Ef denote the elliptic curve over
Q associated to f , and logEf : Ef (Qp ) → Qp be the formal p-adic logarithm map.
Then there exists a point Pg ∈ Ef (Q) and a computable positive integer dg such
that
E0 (g)E1 (g)
(1.1)
logEf (Pg ) = 2dg
Lp (g, f, g)(2, 2, 2).
E(g, f, g)
Here E(g, f, g)/E0 (g)E1 (g) is the explicit non-zero algebraic (in fact quadratic)
number which occurs in the Darmon-Rotger formula [DRb, Theorem 1.3]—it depends only upon the pth coefficients in the q-expansions of f and g. Thus if
Lp (g, f, g)(2, 2, 2) is non-vanishing one can recover a point of infinite order on
Ef (Q). (The integer dg is that which appears, in different notation “dT ” for
“T := Tg ”, in [DDLR, Remark 3.1.3].) The point Pg is closely related to classically constructed points (“Zhang points”). We give an example of this application
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(Example 3.1), and understand it will be worked out in detail in the forthcoming
Ph.D. thesis of Michael Daub [Dau]. In addition, we also present a number of variations of this application which suggest generalisations of the different underlying
theoretical constructions and also illustrate our algorithm (Sect. 3).
The paper is organised in a simple manner, Sect. 2 containing the theoretical
background and algorithms, and Sect. 3 our illustrative computations.

2 The Algorithm
In this section we present our algorithm for computing the ordinary projection of
overconvergent modular forms and certain special values of Rankin triple product
p-adic L-functions.

2.1 Theoretical Background
We first gather some background material on overconvergent modular forms and the
ordinary subspace.

2.1.1 Katz Expansions of Overconvergent Modular Forms
Let N be a positive integer, and p ≥ 5 be a prime not dividing N . Let
χ : (Z/N Z)∗ −→ Z∗p
be a Dirichlet character with image in Z∗p . The condition that χ has image in Z∗p is
partly for notational convenience, but see also Note 2.2 (4).
For each integer k let Mk (N, χ, Zp ) denote the space of classical modular forms
for Γ1 (N ) with character χ whose q-expansions at infinity have coefficients in Zp .
This is a free Zp -module of finite rank. Let Ep−1 be the classical Eisenstein series
of weight p − 1 and level 1 normalised to have constant term 1. For each integer
i > 0, one may choose a free Zp -module Wi (N, χ, Zp ) of Mk+i(p−1) (N, χ, Zp )
such that
Mk+i(p−1) (N, χ, Zp ) = Ep−1 · Mk+(i−1)(p−1) (N, χ, Zp ) ⊕ Wi (N, χ, Zp ).
(This choice is not canonical cf. [Kat73, p. 105].) Define
W0 (N, χ, Zp ) := Mk (N, χ, Zp ).
Let K be a finite extension of Qp with ring of integers B. Define Wi (N, χ, B) :=
Wi (N, χ, Zp ) ⊗Zp B. For r ∈ B the space Mk (N, χ, B; r) of r-overconvergent
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modular forms is by (our) definition the space of all “Katz expansions” of the form
f=

∞

i=0

ri

bi
i
Ep−1

bi ∈ Wi (N, χ, B), lim bi = 0

,

i→∞

where bi → 0 as i → ∞ means the q-expansions of bi are more and more
divisible by p as i goes to infinity, see [Kat73, Proposition 2.6.2]. We define
Mk (N, χ, K; r) := Mk (N, χ, B; r) ⊗B K, a p-adic Banach space.
The element r ∈ B plays a purely auxiliary role, determining the inner radius
p − ordp (r) of the annuli of overconvergence into the supersingular locus. (Here
ordp ( · ) is the p-adic valuation normalised with ordp (p) = 1.) From a computational point of view it is more convenient for each rational number α > 0 to consider
series of the form
f=

∞


p #αi$

i=0

bi
,
i
Ep−1

bi ∈ Wi (N, χ, Zp ).

We just write Mk (N, χ, Zp , α) for the space of all such elements and call it
again the space of α-overconvergent modular forms as no confusion is likely to
arise.
The space of overconvergent modular forms Mk (N, χ, Zp ) is the union

M
α>0 k (N, χ, Zp , α). In everything just defined we may also just forget the character χ and consider the space Mk (N, Zp ) of overconvergent modular forms for
Γ1 (N ) itself.

2.1.2 The Ordinary Subspace
Any overconvergent modular form f ∈ Mk (N, Zp ) is also a p-adic modular form
[Ser73, Sect. 1.4(b)] and has a q-expansion, and we define the ordinary projection
in the usual way as eord (f ) := limn→∞ Upn! (f ), where Up is the Atkin operator on
q-expansions, i.e.,


Up :
an q n −→
anp q n .
n

n

When k ≥ 2 the image of eord on p-adic modular forms of level N over Zp is equal
to its image on the space of classical modular forms Mk (Γ1 (N ) ∩ Γ0 (p), Zp ) of
level Np with trivial character at p, see e.g. [Col96, Theorem 6.1] or for a precise
statement (when k ≥ 3) [Gou88, Theorem II.4.3 ii]. We have for each ν ≥ 1 an
embedding

  
(2.1)
Mk Γ1 (N ) ∩ Γ0 p ν , B −→ Mk (N, B; r)
for any r ∈ B with ordp (r) < 1/p ν−2 (p + 1), see (at least for N ≥ 3) [Gou88,
Corollary II.2.8], and also [CGJ95, p. 25]. Thus taking ν = 1 here, one observes
for k ≥ 2 that the image of eord on p-adic modular forms of level N over Zp is
equal (after base change to B) to its image on Mk (N, B; r) for any r ∈ B with
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ordp (r) < p/(p + 1). We shall define the p-adic ordinary subspace over Zp in level
N , character χ and weight k to be the image under eord of Mk (N, χ, Zp , 1/(p + 1)).
(We make this definition since this is precisely the space computed by Algorithm 2.1. For weight k ≥ 2 this is equivalent to the usual definition as the image
of p-adic modular forms under eord , by our preceding observation. The definition
should also be equivalent for general weight (certainly over K) since the ordinary
subspace over K can be described as the space of overconvergent (generalised)
eigenforms of slope zero [Gou88, p. 59], and (generalised) eigenforms of finite slope
are r-overconvergent for any r with ordp (r) < p/(p + 1) [CGJ95, p. 25].)

2.2 Projection of Overconvergent Forms
Underlying our algorithm for computing Rankin p-adic L-functions is an algorithm
for computing ordinary projections of overconvergent modular forms and also a
basis for the ordinary subspace. It is an extension of [Lau11, Algorithm 2.1].

2.2.1 The Basic Algorithm
We first present the basic algorithm, before discussing the steps in more detail and
giving some practical refinements. Here the notation and assumptions are as in
Sect. 2.1.1. (We apologise that the notation “m” for the p-adic precision gives a
clash with that used for a weight in the introduction and later, but we wished to
follow closely that in [Lau11].)
Algorithm 2.1 Given an element H ∈ Mk (N, χ, Zp , 1/(p + 1)) where 0 ≤ k <
p − 1 and integer m ≥ 1, this algorithm computes the image in


R := Z[[q]]/ p m , q s(m,p)
of the ordinary projection eord (H ) and in addition the image in R of an echelonised
basis for the ordinary subspace. (Here s(m, p) is some explicit function of m and p
defined during the algorithm.)
(1) [Dimensions] Write k0 := k. Compute
9
8
p+1
(m + 1) .
n :=
p−1
For i = 0, 1, . . . , n compute di , the dimension of the space of classical modular
forms of level N character χ and weight k0 + i(p − 1). Compute mi := di −
di−1 , for i ≥ 1, m0 := d0 , and  := m0 + m1 + · · · + mn = dn . Compute working
precision
:
;
n

m := m +
.
p+1
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Compute  ≥ , the Sturm bound for the space of classical modular forms of
level N , character χ and weight k0 + (p − 1)n.
(2) [Complementary spaces] For each 0 ≤ i ≤ n compute a row-reduced basis Wi


of q-expansions in Z[[q]]/(p m , q  p ) for some choice of the complementary
space Wi (N, χ, Zp ).


(3) [Katz expansions] Compute the q-expansion in Z[[q]]/(p m , q  p ) of the Eisenstein series Ep−1 (q). For each 0 ≤ i ≤ n, let bi,1 , . . . , bi,mi denote the elements
in Wi . Compute the “Katz basis” elements
ei,s := p


i
# p+1
$

−i
Ep−1
bi,s



in Z[[q]]/(p m , q  p ).
(4) [Atkin operator] For each 0 ≤ i ≤ n and 1 ≤ s ≤ mi compute ti,s := Up (ui,s ) in


Z[[q]]/(p m , q  ), where Up is the Atkin operator on q-expansions and ui,s :=
ei,s .

(5) [Atkin matrix] Compute T , the  ×  matrix over Z/(pm ) whose entries are


the coefficients in the q-expansions modulo q of the  elements ti,s . Compute

E, the  ×  matrix over Z/(p m ) whose entries are the coefficients in the q

expansions modulo q  of the  elements ei,s . Use linear algebra over Z/(p m )

to compute the matrix A over Z/(p m ) such that T = A E. Let A be the “Atkin
matrix” over Z/(p m ) obtained by reducing entries in A modulo p m .
(6) [Two-stage projection] Compute the image
" #    
H ∈ Z [q] / p m , q  p .




(a) [Improve overconvergence] Compute Up (H ) ∈ Z[[q]]/(p m , q  ) and find


coefficients αi,s ∈ Z/(p m ) such that Up (H ) ≡ i,s αi,s ei,s mod (p m , q  ).
(b) [Projection via Katz expansion] Compute a positive integer f such that
all the unit roots of the reverse characteristic polynomial of A lie in some
extension of Zp with residue class field of degree f over Fp . Compute
Ar−1 for r := (p f − 1)p m using fast exponentiation. Compute γ := αAr−1
where α is the row vector (αi,s ).
Write γ = (γi,s ) and return the ordinary projection


" # 
eord (H ) =
γi,s ei,s ∈ Z [q] / p m , q s(m,p)
i,s

where s(m, p) :=  p.
(7) [Ordinary subspace] Compute Ar = Ar−1 A and let {(Bi,s )} be the set of nonzero rows in the echelon form B of the matrix Ar . Return

" # 

Bi,s ei,s ∈ Z [q] / p m , q s(m,p)
i,s

for each non-zero row (Bi,s ), the image of a basis for the ordinary subspace.
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In this algorithm we assume that the q-expansion of the input modular form
H can be computed in polynomial-time in N, p and any desired p-adic and qadic precisions. Regarding the complexity of the whole algorithm, we just refer the
reader to the analysis of Steps 1–5 in [Lau11, Sects. 3.2.2 and 3.3.1], and observe
that Steps 6 and 7 can be carried out using standard methods in linear algebra. In
particular, the algorithm is certainly polynomial time in N, p and m.

2.2.2 Proof of Correctness
The analysis of the correctness of the algorithm is very similar to that in [Lau11,
Sect. 3.2.1]. The essential idea is the following. One considers an infinite square
matrix for the Atkin Up operator on the space of 1/(p + 1)-overconvergent modular
forms w.r.t. some choice of Katz basis. Reducing this (assumed integral, see Note
2.2 (3)) matrix modulo p m , it vanishes except for an ∞ ×  strip down the lefthand
side. The matrix A modulo p m we compute is the  ×  matrix which occurs in the
top lefthand corner, for our choice of basis (this is proved in [Lau11, Sect. 3]). We
would like to iterate the infinite matrix on the infinite row vector representing an
overconvergent modular form H . When H ∈ Mk (N, χ, Zp , p/(p + 1)) we notice
that the coefficients in the infinite vector representing H w.r.t. our Katz basis decay
p-adically (since p/(p + 1) > 1/(p + 1)) and in fact vanish modulo pm , except
for the first  elements (see the final paragraph in [Lau11, Sect. 3.4.2]). Hence we
can iterate Up on H by iterating the finite matrix A on a finite vector of length .
(The actual power r is chosen to ensure that we iterate sufficiently often to obtain
the correct answer modulo p m .) In our application to Rankin p-adic L-functions we
will find that in fact H ∈ Mk (N, χ, Zp , 1/(p + 1)). Hence the preliminary Step 6
(a) is to apply the Up operator once to q-expansions to improve overconvergence
by a factor p, see [Lau11, Eq. (2)] and Note 2.2 (3). (There is a loss of precision
of m − m when one writes Up (H ) as a Katz expansion, cf. the last paragraph of
[Lau11, Sect. 3.2.1] where a similar loss occurs during the computation of the matrix
A.) Observe that this preliminary step is harmless, since we need to compute the

elements in our Katz basis to the higher precision modulo q  p anyway. (To make the
above argument completely rigorous one fusses over the minor difference between
r-overconvergent for all ordp (r) < p/(p + 1), and p/(p + 1)-overconvergent, as in
[Lau11, Sect. 3.2.1].)
Note 2.2 We make some minor comments on the algorithm.
(1) For weight k ≥ 2 the ordinary subspace can be computed instead using classical
methods; however, our algorithm is the only “polynomial-time” method known
to the author for computing this subspace in weight k ≤ 1.
(2) We assume that the smallest non-zero slope s0 of (the Newton polygon of) the
reverse characteristic polynomial of A is such that %m/s0 & ≤ (p f − 1)p m . This
is reasonable as the smallest non-zero slope which has ever been experimentally
observed is 1/2. (One could of course compute s0 and adjust r accordingly to
remove this assumption.) The integer f can be easily computed by reducing the
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matrix A modulo p. The exponent m rather than m − 1 in the definition of r
accounts for the possibility that the unit roots may lie in ramified extensions.
(So ur ≡ 1 mod p m for each unit root u, and ur ≡ 0 mod p m for all other roots
u of the reverse characteristic polynomial.)
(3) The correctness of the algorithm relies on the assumption that we can solve T =
A E for a p-adically integral matrix A , although the theory only guarantees
that pA has integral coefficients, see [Lau11, Note 3.2, Sect. 3.2.1] and also
[Gou88, II.3], [Kat73, Sect. 3.11]. One could modify the algorithm (or rather the
refined version in Sect. 2.2.4) to remove this assumption; however, in practice
the author has never encountered a situation in which the matrix A fails to have
p-adically integral coefficients.
(4) The assumption that Z[χ] embeds in Zp allows one to exploit fast algorithms
for matrix and polynomial arithmetic over rings of the form Zp /(p m ) ∼
= Z/(p m )
which are integrated into the systems M AGMA and S AGE. The algorithm works
perfectly well in principle without this assumption, but it will be much more
difficult to get a comparably fast implementation.
(5) The hypothesis 0 ≤ k < p − 1 can be removed as follows. In Step 1 write k :=
k0 + j (p − 1) where 0 ≤ k0 < p − 1. In Step 4 compute
 
" #    
G := Ep−1 (q)/Ep−1 q p and Gj ∈ Z [q] / p m , q  p ,
and let ui,s := Gj ei,s . The matrix A computed in Step 5 is then for the “twisted”
Atkin operator Up ◦ Gj . After Step 6(a) multiply the q-expansion of Up (H )

−j
j
by Ep−1 and in Step 6(b) multiply the q-expansion i,s γi,s ei,s by Ep−1 and
return this product as eord (H ). In Step 7 multiply each q-expansion

bi,s ei,s
i,s
j

−j

by Ep−1 to get the basis for ordinary space. For j ≥ 1, to ensure Ep−1 Up (H )
lies in the correct space one should multiply it by p %j/(p+1)& , and so the final
answer will only be correct modulo p m−%j/(p+1)& . (One could of course also just
run the algorithm without twisting, but then the auxiliary parameters n, , m
etc. would have to be worked out afresh, since the algorithm would no longer
be an extension of [Lau11, Algorithm 2.1].)
(6) In practice the output q-adic precision s(m, p) =  p is always large enough for
our needed application to Rankin p-adic L-functions. One can insist though on
any output precision s  ≥  p simply by computing the Katz basis elements in
Step 3 to that q-adic precision.

2.2.3 Finding Complementary Spaces in Step 2
A key step in the algorithm is the efficient construction in practice of the im

age in Z[[q]]/(pm , q  p ) of a basis for some choice of complementary spaces
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Wi (N, χ, Zp ), for each 0 ≤ i ≤ n. The author’s implementation (which at the time
of the computations in this paper was restricted to trivial and quadratic characters χ )
is based upon suggestions of David Loeffler and John Voight. The idea is to use the
multiplicative structure on the ring of modular forms: One fixes a choice of weight


bound B ≥ 1 and computes the image in Z[[q]]/(p m , q  p ) of a Z[χ  ]-basis for each
of the spaces of classical modular forms Mb (N, χ  , Q(χ  )) where 1 ≤ b ≤ B and χ 
vary over a set of characters which generate a group containing χ . One then reduces

these basis elements modulo (p, q  ) and for each 0 ≤ i ≤ n looks for random products of these q-expansions which generate an Fp -vector space of dimension di and
have weight k0 + i(p − 1) and character χ . This is done in a recursive manner. Once
one has computed the required forms in weight k0 + (i − 1)(p − 1) one maps then
(via the identity map) into weight k0 + i(p − 1) (recall Ep−1 ≡ 1 mod p) and generates a further mi = di − di−1 linearly independent forms in weight k0 + i(p − 1)
and character χ . The correct choices of products, which give forms not in the space
already generated, are “encoded” in an appropriate manner; that is, the basis elements for each weight b and character χ  are stored as an ordered list, and products

of them (modulo (p, q  )) can then be represented by “codes” which give the positions chosen in each list.

Having found these correct choices modulo (p, q  ) one then repeats the process


modulo (p m , q  p ) to find the complementary spaces Wi (N, χ, Zp ), but crucially
this time using the “codes” to only take products of modular forms which give something not in the Zp -span of the forms already computed. In this way when working
to the full precision one does not waste time computing products of modular forms
that lie in the space one has already generated. (It surprised the author to discover
that in practice in some examples, e.g. Example 3.5, one can generate many such
“dud” forms—this is probably related to parity conditions on the order of vanishing
of modular forms of low weight at elliptic points.)
A good bound to take is B := 6, but one can vary this, playing the time it takes
to generate the spaces in low weight off against the time spent looking for suitable
products. This choice of bound fits with some theoretical predictions communicated
to the author by David Loeffler.

2.2.4 A Three-Stage Projection in Step 6
In Algorithm 2.1 we find Upr (H ), where r is chosen so that the answer is correct
modulo p m , in two separate stages. First, one computes


Up (H ) ∈ Mk N, χ, Zp , p/(p + 1)
using q-expansions. Second, one computes Upr−1 (Up (H )) using Katz expansions.
However, the matrix A has size growing linearly with m and so the computation of
the high power Ar−1 becomes a bottleneck as the precision m increases.
A better approach is to factor the projection map into three parts, as follows.
Write s0 for the smallest non-zero slope in the characteristic series of A (one can
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safely just set s0 := 1/2). Computing A%m/s0 & and writing its non-zero rows (which

are w.r.t. the Katz basis) as q-expansions in Z[[q]]/(p m , q  p ) gives (the image of)
a basis for the ordinary subspace. One can now compute a matrix Aord over Z/(p m )
for the Up operator on this basis by explicitly computing with q-expansions. This
matrix is significantly smaller than A itself, since its dimension has no dependence on m. To project H , one computes as before Up (H ) using q-expansions,
%m/s &
then Up 0 (Up (H )) via Katz expansions as the product β := αA%m/s0 & . Next, one

writes the “Katz vector” β as the image of a q-expansion in Z[[q]]/(p m , q  p ) and
thus as a new vector β  over Z/(p m ) in terms of the basis for the ordinary subspace.
Finally, one computes

r−%m/s0 &−1
%m/s & 
r−%m/s0 &−1
on Up 0 Up (H ) as γ  := β  Aord
Up
and returns the q-expansion associated to γ  as the ordinary projection of H modulo
(p m , q s(m,p) ).
This three-stage projection method also works for k < 0 or k ≥ p − 1, but one
must take care to twist and un-twist by powers of Ep−1 at the appropriate times.
2.2.5 Avoiding Weight One Forms
In the case that k = 1, one can compute the ordinary projection eord (H ) of the
weight one form H without doing any computations in weight one, except comput

ing the q-expansion of H itself modulo (p m , q  p ). The idea is to use the Eisenstein
series to “twist” up to weight p = 1 + (p − 1). That is, one proceeds as in Note 2.2
(5), only writing k = 1 = k0 + j (p − 1) where now k0 := p and j := −1. In addition, when generating complementary spaces (see Sect. 2.2.3) one only computes
bases of classical modular forms in low weights 2 ≤ b ≤ B.
The author has implemented this variation in both M AGMA and S AGE, and used
it to compute the characteristic series of the Atkin operator on p-adic overconvergent modular forms in weight one (for a quadratic character, and various levels N
and primes p) without computing the q-expansions of any modular forms in weight
one.

2.3 Application to p-Adic L-Functions
We now describe the application of Algorithm 2.1 to the computation of p-adic
L-functions.

2.3.1 Definition of Rankin Triple Product p-Adic L-Functions
Let f, g, h be newforms of balanced weights k, l, m ≥ 2, primitive characters
χf , χg , χh , with χf χg χh = 1 and level N . Assume that the Heegner hypothesis H
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from [DRb, Sect. 1] is satisfied, e.g. N is squarefree and for each prime  dividing
N the product of the th Fourier coefficients of f, g and h is
−

k+l+m−6
2

.

Write k = l + m − 2 − 2t with t ≥ 0, which is possible since the sum of the weights
must be even. We fix an embedding Q → Cp and assume f, g and h are ordinary at
p. That is, the pth coefficient in the q-expansion of each is a p-adic unit.
d
on q-expansions as
Define the map d = q dq
d:



an q n −→

n≥0



nan q n .

n≥0

Then for s ≥ 0, the map
acts on p-adic modular forms increasing
weights by 2s

[Ser73, Théorème 5(a)]. For a p-adic modular form a(q) := n≥0 an q n let
ds

a [p] :=



an q n

n≥1, pn

denote its p-depletion. Then for s ≥ 1 the map
∞



a −→ d −s a [p] =
n=1, pn

an n
q
ns

acts on p-adic modular forms shifting weights by −2s [Ser73, Théorème 5(b)]. So
d −(1+t) (g [p] ) × h is a p-adic modular form of weight l − 2(1 + t) + m = k and
character χg χh = χf−1 .
Let f ∗ be the dual form to f and f ∗(p) be the ordinary p-stabilisation of f ∗ ,
see [DRb, Sects. 1 and 4]. So f ∗(p) is an ordinary eigenform of character χf−1 . We
define





Lp (f, g, h)(k, l, m) := c f ∗(p) , eord d −(1+t) g [p] × h ∈ Cp .
Here we are assuming the action of the Hecke algebra on the ordinary subspace
in weight k is semisimple (which the author understands is well-known for N
squarefree since k ≥ 2) and c(f ∗(p) , • ) denotes the coefficient of f ∗(p) when one
writes an ordinary form • as a linear combination of ordinary eigenforms, see
[Hid93, p. 222]. (Darmon and Rotger take a different but equivalent approach, using the Poincaré pairing in algebraic de Rham cohomology to extract the coefficient
Lp (f, g, h)(k, l, m) [DRb, Proposition 4.6].)
2.3.2 Computation of Rankin Triple Product p-Adic L-Functions
We shall now (with another apology) introduce the clashing notation m to refer to
the p-adic precision, as in Sect. 2.2. We wish to apply Algorithm 2.1 to compute
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eord (H ) for H := d −(1+t) (g [p] ) × h modulo p m (and q-adic precision s(m, p)) and
also a basis for the ordinary subspace in level N , weight k and character χ := χf−1 .
(So we should assume that the image of χ lies in Zp and g and h are defined over
Zp , but see also Notes 2.2 (4) and 2.3 (2).) Given these, one can use Hecke operators
on the ordinary subspace to extract the coefficient c(f ∗(p) , eord (H )), see Note 2.3
(3), as f ∗(p) (and H ) are easy to compute (at least within M AGMA and S AGE using
the algorithms from [Ste07]).
For our projection algorithm to work we require that H is overconvergent (rather
than just nearly overconvergent [DRb, Sect. 2.4]) and in particular that


H ∈ Mk N, χ, Zp , 1/(p + 1) for χ := χf−1 .
Overconvergence is guaranteed provided t = l − 2, since a → d −s (a [p] ) maps
overconvergent forms in weight 1 + s to overconvergent forms in weight 1 − s
[Col96, Proposition 4.3]. That is, provided
k=m−l+2

(2.2)

we will have that d −(1+t) (g [p] ), and hence also H , is overconvergent. When this
condition is not satisfied our algorithm with fail.
Regarding the precise radius of convergence of d −(1+t) (g [p] ), Darmon has explained to the author that when our condition (2.2) is met the methods used by
Coleman (the geometric interpretation of the d operator in terms of the GaussManin connection [DRb, Sect. 2.4]) show the form d −(1+t) (g [p] ) lies in the space
Mk (N, χg , K; r) for any r ∈ B ⊂ Cp with ordp (r) < 1/(p + 1). Let us outline the
argument to get an idea why this is true. First, the p-depletion g [p] := (1 − Vp Up )g
is a classical modular form for Γ1 (N ) ∩ Γ0 (p 2 ) with trivial character at p and infinite slope. (Here Vp is the one-sided inverse of Up [DRb, Eq. (13)] and increases the
level of Up (g) by p.) Hence by (2.1) with ν := 2, g [p] lies in M (N, χg , B; r) for
any r ∈ B with ordp (r) < 1/(p + 1). Next, [Col96, Theorem 5.4] gives an explicit
relation between the action of powers of the d operator on spaces of overconvergent modular forms and that of the Gauss-Manin connection of certain de Rham
cohomology spaces associated to rigid analytic modular curves. This relationship
associates to g [p] a trivial class in the de Rham cohomology space (the righthand
side of [DRb, Eq. (36)] for “r” equals t and any “&” less than 1/(p + 1)), and hence
one in the image of the Gauss-Manin connection. (The class is trivial because the
form has infinite slope, cf. [Col96, Lemma 6.3].) The Gauss-Manin connection preserves the radius of convergence, and taking the preimage and untangling the relationship one finds that d −(1+t) (g [p] ) is an overconvergent modular form of the same
radius of convergence as g [p] , i.e. d −(1+t) (g [p] ) ∈ M (N, χg , K; r) for any r ∈ B
with ordp (r) < 1/(p + 1). Thus multiplying by h (and using (2.1) with ν := 1 to
determine the overconvergence of h itself) we find also


(2.3)
d −(1+t) g [p] × h ∈ Mk (N, χ, K; r)
for any r ∈ B with ordp (r) < 1/(p + 1).
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Note 2.3
(1) The above argument does not quite show that H := d −(1+t) (g [p] ) × h lies in
Mk (N, χ, Zp , 1/(p + 1)) as for this one would need to replace “K” by “B” in
(2.3). However, the author just assumed this was true, and this was not contradicted by our experiments; in particular, when one could relate the value of the
Rankin p-adic L-function to the p-adic logarithm of a point on an elliptic curve,
the relationship held to exactly the precision predicted by the algorithm. To be
completely rigorous though one would have to carry out a detailed analysis of
Darmon’s argument and the constructions used by Coleman (and one may have
to account for some extra logarithmic growth and loss of precision).
(2) It is helpful to notice that the map




φ : (g, h) −→ eord d −(1+t) g [p] × h
is bi-linear in g and h. Thus one can compute φ((g, h)) by first computing it on
a product of bases for the spaces Sl (N, χg ) and Sm (N, χh ). This is useful when
these spaces are defined over Zp but the newforms themselves are defined over
algebraic number fields which do not embed in Zp .
(3) The author implemented a number of different approaches to computing


c f ∗(p) , eord (H ) .
The most straightforward is to compute matrices for the Hecke operators U
(for |Np) and T (otherwise) on the ordinary subspace for many small  by
explicitly computing on the q-expansion basis for the ordinary subspace output
by Algorithm 2.1. One can then try to project onto the “f ∗(p) -eigenspace” using any one of these matrices. One difficulty which arises is that congruences
between eigenforms may force a small loss of p-adic precision during this step.
(Congruences with Eisenstein series can be avoided for k ≥ 2 by using classical
methods to compute a basis for the ordinary cuspidal subspace, and working
with that space instead.) We did not carry out a rigorous analysis of what loss
of precision could occur due to these congruences, but in our examples it was
never more than a few p-adic coefficients and one could always determine exactly what loss of precision had occurred after the experiment. The author understands from discussions with Wiles that one should be able to compute an
“upper bound” on the p-adic congruences which can occur, and thus on the loss
of precision. This bound of course is entirely independent of the precision m.
However, such a calculation is beyond the scope of this paper.

2.3.3 Single and Double Product L-Functions
The author understands that usual p-adic L-functions can be computed using our
methods, by substituting Eisenstein series for newforms in the appropriate places in
the triple product L-function, cf. [BD, Sect. 3]. However, he has not looked at this
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application at all, as the methods based upon overconvergent modular symbols are
already very good (for k ≥ 2) [PS11]. One can similarly compute double product
Rankin p-adic L-functions using our approach. In particular, we have used our algorithm to compute a (suitably defined) Rankin double product p-adic L-function
special value “Lp (f, g)(2, 1)” for f of weight 2 and g of weight 1, see the forthcoming [DLR] and also [DRa, Conjecture 10.1].

3 Examples
In this section we shall freely use the notation from [DRb, Sect. 1]. We implemented
our basic algorithms in both M AGMA and S AGE, but focussed our refinements on the
former and all the examples we present here were computed using this package. The
running time and space for the examples varied from around 100 seconds with 201
MB RAM (Example 3.4) to around 19000 seconds with 9.7 GB RAM (Example 3.3)
on a 2.93 GHz machine.
All of the examples here are for weights k, l, m with k = m − l + 2 and t = l − 2,
where t = 0, i.e., l = 2 and k = m (and in fact f = h). We implemented our algorithm for arbitrary t ≥ 0 and computed Lp (f, g, h)(k, l, m) in cases when t > 0;
however, the author does not know of any geometric constructions of points when
t > 0 (or even in the case k = m ≥ 2 when f = h) and so we do not present these
computations here.
We begin with an example of the explicit construction of rational points mentioned in our introduction, see Eq. (1.1).
Example 3.1 Let Ef : y 2 + y = x 3 − x 2 − 2x + 2 be the rank 1 curve of conductor
57 with Cremona label “57a” associated to the cusp form
f := q − 2q 2 − q 3 + 2q 4 − 3q 5 + 2q 6 − 5q 7 + q 9 + · · · .
We choose two other newforms of level 57 (associated to curves of rank zero):
g1 := q + q 2 + q 3 − q 4 − 2q 5 + q 6 − 3q 8 + q 9 − · · ·
g2 := q − 2q 2 + q 3 + 2q 4 + q 5 − 2q 6 + 3q 7 + q 9 − · · · .
Taking p := 5 and writing f, g1 , g2 for the Hida families we compute the special
values
L5 (g1 , f, g1 )(2, 2, 2) ≡ −260429402433721822483 mod 530
5L5 (g2 , f, g2 )(2, 2, 2) ≡ −279706401244025789341 mod 531 .
One computes that for each newform gi , if one multiplies the operator of projection onto the gi -eigenspace by 3 then one obtains an element in the integral (rather
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than rational) Hecke algebra. Thus Eq. (1.1) predicts that there exist global points
P1 , P2 ∈ Ef (Q) such that
logEf (Pi ) = 6 ×

E0 (gi )E1 (gi )
× L5 (gi , f, gi ).
E(gi , f, gi )

One finds
logEf (P1 ) ≡ 37060573996879427247 × 5 mod 530
logEf (P2 ) ≡ −18578369245374641968 × 5 mod 530 .
Adapting the method in [KP07, Sect. 2.7] we recover the points


1976 750007
,
= −16P
P1 = −
7569 658503
and P2 = (0, 1) = 4P , where P := (2, −2) is a generator for Ef (Q).
Next we look at an example where the Darmon-Rotger formula may be applied,
but the application to constructing points has not been fully worked out. (At least, at
the time of author’s computations—we understand from a personal communication
from Darmon and Rotger that this has now been done.)
Example 3.2 Let Ef : y 2 + xy + y = x 3 − x 2 be the rank 1 curve of conductor 53
with Cremona label “53a” associated to the cusp form
f := q − q 2 − 3q 3 − q 4 + 3q 6 − 4q 7 + 3q 8 + 6q 9 + · · · .
There is one newform g of level 53 and weight 4 and trivial character with rational
Fourier coefficients:
g := q + q 3 − 8q 4 − 18q 5 + 2q 7 − 26q 9 + 54q 11 + · · · .
Taking p := 7 and writing f and g for the Hida families we compute the special
value
L7 (g, f, g)(4, 2, 4) ≡ −12581507765759084963366603 mod 730 .
The Darmon-Rotger formula [DRb, Theorem 1.3] then predicts that
 E0 (g)E1 (g)

L7 (g, f, g)(4, 2, 4)
AJ7 () ηgu−r ⊗ ωf ⊗ ωg =
E(g, f, g)
and we find that


AJ7 () ηgu−r ⊗ ωf ⊗ ωg ≡ 1025211670724558054729221 × 7 mod 730 .
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Equation (1.1) does not apply in this setting, but one can hope that this equals
logEf (P ) for some point P ∈ Ef (Q) ⊗ Q. Exponentiating one finds a point


P̂ = x(P̂ ), y(P̂ ) ∈ E1 (Q7 )
with coordinates 72 x(P̂ ), 73 y(P̂ ) modulo 730 (where E := Ef ).
We have |E(F7 )| = 12 and translating P̂ by elements Q ∈ E(Q7 )[12] we find
exactly one rational point, P = (0, −1) (see the method in [KP07, Sect. 2.7]). Thus
we have computed a generator in a rather elaborate manner.
The author also considered again the curve Ef with Cremona label “57a” but
took g to be the unique newform of level 57 and weight 4 with trivial character and
rational Fourier coefficients, and found that


15
AJ5 () ηgu−r ⊗ ωf ⊗ ωg ≡ − logEf (P ) mod 531
13
for P := (2, −2) a generator of Ef (Q). (So here p = k − 1, and we used the
“twisted” version of the algorithm described in Note 2.2 (5).)
The next example has a similar flavour but involves cusp forms of odd weight.
Example 3.3 Let Ef : y 2 + y = x 3 + x 2 be the rank 1 curve of conductor 43 with
Cremona label “43a” associated to the cusp form
f := q − 2q 2 − 2q 3 + 2q 4 − 4q 5 + 4q 6 + q 9 + 8q 10 + 3q 11 + · · · .
Let χ be the Legendre character modulo 43. Then we find unique newforms g ∈
S3 (43, χ) and h ∈ S5 (43, χ) with rational Fourier coefficients:
g := q + 4q 4 + 9q 9 − 21q 11 + · · ·
h := q + 16q 4 + 81q 9 + 199q 11 + · · · .
Taking p := 11 and writing f, g and h for the Hida families we compute the special
values
L11 (g, f, g)(3, 2, 3) ≡ −7831319270947510009065871543799 mod 1130
L11 (h, f, h)(5, 2, 5) ≡ 4791560577275108790581414445515 mod 1130 .
Using the Darmon-Rotger formula we compute


AJ11 () ηgu−r ⊗ωf ⊗ωg ≡ −646073276230754578213318125190×11 mod 1130 .
Rather than attempt to recover a point from this, we take the generator P = (0, 0)
for Ef (Q) and compute logEf (P ) and then try to determine a relationship. One
finds
 258

logEf (P ) mod 1130 .
AJ11 () ηgu−r ⊗ ωf ⊗ ωg ≡
107
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(We checked that multiplying the relevant projection operator by 2 × 107 gives an
element in the integral Hecke algebra.) Similarly we found


6708
logEf (P ) mod 1130 .
AJ11 () ηhu−r ⊗ ωf ⊗ ωh ≡ −
5647
The examples above suggest the construction in [DRS12] can be generalised, at
least in a p-adic setting.
We now look at some examples in which one removes one of the main conditions
in the Darmon-Rotger theorem [DRb, Theorem 1.3] itself, that the prime does not
divide the level. In each example rather than try to recover a rational point, we look
for an algebraic relationship between the logarithm of a generator and the special
value we compute.
Example 3.4 Let Ef : y 2 + y = x 3 + 2x be the rank 1 curve of conductor 77 with
Cremona label “77a” associated to the cusp form
f := q − 3q 3 − 2q 4 − q 5 − q 7 + 6q 9 − q 11 + · · · .
Let g be the level 11 and weight 2 newform (associated to a rank zero elliptic curve):
g := q − 2q 2 − q 3 + 2q 4 + q 5 + 2q 6 − 2q 7 − 2q 9 − 2q 10 + q 11 + · · · .
We take the prime p := 7, which divides the level of f , and writing f and g for the
Hida families compute
L7 (g, f, g)(2, 2, 2) ≡ −1861584104004734313229493 × 7 mod 731 .
Taking the generator P = (2, 3) we compute logEf (P ) mod 731 and find that
logEf (P )/7L7 (g, f, g)(2, 2, 2) satisfies the quadratic equation 1600t 2 + 48t + 9 = 0
modulo 729 .
The factor p which occurs in the expression relating the special value to the logarithm of a point when the prime divides the level is also seen in the next examples.
Example 3.5 Let Ef : y 2 + xy + y = x 3 − 80x − 275 and Eg : y 2 + xy + y =
x 3 − x 2 − 12x + 18 be the rank 1 curves of conductor 469 with Cremona labels
“469a” and “469b”, respectively, associated to the cusp forms
f := q + q 2 + q 3 − q 4 − 3q 5 + q 6 − q 7 − 3q 8 − 2q 9 − 3q 10 + · · ·
g := q − q 2 − 3q 3 − q 4 + q 5 + 3q 6 − q 7 + 3q 8 + 6q 9 − q 10 + · · · .
Taking the prime p := 7 we compute
L7 (g, f, g)(2, 2, 2) ≡ 1435409545849510941783817 mod 730
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L7 (f, g, f)(2, 2, 2) ≡ 6915472639041460159095363 mod 730 .
Using generators Pf = (−5, 4) and Pg = (2, −1) for Ef (Q) and Eg (Q), respectively, we found
7L7 (g, f, g)(2, 2, 2) ≡

4 logEf (Pf ) mod 730

35L7 (f, g, f)(2, 2, 2) ≡ −16 logEg (Pg ) mod 730 .
In the above example the “tame” level used in our computation was N = 67 =
469/7. In the next example it is one: for tame level one the author’s algorithm does
not use the theory of modular symbols at all, cf. [Lau11, Sect. 3.2].
Example 3.6 Let Ef : y 2 + xy + y = x 3 + x 2 − x be the rank 1 curve of conductor
89 with Cremona label “89a” associated to the cusp form
f := q − q 2 − q 3 − q 4 − q 5 + q 6 − 4q 7 + 3q 8 − 2q 9 + q 10 − 2q 11 + · · · .
Let g be the level 89 and weight 2 newform (associated to a rank zero elliptic curve):
g := q + q 2 + 2q 3 − q 4 − 2q 5 + 2q 6 + 2q 7 − 3q 8 + q 9 − 2q 10 − 4q 11 + · · · .
Taking the prime p := 89 we found that
89 L89 (g, f, g)(2, 2, 2) ≡ 72 logEf (P ) mod 8921
where P = (0, 0) is a generator.
The author understands that the above examples are consistent with on-going
work of Darmon and Rotger to generalise their formula to the situation in which the
prime p does divide the level N [DRc].
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Abstract The image of a complex conjugation by a two-dimensional representation
of Gal(Q/Q) in characteristic 2 can be trivial or a non-trivial element of order 2.
Since such a representation comes from a modular form f , we attempt to study
such an alternative purely in terms of f . The component group of the real points
of the modular Jacobian J1 (N ) plays a role in this question. We give an elementary
description of that group. Our method to obtain such a description applies to determine the component group at infinity of the Jacobian of modular curves over R
attached to any subgroup of finite index of SL2 (Z). We show that such a group
is always “Eisenstein”. We derive a few consequences of this last fact for Galois
representations and modular parametrisations.

1 Introduction
Soit Fq un corps fini de caractéristique 2. Notons q son cardinal. Soit V un espace
vectoriel de dimension 2 sur Fq . Soit  : Gal(Q/Q) → GL(V ) une représentation
irréductible. Soit c ∈ Gal(Q/Q) une conjugaison complexe. Deux possibilités se
présentent :
(1) (c) = Id (de façon équivalente l’extension de Q découpée par  est réelle)
ou
(2) (c) est (unipotent) d’ordre 2.
La représentation  est modulaire au sens de Serre [Ser87] d’après le théorème de
Khare-Wintenberger [KW09a, KW09b]. Il lui est associé une forme modulaire f
modulo 2. Nous nous proposons de répondre à une question qui nous a été posée
par G. Wiese en 2010 : Comment discerner si  est de type (1) ou (2) à partir de f ?
Pour cela nous allons étudier le groupe des composantes des jacobiennes de courbes
modulaires. Nous espérons ainsi avancer un argument pour dire que la situation (2)
L. Merel (B)
Institut de Mathématiques de Jussieu, Case 247, 4 place Jussieu, 75252 Paris Cedex 05, France
e-mail: merel@math.jussieu.fr
G. Böckle, G. Wiese (eds.), Computations with Modular Forms, Contributions in
Mathematical and Computational Sciences 6, DOI 10.1007/978-3-319-03847-6_8,
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est en un certain sens «générique» (car elle prévaut, pour l’essentiel, au niveau des
jacobiennes de courbes modulaires, voir section 3). Pour cela, remarquons qu’on
peut reformuler l’alternative (1) ou (2) ainsi :
(1) ker((c) − 1)/Im((c) + 1) = V
ou
(2) ker((c) − 1)/Im((c) + 1) = 0.


0 
. Notons XΓ =
Soit Γ un sous-groupe d’indice fini de SL2 (Z) contenant −1
0 −1
1
Γ \H ∪ P (Q) la courbe
associée (où H est le demi-plan supérieur). Sup
 modulaire
0
normalise
Γ dans GL2 (Z). La courbe modulaire XΓ
posons que la matrice −1
0 1
est alors définie sur R de telle sorte que la conjugaison complexe sur XΓ (C) est
obtenue en passant au quotient l’involution z → −z de H. Notons JΓ la jacobienne
de XΓ . Voici comment on peut décrire le groupe des composante réelles C∞ (JΓ )
∞ (JΓ ) le dual de Pontryagin de C∞ (JΓ ).
de JΓ . Notons C
Notons E l’ensemble
 0  Γ \SL2 (Z). Il est muni d’une action à droite de SL2 (Z) et
par conjugaison. Cette dernière sera notée e → e. Posons
d’une action de −1
0 1
 0 −1 
σ= 1 0 .
Posons A = {a ∈ E/a = aσ } et B = {b ∈ E/b = b}. Ces ensembles sont invariants par σ . Notons Aσ et B σ les ensembles formés par les orbites respectives de A
et B sous σ .
Notons PΓ = Γ \P1 (Q) l’ensemble des pointes de XΓ . Notons PΓ+ l’ensemble
des pointes réelles de XΓ (c’est l’ensemble des classes Γ u/v avec u/v ∈ P1 (Q) et
Γ u/v = Γ (−u/v)).
Pour X ensemble non vide, on pose
F2 [X]0 =


x∈X

λx [x] ∈ F2 [X]



λx = 0

x∈X


et F2 [X]0 l’espace quotient F2 [X]/( x∈X [x]).
Considérons l’application
"
#
θ : F2 Aσ ∪ B σ 0 −→ F2 [PΓ ]0
qui à l’orbite de a ∈ A associe le diviseur [a1] − [a(−1)] et à l’orbite de b ∈ B
associe le diviseur [b∞] − [b0]. (L’image par θ d’un élément de A ∩ B via l’une ou
l’autre de ces définitions est égale à 0.) Elle est à valeurs dans F2 [PΓ+ ]0 .
Théorème 1.1 On a une suite exacte:
"
# θ
" #0
∞ (JΓ ) −→ F2 Aσ ∪ B σ −→
F2 PΓ+ −→ C∞ (JΓ ) −→ 0.
0 −→ C
0
Il en résulte un algorithme pour calculer le groupe C∞ (JΓ ). Une version plus
précise du théorème 1 est donnée dans la section 2.5 : le groupe C∞ (JΓ ) est isomorphe à F2 [CΓ ]0 , où CΓ est le groupe des composantes connexes d’un graphe GΓ
dont les sommets sont les éléments de PΓ+ et les arêtes les éléments de Aσ ∪ B σ .
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Rappelons que, d’après un théorème de Belyi [Bel80], les courbes modulaires
XΓ parcourent précisément les courbes algébriques définies sur les corps de nombres, vues comme revêtement non ramifié de la droite projective privée de trois
points. Un tel revêtement donne lieu à un graphe, dit «dessin d’enfant». L. Pharamond a déterminé l’ensemble des composantes réelles de XΓ à partir de ce graphe
[Pha04]. Toutefois, nous n’avons pas établi le lien, qui existe probablement, avec
nos propres calculs.
Rappelons qu’il y a une suite exacte courte canonique (voir section 2.1)
∞ (JΓ ) −→ JΓ [2](R)/(1 − c)JΓ [2](C) −→ C∞ (JΓ ) −→ 0.
0 −→ C
Corollaire 1.2 Soit T une correspondance de XΓ définie sur R et qui respecte PΓ .
Supposons que T et sa correspondance duale annulent PΓ+ . Le groupe
JΓ [2](R)/(1 − c)JΓ [2](C)
est annulé par tout endomorphisme déduit par transport de structure de T .
Lorsque Γ est un groupe de congruence, il en résulte que
JΓ [2](R)/(1 − c)JΓ [2](C)
est un module sous l’algèbre de Hecke dont le support est contenu dans les idéaux
maximaux d’Eisenstein (voir section 2.6). On sait, suite à des théorèmes de B.
Mazur [Maz77], K. Ribet [Rib88] et S. Edixhoven [Edi91] que le groupe des composantes des fibres spéciales (en les places finies) des modèles de Néron des jacobiennes des courbes modulaires associées aux groupes de congruence sont de type
Eisenstein.
∞ (JΓ ) lorsque Γ est le groupe de congruOn peut déterminer complètement C
ence ±Γ1 (N ). C’est l’objet de la deuxième section.
Théorème 1.3 Soit N un entier ≥ 5.
Supposons N impair. Le groupe C∞ (J1 (N )) est isomorphe à
"
#0
où ± 2Z
F2 (Z/N Z)∗ / ± 2Z
est le sous-groupe de (Z/N Z)∗ engendré par −1 et 2. En particulier, J1 (N )(R) est
connexe si et seulement si {−1, 2} engendre (Z/N Z)∗ (ce qui n’est pas le cas si N
admet un facteur premier congru à 1 modulo 8).
Supposons N pair, mais pas divisible par 4. Le groupe C∞ (J1 (N )) est isomorphe à
"
∗
#0
où ± 2Z
F2 Z/(N/2)Z / ± 2Z
est le sous-groupe de (Z/(N/2)Z)∗ engendré par −1 et 2.
Supposons N divisible par 4. Le groupe C∞ (J1 (N )) est isomorphe à
"
 ∗ #0
F2 Z/(N/2)Z /± .
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On peut se rappeler que la question de l’existence d’une infinité de nombres
premiers N tels que 2 engendre (Z/N Z)∗ est ouverte (conjecture d’Artin).
Nous donnons quelques indications sur la structure de C∞ (J1 (N )) comme module sous l’algèbre de Hecke dans la section 3.4, en particulier nous verrons que
l’opérateur T2 y agit comme l’identité.
Mentionnons une conséquence de notre étude (corollaire 4.3): le degré de toute
paramétrisation modulaire d’une courbe elliptique sur Q sans point rationnel d’ordre
2 et de discriminant > 0 est pair. François Brunault me signale que ce résultat est dû
à F. Calegari et M. Emerton [CE09]. Notons que, pour l’établir, ces auteurs utilisent
que le groupe C∞ (J0 (N )) est trivial lorsque N est premier, ce qui est prouvé dans
[Mer96], corollaire 2.9 par une méthode qui nous a servi de prototype.
Dans [CES03], B. Conrad, S. Edixhoven et W. Stein ont noté que C∞ (J1 (N ))
n’est pas trivial lorsque N = 17 et N = 41 (ce sont les deux premiers nombres
premiers congrus à 1 modulo 8).
Ce sont les seules investigations sur C∞ (J1 (N )) qui nous étaient connues lorsque
nous avons commencé ce travail.
Alors que je terminais la rédaction de cet article, j’ai appris que A. Snowden a
obtenu des résultats proches sur l’ensemble des composantes réelles des courbes
modulaires. François Brunault m’indique l’existence des travaux de H. Jaffee sur
l’ensemble des composantes réelles des courbes modulaires X(N) [Jaf78].

2 Courbes modulaires sur R
2.1 Quelques rappels
Soit X une surface de Riemann compacte, connexe, non vide et définie sur R. Notons J la jacobienne de X. Posons G∞ = Gal(C/R) = {1, c}. Voyons comment
l’action du groupe G∞ sur H1 (X, Z) = H1 (X(C), Z) détermine le groupe des composantes de J (R). Il est utile d’élargir légèrement notre cadre.
Lorsque P est une partie finie de X(C) stable par G∞ , considérons la jacobienne
généralisée J # de X relativement à P [Ser59]. C’est une variété semi-abélienne
définie sur R. Notons C∞ (J # ) le groupe des composantes connexes de J # (R). On le
déduit du groupe d’homologie relative H1 (X, P , Z) = H1 (X(C), P , Z) en utilisant
les groupes de cohomologie modifiés de Tate ainsi.
Proposition 2.1 On a les identifications
 
 0


C∞ J #
Hom 
H G∞ , H1 (X, P , Z) , F2




H1 G∞ , H1 (X − P , Z) .

En particulier, on a des isomorphismes canoniques de groupes


 0



H1 G∞ , H1 (X, Z)
H G∞ , H1 (X, Z) , F2
C∞ (J ) Hom 
et
∞ (J )
C




H0 G∞ , H1 (X, Z) .
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Démonstration Le groupe J # (C) s’identifie à H1 (X − P , Z) ⊗ R/Z [Ser59]. Le
lecteur vérifiera que cette identification est compatible à l’action de la conjugaison complexe. Le groupe des composantes réelles C∞ (J # ) de J # s’identifie donc à

H 0 (G∞ , H1 (X − P , Z) ⊗ R/Z). Or la suite exacte
0 −→ H1 (X − P , Z) −→ H1 (X − P , R) −→ H1 (X − P , Z) ⊗ R/Z −→ 0
donne lieu à la suite exacte longue

H0 (G∞ , H1 (X − P , R/Z))


H1 (G∞ , H1 (X − P , Z))

0=
H0 (G∞ , H1 (X − P , R))


H1 (G∞ , H1 (X − P , R)) = 0

et donc à un isomorphisme
 
C∞ J #




H0 G∞ , H1 (X − P , R/Z)




H1 G∞ , H1 (X − P , Z) .

La dualité parfaite de G∞ -modules : H1 (X − P , Z) × H1 (X, P , Z) → Z(1)
fournie par les produits d’intersection définit un accouplement parfait







H0 G∞ , H1 (X, P , Z) −→ 
H1 G∞ , Z(1)
H1 G∞ , H1 (X − P , Z) × 

F2


qui produit ainsi l’identification cherchée.
Proposition 2.2 On a les suites exactes courtes (duales l’une de l’autre)


∞ (J ) −→ 
0 −→ C
H0 G∞ , J [2] −→ C∞ (J ) −→ 0
et


∞ (J ) −→ 0.
H1 G∞ , J [2] −→ C
0 −→ C∞ (J ) −→ 
Démonstration Comme on a une identification J [2](C)
une suite exacte de G∞ -modules
2

H1 (X, Z) ⊗ 12 Z/Z, on a

0 −→ H1 (X, Z) −→ H1 (X, Z) −→ J [2](C) −→ 0,
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qui donne lieu à l’hexagone exact [Ser68] :

H0 (G∞ , J [2](C))

H0 (G∞ , H1 (X, Z))


H1 (G∞ , H1 (X, Z))

2

2


H0 (G∞ , H1 (X, Z))


H1 (G∞ , H1 (X, Z))

H1 (G∞ , J [2](C)) .

(2.1)
Comme les multiplications par 2 sont nulles, on a les identifications cherchées. 

2.2 L’homologie relative et l’hexagone (2.2)
Reprenons les notations de l’introduction et de la section 2.1. Posons
M = H1 (XΓ , PΓ , Z) et M0 = H1 (XΓ , Z).
Le groupe M est décrit en terme de symboles modulaires : pour (α, β) ∈ P1 (Q)2 ,
on note {α, β} la classe dans M d’un chemin continu de H ∪ P1 (Q) d’origine α et
d’extrémité β. De tels éléments engendrent M [Man72]. On a la suite exacte :
0 −→ M0 −→ M −→ Z[PΓ ]0 −→ 0,
où l’application M → Z[PΓ ]0 associe à {α, β} le diviseur [Γ α] − [Γ β]. L’hexagone
exact issu de la cohomologie de Tate s’écrit ainsi [Ser68] :

H1 (G∞ , Z[PΓ ]0 ) = 0

H1 (G∞ , M)


H0 (G∞ , M0 )


H1 (G∞ , M0 )


H0 (G∞ , M)

H0 (G∞ , Z[PΓ ]0 ) = F2 [PΓ+ ]0
(2.2)
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Les égalités 
H 0 (G∞ , Z[PΓ ]0 ) = F2 [PΓ+ ]0 et 
H 1 (G∞ , Z[PΓ ]0 ) = 0 résultent du fait
+
que PΓ est non vide (il contient Γ ∞).
On verra que 
H 1 (G∞ , M) = 0 et on calculera 
H 0 (G∞ , M) dans la section suivante.

2.3 La suite exacte de manin et l’hexagone (2.3)
Pour g ∈ SL2 (Z), on note ξ(g) le symbole modulaire {g0, g∞}, qui ne dépend que
de Γ g. On note encore ξ l’application Z[E] → M déduite
 de ξ par linéarité. Notons
c l’involution de E définie par e → −eσ . Posons τ = 01 −1
, qui est d’ordre 3 dans
−1
PSL2 (Z).
Notons E σ et E τ les ensembles des orbites de E sous σ et τ respectivement.
On a 
un homomorphisme
de groupes iΔ : Z → Z[E σ ] × Z[E τ ] qui à 1 associe

Δ = ( e∈E [e], e∈E [e]). Enfin, on a l’homorphisme de groupe antidiagonal
" #
" #
δ : Z E σ × Z E τ −→ Z[E]


qui à (s, t) ∈ E σ × E τ associe e∈s [e] − f ∈t [f ]. Tout cela donne lieu à la suite
exacte de Manin [Man72] :
" # δ
" #
ξ
iΔ
0 −→ Z −→ Z E σ × Z E τ −→ Z[E] −→ M −→ 0.
Récrivons-la :
" #
" #
0 −→ Z E σ × Z E τ /Z[Δ] −→ Z[E] −→ M −→ 0.
Observons qu’on a la relation eτ = eσ τ 2 σ (e ∈ E), car on a l’identité, cruciale
pour notre calcul,

 

−1 0
−1 0
σ τ 2σ =
τ
0 1
0 1
dans PSL2 (Z). Par conséquent, l’involution e → −eσ relève l’action de c sur M
à Z[E] (car ξ(e) = ξ( e ) = −ξ( eσ )) et est compatible à la suite exacte de Manin
(elle laisse stable l’ensemble des orbites sous σ et l’ensemble des orbites sous τ ).
Notons-la encore c.
Nous allons examiner l’hexagone exact qui est issu de l’action de G∞ ainsi
définie sur la suite exacte de Manin, après quelques préliminaires. Notons que
l’involution −c définit une involution des ensembles E σ et E τ , encore notée −c.
Lemme 2.3
(i) L’ensemble des orbites de E sous σ qui sont invariantes par −c coïncide avec
Aσ ∪ B σ . Plus précisément, il est constitué par les singletons de A ∩ B, les
paires {a, aσ } avec a ∈ A, les paires {b, bσ } avec b ∈ B.
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(ii) L’ensemble des orbites de E sous τ qui sont invariantes par −c est constitué
par les singletons {a} avec a ∈ A et aτ = a d’une part et les triplets {a, aτ, aτ 2 }
avec a ∈ A. Ainsi l’application A → Aτ qui à un élément associe son orbite
sous τ est bijective.
Démonstration (i) Soit e ∈ E tel que l’orbite de e sous σ soit invariante par −c. Si
e = eσ , on a e = −e et e = −eσ et donc e ∈ A ∩ B. Si e = eσ , on a e = e (et donc
e ∈ B) ou e = eσ (et donc e ∈ A), mais en aucun cas on a e ∈ A ∩ B.
(ii) Soit e ∈ E tel que l’orbite de e sous τ soit invariante par −c. Si eτ = e, on
a e = eσ et donc e ∈ A. Supposons désormais que eτ = e. L’un des trois éléments
e, eτ , eτ 2 est fixe par l’involution f → f σ . Il appartient donc à A. Notons le a.
De plus, on a aτ = aσ τ 2 σ = aτ 2 σ , si bien que a est l’unique élément du triplet

{a, aτ, aτ 2 } fixé par f → f σ .
Lemme 2.4 On a



H0 G∞ , Z[E] = 0



et 
H1 G∞ , Z[E] = F2 [A].

Démonstration La première assertion résulte du fait que c est l’opposé d’une involution sur E. Le groupe 
H1 (G∞ , Z[E]) est le F2 -espace vectoriel de base formé par

les éléments de E qui sont fixes par −c. C’est bien F2 [A].
Lemme 2.5 (i) On a

" #

H0 G∞ , Z E σ = 0


" #
et 
H0 G∞ , Z E τ = 0.

(ii) On a de plus

"
#
" #

H1 G∞ , Z E σ = F2 Aσ ∪ B σ


" #
et 
H1 G∞ , Z E τ = F2 [A].

Démonstration (i) Cela résulte encore du fait que c est l’opposé d’une involution
sur E σ et sur E τ .
(ii) Ces groupes de cohomologie sont les F2 -espaces vectoriels de bases les éléments de E σ et E τ respectivement invariants par −c. On obtient les identités cherchées par application du lemme 2.3.

Posons dans F2 [Aσ ∪ B σ ] × F2 [A],
 
 
[c],
[a] .
Δ =
c∈Aσ ∪B σ

a∈A

Lemme 2.6 On a les identifications :

" #

"
#
" #
" #

H1 G∞ , Z E σ × Z E τ /ZΔ = F2 Aσ ∪ B σ × F2 Aτ /F2 Δ
et


" #

" #

H0 G∞ , Z E σ × Z E τ /ZΔ = 0.
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Démonstration Le G∞ -module ZΔ est caractérisé par c(Δ) = −Δ. On a donc


H0 (G∞ , ZΔ) = 0.
H1 (G∞ , ZΔ) = F2 Δ et 

Considérons la suite exacte courte de G∞ -modules

" #
" #
" #
" #
0 −→ ZΔ −→ Z E σ × Z E τ −→ Z E σ × Z E τ /ZΔ −→ 0.

Comme 
H 0 (G∞ , Z[E σ ] × Z[E τ ]) = 0 (lemme 2.5), l’hexagone exact issu de cette
suite exacte s’écrit


H0 (G∞ , Z[E σ ] × Z[E τ ]) = 0


H0 (G∞ , ZΔ) = 0


H0 (G∞ , Z[E σ ] × Z[E τ ]/ZΔ)


H1 (G∞ , Z[E σ ] × Z[E τ ]/ZΔ)


H1 (G∞ , ZΔ) = F2 Δ


H1 (G∞ , Z[E σ ] × Z[E τ ])
= F2 [Aσ ∪ B σ ] × F2 [Aτ ].
(2.3)
Considérons l’application F2 Δ → F2 [Aσ ∪ B σ ] × F2 [Aτ ] issue de la ligne
supérieure de l’hexagone. Elle associe à Δ l’élément Δ , qui est non nul. C’est
donc une application injective et on a les isomorphismes annoncés.
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Venons-en à l’hexagone exact issu de la suite exacte de Manin, en utilisant les
résultats que nous venons d’accumuler :

H0 (G∞ , Z[E σ ] × Z[E τ ]/Z[Δ]) = 0


H1 (G∞ , M) = 0


H0 (G∞ , Z[E]) = 0


H1 (G∞ , Z[E]) = F2 [A]


H0 (G∞ , M)
δ


H1 (G∞ , Z[E σ ] × Z[E τ ]/Z[Δ])
= F2 [Aσ ∪ B σ ] × F2 [Aτ ]/F2 Δ

.

(2.4)
La nullité de 
H 1 (G∞ , M) n’a pas encore été démontrée. C’est l’objet de la
proposition suivante. Posons

"
#
[c] ∈ F2 Aσ ∪ B σ .
γ0 =
c∈Aσ ∪B σ

Remarquons que B σ est non vide (il contient l’orbite de l’identité), si bien que γ0
est non nul.
Précisons ce qu’est δ. Soient c ∈ A ∪ B et a ∈ A d’orbites respectives cσ et a τ
sous σ et τ respectivement. L’image par δ de la classe de ([c], [a]) est


[γ ] −
[γ ].
γ ∈cσ

γ ∈a τ ∩A

Considérons l’application linéaire ι : F2 [Aσ ∪ B σ ] → F2 [Aσ ∪ B σ ] × F2 [Aτ ]
caractérisée par
#
" # " # " # "
ι a σ = a σ , a τ + (aσ )τ , si a ∈ A,
et

On a ι(γ0

" # " # 
ι bσ = bσ , 0 ,
) = Δ ,

si b ∈ B.

si bien qu’on peut considérer l’application
"
#
"
#

ι : F2 Aσ ∪ B σ 0 −→ F2 Aσ ∪ B σ × F2 [A]/F2 Δ

obtenue par passage au quotient.

Property of The Mathematics Center Heidelberg - © Springer 2014

210

211

Proposition 2.7 On a une suite exacte
"
# ι
"
#
" #
δ
0 −→ F2 Aσ ∪ B σ 0 −→ F2 Aσ ∪ B σ × F2 Aτ /F2 Δ −→ F2 [A] −→ 0.
Démonstration Au vu de l’hexagone (2.4), cela revient à montrer que δ est surjective, que l’image de
ι est le noyau de δ et que
ι est injective. Le dernier point résulte
de l’injectivité de ι.
D’après le lemme 2.4, δ : F2 [Aσ ∪ B σ ] × F2 [Aτ ]/F2 Δ → F2 [A] associe à la
classe de (0, a τ ) l’élément [a] (a ∈ A). D’où la surjectivité de δ.
Passons maintenant au noyau de δ. Un élément de l’image de
ι est dans le noyau
de δ. Soit x un élément ∈ F2 [Aσ ∪ B σ ] × F2 [Aτ ] dont la classe modulo Δ est dans
le noyau de δ. Il s’écrit


 " #
"
#
" #
x=
λa [a] +
μb [b],
νa a τ ∈ F2 Aσ ∪ B σ × F2 Aτ ,
a∈A

b∈B

a∈A

avec λa = λaσ , μb = μbσ (a ∈ A, b ∈ B). On a λa = νa (a ∈ A, a ∈
/ B), si bien que
x est dans l’image de ι.

Corollaire 2.8 (i) On a 
H 1 (G∞ , M) = 0.
(ii) Le groupe 
H 0 (G∞ , M) est isomorphe à F2 [Aσ ∪ B σ ]0 .
Corollaire 2.9 Le groupe des composantes réelles
 
C∞ JΓ#
de la jacobienne généralisée JΓ# est isomorphe à F2 [Aσ ∪ B σ ]0 .
Démonstration D’après la proposition 2.1, C∞ (JΓ# ) est isomorphe à
 0

Hom 
H (G∞ , M), F2 .
L’hexagone exact (4) et la proposition 2.7 identifient ce dernier groupe à
 "
#

Hom F2 Aσ ∪ B σ 0 , F2

"
#0
F2 Aσ ∪ B σ .



Corollaire 2.10 Puisqu’on a une application surjective F2 [PΓ+ ]0 → C∞ (JΓ ) (issue de hexagone exact (2.2)), toute correspondance de XΓ définie sur R qui laisse
stable PΓ agit sur C∞ (JΓ ) via F2 [PΓ+ ]0 .
Remarques (1) Au vu du théorème 1.1, les ensembles Aσ ∪ B σ et PΓ+ ont même
cardinal. Cela sera confirmé dans le dénombrement de la section 2.5.
(2) Les considérations de cette section devraient découler du fait que chaque
composante réelle de XΓ contient une pointe réelle.
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2.4 Démonstration du théorème 1.1
L’hexagone (2.2) se récrit, en utilisant le corollaire 2.8, comme la suite exacte suivante


" #0


H0 (G∞ , M) −→ F2 PΓ+ −→ 
H1 G∞ , M0 −→ 0.
0 −→ 
H0 G∞ , M0 −→ 
En utilisant les isomorphismes

H0 (G∞ , M)

Ker(δ)

Im(
ι)

"
#
F2 Aσ ∪ B σ 0 ,

on peut récrire cette suite exacte ainsi


"
# φ
" #0


H1 G∞ , M0 −→ 0.
0 −→ 
H0 G∞ , M0 −→ F2 Aσ ∪ B σ 0 −→ F2 PΓ+ −→ 
Au vu de la proposition 2.1, il suffit de montrer que l’application
"
#
" #0
φ : F2 Aσ ∪ B σ 0 −→ F2 PΓ+
coïncide avec l’application θ de l’introduction.
Soit b ∈ B. Notons bσ son orbite sous σ . On a ι(bσ ) = (bσ , 0), dont l’image
modulo Δ est dans le noyau de δ. On a, dans Z[E], l’identité (1 − c)[b] =
[b] + [bσ ]. L’élément ξ(b) ∈ M est donc invariant par c. L’élément [b] + [bσ ] est
antiinvariant par c et a pour classe (bσ , 0) dans

" #

"
#
" #
" #

H1 G∞ , Z E σ × Z E τ /Z[Δ] = F2 Aσ ∪ B σ × F2 Aτ /F2 Δ .
Or on a 
ι(bσ ) = (bσ , 0). Or l’image de ξ(b) dans F2 [PΓ+ ]0 est φ(b) = [b∞] −
[b0] = θ (b) (voir section 2.2).

Soit a ∈ A. Notons a σ son orbite sous σ . On a ι(a σ ) = (a σ , α∈a σ [α τ ]). On a
dans Z[E] :
#
"
# "
#

"
(1 − c) [aτ ] + aσ τ 2 = [aτ ] + aσ τ 2 + aτ 2 + [aσ τ ]
"
#
= −[a] − [aσ ] + [a] + [aτ ] + aτ 2
"
#
+ [aσ ] + [aσ τ ] + aσ τ 2 .
(2.5)
Cela montre que ξ(aτ )+ξ(aσ τ 2 ) est invariant par c dans M. De plus −[a]−[aσ ]+
[a] +
[aτ ] + [aτ 2 ] + [aσ ] + [aσ τ ] + [aσ τ 2 ] est antiinvariant par c et a pour classe
(a σ , α∈a σ [α τ ]) dans

" #

"
#
" #
" #

H1 G∞ , Z E σ × Z E τ /Z[Δ] = F2 Aσ ∪ B σ × F2 Aτ /F2 Δ .
0
ι ) F2 [Aσ ∪ B σ ]0 est donc la classe
Son image
 dans Hτ (G∞ , M) Ker(δ) Im(
σ
ι (si a = aτ
de (a , α∈a σ [α ]), qui à son tour a pour image la classe de [a σ ] par
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et aσ = aσ τ , c’est évident, sinon il faut utiliser les congruences [a] ≡ [a] + [aτ ] +
[aτ 2 ] (mod 2Z[E]) ou [aσ ] ≡ [aσ ] + [aσ τ ] + [aσ τ 2 ] (mod 2Z[E])).
Il reste à calculer l’image de ξ(aτ ) + ξ(aσ τ 2 ) dans F2 [PΓ+ ]0 . C’est
 
"
# "
#
φ a σ = [aτ ∞] − [aτ 0] + aσ τ 2 ∞ + aσ τ 2 0
"
#
= [a0] − [a1] + a(−1) − [a0]
"
#
= a(−1) − [a1]
 
= θ aσ .
(2.6)

2.5 Le graphe GΓ
Soit x ∈ PΓ+ . Notons ix l’indice de ramification en x du morphisme canonique
XΓ → X(1). Posons Ax = {a ∈ A/a1 = x} et Bx = {b ∈ B/b∞ = x}.
Proposition 2.11
(1) Si ix est impair, les ensembles Ax et Bx sont des singletons. On dit alors que x
est de type AB. Si a ∈ Ax , on a

(i +1)/2
b = aτ 2 τ 2 σ x
∈ Bx .
(2) Si ix est pair, les ensembles Ax et Bx sont l’un une paire et l’autre vide. Si Ax
est une paire {a, a  } on dit que x est de type AA et on a a  = aτ 2 (τ 2 σ )ix /2 τ . Si
Bx est une paire {b, b } on dit que x est de type BB et on a b = b(τ 2 σ )ix /2 .
 
Démonstration On a τ 2 σ = 10 11 dans PSL2 (Z). C’est le générateur du stabilisateur de ∞ dans PSL2 (Z).
Soit e0 ∈ E tel que e0 ∞ = x. On a {e ∈ E/e∞ = x} = e0 (τ 2 σ )Z . Comme
x ∈ PΓ+ , il existe un entier k tel que e0 = e0 (τ 2 σ )k , où k est bien défini modulo ix .
Soit n un entier. On a



n
k−n
n 
k−2n
e0 τ 2 σ = e 0 τ 2 σ
= e0 τ 2 σ τ 2 σ
,
si bien que e0 (τ 2 σ )n ∈ Bx si et seulement si k ≡ 2n (mod ix ).



Soit f0 ∈ E tel que f0 1 = x. Comme τ 2 ∞ = 1, on a f0 τ 2 ∞ = x si bien qu’on a

Z
{f ∈ E | f 1 = x} = f0 τ 2 τ 2 σ τ.
Comme x ∈ PΓ+ , il existe un entier l tel que f0 τ 2 = f0 τ 2 (τ 2 σ )l , où l est bien défini
modulo ix . Soit m un entier. On a



m
l−m 2
m  2 l−1−2m
τ σ
f0 τ 2 τ 2 σ τ = f0 τ 2 τ 2 σ
σ τ σ = f0 τ 2 τ 2 σ
τ σ,
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si bien que f0 τ 2 (τ 2 σ )m τ ∈ Ax si et seulement si


m  2 l−1−2m
m
τ σ
τ σ = f0 τ 2 τ 2 σ τ σ
f0 τ 2 τ 2 σ
ou encore si et seulement si (τ 2 σ )l−1−2m ∈ (τ 2 σ )ix Z , c’est-à-dire l − 1 − 2m ≡
0 (mod ix ).
(1) Supposons ix impair. Les entiers n et m ci-dessus existent et sont uniques
modulo ix . C’est pourquoi Ax et Bx sont des singletons. Si a ∈ Ax , on a

(i +1)/2
b = aτ 2 τ 2 σ x
∈ Bx .
(2) Supposons ix pair. On peut poser f0 = e0 τ dans le calcul ci-dessus. On a alors
k ≡ l (mod ix ), si bien que k et l ont même parité. Si k est pair (resp. impair), il y a
deux possibilités pour n et aucune pour m (resp. aucune possibilité pour n et deux
possibilités pour m) si bien que Bx (resp. Ax ) admet exactement deux éléments et
Ax (resp. Bx ) est vide.
Remarque Si l’application canonique Γ → SL2 (Z/2Z) est surjective, ce qui revient
à dire que les indices de ramification des pointes dans le morphisme
XΓ −→ X(1)
sont impairs, toutes les pointes réelles sont de type AB. C’est le cas si Γ est un
sous-groupe de congruence de niveau impair.
Considérons le graphe GΓ dont les sommets sont les éléments de PΓ+ et dont
les arêtes sont de la forme (a(−1), a1) pour a ∈ A ou de la forme (b0, b∞) pour
b ∈ B. D’après la proposition 2.11, c’est un graphe régulier de valence 2. Notons
CΓ l’ensemble des composantes connexes de GΓ . Ainsi l’application θ associe à une
arête α de GΓ la différence des sommets attachés à α si bien que le théorème 1.1 se
reformule ainsi.
Théorème 2.12
(1) Le groupe C∞ (JΓ ) est isomorphe à F2 [CΓ ]0 (par l’application qui à la classe
dans C∞ (JΓ ) de la différence de deux pointes réelles associe la différence de
leurs composantes connexes dans GΓ ).
∞ (JΓ ) est isomorphe à F2 [CΓ ]0 (par l’inverse de l’application qui
(2) Le groupe C
à la classe dans F2 [CΓ ]0 d’une composante connexe C associe l’image inverse
∞ (JΓ ) de la somme des arêtes de C).
dans C
Remarque Nous n’avons pas vérifié que ces deux isomorphismes sont compatibles
aux accouplements canoniques
F2 [CΓ ]0 × F2 [CΓ ]0 −→ F2

∞ (JΓ ) −→ F2 .
et C∞ (JΓ ) × C
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(Rappelons que, via les accouplements de la section 2.1, ce dernier est issu de
l’accouplement





H1 G∞ , M0 −→ 
H1 (G∞ , F2 ) F2 ,
H0 G∞ , M0 × 
qui, à la classe de (x, y) ∈ M0 × M0 avec cx = x et cy = −y, associe le produit
d’intersection x • y modulo 2.)

2.6 Le groupe des composantes est de type Eisenstein
Soit T # (resp. T ) un sous-anneau commutatif de End(JΓ# ) (resp. End(JΓ )) engendré
par des correspondances de XΓ définies sur R et qui respectent PΓ . Il opère sur
la suite exacte 0 → M0 → M → Z[PΓ ]0 → 0, et donc sur Z[PΓ ]0 . Notons IE
l’annulateur de Z[PΓ ]0 dans T # . Un T -module (resp. T # -module) est dit de type
Eisenstein si son support dans le spectre maximal de T (resp. T # ) est contenu dans
le support de l’image de IE dans T (resp. dans le support de IE ).
Proposition 2.13 (1) Le groupe C∞ (JΓ ) est un T -module de type Eisenstein.
(2) Le T -module JΓ [2](R)/(1 − c)JΓ [2](C) est de type Eisenstein.
Démonstration Soit M un idéal maximal de T dans le support de C∞ (JΓ ). Il annule
C∞ (JΓ ). Puisqu’on a un homomorphisme de T -modules
" #0
F2 PΓ+ −→ C∞ (JΓ ),
on a un homomorphisme de T -modules Z[PΓ ]0 → C∞ (JΓ ), d’où la première assertion. La seconde assertion se déduit de la première et de la suite exacte de T modules rappelée dans la section 2.1
∞ (JΓ ) −→ JΓ [2](R)/(1 − c)JΓ [2](C) −→ C∞ (JΓ ) −→ 0.
0 −→ C
Cette notion trouve principalement une application lorsque Γ est un sous-groupe
de congruence et T est l’algèbre engendrée par les opérateurs de Hecke.


3 Application à la courbe X1 (N)
3.1 Pointes réelles de X1 (N)
Soit N un entier ≥ 5. Posons Γ = ±Γ1 (N ). Notons P1 (N ) (resp. P1 (N )+ )
l’ensemble des pointes (resp. des pointes réelles) de X1 (N ).
Soit S un système de représentants de (Z/N Z) dans Z. Pour λ ∈ (Z/N Z)∗ de
représentant 
λ ∈ S, notons αλ (resp. βλ ) la classe de 1/
λ (resp. 
λ/N ) dans P1 (N ).
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Ces pointes ne dépendent que de ±λ. Les applications ±λ → αλ et ±λ → βλ sont
injectives et d’images disjointes. On dira que leurs images sont les pointes au-dessus
de 0 et ∞ respectivement (car elles sont au-dessus des pointes 0 et ∞ de X0 (N )).
Si N est pair, pour λ ∈ (Z/N Z)∗ de représentant 
λ ∈ S, notons γλ (resp. δλ ) la
classe de 1/(2
λ) (resp. λ/(N/2)) dans P1 (N ). Ces pointes ne dépendent que de ±λ
modulo N/2. Les applications ±λ (mod N/2) → γλ et ±λ (mod N/2) → δλ sont
injectives et d’images disjointes. On dira que leurs images sont les pointes au-dessus
de 1/2 et 2/N respectivement (car elles sont au-dessus des pointes 1/2 et 2/N de
X0 (N )).
Proposition 3.1 L’ensemble P1 (N )+ coïncide avec l’ensemble des pointes audessus de 0 ou ∞ si N est impair. Il coïncide avec l’ensemble des pointes au-dessus
de 0, ∞, 1/2 ou 2/N si N est pair.
Démonstration Soient u et v des entiers premiers entre eux. Notons ν le pgcd de v
et N . La pointe Γ1 (N)u/v ne dépend que du couple
<


v (mod N ), u (mod ν) ∈ (Z/N Z) × (Z/dZ)∗
d|N

au signe près. Puisque sa conjuguée complexe est Γ1 (N )(−u/v), elle est réelle si et
seulement si on a v ≡ −v (mod N ) ou u ≡ −u (mod ν). C’est-à-dire si et seulement
si 2v ≡ 0 (mod N ) ou 2 ≡ 0 (mod ν). La pointe Γ1 (N)u/v est donc réelle si et
seulement si on a ν = 1, 2, N/2 ou N . Cela revient à dire que cette pointe est audessus de 0, ∞, 1/2 ou 2/N .

Remarques (1) La courbe X1 (N ) ne possède que des pointes réelles si et seulement
si N est un diviseur de 4 ou de 2p où p est un nombre premier impair.
(2) Les lemmes 3.4, 3.5, 3.6 et proposition 3.7 établissent le lien entre nos deux
classifications des pointes. Si N est impair, toutes les pointes sont de type AB. Si
N est pair, les pointes au-dessus de 0 et au-dessus de 2/N sont de type BB et les
pointes au-dessus de ∞ et 1/2 sont de type AB.

3.2 Les ensembles A et B
2
Notons EN l’ensemble des éléments d’ordre N de (Z/N Z)
 signe près.
 a bau
L’application ±Γ1 (N )\SL2 (Z) → EN qui à ±Γ1 (N ) c d associe la classe de
(c, d) est bijective et compatible à l’action à droite de SL2 (Z). Notons AN et BN
les images de A et B dans EN .

Proposition 3.2 On a

AN = ±(λ, λ), ±(λ, −λ) | λ ∈ (Z/N Z)∗ .
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De plus, si N est impair, on a

BN = ±(λ, 0), ±(0, λ) | λ ∈ (Z/N Z)∗ ,
si N est pair mais pas divisible par 4, on a

BN = ±(λ, 0), ±(0, λ) | λ ∈ (Z/N Z)∗

∪ ±(λ, N/2), ±(N/2, λ) | λ ∈ (Z/N Z)∗ ∪ 2(Z/N Z)∗ .
Enfin si N est divisible par 4, on a

BN = ±(λ, 0), ±(0, λ), ±(λ, N/2), ±(N/2, λ) | λ ∈ (Z/N Z)∗ .
Démonstration Soit ±(u, v) ∈ EN , avec u et v dans Z/N Z. Lorsqu’on identifie E
à EN , l’involution −c de E définit une involution de EN donnée par la formule
±(u, v) = ±(v, u). On a de plus ±(u, v)σ = ±(−v, u).
On a ±(u, v) ∈ AN si et seulement si on a ±(−u, v) = ±(u, v)σ = ±(−v, u).
Cela revient à dire que ±u = ±v. Comme (u, v) est d’ordre N , on a u et v dans
(Z/N Z)∗ , d’où la formule de AN .
On a ±(u, v) ∈ BN si et seulement si on a ±(−u, v) = ±(u, v). Cela revient à
dire que 2u = 0 ou 2v = 0. La formule pour BN résulte ensuite du fait que (u, v) est
d’ordre N .


3.3 Démonstration du théorème 1.3
Il faut déterminer le graphe GΓ introduit dans la section 2.5 et appliquer le
théorème 1.1. Identifions-le au graphe GN dont les sommets sont les pointes P1 (N )+
et dont les arêtes sont les orbites sous σ de AN et BN (via les identifications de la
section 3.1).
Lemme 3.3 Soit λ ∈ (Z/N Z)∗ . Considérons l’arête {±(λ, λ), ±(−λ, λ)} ∈ AσN . Si
N est impair, ses extrémités associées sont α2λ et βλ−1 . Si N est pair ses extrémités
sont γλ et βλ−1 .
Démonstration Soit



α
g=
γ


β
∈ SL2 (Z)
δ

tel que λ = γ + N Z = δ + N Z. On a alors λ−1 = α − β + N Z. On a
g1 = (α + β)/(γ + δ)

et g(−1) = (α − β)/(γ − δ).

On a donc Γ1 (N )g1 = Γ1 (N )(α +β)/(γ +δ), qui est α2λ si N est impair (puisqu’on
a α + δ ≡ 2λ (mod N )) et γλ sinon. De plus, on a Γ1 (N )g1 = Γ1 (N )(α − β)/N =
βλ−1 car on a 1 = αδ − βγ ≡ (α − β)λ (mod N ).
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σ . Ses
Lemme 3.4 Soit λ ∈ (Z/N Z)∗ . Considérons l’arête {±(λ, 0), ±(0, λ)} ∈ BN
extrémités associées sont αλ et βλ−1 .

Démonstration Soit


g=

α
γ


β
∈ SL2 (Z)
δ

tel que 0 = γ + N Z et λ = δ + N Z. On a λ−1 = α + N Z. On a g∞ = α/γ et donc
Γ1 (N )g∞ = bλ−1 . On a g0 = β/δ et donc Γ1 (N )g0 = αλ .

Lemme 3.5 Supposons N pair. Soit λ ∈ (Z/N Z)∗ . Considérons l’arête

σ
.
±(λ, N/2), ±(N/2, λ) ∈ BN
Ses extrémités associées sont αλ et δλ−1 .
Démonstration Soit


g=

α
γ


β
∈ SL2 (Z)
δ

tel que N/2 ≡ γ (mod N ) et λ = δ + N Z. On a g∞ = α/γ et donc Γ1 (N )g∞ =
δλ−1 . On a g0 = β/δ et donc Γ1 (N )g0 = αλ .

Lemme 3.6 Supposons N pair, mais non divisible par 4. Soit
λ = 2μ ∈ 2(Z/N Z)∗ .
L’arête


σ
±(λ, N/2), ±(N/2, λ) ∈ BN

a pour extrémités les pointes γμ et δ(λ+N/2)−1 .
Démonstration Soit



α
g=
γ


β
∈ SL2 (Z)
δ

tel que N/2 ≡ γ (mod N ) et λ = δ + N Z. On a λ + N/2 ∈ (Z/N Z)∗ et donc
α ≡ δ(λ+N/2)−1 (mod N/2). On a g∞ = α/γ et donc Γ1 (N )g∞ = δ(λ+N/2)−1 . On
a g0 = β/δ et donc Γ1 (N )g0 = γμ .

Passons maintenant à la démonstration du théorème 1.3. Pour cela nous allons
identifier le groupe des composantes de GN à un quotient de (Z/N Z)∗ / ± 1 par
l’application qui à la composante de αλ associe la classe de λ.
Supposons N impair. On a P1 (N )+ = {αλ , βλ | λ ∈ (Z/N Z)∗ }. D’après les
lemmes 3.3 et 3.4, αλ , βλ−1 et α2λ sont dans la même composante connexe de GN
pour tout {λ ∈ (Z/N Z)∗ }. Comme GN est régulier de valence 2, l’itération de ce
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processus épuise la composante connexe de αλ . Il en résulte que la composante
connexe de αλ est

{αλ , βλ−1 , α2λ , β(2λ)−1 , . . .} = αkλ , β(kλ)−1 | k ∈ 2Z .
Ainsi, l’application qui à λ ∈ (Z/N Z)∗ associe la composante connexe de αλ définit
une bijection entre l’ensemble des composantes connexes de GN et l’ensemble
(Z/N Z)∗ / ± 2Z .
Supposons N pair, mais pas divisible par 4. On a


P1 (N )+ = αλ , βλ | λ ∈ (Z/N Z)∗ ∪ γλ , δλ | λ ∈ 2(Z/N Z)∗ .
Soit λ ∈ (Z/N Z)∗ . D’après les lemmes 3.5 et 3.6, γλ et δ(2λ+N/2)−1 sont les extrémités d’une même arête, de même que δ(2λ+N/2)−1 et α2λ+N/2 , de même que
α2λ+N/2 et β(2λ+N/2)−1 , de même que β(2λ+N/2)−1 et γ2λ+N/2 . Or la pointe γλ ne
dépend que de la classe de λ modulo N/2. C’est pourquoi on a l’identification entre
les composante connexes de GN et (Z/(N/2)Z)∗ / ± 2Z .
Enfin supposons N divisible par 4. Soit λ ∈ (Z/N Z)∗ . La combinaison des
lemmes 3.3, 3.4, 3.5 et 3.6 indique que la composante connexe de αλ est
{αλ , βλ−1 , γλ , β(λ+N/2)−1 , αλ+N/2 , δλ−1 }.
Ainsi les composantes connexes de GN sont en bijection avec (Z/(N/2)Z)∗ / ± 1.

3.4 Action de Hecke
Considérons l’involution WN de X1 (N ) qui à Γ1 (N )z associe Γ1 (N )(−1/Nz). Elle
est définie sur R (mais pas sur Q). Elle opère sur C∞ (J1 (N )) de même que les
opérateurs de Hecke et les opérateurs diamants.
Proposition 3.7 Soit p un nombre premier. Soit λ ∈ (Z/NZ)∗ . Considérons la composante connexe aλ (resp. bλ ) de la pointe αλ (resp. βλ ) dans le graphe GN . Si p ne
divise par N , on a la formule suivante pour l’action de la correspondance de Hecke
Tp :
Tp aλ = papλ + aλ

et

Tp bλ = bλ/p + pbλ .

Si p divise N , les formules sont :
Tp aλ = papλ

et Tp bλ = pbλ .

De plus, on a
WN aλ = b−λ = a−λ−1 .
En particulier, lorsque N est impair, les opérateurs T2 et WN T2 WN sont l’identité
sur C∞ (J1 (N )). L’action de l’involution WN se déduit de λ → λ−1 sur (Z/N Z)∗
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lorsqu’on identifie C∞ (J1 (N )) à un quotient de F2 [(Z/N Z)∗ ]0 comme dans le
théorème 1.3.
Démonstration Lorsque p ne divise pas N , rappelons quelle est l’action de la correspondance Tp sur les pointes de P1 (N ). On a
u 
u + iv
pmu + nv
Γ1 (N )
=
+ Γ1 (N )
,
v
pv
pNu + pv
p−1

Tp Γ1 (N )

i=0

λ,
où m et n sont des entiers tels que mp − nN = 1. Comme on a posé αλ = Γ1 (N )1/
un calcul facile et classique montre que Tp αλ = pαpλ + αλ . On obtient de même
Tp βλ = βλ/p + pβλ , d’où les formules cherchées pour Tp .
Lorsque p divise N , les formules s’obtiennent par des calculs analogues.
L’identité WN aλ = b−λ est évidente. L’égalité b−λ = a−λ−1 résulte du lemme 3.4.
On a donc, dans F2 [P1 (N )+ ]0 , T2 αλ = c2λ . Lorsque N est impair, les pointes αλ
et α2λ définissent les mêmes composantes connexes de GN . La correspondance T2
est donc l’identité sur F2 [CΓ1 (N ) ] et donc encore l’identité sur C∞ (J1 (N )).

Remarque Lorsque N est impair, C∞ (J1 (N )) ne s’identifie pas au plus grand quotient de F2 [P1 (N )+ ]0 sur lequel T2 et WN T2 WN sont l’identité. Il faut en plus
passer au quotient dans lequel les pointes αλ et βλ−1 sont identifiées. (Si on tient
compte de l’action des opérateurs diamants, il suffit d’identifier Γ1 (N )0 = α1 et
Γ1 (N )∞ = β1 . En effet les images de ces pointes par le λ-ème opérateur diamant
sont αλ et βλ−1 .)
En somme, on peut identifier le groupe C∞ (J1 (N )) au plus grand quotient de
F2 [P1 (N )∞ ]0 sur lequel T2 est l’identité, où P1 (N )∞ est l’ensemble des pointes de
X1 (N ) au-dessus de l’infini (un tel ensemble est stable par l’action des opérateurs
de Hecke, mais pas par l’action de WN ). Nous n’avons pas d’explication au rôle
particulier joué par le nombre premier 2 dans cette description.

4 Représentations galoisiennes et modules de Hecke
4.1 Rappels sur les représentations galoisiennes
Reprenons les notations de l’introduction, en ne nous limitant pas à la caractéristique
2. Soit p un nombre premier. Soit Fq un corps fini de caractéristique p. Notons q son
cardinal. Soit V un espace vectoriel de dimension 2 sur Fq . Soit  : Gal(Q/Q) →
GL(V ) une représentation irréductible et impaire. Elle est modulaire.
Notons f une forme modulaire associée. Supposons que f soit de poids 2 et
de niveau
 p, où N est le conducteur de . Notons N le niveau de f .
 N ou N
n
Notons ∞
n=1 an q le q-développement de f . Considérons l’anneau T engendré par
les opérateurs de Hecke Tn , n ≥ 1 et les opérateurs «diamants». Notons M l’idéal
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maximal de T engendré par p et les éléments de la forme Tn − an . Alors, il existe un
entier r ≥ 1 tel que le module galoisien J1 (N )[M] est isomorphe à r [BLR91]. On
a r > 1 si et seulement si  est non ramifiée en p et l’image par  d’une substitution
de Frobenius en p est scalaire [KW, Wie07] (critère de Wiese).
Supposons  non ramifiée en p, telle que (Frobp ) possède une seule valeur
propre α = ap . Alors (Frobp ) peut-être ou non semi-simple. L’algèbre T contient
l’opérateur Up = Tp . On peut paraphraser le critère de Wiese de la façon suivante.
On a la semi-simplicité si et seulement l’une des condition équivalentes suivantes
est vérifiée :
(i) On a r > 1.
(ii) L’opérateur Up − α est nul sur J1 (N )[M].
(iii) Le T/M-espace vectoriel M0 /MM0 est de dimension > 2 (il est de dimension
2 sinon).
(iv) On a (Up − α)M0 ⊂ MM0 .
Considérons l’algèbre de Hecke étendue 
T définie comme le sous-anneau de
End(M0 ) engendré par T et U∞ = c. Lorsque p est différent de 2 (la raison de cette
restriction apparaît dans la section 3.2), on peut ajouter la conditon suivante.
(v) Le 
T/M-espace M0 /MM0 n’est pas monogène (il est libre de rang 1 sinon).
Question Soit  un nombre premier différent de p. Supposons  non ramifiée en l
et que (Frob ) possède une seule valeur propre. Y a-t-il un critère analogue à celui
qui précède pour déterminer si (Frob ) est semi-simple ?
Cette question nous paraît analogue au problème de la semi-simplicité de (c).
Signalons que la réponse ne semble pas résider dans l’action de l’opérateur U agissant sur les points de p-division de la partie -ancienne de J1 (N, ) (jacobienne de
la courbe modulaire associée au groupe Γ1 (N ) ∩ Γ0 ()).

4.2 Formes modulaires modulo 2
Supposons que p = 2. Nous nous proposons de répondre à la question posée dans
l’introduction, en gardant en tête le critère de Wiese donné dans la section 4.1.
Reprenons les notations de l’introduction et de la section 4.1 Le poids de la
représentation  est égal à 1 (resp. 2, resp. 4) si  est non ramifiée (resp. ramifiée,
mais peu ramifiée, resp. très ramifiée) [Ser87]. Il existe alors une forme modulaire
f de poids 2 et de niveau N (resp. N , resp. 2N ) associée à .
Proposition 4.1 Les assertions suivantes sont équivalentes.
(1) On a (c) = 1.
(2) Le 
T/M-espace vectoriel M0 /MM0 est de dimension 2r (il est de dimension r
sinon).
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(3) On a (1 − U∞ )M0 ⊂ MM0 .
(4) On a M0+ ⊂ MM0 (où M0+ est la partie invariante par U∞ de M).
Démonstration On a (c) égal à l’identité si et seulement si la conjugaison complexe agit trivialement sur J1 (N )[M]. Or ce dernier T/M-espace vectoriel est isomorphe au dual de Pontryagin de M0 /MM0 de façon compatible aux actions des
conjugaisons complexes déjà considérées. La trivialité de (c) revient donc à affirmer que (1 − U∞ )M0 ⊂ MM0 . Cela montre l’équivalence de (1), (2) et (3).
Il reste à montrer l’équivalence de (3) et (4). Cela revient à montrer que M n’est
pas dans le support du T-module M0+ /(1 + U∞ )M0 C∞ (J1 (N )). Comme  est
irréductible, M n’est pas de type Eisenstein et ne peut donc être dans le support de
C∞ (J1 (N )) d’après la proposition 2.13.

Remarque La comparaison avec le critère de Wiese dans la section 4.1, amène
curieusement à voir le T-module M0 muni de l’opérateur U∞ comme «ancien»
en la place infinie (sans pour autant qu’on puisse identifier un espace «nouveau»
dont serait issu les deux sous-modules M0+ et M0− ).
Corollaire 4.2 Supposons que (c) = 1. L’idéal engendré par 2 est ramifié audessus de M dans T.
Démonstration Supposons 2 non ramifié au-dessus de M. Considérons le localisé
M0(M) en M de M0 . Comme  est irréductible, l’idéal M n’est pas de type Eisenstein, si bien qu’on a
(1 + c)M0(M) = M0+
(M)

0
et donc M0+
(M) ⊂ MM(M) .

L’idéal engendré par 2 est non ramifié au-dessus de M dans T(M) , il est donc engendré par 2. On a donc
(1 + c)M0(M) ⊂ 2M0(M) .
Cela entraîne que le groupe M0+
(M) est 2-divisible, ce qui est absurde puisque M
est de caractéristique résiduelle 2.

Exemple Considérons la courbe modulaire X0 (37). Sa jacobienne J0 (37) est de
dimension 2. Le groupe des composantes réelles de J0 (37) est nul [Mer96], si bien
que le corollaire ci-dessus s’adapte à J0 (37) au lieu de J1 (37). La variété abélienne
J0 (37) est isogène au produit de courbes elliptiques non mutuellement isogènes E1
et E2 dont les discriminants sont > 0. Les points de 2-division de E1 et E2 sont
tous réels, si bien que les représentations galoisiennes associées à E1 [2] et E2 [2]
sont dotées d’une action triviale de la conjugaison complexe. Comme aucun idéal
maximal de caractéristique résiduelle 2 de l’algèbre de Hecke de J0 (37) n’est de
type Eisenstein [Maz77], ces représentations sont irréductibles. Le corollaire 4.2
entraîne que ces deux représentations de Gal(Q/Q) sont isomorphes.
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Ainsi, la situation (c) = 1 entraîne une congruence entre formes modulaires
de même niveau. Ce phénomène admet-il une incarnation en théorie des déformations? (Autrement dit, peut-on montrer que l’idéal engendré par 2 est ramifié dans
un anneau de déformation approprié?)
Il trouve une illustration supplémentaire dans le corollaire suivant qui est un cas
particulier d’un résultat de Calegari et Emerton [CE09].
Corollaire 4.3 Soit E une courbe elliptique sur Q sans point Q-rationnel d’ordre
2 et de discriminant > 0. Soit
π : X0 (N ) −→ E
un morphisme non constant défini sur R. Alors, le degré de π est pair.
Démonstration Comme le discriminant de E est > 0 tous les points d’ordre 2 de
E(C) sont réels, la représentation galoisienne  définie par les points de 2-division
de E est de type (1) (au sens de l’introduction) et est irréductible (car E est sans
point rationnel d’ordre 2). Considérons H1 (E, Z) qui est un Z-module libre de rang
2 muni d’une action de G∞ . Comme on a E[2] H1 (E, Z)/2H1 (E, Z), et que
l’action de c est triviale sur E[2], il existe une base (x + , x − ) du Z-module H1 (E, Z)
telle que cx + = x + et cx − = x − (le réseau complexe associé à la courbe elliptique
est de type «rectangle» et non «losange»). Comme il s’agit d’une base et que le
produit d’intersection est un accouplement parfait, on a la formule pour le produit
d’intersection : x + • x − = 1, quitte à changer x + en son opposé.
Venons-en à la paramétrisation modulaire. Considérons l’application


π ∗ : H1 (E, Z) −→ H1 X0 (N ), Z
déduite de π . On a π ∗ (x + ) • π ∗ (x − ) = deg(π)x + • x − = deg(π). Les éléments π ∗ (x + ) et π ∗ (x − ) sont propres pour les opérateurs de Hecke et invariants et antiinvariants respectivement par c. Notons IE l’idéal premier minimal
de T qui est le noyau commun des applications T → H1 (X0 (N ), Z) qui à t
associent tπ ∗ (x + ) et tπ ∗ (x − ) respectivement. Il est premier à l’annulateur I
∞ (J0 (N )) H1 (X0 (N ), Z)+ /(1 + c)H1 (X0 (N ), Z). En effet, d’une part,
de C
∞ (J0 (N )) dans T est à support dans les idéaux maximaux
l’annulateur de C
d’Eisenstein de caractéristique résiduelle 2 et, d’autre part, IE est contenu dans un
seul idéal maximal de caractéristique résiduelle 2, qui n’est pas d’Eisenstein puisque
la représentation galoisienne  est irréductible.
Dans T, posons 1 = tE + tC où tE ∈ IE et tC ∈ I . Par définition de I , il
existe y et z dans H1 (X0 (N ), Z) tels que π ∗ (x + ) = (1 + c)y + z avec tC z ∈
(1 + c)H1 (X0 (N ), Z). On a


z = tE z + tC z ∈ tE z + (1 + c)H1 X0 (N ), Z .
On peut donc supposer que z appartient à IE H1 (X0 (N ), Z), si bien que
 
z • π ∗ x− = 0
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par auto-adjonction des opérateurs de Hecke pour l’accouplement •. On a donc
 
 
 
 
deg(π) = π ∗ x + • π ∗ x − = (1 + c)y • π ∗ x − + z • π ∗ x −
 
= 2y • π ∗ x − ∈ 2Z.

Remarques (1) Le corollaire 4.3 reste valable si on remplace la paramétrisation par
X0 (N ) par la paramétrisation par X1 (N ) (ou par toute autre courbe modulaire).
(2) L’hypothèse d’absence de point rationnel d’ordre 2 est nécessaire. En effet,
X0 (15) est elle-même une courbe elliptique de discriminant > 0, et tous ses points
d’ordre 2 sont rationnels.
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Abstract We describe Hecke operators on Manin symbols over imaginary quadratic
fields. As by-product we obtain a form of universal L-series associated with eigenforms.

1 Introduction
Let F be an imaginary quadratic field of class number one and with O as integer
ring. Next, let G := SL2 (O), and let H∗3 = H3 ∪ P1 (F ) where H3 = C × R>0 is
the 3-dimensional hyperbolic space. Consider a congruence subgroup Γ of G. The
theory of automorphic forms or modular forms over F is related to the study of
certain cohomological classes of the quotient Γ \H∗3 .
The modular symbols formalism is a powerful tool, which enables one to gain
theoretical and computational insights on modular forms and other related areas.
Since modular symbols for a congruence subgroup Γ are defined, see Definition 2.7,
as a quotient of two abelian groups of infinite rank, so a priori, they do not seem
suitable for concrete computation with computers. But, in fact, modular symbols
do admit a finite presentation. This is better seen via the theory of Manin symbols
which provides an explicit basis for the space of modular symbols for Γ . Because
of the computability of Manin symbols, modular symbols are computable and thus
modular forms are so.
The usefulness of modular forms for arithmetical questions is mostly due to the
fact that the information carried by modular forms can be read off via the action
of Hecke operators. These Hecke operators act on the (co)homology of Γ with
coefficients in a finite dimensional representation of Γ and on the space of modular
symbols in a compatible fashion, that is, the identification of the (co)homology with
modular symbols respects the Hecke action.
Unfortunately, a definition of Hecke operators on Manin symbols compatible
with the one on modular symbols is not as straightforward as one could hope. FolA. Mohamed (B)
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lowing Manin, B. Mazur in [Maz], showed how Hecke operators may be described
in terms of Heilbronn matrices. Building on those cited works, Merel in [Mer94],
exposed a theory of Hecke operator on classical Manin symbols, thereby improving
computation of classical modular forms. Previously, authors had to convert Manin
symbols to modular symbols in order to compute the Hecke action and then convert back to Manin symbols. So knowing how to define Hecke operators on Manin
symbols intrinsically should ease computation with modular forms since there is
no need to perform the time consuming interchange between Manin symbols and
modular symbols.
Let R be an O-algebra and consider V to be an R[G]-left module. Let MR (Γ, V )
be the space of modular symbols of weight V and level Γ , see below for the precise
definition. Denote by MR (Γ, V ) the space of Manin symbols for Γ and of weight
V , see 2.7 for the definition. We will prove that we have the following commutative
diagram of Hecke modules:
MR (Γ, V )

T

MR (Γ, V )

MR (Γ, V )

T

MR (Γ, V )

where T , T are Hecke operators and the horizontal arrows are surjective homomorphisms. The novelty here is the definition of T on Manin symbols so that the
diagram commutes. Akin to the classical setting, the description of T is explicit
and does not depend on Γ . The formulae can be found in Proposition 3.5, Proposition 3.12 and Proposition 3.15.
As by-product of the above diagram, we obtain a statement concerning L-series
associated with eigenforms over imaginary quadratic fields. See Proposition 4.4 for
the precise statement. Proposition 4.4 is reminiscent of Theorem 1 from [Mer94],
where Merel obtained universal q-expansions of classical modular forms from his
explicit description of Hecke operators on Manin symbols. Our aim is to extend
some of the results in [Mer94] to the setting of imaginary quadratic fields, hence the
title we have opted for is partially motivated.
To this end, in Sect. 2, we introduce the modular and Manin symbols formalism.
In Sect. 3, we describe Hecke operators on Manin symbols and in the short Sect. 4,
we will discuss the above proposition.

2 Modular and Manin Symbols
In this section we introduce the combinatorial definition of modular symbols and
Manin symbols. The main assumptions we are making here concern the class num-
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ber and the special linear group G. Namely, we require a trivial class group so that
G acts transitively on the cusps and we need G to be finitely generated. Thus, F
could be any arbitrary number field of class number one as the corresponding special linear group is then finitely generated. However, we shall illustrate the theory
by taking F to be quadratic imaginary of class number one.
This exposition is a generalisation to our setting of the presentation given in
[Wie09] and [Wie], where the classical case is treated. The starting point is an exact
sequence.

2.1 An Exact Sequence
Let F be an imaginary quadratic field of class number one and O its ring of integers.
We set G := SL2 (O) to be the special linear group over O.There
 is a left action of G
on the projective line over F , P1 (F ), defined as: for g = ac db ∈ G and z ∈ P1 (F ),
g.z :=

az + b
.
cz + d

This action is transitive because F has class number one. We fix a set of generators
of G once and for all as follows. We define T1 , . . . , Tl as the generators of G∞ .
The latter is the stabilizer subgroup of ∞ in G for the action just described. More
explicitly these Tj are as follows: there is a diagonal generator for each generator
 
of the unit group and matrices of the form 10 a1 for a in a set of generators of O as
Z-module. Next we complete the set {T1 , . . . , Tl } with matrices σ1 , . . . , σr ∈ G such
that
G = σ1 , . . . , σr , T1 , . . . , Tl : Relations
where “Relations” stands for relations among the σi and Tj . When F is Euclidean,
 0 1
then r = 1 and σ = −1
just as for O = Z.
0
√
In the non-Euclidean situation, say forexample
F = Q( −19), we

√ have r = 2,
2
and in addition to σ1 = σ , there is σ2 = 1−w
where
w
=
(1
+
−19)/2. For
2 w
details about generators and relations of some special linear groups over imaginary
quadratic fields, the reader can look at [Grun98].
Let R be an O-module. In the proposition below R[G] is viewed as a right R[G]module.
Proposition 2.1 The following sequence of R-modules
r
i=1

is exact.



"
# g.∞→1
(g1 ,...,gr )→ ri=1 gi (1−σi )∞
R[G] −−−−−−−−−−−−−−−−−→ R P1 (F ) −−−−→ R −→ 0
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Proof We view R[P1 (F )] as an R[G]-module with G acting on the cusps. Because
of the transitivity of the action of G on the cusps, this module is cyclic generated by
∞. The augmentation map is clearly surjective with kernel generated by σ ∞−∞ as
R-module, where σ ∈ G. Particularly as an R[G]-module, this kernel is generated
by elements of the form σ ∞ − ∞ for σ in a set of generators of G away from the
Tj since σ  σ ∞ − ∞ = σ  (σ ∞ − ∞) + σ  ∞ − ∞. As an R[G]-module, the image
of the first arrow is generated by elements of the form σ ∞ − ∞ with σ in a set of
generators of G away from the Tj . This establishes the exactness at R[P1 (F )]. 
With this in hand, we next introduce the formalism of modular symbols and
Manin symbols. The exact sequence in Proposition 2.1 will allow us to express the
former in terms of the latter in a linear algebraic way as in the classical setting.

2.2 Modular and Manin Symbols
This subsection is devoted to the definition of modular and Manin symbols with a
weight V . The latter is a finitely generated left R[G]-module. In the classical setting,
one knows the modular symbols of weight k as it pertains to the representation
Symk−2 (Z) of SL2 (Z).
For illustration, let F be an imaginary quadratic field of class number one with
non-trivial automorphism denoted by τ . Then, for r, s integers we consider the representations of G:
 

 τ
= O[X, Y ]r ⊗O O[X, Y ]τs ,
Vr,s (O) = Symr O2 ⊗O Syms O2
where O[X, Y ]r is the space of homogeneous polynomials of degree r in the variables X, Y .
 
Recall how the action of G is defined: for ac db ∈ G and P (X, Y ) ⊗ P  (X, Y ) ∈
Vr,s (O), then,

  

τ  


d −b
X
d −b
X


⊗P
g. P (X, Y ) ⊗ P (X, Y ) := P
−c a
Y
−c a
Y
= P (dX − bY, aY − cX)


⊗ P  d τ X + (−b)τ Y, a τ Y + (−c)τ X .
For M an O-module or an O-algebra, we let Vr,s (M) = Vr,s (O) ⊗O M. The modular
symbols are defined as follows.
Definition 2.2 Let R be an O-algebra and V be a left R[G]-module.
1. M2 := R[{α, β}]/{α, α}, {α, β} + {β, γ } + {γ , α}, α, β ∈ P1 (F ). This is the
R-module on the symbols {α, β}, α, β ∈ P1 (F ) subject to the relations
{α, α} = {α, β} + {β, γ } + {γ , α} = 0.
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This is called the space of weight 2 modular symbols over R.
2. B2 := R[P1 (F )]. This is the space of weight 2 boundary symbols over R.
3. MR (V ) := M2 ⊗R V . This is called the space of modular symbols of weight V
over R.
4. BR (V ) := B2 ⊗R V . This is the space of boundary symbols of weight V over R.
5. For Γ a congruence subgroup of G, the left coinvariants by the action of Γ on
MR (V ):


MR (Γ, V ) := MR (V )/ x − gx : g ∈ Γ, x ∈ MR (V )
is called the space of modular symbols of weight V for Γ , over R.
6. Similarly the left coinvariants for the action of Γ on BR (V ):


BR (Γ, V ) := BR (V )/ x − gx : g ∈ Γ, x ∈ BR (V ) .
This is the space of boundary symbols of weight V for Γ , over R.
7. The map M2 → B2 , {α, β} → β − α called the boundary map, induces a map
MR (Γ, V ) → BR (Γ, V ) also named the boundary map.
• The kernel of the boundary map denoted by CMR (Γ, V ) is called the space of
cuspidal modular symbols of level Γ and weight V .
• The image of the boundary map denoted by ER (Γ, V ) is called the space of
Eisenstein modular symbols of level Γ and weight V .
In the above definitions, g ∈ G acts on the symbol {y, z} as:
g.{y, z} := {g.y, g.z}.
The action of g on MR (V ) and on BR (V ) is the diagonal action.
Lemma 2.3 We have the following exact sequence of R-modules:
{y,z}→z−y

z→1

0 −→ M2 −−−−−−→ B2 −−→ R −→ 0.


Proof The proof is clear.

From Proposition 2.1 and Lemma 2.3 we get the following statement. Before giving the statement, recall that the matrices σj are the elements in a set of generators
of G as defined in the first paragraph of Sect. 2.1.
Proposition 2.4 The homomorphism of R-modules
r

φ:

R[G] −→ M2
i=1

(g1 , . . . , gr ) −→

r

i=1

is surjective.

gi {σi .∞, ∞}
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Proof We have the commutative diagram of R-modules

(g1 ,...,gr )→ ri=1 gi (1−σi ).∞

4r

i=1 R[G]

B2

φ

id

{y,z}→z−y

M2

B2 .

From4
Lemma 2.3 we have M2 ∼
= ker(B2 → R), while, from Proposition 2.1 we

have ri=1 R[G]/ker(φ) ∼
= ker(B2 → R).
One of the consequences of Proposition 2.4 for modular symbols of weight V
and level Γ over4
R is as follows. For left
4 R[G]-modules V and M, we identify the
R[G]-modules ( ri=1 M) ⊗R V with ri=1 M ⊗ V . In particular for a congruence
subgroup Γ of G, G acts from the right on 4
the quotient Γ \G and we get a right
action of G on V as: v.g := g −1 .v. With this, ri=1 R[Γ \G] ⊗R V is a right R[G]module:


(g1 ⊗ v1 , . . . , gr ⊗ Pr ).g := g1 g ⊗ g −1 v1 , . . . , gr ⊗ g −1 vr .
We define a right G-action on

4r

i=1 R[G] ⊗R

V as:

(g1 ⊗ v1 , . . . , gr ⊗ vr ).g := (g1 g ⊗ v1 , . . . , gr g ⊗ vr ).
4
There is also a natural left diagonal action of Γ on ri=1 R[G] ⊗R V . For M a left
Γ -module, the notation MΓ means the left coinvariants by the action of Γ .
Proposition 2.5 With the above setting, then the homomorphism




r

ϕ:

r

R[G] ⊗R V
i=1

−→
Γ

R[Γ \G] ⊗R V
i=1



(g1 ⊗ v1 , . . . , gr ⊗ vr ) −→ g1 ⊗ g1−1 v1 , . . . , gr ⊗ gr−1 vr
is an isomorphism of R[G]-modules.
Proof Indeed, it is well defined because by denoting


ϕ g1 ⊗ v1 − γ (g1 ⊗ v1 ), . . . , gr ⊗ vr − γ (gr ⊗ vr )
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as (∗) where γ ∈ Γ , then we have


(∗) = g1 ⊗ g1−1 v1 , . . . , gr ⊗ gr−1 vr


− γ g1 ⊗ g1−1 γ −1 γ v1 , . . . , γ gr ⊗ gr−1 γ −1 γ vr


= g1 ⊗ g1−1 v1 , . . . , gr ⊗ gr−1 vr


− γ g1 ⊗ g1−1 v1 , . . . , γ gr ⊗ gr−1 vr
= 0.
We also have


ϕ (g1 ⊗ v1 , . . . , gr ⊗ vr ).g = ϕ(g1 g ⊗ v1 , . . . , gr g ⊗ vr )


= g1 g ⊗ g −1 g1−1 .v1 , . . . , gr g ⊗ g −1 gr−1 vr


= g1 ⊗ g1−1 .v1 , . . . , gr ⊗ gr−1 vr .g
= ϕ(g1 ⊗ g1 .v1 , . . . , gr ⊗ gr vr ).g.
So ϕ is G-equivariant. Now one checks that the homomorphism




r

ϕ :



r

R[Γ \G] ⊗R V −→
i=1

R[G] ⊗R V
i=1

Γ

(g1 ⊗ v1 , . . . , gr ⊗ vr ) −→ (g1 ⊗ g1 .v1 , . . . , gr ⊗ gr .vr )


defines the G-equivariant inverse of ϕ.

With regard to the next theorem, we view MR (Γ, V ) as a right R[G]-module:
for γ , g ∈ G and a modular symbol g{σi .∞, ∞} ⊗ P ;

g.{σi .∞, ∞} ⊗ P .γ := gγ {σi .∞, ∞} ⊗ P .



Theorem 2.6 The homomorphism φ from Proposition 2.4 induces the exact sequence of right R[G]-modules
r

R[Γ \G] ⊗R V −→ MR (Γ, V ) −→ 0
i=1

where the homomorphism

4r

i=1 R[Γ \G] ⊗R

(g1 ⊗ v1 , . . . , gr ⊗ vr ) −→

V → MR (Γ, V ) is given by

r

i=1

gi {σi .∞, ∞} ⊗ gi vi .

Property of The Mathematics Center Heidelberg - © Springer 2014

Universal Hecke L-Series

A. Mohamed

Proof Start with the right exact sequence of R[G]-modules coming from Proposition 2.4
r

φ

R[G] −→ M2 −→ 0.
i=1

Apply the functor . ⊗R V , which is right exact, to obtain the exact sequence of
R[G]-modules
r

φ⊗Id

R[G] ⊗R V −−−−→ MR (V ) −→ 0.
i=1

Now taking Γ -coinvariants is right exact and thus one has the exact sequence of
R[G]-modules
 r

R[G] ⊗R V

−→ MR (Γ, V ) −→ 0.

i=1

Γ

Lastly we use the isomorphism of right R[G]-modules coming from Proposition 2.5:

 r
r
∼
R[G] ⊗R V
R[Γ \G] ⊗R V .
=
i=1

Γ

i=1

The resulting homomorphism is the composite of the following homomorphisms:
r

ϕ



R[Γ \G] ⊗R V −→
i=1



r

φ⊗Id

R[G] ⊗R V
i=1

−−−−→ MR (Γ, V )
Γ

with ϕ  the homomorphism defined in the proof of Proposition 2.5.



We can now define what are called Manin symbols.
Definition 2.7

4r
1. We call an element
4r in i=1 R[G] a Manin symbol of weight 2 over R.
2. An element in 4i=1 R[G] ⊗R V is called a Manin symbol of weight V over R.
3. An element in ri=1 R[Γ \G] ⊗R V is called a Manin symbol of weight V and
level Γ over R. We denote this space as MR (Γ, V ).
Remark 2.8 When r = 1, the space of Manin symbols can be interpreted as an induced module. Recall that by definition the induced module IndG
Γ (V ) is R[G] ⊗R[Γ ]
V . This is a left R[G]-module with the natural action of G: g ∈ G acts on the
first factor by left multiplication. Now there is a natural diagonal action of Γ on
R[G] ⊗R V and a right G-action given as: (g ⊗ v).g  = gg  ⊗ v. If we view IndG
Γ (V )
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as a right R[G]-module by inversion of the left action, then one has an isomorphism
of right R[G]-modules:


IndG
Γ (V ) −→ R[G] ⊗R V Γ
g ⊗ v −→ g −1 ⊗ v.
This homomorphism is well defined because for γ ∈ Γ, gγ ⊗ v is sent to
γ −1 g −1 ⊗ v = γ −1 (g −1 ⊗ γ v) but also g ⊗ γ v is sent to g −1 ⊗ γ v. By definition g −1 ⊗ γ v and γ −1 (g −1 ⊗ γ v) are the same in (R[G] ⊗R V )Γ . Therefore from
the isomorphism of R[G]-modules,


R[G] ⊗R V Γ ∼
= R[Γ \G] ⊗R V ,
we deduce that IndG
Γ (V ) is the space of Manin symbols of weight V and level Γ
over R.
Remark 2.9 When describing Hecke operators on Manin symbols, the homomorphism provided by Theorem 2.6 will play a fundamental role and by abuse of notation we will identify Manin symbols with their image under that homomorphism in
various places.
By specializing the congruence subgroup, we can get a more explicit version of
Manin symbols in the following way.

2.2.1 Manin Symbols for Γ1 (n)
Let n be an ideal of O. Consider the congruence subgroup Γ1 (n) of level n:


a b
∈ G c ≡ d − 1 ≡ 0 (mod n) .
Γ1 (n) =
c d
Define En = {(u, v) ∈ (O/n)2 : u, v = O/n}. We have a surjective map from G to
En which sends M to (0, 1)M. As Γ1 (n) maps to (0, 1), then M, M  have the same
image under this map if and only if M ∈ Γ1 (n)M  . Hence we have a bijection:
∼ En .
Ψ : Γ1 (n)\G −→
A matrix

a b
cd

∈ Mat2 (O)=0 which has determinant coprime with n acts on En as:


a
(u, v).
c



b
a
:= (u, v)
d
c


b
= (au + cv, bu + dv).
d

The space of Manin
4 symbols of weight V and level Γ1 (n) over a ring R is then
identified with ri=1 R[En ] ⊗
R V . In general the ith entry of a Manin symbol in
MR (Γ1 (n), V ) is of the form s (cs , ds ) ⊗ vs , and since the elements (c, d) ⊗ v
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generate this ith entry, for our purpose it is enough to work with Manin symbols of
the form


0, . . . , 0 (c, d) ⊗ v , 0, . . . , 0 .
0 12 3
i-th component

Via the homomorphism given in Theorem
  2.6, this corresponds to the modular symbol g.{σi .∞, ∞} ⊗ g.v where g = ac db ∈ G.
2.2.2 Manin Symbols for Γ0 (n)
Let the ideal n be as above. Let Γ0 (n) be the congruence subgroup of G defined as:


a b
∈ G c ≡ 0 (mod n) .
Γ0 (n) =
c d
1
We consider the projective
 a b  line P (O/n) over the ring O/n. Then the map from G
1
to P (O/n) mapping c d to (c : d) induces a bijection

∼ P1 (O/n).
Γ0 (n)\G −→

 
A matrix M = ac db whose determinant is coprime with n acts on P1 (O/n) as:
(e : f ).M := (e : f )M = (ae + f c : eb + f d). Hence the space
4 of Manin symbols of
weight V and level Γ0 (n) over R can be identified with ri=1 R[P1 (O/n)] ⊗R V .
Now the ith entry (c : d) ⊗ v of the Manin symbol similar to the one defined in
the end
 of Sect. 2.2.1 corresponds to the modular symbol g.{σi .∞, ∞} ⊗ g.v with
g = ac db ∈ G. We shall next turn to the description of Hecke operators on Manin
symbols.

3 Hecke Operators on Manin Symbols
As the theory we have developed in Sect. 2 is only valid when the field has class
number one, in what follows we maintain this assumption. Here, we will start by
describing Hecke operators on Manin symbols by generalizing Merel’s approach
to our setting and then give another description which generalizes Cremona’s approach. In the classical setting Cremona’s description of Hecke operators on Manin
symbols is a simplification of Merel’s original description, but, the description in
[Cre97] does not make the exact connection between these approaches clear. We
shall see here that these two approaches are essentially the same.

3.1 Merel’s Approach
This section is a generalisation to our setting of Merel’s article [Mer94]. Let Γ be a
congruence subgroup of G. Let Δ be a semi-subgroup of Mat2 (O) such ΔΓ = Γ Δ
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and the quotient Γ \Δ is finite. Fix a set R of representatives of Γ \Δ. Then the
Hecke operator TΔ acting on MR (Γ, V ) is the linear map defined by
TΔ : MR (Γ, V ) −→ MR (Γ, V )

{α, β} ⊗ P −→
{λ.α, λ.β} ⊗ λ.P .
λ∈R

Because of the definition of modular symbols, we see that the Hecke operator TΔ
does not depend on the choice of representatives R.
Let ι be the Shimura involution on the semi-group Mat2 (O)=0 of matrices with
non-zero determinant and entries in O defined by:
ι



a b
d −b
.
:=
c d
−c a
For g ∈ Mat2 (O)=0 , then g ι = g −1 det(g). Via ι we get an action of the semi-group
Mat2 (O)=0 on Vr,s (O) extending the action of G defined in Sect. 2.1:
  
X
.
g.P (X, Y ) := P g ι
Y
Next define Δι = {g ∈ Mat2 (O)=0 : g ι ∈ Δ}. Furthermore we suppose that the following conditions hold.
MC1 There exists a map ψ : Δι G → G such that
(a) for all γ ∈ Δι G and g ∈ G we have Γ ψ(γ g) = Γ ψ(γ )g and
(b) for all γ ∈ Δι G we have γ ψ(γ )−1 ∈ Δι .
MC2 We require that the map Γ \Δ → Δι G/G where Γ λ is sent to λι G is a bijection.
These conditions will ensure that summing over gΔι G is the same as summing over
the quotient Γ \Δ. Recall that we have fixed a set of generators of G in Sect. 2.1,
and the matrices σi are the matrices in that set not stabilizing ∞. The number of
such σ is denoted by r.
Definition 3.1 For all 1 ≤ i, j ≤ r and all θ ∈ Mat2 (O)=0 , let ai,j,θ ∈ R. The collection

ai,j,θ | 1 ≤ i, j ≤ r, θ ∈ Mat2 (O)=0
satisfies Merel’s condition CΔ if and only if for all i and for all classes K ∈ Δι G/G,
the following equality in M2 holds
r 

j =1 θ∈K

ai,j,θ θ {σj .∞, ∞} = {σi .∞, ∞}.
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In fact, only those θ that lie in Δι G play a role.
Recall that a Manin symbol of weight V and level Γ is an element in
r

R[Γ \G] ⊗ V .
i=1

A Manin symbol (0, . . . , 0, g ⊗ P , 0, . . . , 0) with g ⊗ P at the i-th entry corresponds
to the modular symbol g({σi .∞, ∞} ⊗ P ).
Theorem 3.2 For 0 ≤ i, j ≤ r and θ ∈ Mat2 (O)=0 , let ai,j,θ ∈ R satisfy Merel’s
CΔ condition. Then the image of the Hecke operator TΔ acting on the Manin symbol
4
(0, . . . , 0, g ⊗ P , 0, . . . , 0) ∈ ri=1 R[Γ \G] ⊗ V with g ⊗ P in the ith entry has j th
entry given by




TΔ .(0, . . . , 0, g ⊗ P , 0, . . . , 0)

j



=

ai,j,θ ψ(gθ ) ⊗ θ ι .P .

{θ:θ,gθ∈Δι G}

Proof As the Manin symbol (0, . . . , 0, g ⊗ P , 0, . . . , 0) corresponds to the modular
symbol g({σi .∞, ∞} ⊗ P ), we have to show that


TΔ . g{σi .∞, ∞} ⊗ g.P
 

=
λ g{σi .∞, ∞} ⊗ g.P
λ∈Γ \Δ

=



r


ai,j θ ψ(gθ ){σj .∞, ∞} ⊗ ψ(gθ)θ ι .P .

{θ ∈g −1 Δι G} j =1

Let (∗) denote the right hand side of the latter equation. Let R be a set of representatives of g −1 Δι G/G. So we have as a disjoint union of left cosets: g −1 Δι G =

α∈R αG.
Then we write
(∗) =

r
  





ai,j,θ ψ gαα −1 θ {σj .∞, ∞} ⊗ ψ gαα −1 θ θ ι .P

α∈R θ∈αG j =1

=

r
  

ai,j,θ ψ(gα)α −1 {θ.σj ∞, θ.∞} ⊗ ψ(gα)α −1 θ θ ι .P .

α∈R θ∈αG j =1

The last equality is because of property MC1 (a): Γ ψ(γ g) = Γ ψ(γ )g for all
γ ∈ Δι G, g ∈ G. Because θ ∈ αG, we have that det(θ ) = det(α) and hence
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α −1 θ θ ι = α ι . Now by condition CΔ we have
r



ai,j,θ ψ(gα)α −1 {θ.σj .∞, θ.∞} ⊗ ψ(gα)α −1 θ θ ι .P

j =1 θ∈αG

= ψ(gα)α −1 {σi .∞, ∞} ⊗ ψ(gα)α ι .P .
Therefore by modular symbols properties, namely the fact that scalars act trivially
on modular symbols, one has
r






ai,j,θ ψ(gθ ) {σj .∞, ∞} ⊗ θ ι .P

j =1 {θ∈g −1 Δι G}

=



ψ(gα)α −1 {σi .∞, ∞} ⊗ ψ(gα)α ι .P

α∈R

=



ψ(gα)α ι g ι g{σi .∞, ∞} ⊗ ψ(gα)α ι g ι g.P .

α∈R

From property MC1 (b), we know that ψ(gα)α ι g ι lies in Δ. Next, the property MC2 requires a bijection Γ \Δ → Δι G/G which implies that the right
cosets Γ ψ(gα)α ι g ι and Γ ψ(gα1 )α1ι g ι are disjoint when α = α1 . This means that
ψ(gα)α ι g ι for α ∈ R is a set of representatives of Γ \Δ. Therefore
r






ai,j,θ ψ(gθ ) {σj .∞, ∞} ⊗ θ ι .P

j =1 {θ∈g −1 Δι G}

=





λ g{σi ∞, ∞} ⊗ g.P

λ∈Γ \G



= TΔ . g{σi ∞, ∞} ⊗ g.P .
Now translating the left hand side of the above equalities into Manin symbols by
using the correspondence between Manin symbols and modular symbols, we obtain
that the j th component of TΔ (0, . . . , 0, g ⊗ P , 0, . . . , 0) is as claimed. This ends the
proof of the theorem.

We shall specialize to Γ1 (n).

3.1.1 Hecke Action on Manin Symbols of Level Γ1 (n)
As one application of Theorem 3.2, we shall describe the Hecke action on Manin
symbols of weight V and level Γ1 (n) where n is an ideal of O. Let η ∈ O be non-zero
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and coprime to the level n. We define Δη by


a b
∈ Mat2 (O) ad − bc = η, c ≡ a − 1 ≡ 0 (mod n) .
Δη =
c d
Then Γ1 (n)Δη = Δη Γ1 (n) and Γ1 (n)\Δη is finite. Next we write Tη as the linear
operator TΔη on MR (Γ1 (n), V ). Let a map
φη : Διη G −→ G
be such that Ψ (φη (M)) = (0, 1)M ∈ En with Ψ the bijection defined in Sect. 2.2.1.
 
  
Explicitly an element ac db ∈ Διη G is sent to ac bd ∈ G under φη .
Lemma 3.3 The map φη and Δη satisfy conditions MC1 and MC2 from Sect. 3.1.
Proof First we need to verify for all γ ∈ Διη G and g ∈ G we have Γ1 (n)φη (γ g) =
 
   
Γ1 (n)φη (γ )g. So let ac db ∈ Διη and g ∈ G one has Ψ φη ac db g = (c, d)g =
  
 
   
Ψ φη ac db g and hence Γ1 (n)φη ac db g = Γ1 (n)φη ac db .g.
Next we verify that for all γ ∈ Διη G we have γ φη (γ )−1 ∈ Διη . First observe that
an element g ∈ Διη G is also in Διη if and only if (0, 1)g = (0, 1) modulo n. Then for
g ∈ Διη G we have (0, 1)g = (0, 1)φη (g) and hence gφη (g)−1 ∈ Διη as wanted.
For the second condition we need to check that there is a bijection
Γ1 (n)\Δη −→ Διη G/G
ι
where Γ1 (n)λ ismapped
This map is surjective so we have to verify injec  to λ aG.
 
ab
tivity. Take δ = c d , δ = c db  ∈ Δη such that δ ι G = δ ι G. The latter equality
implies that


1 da  − b c −ba  + ab
∈ G.
δ  δ −1 =
η dc − d  c −bc + ad 

From the definition of Δη one deduces that δ  δ −1 ∈ Γ1 (n) and thus we have injectivity.

Next we introduce the condition Cη which is a strengthening of condition CΔ
stated in Definition 3.1.
Definition 3.4 Let Mat2 (O)η be the set of matrices with determinant η. For all 1 ≤
i, j ≤ r and all θ ∈ Mat2 (O)η , let ai,j,θ ∈ R. The collection

ai,j,θ | 1 ≤ i, j ≤ r, θ ∈ Mat2 (O)η
satisfies condition Cη if and only if for all i and for all classes K in Mat2 (O)η /G
the following holds
r 

j =1 θ∈K

ai,j,θ θ {σj .∞, ∞} = {σi .∞, ∞}.
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Since the set of classes of Διη G/G is a subset of the set of classes of
Mat2 (O)η /G, we deduce that condition Cη implies condition CΔη .
From Sect.
V and level Γ1 (n) is an

 weight
4 2.2.1, a Manin symbol over R of
element in ri=1 R[En ] ⊗R V . A matrix M = ac db ∈ Mat2 (O) with determinant
coprime with n acts on En as:
(u, v).M := (u, v)M = (au + vc, ub + vd).
We consider the Manin symbol (0, . . . , 0, (u, v) ⊗ P , 0, . . . , 0)with (u, v) ⊗ P at
xy
the i-th entry and 0 otherwise.
know that it equals to u v ({σi .∞, ∞} ⊗ P ),
 x We
y
where x, y ∈ O are such that u v ∈ G.
Proposition 3.5 For all 1 ≤ i, j ≤ r and θ ∈ Mat2 (O)η , let ai,j,θ ∈ R satisfy
condition Cη . Then the Hecke operator Tη on (0, . . . , 0, (u, v) ⊗ P , 0, . . . , 0) with
(u, v) ⊗ P in the i-entry has j -entry given by

 

Tη . 0, . . . , 0, (u, v) ⊗ P , 0, . . . , 0 j =
ai,j,θ (u, v)θ ⊗ θ ι .P .
{θ∈g −1 Διη G}

Proof Firstly, recall that condition Cη implies condition CΔη . Now we can apply
x y
Theorem 3.2 with φη and Διη . Let g ∈ G correspond to (u, v), i.e., g = u v . Then
from Theorem 3.2 we have
 



Tη 0, . . . , 0, (u, v) ⊗ P , 0, . . . , 0 j = TΔη (0, . . . , 0, g ⊗ P , 0, . . . , 0) j

=
ai,j,θ φη (gθ ) ⊗ θ ι .P
{θ∈g −1 Διη G}

=



ai,j,θ (u, v)θ ⊗ θ ι .P

{θ∈g −1 Διη G}

where we used the fact that φη (gθ ) has bottom row (u, v)θ and the Manin symbol
φη (gθ ) ⊗ θ ι .P corresponds to the Manin symbol (u, v)θ ⊗ θ ι .P .

We shall next make some observations concerning condition Cη . More precisely
we will write down a set of representatives for Mat2 (O)η /G, and derive what shape
condition Cη takes. Let D be the set of divisors of η where we identify two divisors
when they are associate. That is, if δ and δ  are distinct elements in D then δ/δ  ∈
/ O∗ .
The set D will called the set of “positive” divisors of η.
Definition 3.6 We define Rη to be the set of matrices:


δ β
δ ∈ D, β running through a set of representatives for O/δO .
0 η/δ
Lemma 3.7 The set Rη is a set of representatives of Mat2 (O)η /G.
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Proof The proof is clear.

From Theorem 2.6, any modular symbol can be written as a linear combination
of modular symbols of type g({σj .∞, ∞} ⊗ P ). Classically this fact is established
by using continued fractions, the so-called Manin’s trick.
In the spirit of Manin’s trick, we can see that the modular symbol {α, ∞} ⊗ P
can be written as a linear combination of modular symbols of type g({σj .∞, ∞} ⊗
g −1 .P ) as follows.
Proposition 3.8 Let G be given as
G = σ1 , . . . , σr , T1 , . . . , Tl : Relations,
with T1 , . . . , Tl  = G∞ , the stabilizer of ∞ for the action of G on P1 (F ). Let α ∈
P1 (F ) and take g ∈ G such that g.∞ = α which is always possible since G acts
transitively on P1 (F ). Write g as
g

= Tωe00

t


σβi Tωeii

i=1

where t, ei ≥ 0, ωi ∈ {1, . . . , l} and βi ∈ {1, . . . , r}.
Then
{α, ∞} =

t


Tωe00

i=1

Let {α, ∞} =
Then

r

j =1

sj

i−1

j =1

k=1 Lj,k {σj .∞, ∞}

{α, ∞} ⊗ P =

sj
r 


e

σβj Tωjj {σβi ∞, ∞}.
with Lj,k ∈ G.



Lj,k {σj .∞, ∞} ⊗ L−1
j,k .P .

j =1 k=1

Proof We shall use induction on t . Let t = 1. From the definition of modular symbols and the fact that the Tj are fixing ∞, we have:


Tωe00 σβ1 Tωe11 ∞, ∞ = Tωe00 {σβ1 ∞, ∞}.

And for t = 2, we get
 e

Tω00 σβ1 Tωe11 σβ2 Tωe22 ∞, ∞ = Tωe00 σβ1 Tωe11 σβ2 ∞, ∞


= Tωe00 σβ1 Tωe11 {σβ2 ∞, ∞} + Tωe00 σβ1 Tωe11 ∞, ∞ .
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So, we suppose that the formula is true for t = n. Then for t = n + 1, we have
&

n+1
n


e0
ei
σβi Tωi ∞, ∞ = Tωe00
σβi Tωeii {σβn+1 ∞, ∞}
T ω0
i=1

i=1


+

Tωe00

n


&
σβi Tωeii ∞, ∞

.

i=1

Hence by induction hypothesis, we see that the formula in the first part holds.
The second part is immediate since L({σ ∞, ∞} ⊗ L−1 P ) = L{σ ∞, ∞} ⊗ P by
definition.

For applying Proposition 3.8, two questions need to be dealt with, namely for
α ∈ P1 (F ) how to find g ∈ G such that g.∞ = α and how to obtain the word decomposition of g. The latter question is less easy as usually for non-Euclidean fields
one makes use of a fundamental domain of the action of G on the 3-dimensional hyperbolic space H3 = C × R>0 . In the case of fields with an Euclidean algorithm,
we will give an effective algorithm which solves the problem. The former question
is easy to address. One way of finding such a g for a given α is as follows. Given
α = a/c
gcd(a, c) = 1, solve ad ≡ 1 (mod c) and set b = (ad − 1)/c to obtain

 with
g = ac db with g.∞ = α. From Proposition 3.8, we shall derive a statement that
shows how to satisfy Merel’s Cη condition. We recall that Rη is the set of representatives defined in Definition 3.6.
Proposition 3.9 Let γ ∈ Rη and let K ∈ Mat2 (O)η /G be the corresponding class.
For each i write the expansion


γ

−1

σi .∞, ∞ =

sj
r 


(i)

Lj,k {σj .∞, ∞}.

j =1 k=1

Let ai,j,θ be the number of k such that γ Lj,k = γ Lj,k  where 1 ≤ k = k  ≤ sj and
(i)

(i)

(i)

θ := γ Lj,k . Then the ai,j,θ satisfy condition Cη .
Proof We start with the expansion


γ

−1

σi .∞, ∞ =

sj
r 


(i)

Lj,k {σj .∞, ∞}.

j =1 k=1

Applying to the above equation the matrix γ and using the fact that scalars act
trivially on modular symbols, we obtain that
sj
r 

j =1 k=1

(i)

γ Lj,k {σj .∞, ∞} = {σi .∞, ∞}.
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Now, we rearrange the second sums in the left hand of the above equation ac(i)
cording to the multiplicity of θ := γ Lj,k ∈ K and we can write that equation as
follows:
r 

ai,j,θ θ {σj .∞, ∞} = {σi .∞, ∞}.

j =1 θ∈K

Therefore condition Cη amounts to writing the modular symbols {γ −1 σi .∞, ∞}
as a linear combination of the modular symbols g{σj .∞, ∞} with g ∈ G. At this
point a comment about the nomenclature of the elements g{σj .∞, ∞} for g ∈ G
is in order. In the classical setting and in ours for previous authors, these elements
are called Manin symbols, so, there is a discrepancy as what we have named Manin
symbols differ from the usage in the literature. However we saw that our Manin
symbols surject on the space of modular symbols and the homomorphism is given
in terms of classical Manin symbols.
To fulfill the condition Cη , we just saw that we need to expand a modular symbol
as a linear combination of certain special modular symbols. As we know this is
always possible, and perhaps this is the observation that has led to a less complicated
description of the action of Hecke operators on Manin symbols as we shall next see.
In the rational case, the description is due to Cremona [Cre97]. Before moving to the
next section we shall make a remark concerning the description of Hecke operators
on Manin symbols of level Γ0 (n) using the approach we just described.
Remark 3.10 The methods illustrated in Sect. 3.1.1 also apply for describing Hecke
operators on Manin symbols of level Γ0 (n). The changes that one needs to make
concern essentially the set Δη,0 which is defined by


a b
∈ Mat2 (O) ad − bc = η ∧ c ≡ 0 (mod n) .
Δη,0 =
c d
The definition of the map
φη : Διη,0 G −→ G
remains the same. We should also keep in mind that we need to take η coprime with
the ideal n.

3.2 Hecke Operators à la Cremona
Here we will give a less involved description of Hecke operators on Manin symbols of weight V and level Γ0 (n) over R. This subsection is a generalisation to
our setting of Cremona’s description of Hecke operators on Manin symbols that the
reader can find in [Cre97]. In the end, we shall present an algorithm which computes
these Hecke operators for both descriptions, i.e., the one above and the forthcoming. Unfortunately this algorithm is only easily described in the Euclidean case. In
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the non-Euclidean case or higher class number, more machinery is needed. As alluded, the starting point is the expansion of a modular symbol {α, ∞} as a linear
combination of modular symbols of type g{σj .∞, ∞}.
3.2.1 Hecke Operators
Let n be a non-zero ideal in O. We take a non-zero element η in O and coprime with
n. Let Rη be the set of representatives of Mat2 (O)η /G given by Lemma 3.7. Let


a b
∈ G c ≡ 0 (mod n) .
Γ0 (n) =
c d
Let P1 (O/n) be the projective line over O/n.4
We know from Sect. 2.2.2 that a Manin
symbol of weight V and level Γ0 (n) lives in ri=1 R[P1 (O/n)] ⊗R V . We also know
that the Manin symbol (0, . . . , 0, (c : d) ⊗ P , 0,
 . . . , 0) with (c : d) ⊗ P in the ith
entry corresponds to the modular symbol ac db .({σi .∞, ∞} ⊗ P ) for any a, b ∈ O
 
such that ac db ∈ G. We shall need the following lemma.
Lemma 3.11 Let (c : d) ∈ P1 (O/n) with c, d coprime and let


δ β
∈ Rη .
0 η/δ
Then, there exist a, b ∈ O and a matrix


δ β
0 η/δ



a
c

b
d

 δ

β 
∈ Rη
0 η/δ 

 

δ
0

β
η/δ 

such that

ι −1

a b
cd

∈ G and

∈ G.

 
Proof Since c, d are coprime, there exist a, b ∈ O such that ac db ∈ G.
Now the matrix

ι 
ι
a b
δ β
c d
0 η/δ
 δ β  
belongs to Mat2 (O)η . So there exists a matrix 0 η/δ  such that

a
c
Therefore

 
δ
0

b
d

ι 

β
η/δ 

δ β
0 η/δ

−1 

a
c

ι

b
d



δ
∈
0

ι 

δ
0

Now we apply the Shimura involution to conclude.


β
G.
η/δ 

β
η/δ

ι
∈ G.


As for the Hecke operators on Manin symbols for Γ0 (n) we have the following.
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Proposition 3.12 Consider the Manin symbol




0, . . . , 0, (c : d) ⊗ P , 0, . . . , 0 ∈
0 12 3
i-th entry

r
i=1

of level Γ0 (n) and weight V . Let a, b ∈ O such that


δ
M=
0

β
η/δ



a
c

b
d

 
η/δ
0

be given by Lemma 3.11. Let
 
 

η/δ
η/δ −β 
.∞,
∞}
⊗
{σ
i
0
δ
0
=

sj
r 

j =1 k=1

"
#
R P1 (O/n) ⊗ V
a b
cd

−β 
δ

∈ G and

−1

∈G


−β 
.P
δ


 
η/δ
−1
Mi,j,k {σj .∞, ∞} ⊗ Mi,j,k
0

 
−β 
.P .
δ

δ β 
Then the j -th entry of the action of the matrices 0 η/δ in Rη defining the Hecke
operator Tη on (0, . . . , 0, (c : d) ⊗ P , 0, . . . , 0), with (c : d) ⊗ P in the ith entry, is
given as follows





δ β
. 0, . . . , 0, (c : d) ⊗ P , 0, . . . , 0
0 η/δ
j
=

sj

k=1

 
δ
(c : d)
0

 

δ
−β 
Mi,j,k ⊗
η/δ 
0


ι
−β 
Mi,j,k .P .
η/δ 

Proof We start from the expansion

 

η/δ −β  
. {σi ∞, ∞} ⊗ P

0
δ
=

sj
r 

j =1 k=1


 
η/δ
−1
Mi,j,k {σj .∞, ∞} ⊗ Mi,j,k
0

 
−β 
.P .
δ

Then applying M to the above equation leads to the equality




δ β
. 0, . . . , 0, (c : d) ⊗ P , 0, . . . , 0
0 η/δ
=

sj
r 

j =1 k=1


 
η/δ
−1
MMi,j,k {σj .∞, ∞} ⊗ Mi,j,k
0

 
−β 
.P .
δ
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Now translating the right hand side of this equality into Manin symbols by using
the correspondence between Manin symbols and modular symbols, we obtain that
the j -entry of the left hand side is





δ β
. 0, . . . , 0, (c : d) ⊗ P , 0, . . . , 0
0 η/δ
j
=

sj
 

δ /η
(c : d)
0


 
η/δ
β  /η
−1
⊗
M
M
i,j,k
i,j,k
0
1/δ 

k=1

sj
 

δ
(c : d)
=
0
k=1

 

δ
β
Mi,j,k ⊗
η/δ 
0


−β 
.P
δ


ι
β
Mi,j,k .P .
η/δ 

The second equality follows because we have

 
 


δ /η β  /η
= cδ  /η : cβ  /η + d/δ  = δ  c : β  c + dη/δ 
(c : d)
0
1/δ 
 

δ
β
= (c : d)
.
0 η/δ 


This ends the proof of the proposition.

Remark 3.13 The statement given in Proposition 3.12 is true when Γ0 (n) is replaced
by Γ1 (n) because the equivalent of Lemma 3.11 holds in this case. Indeed for any
(x, y) ∈ En = {(u, v) ∈ (O/n)2 : u, v = O/n} we can find z, w ∈ O such that xz −
yw = 1.
Remark 3.14 The reader observes immediately that the description of Hecke operators in Proposition 3.12 is similar to the one in Proposition 3.5. This suggests that
the matrices

 
β
δ
Mi,j,k
0 η/δ 
satisfy condition Cη , which is indeed the case, see Proposition 3.9 and Sect. 3.3 for
details. This also tells us how to look for matrices satisfying condition Cη .
Often, one is interested in computing the Hecke operator Tπ for π a prime element of O coprime with n. In this instance, we have a more effective description as
follows. Let p be the prime ideal generated by π .
Proposition 3.15 Let




0, . . . , 0, (c : d) ⊗ P , 0, . . . , 0 ∈
0 12 3
i-th entry

r
i=1

"
#
R P1 (O/n) ⊗ V
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be a Manin symbol of level Γ0 (n) and
V . Let α ∈ O represent an ele weight

ment of O/p. Let the modular symbols 10 πα .{σi .∞, ∞} = {(σi .∞ + α)/π, ∞} and
π 0
.{σi .∞, ∞} be given as
0 1
sj
r 

σi .∞ + α
Mi,j,k {σj .∞, ∞},
,∞ =
π
j =1 k=1

and
{πσi .∞, ∞} =

sj
r 


Ni,j,k {σj .∞, ∞},

j =1 k=1

respectively.
Then the matrices in Rπ defining the Hecke operator Tπ act as follows

(1)

=

(2)




0 
. 0, . . . , 0, (c : d) ⊗ P , 0, . . . , 0
1
j

π
0

sj


(c : d)

k=1




1 0
1
Ni,j,k ⊗
0 π
0


ι
0
Ni,j,k .P .
π




1 α 
. 0, . . . , 0, (c : d) ⊗ P , 0, . . . , 0
0 π
j

=

sj


(c : d)

k=1


π
0



−α
π
Mi,j,k ⊗
1
0


ι
−α
Mi,j,k .P .
1

Proof Since p is coprime to n, by the Chinese Remainder Theorem we can assume
that c, d − 1 lie in p. As the reduction homomorphism
 a b Γ (p) → SL2 (O/n) is surjective, we find a, b ∈ O such that the matrix g = c d lies in Γ (p). For the first
statement, we notice that we have


a
M1 =
c/π

 
πb
π
=
d
0


0 a
1
c

b
d



π
0

−1

0
1

∈ G.

We next write


π
0
=



0
π
.{σi .∞, ∞} ⊗
1
0
sj
r 

j =1 k=1


0
.P
1



π
−1
Ni,j,k {σj .∞, ∞} ⊗ Ni,j,k
0

 
0
.P .
1
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We apply M1 to the above equation to obtain the equality




π 0 
. 0, . . . , 0, (c : d) ⊗ P , 0, . . . , 0
0 1
=

sj
r 

j =1 k=1



π
−1
M1 Ni,j,k {σj .∞, ∞} ⊗ Ni,j,k
0

 
0
.P .
1

Now by the correspondence between Manin symbols and modular symbols, one
obtains that the left hand side has j -entry given as




π 0 
. 0, . . . , 0, (c : d) ⊗ P , 0, . . . , 0
0 1
j
sj


1
=
(c : d)
0
k=1



0
1
Ni,j,k ⊗
π
0


ι
0
Ni,j,k .P .
π

This ends the proof of the first statement.
As for the second statement, the main observation is that

M=
Indeed

1
0

 
α
1
g
π
0


M = a + αc
πc

α
π

−1

∈ G.

b+αd−αa−α 2 c
π



d − αc

and by construction of g we obtain b + αd − αa − α 2 c ≡ 0 (mod p). We end the
argument similarly as in the proof of the first statement.

So far, we have described Hecke operators under the existence of families of matrices satisfying what we have called Merel’s condition Cη or CΔ following Merel’s
approach and as for Cremona’s approach we need to have in hand expansions of
modular symbols into Manin symbols. The next subsection is devoted to the construction of families of matrices achieving these assumptions.

3.3 Heilbronn-Merel Families
We will construct families of matrices satisfying condition Cη . One of these families is reminiscent of Heilbronn matrices. These are matrices with positive integer
entries and can be used to define Hecke operators on Manin symbols as shown by
Merel [Mer94].
In the classical setting, a Heilbronn matrix of determinant n is a
 
matrix ac db satisfying a > b ≥ 0 and 0 ≤ c < d. These matrices have been used
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by Heilbronn [Hei69] to derive an asymptotic formula for the length of a class of
finite continued fractions. Their first usage in the theory of modular symbols is due
to Manin.
In [Mer94], Merel showed that the set


a b
χ1,n =
a > b ≥ 0, 0 ≤ c < d, ad − bc = n
c d
satisfies condition Cn and hence describes the Hecke operator Tn on Manin symbols.
Lastly in [Cre97], Cremona has shown that by the Euclidean algorithm one can
construct a slight variant of the set χ1,n describing the Hecke operator Tn on Manin
 , then it turns out
symbols. Denote the Cremona set of matrices defining Tn as χ1,n

 can
that χ1,n and χ1,n are closely related. By this we mean that both χ1,n and χ1,n
be constructed from continued fractions algorithm.
In the Euclidean imaginary quadratic fields, we shall next construct a set of matrices


a b
χ1,η ⊂
N (a) > N (b) ≥ 0, 0 ≤ N (c) < N (d), ad − bc = η
c d
which can be used to evaluate the Hecke operator Tη on Manin symbols. In the nonEuclidean case, a set of matrices defining Tη will be given under the assumption that
a word decomposition of an element g ∈ G is available.

3.3.1 The Euclidean Case
We recall the notation we shall use. Let 0 = η ∈ O and D a set of “positive” divisors
of η as defined before Lemma 3.7.
√Until further notice, we are working with the
imaginary quadratic fields F = Q( −d), where d ∈ {1, 2, 3, 7, 11}.
We set

√ )2
( 1+d
if d ≡ 3 (mod 4)
ε= 4 d
(1 + d)/4 otherwise.
The Euclidean distance from an algebraic
number in one of those named field to its
√
nearest algebraic integers is at most ε. See [Coh80] for details.
For δ ∈ D choose a set of representatives Sδ of O/δO such that for each β ∈ Sδ
we have N (β) < N (δ). Such a set of representatives always exists. Indeed given a
set of representatives for O/δO, say Aδ , then for α ∈ Aδ let α  be a remainder of the
division of α by δ. The collection of α  for α ∈ Aδ is a set of representatives of Sδ
which has the desired property.
In what follows the quotient of a division is always taken to be a nearest integral
element. As we know this will provide us with an Euclidean algorithm in F , the
Euclidean map being the norm. We also know that in case of ambiguity in the choice
of a nearest integer, any choice will do.
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The set of Heilbronn-Merel matrices of determinant η is obtained as follows. In
fact we shall compute the continued fraction expansions of the fraction η/δ. So, for
β ∈ Sδ we let x0 = δ, x1 = β, y0 = 0, y1 =η/δ.
x x
We form then the matrix M1 = y00 y11 . From this we form the second matrix
 x1 x2 
M2 = y1 y2 where x2 and y2 are defined as follows:
1. x2 = x1 q1 − x0 , with −x2 a remainder obtained from the division of x0 by x1 .
2. y2 = y1 q1 − y0 .
Both M1 , M2 have determinant η. We have N (x2 ) ≤ εN (x1 ). We also have by definition of the matrices M1 , M2 , that M1 .∞
 M1 .0 = M2 .∞.
 x :=x∞,
i
So, generally from a matrix Mi = yi−1
where xi = xi−1 qi−1 − xi−2 and
i−1 yi
x x 
yi = yi−1 qi−1 − yi−2 , we form the matrix Mi+1 = yii yi+1
with xi+1 = xi qi − xi−1
i+1
and yi+1 = yi qi − yi−1 . We stop the process once the remainder is zero. Then by
definition we have N (xi ) ≤ εN (xi−1 ) ≤ · · · ≤ ε i−1 N (x1 ), and det(Mi ) = η, Mi .0 =
Mi+1 .∞. If say Ms is the last matrix, we have Ms .0 = 0. It is worth noting that Mi
and Mi+1 are related by the equality


0 −1
.
Mi+1 = Mi
1 qi
The other property which is satisfied by the bottom rows of the matrices Mi reads
as follows.
Proposition 3.16 (Hurwitz, Poitou) ([Hur], [Poi53]) For each i the inequality
N (yi+1 ) < N(yi )
or equivalently |yi+1 | < |yi | holds.
Hurwitz’s result deals with approximation of complex numbers by Gaussian integers. He uses continued fractions to do so. Poitou’s result is concerned with the same
problem of approximating complex numbers but in addition to the Gaussian integers he considers the other quadratic imaginary fields endowed with an Euclidean
division. The tools are continued fractions as well. They both showed that the denominators of the convergents appearing increase in absolute value.
The results of Hurwitz and Poitou show that the set of matrices we have constructed, namely






< <
x
δ β
0 −1
xi
χ1,η =
Mi := i−1
, M1 =
Mi+1 = Mi
0 η/δ
yi−1 yi
1 qi
δ∈D β∈Sδ

and xi+1 = xi qi − xi−1
 
has all its elements θ = ac db satisfying N (a) > N (b) ≥ 0 and 0 ≤ N (c) < N (d).
Therefore any element in χ1,η has entries with norms less or equal to the norm of η.
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By construction the element


Σ1 =

#
"
θ ∈ R Mat2 (O)η

θ∈χ1,η

satisfies condition Cη , which in this situation takes the form: for K ∈ Mat2 (O)η /G
we have

θ {0, ∞} = {0, ∞}.
θ∈K

Indeed from the relation Mi+1 = Mi
class of

 0 −1 
1 qi



δ
M1 =
0

, we deduce that for all i, Mi is in the

β
.
η/δ

From the properties M1 .∞ = ∞, Ms .0 = 0 and Mi .0 = Mi+1 .∞, one has that


θ {∞, 0} = {∞, 0}.

θ∈K

This is equivalent to the claimed equality.
Here is the algorithm for computing the Heilbronn-Merel matrices in the Euclidean case. It is inspired from an algorithm given in [Cre97].
Algorithm 3.17 Given a non-zero element η ∈ O (the ring of integers of F ), this
algorithm returns a list of matrices χ1,η satisfying condition Cη .
 
form L = [] and M0 = 10 η0 .
(1) for δ ∈ D − {1} do:
(a) for β ∈ Sδ do:
x x 
x0 = δ; x1 = β; y0 = 1; y1 = η/δ; M1 = y00 y11 ;
append M1 to L;
while x2 = 0 do:
q = x1 div x2 (the quotient of the division of x1 by x2 );
x2 = qx1 − x0 ; x0 = x1 ; x1 = x2 ;
y2 = qy
y0 ; y 0 = y 1 ; y 1 = y 2 ;
 x1 −
x 
M2 = y11 y22 ;
append M2 to L;
end while;
(b) end for;
(2) end for;
(3) append M0 to L;
(4) return L;
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In the above algorithm one could take another set of representatives Sδ of O/δO
which does not satisfy the norm condition, and the resulting matrices will nonlonger satisfy the property concerning the norms of the entries. But, of course they
will satisfy condition Cη .
We next give the complete outputs of the above algorithm in the setting
√
F = Q( −2) and

η=1+

√
√
−2, (1 + −2)2

respectively. √
We set w = −2. Then Algorithm 3.17 implemented in Magma [BCP97] gives
the following set describing the Hecke operator T1+w :
% $
% $
%⎫
⎧$
−1 0
w+1 0
w+1 −1
⎪
⎬
⎨ 0 1 , 0 1 , 1 −1−w ⎪
% $
% $
%
$
⎪
⎪
w+1 1
⎭
⎩
, 1 0 , 1 0
0

1

1 1+w

0 1+w

The twenty-seven matrices describing the Hecke operator T(1+w)2 are as follows:
% $
% $
%⎫
⎧ $ w+1 0 % $ w+1 −1 % $ −1
0
w+1 1
1
0
⎪
,
,
,
,
⎪
⎪
0 w+1
0 w+1
w+1 −2w+1
0 w+1
w+1 2w−1 ⎪
⎪
⎪
⎪
⎪
⎪
⎪
%
$
%
$
%
$
%
$
%
$
%
$
⎪
⎪
⎪
⎪
1
0
w+1
0
2w−1
0
2w−1
w
2w−1
w+1
w
1
⎪
⎪
⎪
⎪
,
,
,
,
,
⎪
2 2w−1
1 w+1 ⎪
0
1
0
1
0
1
1
2
⎪
⎪
⎪
⎪
⎪
% $
% $
% $
% $
%⎪
$
⎪
⎪
⎪
⎪
⎪
⎪
−2
1
1
0
−1
0
2w−1
−2
2w−1
−1
⎪
⎪
,
,
,
,
⎬
⎨
1
−w
−w
2w−1
1
−2w+1
0
1
0
1
% $
% $
% $
% $
%
$
⎪
⎪
0
−1
−1
0
2w−1 1
2
⎪
⎪
, 11 2w+1
, 2w−1
, 21 w−1
, w−1
⎪
⎪
⎪
−2w+1 ⎪
0 1
0 1
⎪
⎪
⎪
⎪
⎪
⎪
%
$
%
$
%
$
⎪
⎪
⎪
⎪
−w−1
0
2w−1
−w−1
2w−1
w
⎪
⎪
⎪
⎪
,
,
⎪
1 −w−1
0
1
0 1 ⎪
⎪
⎪
⎪
⎪
⎪
⎪
%
$
%
$
%
$
⎪
⎪
⎪
⎪
⎭
⎩
w −1
−1
0
1 0
,
,
1 −w−2
−w−2 −2w+1
0 2w−1

3.3.2 The Non-Euclidean Class Number One Case
If one wants to produce a set of matrices χη ⊂ Mat2 (O)η satisfying condition Cη
in the situation of non-Euclidean imaginary quadratic fields of class number one
or in general fields with trivial class group, one can proceed as follows. We take
as granted the existence of a subroutine that computes a word decomposition of an
element g ∈ G. This can be done, however, it is not an easy task in general. Lastly
we invoke Proposition 3.8 and Proposition 3.9. Therefore by taking as black-box the
word decomposition of an element g ∈ G. We have a procedure to produce a family
of matrices satisfying condition Cη .
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4 Comparison of Hecke Modules and Universal L-Series
We shall recall the isomorphisms linking modular symbols and (co)homology of
homogeneous spaces. In the end we will give an application of the theory of Hecke
operators we just described to obtain a form of universal L-series associated to cuspidal eigenforms over imaginary quadratics fields. So, in this section we are looking
at universal L-series in generalisation of Merel’s universal Fourier expansions exposed in [Mer94].

4.1 Comparison of Hecke Modules
4.1.1 Steinberg Module and Modular Symbols of Weight 2
For most of the assertions we shall make in this subsection, we refer to [Tor09]
and the references therein for more details. The Steinberg module we are concerned
about here is an avatar of the modular symbols of weight two, M2 defined in Definition 2.2. Here is how the Steinberg module denoted as St is defined. Elements
modfrom O2 are viewed as column vectors. Let R be an O-algebra. The Steinberg
a 
ule is the R-module generated by the symbols [v1 , v2 ] where vi = cii ∈ O2 and
gcd(ai , ci ) = 1, subject to the relations: [v1 ,
v2 ] = −[v
2 , v1 ], [v1 , v2 ] + [v2 , v3 ] =
a a 
[v1 , v3 ] and [v1 , v2 ] = 0 if det([v1 , v2 ]) = det c11 c22 = 0.
Recall the definition of M2 . It is the R-module on the symbol {α, β}:
"
#@

R {α, β} {α, α}, {α, β} + {β, γ } + {γ , α}, α, β ∈ P1 (F ) .
" a   #
The homomorphism from St to M2 mapping c , db to {a/c, b/d} defines an
isomorphism
of R-modules:
St ∼
= M2 . This is because of the following observations.
a
First the set c : gcd(a, c) = 1 maps to the projective line over O. The latter is
equivalent to the relations defining
also P1 (F ). Now the
  # defining St
"are
" arelations
a   #
= 0 is equivalent to the conM2 . The condition c , db = 0 if det c , db
b
a
dition {α, α}, because c and d are then linearly dependent, thus a/c = b/d
in P1 (F ). The relation [v1 , v2 ] + [v2 , v3 ] + [v3 , v1 ] = 0, which implies the relation [v1 , v2 ] + [v2 , v1 ] = 0 by taking v3 = v1 , is clearly equivalent to the relation
{α, β} + {β, γ } + {γ , α} = 0.
Let Γ be a congruence subgroup of G. We recall from [Wie], the definition of
parabolic cohomology. Take G∞ , the stabilizer of ∞ in G as defined before Proposition 2.1. The parabolic cohomology Hipar (Γ, V ) of Γ with coefficients in a Γ module V is defined by the following exact sequence:



res
Hi Γ ∩ gG∞ g −1 , V .
0 −→ Hipar (Γ, V ) −→ Hi (Γ, V ) −→
g∈Γ \G/G∞

It is worth mentioning that because of the bijection
∼ P1 (F ),
G/G∞ −→
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the double cosets Γ \G/G∞ are in fact the Γ -cusps: Γ \P1 (F ).
Now suppose that the torsion elements in Γ have orders invertible in R. There is
the following important theorem which establishes the link between modular symbols and group cohomology of Γ .
Theorem 4.1 Keeping the same assumptions as above and using the notation introduced in Definition 2.2, then there are isomorphisms of R-modules
(1)

H2 (Γ, V ) ∼
= MR (Γ, V )

(2) H2par (Γ, V ) ∼
= CMR (Γ, V ).

This theorem is deduced from Borel-Serre duality which provides in fact an isomorphism H2 (Γ, V ) ∼
= H0 (Γ, St ⊗R V ) = (M2 ⊗R V )Γ = MR (Γ, V ), see [Ash95]
or [Tor09, p. 61] for more details. The second isomorphism follows from the first
and the definition of parabolic cohomology. Furthermore, one can define Hecke operators on H2 (Γ, V ) and the above isomorphisms respect the Hecke action on both
sides.

4.1.2 Eichler-Shimura-Harder Isomorphism
At this point we are following Taylor [Tay88, Chap. 4]. Let Γ \H3 be the BorelSerre compactification of Γ \H3 . This is a compact manifold with boundary and
a homotopy equivalence i : Γ \H3 → Γ \H3 . Consider the locally constant sheaf
Vr,s (C) on Γ \H3 associated with Vr,s (C). Via i, the sheaf Vr,s (C) extends to a
sheaf i∗ (Vr,s (C)) on Γ \H3 , and one has the identification





Hi Γ \H3 , i∗ Vr,s (C) ∼
= Hi Γ \H3 , Vr,s (C) .
The cuspidal Hicusp (Γ \H3 , Vr,s (C)) and Eisenstein HiEis (Γ \H3 , Vr,s (C)) cohomologies are defined as the kernel and the image of the following homomorphism
respectively:




Hi Γ \H3 , Vr,s (C) −→ Hi ∂Γ \H3 , Vr,s (C) .
Let Af be the finite adeles of F and let U (Γ ) be the closure of Γ in SL2 (Af ), that
is U (Γ ) is such that Γ = U (Γ ) ∩ GL2 (K). Let
Sn (Γ, C) :=

U (Γ )

f

,

where the sum is over all the cuspidal automorphic representations  = f ⊗ ∞ of
SL2 over F with ∞ the principal series representation of SL2 (C) induced by the
character:

 2n+1

a
a
∗
.
−

→
−1
0 a
|a|
We recall some results of Günter Harder.
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Theorem 4.2 (Harder)
(1) For all r, s and i > 2, we have


Hicusp Γ \H3 , Vr,s (C) = 0
For 1 ≤ i ≤ 2, Hicusp (Γ \H3 , Vr,s (C)) = 0 unless r = s.
(2) H1cusp (Γ \H3 , Vr,r (C)) ∼
= H2cusp (Γ \H3 , Vr,r (C)) ∼
= Sr (Γ, C)
(3) We have H0Eis (Γ \H3 , Vr,s (C)) = 0 unless r = s in which case it is C.
Following [Tay88], we get the translation of sheaf cohomology into group cohomology as follows. One defines a Γ -cusp to be a Γ -conjugacy class of Borel
subgroups of SL2 (F ). Set ΓB = Γ ∩ B, for B a Borel of SL2 (F ). One also defines
the following abelian group




Hi ΓB , Vr,s (C) .
Hi∂ Γ, Vr,s (C) =
B

Then there is a commutative diagram
Hi (Γ, Vr,s (C))

res

∼

Hi (Γ \H3 , Vr,s (C))

Hi∂ (Γ, Vr,s (C))

∼

Hi (∂Γ \H3 , Vr,s (C))

where the vertical arrows are isomorphisms. So the cuspidal cohomology defined
above is just the parabolic cohomology Hipar (Γ, Vr,s (C)) as defined above since we
have a bijection:
∼ {Γ -cusps},
Γ \G/G∞ −→

γ −→ γ G∞ γ −1 ,

see [Tay88] for details.

4.2 Universal L-Series
As above we are taking C-coefficients. Because of Theorem 4.2, we can view the
space of cuspidal modular forms over F of level Γ and weight Vr,s (C) as the cohomology group H1par (Γ, Vr,s (C)). We denote the latter by H .

The Hecke operators Tη defined by the set χη = ri=1 χi,η with χi,η the set of
Heilbronn-Merel matrices defined in Sect. 3.3 also act on the space H . Next we
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consider 
the C-dual H ∨ of H : H ∨ = HomC (H, C). Let L ∈ H ∨ , and let f ∈ H .
Let χ = η∈O χη where the union is taken up to units. Define a = ηO and
 χa the set
of Heilbronn-Merel matrices of determinant generating a. Then χ = a⊂O χa . If
f ∈ H is an eigenform for all the Hecke operators Ta where a = ηO with eigenvalue
aa at Ta , then the Hecke L-series Lf (s) associated with f is defined as


Lf (s) =

a⊂O

aa
.
N (a)s

This L-series, converges in some right half space, has an Euler product, admits an
analytic continuation and satisfies a functional equation as in the classical case. One
can find proofs of these facts in [Wei71].
For any f ∈ H , we define a formal L-series associated with a C-linear form and
f as follows.
Definition 4.3 Let f ∈ H and let L ∈ H ∨ be such that L(f ) = 0. Then we define
the formal L-series LL,f (s) associated to f and L to be
LL,f (s) :=

 L(Tη .f )  L(Ta .f )
=
.
N ((η))s
N (a)s
a

(η)⊂O

Proposition 4.4 Let


f ∈ H1par Γ, Vr,s (C) =: H
be an eigenform for all the Hecke operators Ta . Let L ∈ H ∨ , the C-dual of H and
suppose that L(f ) = 0. Then the formal L-series associated with L and f defined
by
 L(M.f )
LL,f (s) =
N (det(M))s
M∈χ

is up to a constant factor the L-series associated with the cuspidal eigenform f for
the congruence subgroup Γ . The constant factor is L(f ) and it depends on f .
Proof Formally from the formula of Hecke operator Ta we have
LL,f (s) =


a


 L(M.f )
1
L(M.f
)
=
.
N (a)s
N (det(M))s
M∈χa

M∈χ

If f is such that Ta .f = aa f , then the right hand side of the equality in Definition 4.3 becomes:
 L(Ta .f )
 aa
=
L(f
)
.
N (a)s
N (a)s
a
a∈O
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Hence we have that

M∈χ

 aa
L(M.f )
= L(f )
,
s
N (det(M))
N (a)s
a⊂O

and we deduce that the formal L-series LL,f (s) is up to a factor the L-series associated with the eigenform f . This ends the proof of Proposition 4.4.
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Bartosz Naskr˛ecki

Abstract The paper contains a numerical study of congruences modulo prime powers between newforms and Eisenstein series at prime levels and with equal weights.
We study the upper bound on the exponent of the congruence and formulate several
observations based on the results of our computations.

1 Introduction
Let p be a rational prime. For a newform f ∈ Sk (Γ0 (p)), let Kf = Q({an (f )}n≥0 )
be the field generated by the Fourier coefficients of the form f and let Of be its ring
of integers. Let Ek denote the Eisenstein series of weight k given by the q-expansion

∞ 
Bk   k−1 n
−
d
+
q ,
2k
n=1

d| n

(p)

(p)

where Bk is the k-th Bernoulli number. We define the series Ek by Ek (τ ) =
Ek (pτ ). From the theorem of Mazur [Maz77, Proposition 5.12, Proposition 9.6] we
know that for k = 2 and for any fixed prime p ≥ 11 if we choose any prime  = 2, 3
(p)
dividing the numerator of the zeroth coefficient of the Eisenstein series E2 − pE2
of weight 2, then there exists a newform f in S2 (Γ0 (p)) and a maximal ideal λ ∈ Of
above  such that

(p) 
ar (f ) ≡ ar E2 − pE2
mod λ
(1.1)
for almost all primes r.
(p)
We study a generalization of the congruence (1.1). Choose E = Ek − p k−1 Ek .
Assume there exists a newform f ∈ Sk (Γ0 (p)), a natural number r ≥ 1 and a maximal ideal λ ∈ Of , such that
an (E) ≡ an (f )

mod λr

(1.2)

B. Naskr˛ecki (B)
Graduate School, Faculty of Mathematics and Computer Science, Adam Mickiewicz University,
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for all n ≥ 0. Let  be the rational prime below λ and assume that p ∈
/ λ. Then 
divides the numerator of a0 (E). More precisely,


−Bk
r ≤ ordλ () v
(1 − p) ,
2k
where ordλ is the standard normalized λ-adic valuation on Kf and v is the adic valuation on Q. This is proved in Corollary 3.2 and Lemma 3.1. In the proof,
we use the explicit description of ap (f ) for a newform f ∈ Sk (Γ0 (p)), cf. [AL70,
Theorem 3].
In general, the maximal exponent r of the congruence (1.2) can be equal to


−Bk
m := e · v
(1 − p) ,
2k
where e = ordλ (). From now on r always denotes the maximal exponent of the
congruence.
Proposition 1.1 There exists a prime p, a positive even integer k and a newform
f ∈ Sk (Γ0 (p)) such that the congruence (1.2) holds for all n ≥ 0 and for some
r = m > 1.


Proof We present an explicit example in Sect. 5.2.

Proposition 1.2 There exists a prime p, a positive even integer k and a newform
f ∈ Sk (Γ0 (p)) such that the congruence (1.2) holds for all n ≥ 0 with m > r.
Proof We present an explicit example in Sect. 5.3 (for e = 1 and r > 1), in Sect. 5.4
(for e > 1 and r = 1) and in Sect. 5.5 (for e > 1 and r = e > 1), respectively.

Observation 1.3 Let k ≤ 22 be an even positive integer and p be a prime, which
is bounded with respect to k as indicated in the table below.
k

2

4

6

8

10

12

14

16

18

20

22

p≤

1789

397

229

193

109

113

97

71

67

67

59

Let  > 2 be a prime such that
 
(p) 
> 0.
v a0 Ek − p k−1 Ek
Let f ∈ Sk (Γ0 (p)) be a newform and λ ∈ Of be a prime ideal above  which is
ramified, i.e. ordλ () = e > 1. If

(p) 
an (f ) ≡ an Ek − p k−1 Ek
mod λr
for all n ≥ 0, then r ≤ e for every computed case (we found all possible examples
in the range described in Table 2, Sect. 5 and some further examples in the range
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described in Table 1, Sect. 5). We present nontrivial examples of such congruences
in Table 4, Sect. 5, marking them with boldface.
For  = 2 and e > 1 the upper bound r ≤ e does not hold.
Proposition 1.4 Let  = 2. There exists a prime level p and a newform f ∈
S2 (Γ0 (p)) such that

(p) 
mod λr
an (f ) ≡ an E2 − pE2
for all n ≥ 0 and a prime ideal λ ∈ Of above 2, such that 1 < ordλ (2) < r.
Proof Put p = 257. There is a newform f in S2 (Γ0 (257)), which satisfies the congruence (1.2) with r = 5 and ordλ (2) = 2 for a suitable λ ∈ Of , cf. Table 4 in
Sect. 5.

The case of congruences between rational newforms and Eisenstein series in
weight k = 2 is easy to handle as the next result indicates.
Proposition 1.5 Let f ∈ S2 (Γ0 (p)) be a newform with rational coefficients (associated to an elliptic curve over Q). Let  be a prime such that
 
(p) 
v a0 E2 − pE2
>0
and


(p) 
an (f ) ≡ an E2 − pE2

mod r

for all n ≥ 0 and some r > 0. Then one of the following holds
(1)
(2)
(3)
(4)

 = 3, r = 1 and p = 19 or p = 37,
 = 5, r = 1 and p = 11,
 = 2, r = 1 and p = 17,
 = 2, r = 1 and p = u2 + 64 for some integer u.

Proof The proof is given in Sect. 5.8.



The number of different newforms congruent to the same Eisenstein series may
vary.
Proposition 1.6 There exists a prime p > 2 and two newforms f1 , f2 ∈ S2 (Γ0 (p))
(which are not Galois conjugated), such that

(p) 
an (f1 ) ≡ an E2 − pE2
mod λr11 , and

(p) 
mod λr22
an (f2 ) ≡ an E2 − pE2
for all n ≥ 0, prime ideals λ1 ∈ Of1 , λ2 ∈ Of2 of equal residue field characteristic
and some r1 , r2 > 0.
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Proof Consider a prime level p = 353. The space S2 (Γ0 (353)) has dimension 29
and it has 4 different Galois conjugacy classes of newforms. With respect to the
internal MAGMA numbering, the first, the second and the fourth Galois conjugacy
(p)
class contains a newform congruent to the Eisenstein series E2 − pE2 modulo a
prime above  = 2. For  = 3, we can take p = 487 and find newforms congruent to
the Eisenstein series in Galois conjugacy classes with numbers 2 and 4, cf. Sect. 5.3
and Table 3, Sect. 5.

Remark 1.7 Mazur suggests that there may be infinitely many such examples for
 = 2, cf. [Maz77, II.19].
The majority of our examples satisfy the property that the residue field Of /λ is
a field with  elements. However, this is not always the case, cf. Sect. 5.7. Also the
ring of integers Of is not always equal to Z[θ], where θ is an algebraic integer such
that Kf = Q(θ ). It can happen also that [Of : Z[θ ]] is divisible by , i.e. Z[θ ] is not
-maximal in Of , cf. Sect. 5.6.
Our motivation to study the congruences (1.2) comes from the question posed
in [TW10, Paragraph 4.4]. The authors study congruences between a newform f ∈
S2 (Γ0 (p)) and an Eisenstein series E ∈ E2 (Γ0 (p))
an (f ) ≡ an (E)

mod λr ,

which hold for almost all prime indices n. Our approach is more restrictive, since in
the congruences we take into account all indices n ≥ 0.
The computations done in Sect. 5.5 and Sect. 5.7 suggest that the equality holds
in [TW10, Question 4.1].
In the first case, where k = 2 and p = 919 we obtain two distinct Galois conjugate newforms which are congruent to the Eisenstein series modulo 3 (in the sense of
[TW10, Definition 2.2]), while the numerator of (p − 1)/12 is divisible by 9. In the
second case (k = 2, p = 401), we find a pair of distinct Galois conjugate newforms
congruent to the Eisenstein series modulo 5 (in the sense of [TW10, Definition 2.2]),
while the numerator of (p − 1)/12 is divisible by 25.
It would be desirable to extend our computations to take into account the situation when the cusp form and the Eisenstein series have different weights. Such
a computational and theoretical study was done for two cusp forms in [CKR10].
Unfortunately, we cannot apply directly the results of the paper [CKR10] to our
situation.
The proposed upper bound for r recorded in Observation 1.3 might be linked to
the behavior of the inertia group at p of the residually reducible Galois representation attached to the newform f . Such a condition is given in [DT09, Theorem 2],
where the authors deal with congruences between two cusp forms.
Contents of the Paper In Sect. 2 we introduce basic notation and describe Hecke
algebras and eigenforms. Next, in Sect. 3 we describe the upper bound for the exponent of congruences between cuspidal eigenforms and Eisenstein series.
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In Sect. 4.1 for the convenience of the reader we collect basic facts of the theory
of -maximal orders which is an important ingredient of our algorithm. These facts
are crucial for several improvements of the algorithm speed.
Section 4.2 contains a pseudo code description of the main algorithm which was
implemented in MAGMA [BCP97]. The source code is available on request or online, cf. [Nas].
Section 5 is devoted to presentation of the numerical data and proofs of propositions stated above. We discuss several explicit examples and the numerical data
collected in the tables.

2 Notation and Definitions
Let p be a prime number and k a positive even integer. The space Mk (Γ0 (p)) of
holomorphic modular forms of weight k and level Γ0 (p) splits over C into a direct
sum






Mk Γ0 (p) = Ek Γ0 (p) ⊕ Sk Γ0 (p)
of the Eisenstein part and the space of cuspidal modular forms (cf. [DS05, Paragraph 5.11]). From dimension formulas for modular forms we have



1, k = 2
dimC (Ek Γ0 (p) =
2, k ≥ 4.

Let σr (n) = d|n d r and q = e2πiτ , where τ lies on the complex upper half-plane
H. We define
∞
Bk 
Ek (τ ) = −
σk−1 (n) q n .
+
2k
n=1

The
of Bernoulli numbers {Bm }m∈N is defined as usual by the series
∞ sequence
m = t/(et − 1). Explicitly, in E (Γ (p)) we have a generator
B
t
2 0
m=0 m
E2 (τ ) − pE2 (pτ ) =

∞

∞

n=1

n=1


p−1 
σ1 (n) q n − p
σ1 (n) q pn .
+
24

The space Ek (Γ0 (p)) is generated by Ek (τ ) and Ek (pτ ) when k ≥ 4.
The space of modular forms Mk (Γ0 (p)) carries a natural action of a commutative
C-algebra T generated by the Hecke operators, cf. [DS05, Proposition 5.2.1]. The
algebra is generated by two types of operators. The first type is defined for the
primes  = p by the formula
T (f ) =

∞

n=0

an (f ) q n + k−1

∞

n=0

an (f ) q n ,
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where f ∈ Mk (Γ0 (p)) and an (f ) denotes the n-th Fourier coefficient of the form f
at infinity. For  = p there is a single operator
Tp (f ) =

∞


anp (f ) q n .

n=0

We denote by T the algebra C[{Tr }] generated by the Hecke operators Tr , where
r runs through all rational primes. The action of the Hecke algebra T on the space
Mk (Γ0 (p)) = Ek (Γ0 (p)) ⊕ Sk (Γ0 (p)) preserves the direct sum splitting into Eisen(p)
stein and cuspidal parts. For k = 2 since dim E2 (Γ0 (p)) = 1, the series E2 − pE2
is the unique normalized eigenform.
For k ≥ 4 the dimension of the space Ek (Γ0 (p)) is equal to two. We have a basis
of the space consisting of normalized eigenforms
(p)

Ek − p k−1 Ek ,

(p)

E k − Ek .

3 Bounds on Congruences
Let k be an even positive integer and p be a rational prime. We want to find congru(p)
ences between Eisenstein series Ek − p k−1 Ek and cuspidal newforms in the space
Mk (Γ0 (p)). Let f be a newform in Sk (Γ0 (p)). Assume there exists a prime ideal λ
in Of and a natural number r such that

(p) 
an Ek − p k−1 Ek ≡ an (f )

mod λr .

(3.1)

The bound on r depends on the q-expansion of the Eisenstein series at cuspidal
points of the modular curve X0 (p). The modular curve X0 (p) has two cusps, 0 and
∞. Hence for any modular form f ∈ Mk (Γ 0 (p)) we have q-expansions at ∞ and
. We denote by μ(f ) the zeroth
0. We compute expansions for f and f |k 01 −1
0
coefficient of the q-expansion of the form f at 0. Equivalently, this is the zeroth
coefficient of the q-expansion of the form f |k 01 −1
at ∞.
0
Lemma 3.1 Let p be a prime number, k ≥ 2 be an even integer and f ∈ Sk (Γ0 (p))
be a newform. Let λ be a prime ideal in Of such that p ∈
/ λ and let r ≥ 1 be a
(p)
natural number. Let E denote the Eisenstein series Ek − p k−1 Ek . Suppose we
have a congruence
an (f ) ≡ an (E) mod λr
for all n ≥ 0. Then
μ(E) ≡ 0 mod λr .
Hence the form E is cuspidal modulo λr .

(3.2)
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Proof For any even integer k ≥ 2 the formula




1 (1/p)
0 −1
k−1 (p)
= E k − Ek
E k − p E2
k 1
0
p
holds. It follows that μ(E) equals −Bk /2k (1 − 1/p). By [AL70, Theorem 3] we
have that
ap (f ) = −εp p k/2−1
for some εp ∈ {−1, 1}. On the other side, ap (E) = 1, hence −εp p k/2−1 ≡ 1 mod λr
by (3.2). Thence, we obtain the congruence
1 − p k−2 ≡ 0 mod λr .
Observe that

(3.3)






Bk 
Bk 
1
k−2
k−1
μ(E) = −
−
+ −
1−p
1−p
.
2k
2k
p

Since f is a cuspform, the assumption (3.2) implies that a0 (E) ≡ 0 mod λr , hence
−Bk /2k (1 − p k−1 ) ≡ 0 mod λr . The last congruence and the congruence (3.3)

imply that μ(E) ≡ 0 mod λr .
Corollary 3.2 Let p and  be two distinct rational primes. Suppose that we have
two integers k ≥ 2, r ≥ 1 and k is even. Let f be a newform in Sk (Γ0 (p)). Suppose
(p)
that for E = Ek − p k−1 Ek we have congruences
an (f ) ≡ an (E) mod λr
for all n ≥ 0 and some prime ideal λ in Of dividing .
There is an upper bound


Bk
r ≤ ordλ () · v − (1 − p) ,
2k
where v denotes the -adic valuation on Q.
Proof By Lemma 3.1 we have μ(E) ≡ 0 mod λr , hence −Bk /2k (1 − 1/p) ≡
0 mod λr . Since p is invertible modulo λ, then
−

Bk
(1 − p) ≡ 0 mod λr .
2k

The exponent r satisfies the inequality r ≤ min{ordλ (a0 (E)), ordλ (μ(E))}. But
we have for k ≥ 2





Bk 
Bk
k−1
ordλ −
≥ ordλ − (1 − p) ,
1−p
2k
2k
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Bk
r ≤ ordλ () · v − (1 − p) .
2k



Remark 3.3 Let p ∈ λ or equivalently p = . For k > 2 the congruence (3.3) (which
holds either when p =  or when p = ) implies that 1 − k−2 ∈ λr , hence 1 −
k−2 ∈ λ, hence 1 ∈ λ, which leads to a contradiction. If k = 2, we observe that
(p)
a0 (E2 − pE2 ) ≡ 0 mod λr . Hence


1
ordλ − (1 − p) ≥ r ≥ 1,
24
so 1 − p ∈ λ and 1 ∈ λ, since  = p, which is impossible.
In the computations below we use a straightforward generalization of the wellknown theorem of Sturm [Stu87], suitable for our purposes. A similar theorem in
more general form is proved in [CKR10, Proposition 1].
Theorem 3.4 Let p be a rational prime and k ≥ 2 be an even integer. Let f ∈
Sk (Γ0 (p)) be a normalized eigenform. Let  be a rational prime dividing the numerator of

Bk 
1 − p k−1 .
2k
Suppose we have a positive integer r and a nonzero prime ideal λ in Of , containing , such that for all n ≤ k(p + 1)/12 there is a congruence
−


(p) 
an (f ) ≡ an Ek − p k−1 Ek

mod λr .

Then the congruence holds for all n ≥ 0.
Proof Let us denote by B the number k(p + 1)/12 and by E the form
(p)

Ek − p k−1 Ek .
Let m denote the denominator of −Bk /2k(1 − pk−1 ). Observe that   m. Fourier
coefficients of the form mE are rational integers. Coefficients of the form f lie in
Of .
If r = 1, then we know that for n ≤ B
an (mf ) ≡ an (mE) mod λ,
hence by the theorem of Sturm (cf. [Ste07, Theorem 9.18]) we get the congruence
for all n ≥ 0. But m ∈
/ λ, hence
an (f ) ≡ an (E)

mod λ
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for all n ≥ 0. If r > 1, then we proceed by induction. Assume first that the statement
is true for r − 1. Suppose that an (f ) ≡ an (E) mod λr for n ≤ B. In particular, we
get an (f ) ≡ an (E) mod λr−1 for all n ≥ 0 by the induction hypothesis. Choose any
algebraic integer π ∈ λ  λ2 . Then the function 1/π r−1 (f − E) is a modular form
in Mk (Γ0 (p)) with Fourier coefficients lying in the localization (Of )λ of the ring
Of at the prime ideal λ. By a theorem of Shimura (cf. [Shi71, Theorem 3.52]) the
space Sk (Γ0 (p)) has a basis consisting of forms with Fourier coefficients in Z. The
same is true for Mk (Γ0 (p)). Hence, there exists an algebraic integer α ∈ Of \ λ
such that α/π r−1 (f − E) has the Fourier expansion in Of . Moreover, for all n ≤ B
the congruence


α
an
(f − E) ≡ 0 mod λ
π r−1
holds. By the Sturm theorem, it is true for all n ≥ 0. This implies


an α(f − E) ≡ 0 mod λr
for all n ≥ 0. Since α ∈
/ λ, the induction step holds true and the theorem is proved. 

4 Sketch of the Algorithm
4.1 Orders in Number Fields
Fix a rational prime . We briefly recall the concept of an -maximal order. We fix
an algebraic integer θ and the number field K = Q(θ ). By OK we denote the ring
of algebraic integers in K.
An order O in K is -maximal if   [OK : O]. It is always possible to construct an
-maximal order O containing the equation order Z[θ ], cf. [Coh93, Theorem 6.1.3].
Every prime ideal L in O lying over the prime  is invertible in O, which follows
from [Coh93, Proposition 4.8.15], [Coh93, Theorem 6.1.3] and [Coh93, Proposition
6.1.2].
By [Mat89, Theorem 11.4] the localization OL of the ring O at the prime ideal L is
a discrete valuation ring which is equal to (OK )LOK by [Neu99, Proposition 12.10]
(from which it also follows that LOK is a unique prime ideal in OK above L).
We define a valuation on elements of an -maximal order with respect to any prime
ideal over . For a nonzero prime ideal L ∈ Spec O over , let L = LOK be the
corresponding prime ideal in OK . Any element x ∈ O can be written as x = u1 π r =
×
u2 Π r , for u1 ∈ O×
L , u2 ∈ (OK )L and uniformizers π and Π in (O)L and (OK )L ,
respectively.
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The common exponent of uniformizers will be denoted by ordL (x) := r. The
definition extends to the fraction field K = Frac(O) as ordL (x/y) = ordL (x) −
ordL (y). The following equivalence holds for any x ∈ O ⊂ OK
ordL (x) ≥ r

⇐⇒

x ≡ 0 mod Lr .

In the algorithm presented in Sect. 4.2 we use the last equivalence of orders. It
is also crucial for the algorithm that the computation of an -maximal order is more
efficient than computation of the whole ring of algebraic integers, which involves
factorization of discriminants. By the result of Chistov (cf. [BL94, Theorem 1.3]),
computation of the ring of algebraic numbers in the number field K is polynomially
equivalent to finding the largest square-free divisor of the field discriminant. The latter problem has not found to date a satisfactory solution, better than just factorizing
the whole integer. On the other hand, computation of an -maximal order is straightforward and quick (cf. [Coh93, Chap. 6]). Computation of prime ideals above  in
an -maximal order is equally fast, cf. [Coh93, Chap. 6.2]. In our computations we
often exploit this feature of -maximal orders.

4.2 Algorithm
Algorithm 4.1 Given an element (p, k) ∈ Z2 , where p is a prime number and k ≥ 2
is an even integer, this algorithm leads to the congruence

(p) 
mod (λOf )rλ
an (f ) ≡ an Ek − p k−1 Ek
for all n ≥ 0 (if rλ > 0 in Step (9)).
(1) Compute Galois conjugacy classes of newforms in Sk (Γ0 (p)) and call the set
“New”.
(2) Compute the Sturm bound B = k/12 [SL2 (Z) : Γ0 (p)] = k/12 (p + 1).
(3) Compute the coefficients

(p) 
an Ek − p k−1 Ek
for n ≤ B.
(4) Compute the set of primes L = { prime :  | Numerator (−Bk /2k (1 − p))}.
(5) For each pair (, f ) ∈ L × New, compute Kf , i.e., the coefficient field of f . By
f we mean here a choice of a representative in the Galois conjugacy class.
(6) Find an algebraic integer θ such that Kf = Q(θ ).
(7) Compute an -maximal order O above Z[θ ].
(8) Compute the set
S = {λ ∈ Spec O | λ ∩ Z = Z}.
(9) For each λ ∈ S compute



(p) 
n≤B .
rλ = min ordλ an (f ) − an Ek − p k−1 Ek
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5 Numerical Data
In this section we discuss numerical results which were gathered by a repeated use of
the algorithm in Sect. 4.2. The levels and ranges we have examined are summarized
in Table 1.
In total, we found 765 congruences of the form (1.2) for the ranges and weights
described above. There are 73 congruences such that r > 1. We found 115 congruences such that λ is ramified, i.e. ordλ () > 1. Only 7 among them have the property
that r > 1. For large levels, when the degree of the coefficient field Kf of a newform f was bigger than 150 or the prime ideal λ contained 2, we have skipped the
computations. However, we did a complete search in the range described in Table 2.

5.1 Description of the Tables
We are interested in a congruence of the type
an (E) ≡ an (f )

mod λr
(p)

for all n ≥ 0, between the Eisenstein series E = Ek − p k−1 Ek ∈ Ek (Γ0 (p)) and
the newform f ∈ Sk (Γ0 (p)) for different weights k and prime levels p.
Our numerical results are summarized in Table 3, Table 4 and Table 5 presented below. Complete data set is available online, cf. [Nas]. Each table contains 8
columns.
The letters p, k and  were already explained. Denote by d the degree of the
number field Kf generated by the coefficients of the form f and λ is a prime ideal
in the ring of integers of Kf , above the rational prime  ∈ Z. The letter e denotes the
ramification index of the ideal λ at  and m = ordλ (μ(E)). The column labeled by
“i” contains the number of the Galois orbit of representing newform f (with respect
to the internal MAGMA numbering).
In Table 3 we present data concerning congruences for which ordλ () = 1. In Table 4 we present cases where ordλ () > 1 and ordλ (μ(E)) > ordλ (). From Table 3
one can read off many properties of the congruences satisfying ordλ () = 1. For 1 <
r ≤ ordλ (μ(E)) we found only 5 congruences that do not satisfy r = ordλ (μ(E))
Table 1 Range of
computations

k

2

4

6

8

10

12

14 16 18 20 22

p ≤ 3001 919 251 193 109 113 97 73 71 71 59

Table 2 Levels and weights
which were completely
investigated

k

2

4

6

8

10

12

14 16 18 20 22

p ≤ 1789 397 229 193 109 113 97 71 67 67 59
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Table 3 Congruences with exponent greater than one and without ramification
p

k

 r m i

d

p

k



r m i d

p

k



r m i d

769

2

2 5 5

2 36

101

2

5

2 2

2

7

727

2

11 2 2

2 36

1459

2

3 5 5

3 71

101

6

5

2 2

2 24

751

2

5

2 3

2 38

257

4

2 4 4

1 28

101

10

5

2 2

2 41

757

2

3

2 2

2 33

641

2

2 4 4

2 33

109

2

3

2 2

3

4

883

2

7

2 2

2 39

1409

2

2 4 4

3 65

109

4

3

2 2

1 12

929

2

2

2 2

3 47

163

2

3 3 3

3

7

109

8

3

2 2

1 30

1051

2

5

2 2

3 48

163

4

3 3 3

1 19

109

10

3

2 2

2 42

1151

2

5

2 2

3 68

163

8

3 3 3

1 46

151

2

5

2 2

3

6

1153

2

2

2 4

3 50

193

2

2 3 3

3

8

151

6

5

2 2

2 35

1201

2

5

2 2

3 51

193

6

2 3 3

2 41

163

6

3

2 2

2 35

1217

2

2

2 3

2 58

251

2

5 3 3

2 17

193

4

2

2 2

1 23

1301

2

5

2 2

3 66

449

2

2 3 3

2 23

197

2

7

2 2

3 10

1451

2

5

2 2

2 73

487

2

3 3 4

4 16

197

4

7

2 2

1 22

1453

2

11 2 2

2 63

577

2

2 3 3

4 18

251

4

5

2 2

1 24

1471

2

7

2 2

2 72

811

2

3 3 3

3 40

379

2

3

2 2

2 18

1567

2

3

2 2

4 69

1373

2

7 3 3

3 60

379

4

3

2 2

1 44

1601

2

5

2 2

2 80

1601

2

2 3 3

2 80

433

2

3

2 2

4 16

1621

2

3

2 3

3 70

1783

2

3 3 3

2 82

491

2

7

2 2

3 29

1667

2

7

2 2

2 82

97

2

2 2 2

2

4

601

2

5

2 2

2 29

1697

2

2

2 2

2 77

97

6

2 2 2

2 21

673

2

2

2 2

3 24

97

10

2 2 2

2 37

677

2

13 2 2

4 35

Table 4 Congruences with m > e and with ramification
p

k  r m

e i d

p

k  r m

e i d

p

k  r m

577 2 2 1

e

i d

3001 2 5 1

6 2 1

2

257 4 2 1 12 3 1

28

6 2

4

18

3001 2 5 1

9 3 3 132

257 4 2 1 16 4 2

36

1153 2 2 1 16 4

3

50

251 6 5 1

6 2 2

59

257 4 2 1 20 5 1

28

1249 2 2 1 26 13 3

59

919 2 3 2

4 2 3

47

257 4 2 1 20 5 2

36

1601 2 2 1

80

919 4 3 2

4 2 1 105

6 2

2

257 4 2 1 20 5 2

36

1217 2 2 1 39 13 2

58

257 2 2 1 25 5 2

14

257 4 2 1

8 2 1

28

1889 2 2 1

4 2

3

96

257 2 2 5 10 2 2

14

257 4 2 5

8 2 1

28

2113 2 2 1 15 5

2

91

353 2 2 1 10 5 4

14

2273 2 2 1 10 5

3 105

and 56 that satisfy this condition. Observe that the exponent was not maximal only
for k = 2. In Table 4 we collect data about all congruences for which ordλ () > 1
and ordλ (μ(E)) > ordλ (). For primes  ≥ 3 we found only 5. The cases when
ordλ (μ(E)) equals ordλ () are presented in Table 5.
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Table 5 Congruences with m = e and with ramification
p

k



r m e i d

p

k



r m e i d

p

k



r m e i d

31

2

5 1 2 2 1

2

281

2

5 1 2 2 2 16 1291

2

5 1 2 2 2 62

31

6

5 1 2 2 2

8

307

4

3 1 2 2 1 35 1381

2

5 1 2 2 2 63

31 10

5 1 2 2 2 13

337

2

2 1 2 2 2 15 1447

2 241 1 2 2 2 71

31 14

5 1 2 2 2 18

337

4

7 1 2 2 1 40 1471

2

31 18

5 1 2 2 2 23

353

4

2 1 2 2 2 48 1483

2 13 1 2 2 4 67

31 22

5 1 2 2 2 28

353

4 11 1 2 2 1 40 1511

2

5 1 2 2 2 87

47 10 23 1 2 2 2 20

367

4 61 1 2 2 1 41 1531

2

3 1 2 2 4 73

47 12 23 1 2 2 1 18

401

4

5 1 2 2 1 45 1531

2

5 1 2 2 4 73

47 16 23 1 2 2 1 26

409

2 17 1 2 2 2 20 1553

2

2 1 2 2 2 74

47 20 23 1 2 2 1 34

409

4 17 1 2 2 1 47 1693

2

3 1 2 2 3 72

53

5 1 2 2 2 72

6 13 1 2 2 2 12

419

4 19 1 2 2 1 43 1697

2 53 1 2 2 2 77

53 18 13 1 2 2 2 38

523

2

3 1 2 2 3 26 1777

2

67

7

541

2

5 1 2 2 2 24 1789

2 149 1 2 2 2 80

67 14 11 1 2 2 2 37

571

2

5 1 2 2 9 18

101

4

5 1 3 3 1

2 1 2 2 5 27

101

8

5 1 3 3 1 26

4 11 1 2 2 1

2 1 2 2 2 79
9

103

2 17 1 2 2 2

6

593

2

113

2

2 1 2 2 2

2

661

2 11 1 2 2 3 29

101 12

5 1 3 3 1 42

113

6

2 1 2 2 1 21

683

2 11 1 2 2 3 31

181

2

5 1 3 3 2

113

6

2 1 2 2 1 21

691

2

5 1 2 2 2 33

181

6

5 1 3 3 2 40

113

6

2 1 2 2 2 25

733

2 61 1 2 2 4 32

353

4

2 1 3 3 1 40

113

6

2 1 2 2 2 25

761

2

5 1 2 2 3 41 1321

2 11 1 3 3 4 56

9

127

2

7 1 2 2 2

7

761

2 19 1 2 2 3 41 1381

2 23 1 3 3 2 63

127

8

7 1 2 2 1 34

881

2

2 1 2 2 2 46 1571

2

5 1 3 3 2 82

131

2

5 1 2 2 2 10

911

2

7 1 2 2 3 53 1747

2

3 1 3 3 3 77

131

6

5 1 2 2 2 32

941

2

5 1 2 2 2 50 1201

2

2 1 5 5 3 51

191

6

5 1 2 2 2 46

971

2

5 1 2 2 2 55

353

4

2 1 5 5 1 40

199

2

3 1 2 2 3 10 1021

2 17 1 2 2 2 47

353

4

2 1 5 5 2 48

199

4

3 1 2 2 1 20 1091

2

5 1 2 2 3 62

353

4

2 1 5 5 2 48

211

2

5 1 2 2 1

2 1201

2

2 1 2 2 1

2

353

4

2 2 2 2 1 40

211

6

5 1 2 2 2 47 1279

2

3 1 2 2 2 64

43

8

7 2 2 2 1 11

223

4 37 1 2 2 1 24 1289

2

7 1 2 2 4 61

43 20

7 2 2 2 1 32

Remark 5.1 The main difficulty in enlarging the number of congruences in Table 4
lies in the fact that


dim Sk Γ0 (p) = O(k · p)
as k → ∞ and p → ∞. In a typical situation, when f ∈ Sk (Γ0 (p)) is a newform, the
degree [Kf : Q] is roughly of the size 1/2 dim Sk (Γ0 (p)). To check the congruence,
we perform Step (9) of the algorithm in Sect. 4.2. We have to compute k/12 (p + 1)
coefficients of the newform f and this is usually the slowest part of the algorithm.
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For example, when k = 2 and p > 3000, this means that we work with the field Kf
of degree at least 150 over Q. In the range described in Table 2 we found all possible
congruences such that ordλ () > 1. For levels and weights described in Table 1, we
have decided to look only for congruences such that [Kf : Q] < 150. This condition
guarantees that Step (9) of the algorithm can be executed in less than 48 hours of
computational time on the computer with Intel i5, 2.53 GHz processor and 4 GB
RAM.

5.2 The Case r = m > 1 and e = 1
Let k = 2 and p = 109. In this example we choose any root α ∈ Q of the equation
α 4 + α 3 − 5α 2 − 4α + 3 = 0
and form K = Q(α). We have the Galois conjugacy class of newforms with the
q-expansion




f = q + αq 2 + 1 + 4α − α 3 q 3 + α 2 − 2 q 4 − αq 5 + · · ·
The ring of integers Of of Kf = K is equal to Z[α] and


(3) = (3, α) 3, 2 + α + α 2 + α 3
is the factorization into prime ideals in Of . We find, by the algorithm, that for λ =
(3, α),


an (f ) ≡ an E2 − 109 E2(109) mod λ2
for all natural n ≥ 0.
(109)
In fact, this is the maximal possible exponent, since μ(E2 − 109E2 ) = 9/2
and ordλ (9) = 2. In the unramified case, the upper bound for the maximal exponent
r is smaller or equal to the one described in Corollary 3.2. This example shows that
the equality can occur.
If p = 163 we obtain four different congruences for weights k = 2, 4, 6 and 8
with ideals above 3 raised to the powers 3, 3, 2 and 3 respectively. For weights
k = 2, 4 or 8 the exponent of the ideal is maximal possible (cf. Table 3). For k = 2
we find a number field of degree 7 over Q with a primitive element α with a minimal
polynomial
6 + 4α − 23α 2 + 19α 4 − 5α 5 − 3α 6 + α 7 = 0.
The ring of integers is equal to Z[α]. Its discriminant is equal to 2 · 82536739 and


3Z[α] = (3, α) 3, 1 + α + α 3 + α 4 + α 6 .
We find a newform of level 163 and weight 2 with q-expansion


f = q + αq 2 + −2 + 5α + 5α 2 − 6α 3 − α 4 + α 5 q 3




+ −2 + α 2 q 4 + 6 + 6α − 11α 2 − 6α 3 + 7α 4 + α 5 − α 6 q 5 + · · ·
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It is congruent to the Eisenstein series
(163)
E2 − 163 E2

modulo

∞

∞

n=1

n=1


27 
=
σ1 (n) q n − 163
σ1 (n) q 163n
+
4

(3, α)3 .

5.3 The Case m > r > 1 and e = 1
Let k = 2 and p = 487. The space of cusp forms S2 (Γ0 (487)) contains five Galois
conjugacy classes of newforms. We take f such that
f = q + αq + · · · ,
where α is an algebraic integer such that
α 16 − 7α 15 − 5α 14 + 131α 13 − 132α 12 − 977α 11 + 1666α 10 + 3671α 9
− 8191α 8 − 7212α 7 + 20571α 6 + 6937α 5 − 27100α 4 − 2748α 3
+ 17207α 2 + 360α − 3825 = 0.
The field Kf is equal to Q(α) and the ideal 3OK is a product of four distinct prime
ideals
3 O K = λ 1 λ2 λ3 λ4 .
Let λ1 = (3, 1/105 β), where
β = 2α 15 + 106α 14 + 50α 13 + 112α 12 + 156α 11 + 161α 10 + 392α 9
+ 307α 8 + 148α 7 + 126α 6 + 192α 5 + 194α 4
+ 280α 3 + 279α 2 + 124α + 705.
We check that f is congruent to E2 − 487 E2(487) modulo λ31 and

(487) 
= 4,
m = μ E2 − 487 E2
(cf. Corollary 3.2). Moreover, there is no congruence modulo λ41 , hence the maximal
exponent r = 3 is smaller than the theoretical upper bound m in Corollary 3.2.

5.4 The Case r < e < m and e > 1
Let k = 2 and p = 3001. The space of cusp forms S2 (Γ0 (3001)) has dimension 249
and it is a direct sum of three subspaces S1 , S2 and S3 of dimensions 2, 115 and
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132, respectively. The space S1 is generated by two Galois conjugate newforms
f1 = q + α1 q 2 + (α1 + 1) q 3 + (α1 − 1) q 4 + 2α1 q 5 + (2α1 + 1) q 6 + · · · ,
f2 = q + α2 q 2 + (α2 + 1) q 3 + (α2 − 1) q 4 + 2α2 q 5 + (2α2 + 1) q 6 + · · · ,
where α1 and α2 are roots of the polynomial X 2 − X − 1. Since the√
forms are Galois
conjugate, we will consider
only
one
of
them.
Assume
α
=
(1
+
5 )/2. The ring
1
√
√
of integers of Kf1 = Q( 5 ) is Of1 = Z[(1 + 5 )/2] and
5 Of1 = λ2 ,
for the prime ideal λ which equals (5, 2 + (1 +

√
5 )/2). We check that



(3001) 
(3001) 
a0 E2 − 3001 E2
= 125 and μ E2 − 3001 E2
= 125,
and ordλ (125) = 6. Corollary 3.2 shows that the upper bound for the exponent r of
the congruence is 6.
We checked by MAGMA that for n ≤ (3001 + 1)/12 the congruence


an (f1 ) ≡ an E2 − 3001 E2(3001)

mod λ

holds. Hence, by Theorem 3.4 the congruence holds for all n ≥ 0. But we also find
that
√

1+ 5
(3001) 
a2 (f1 ) − a2 E2 − 3001 E2
=
−3∈
/ λ2 ,
2
which proves that the maximal exponent r, for which the congruence holds is equal
to 1.

5.5 The Case r = e < m and e > 1
Let k = 2 and p = 919. The space S2 (Γ0 (919)) contains 3 Galois conjugacy classes
of newforms, with coefficient fields of degrees 2, 27 and 47, respectively. We take a
representative f of the class with the coefficient field of degree 47 over Q. The form
f equals q + αq + · · · , where the algebraic integer α is a root of a monic integral
polynomial of degree 47. The discriminant of the field Kf is approximately equal
to 0.5995 · 10304 . We were not able to compute the factorization of the discriminant.
Instead, we work with a 3-maximal order O above Z[α], where Kf = Q(α). There

are 6 different prime ideals above 3 O and 3 O = λ21 · 6i=2 λi .
(919)
modulo λ21 , while the maximal
We check that f is congruent to E2 − 919E2
exponent
 

m = ordλ1 μ E2 − 919 E2(919)
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Table 6 Index of the order

p

k



273
i

ind

101

6

5

2

625

751

2

5

2

625

1621

2

3

3

3

1667

2

7

2

343

equals 4. The discussion in Sect. 4.1 implies that there is a congruence between f
(919)
modulo (λ1 Of )2 and
and E2 − 919E2
 
(919) 
ordλ1 Of μ E2 − 919 E2
= 4,
hence we find that r = e < m and e > 1.

5.6 Equation Order Is not Always -Maximal
It is not always true that if we have a congruence modulo a power of a prime ideal
above  and Kf = Q(θ ), where θ is an algebraic integer, then an -maximal order
above Z[θ ] that we get from the algorithm implemented in MAGMA, is equal to the
ring Z[θ ].
We summarize several examples in Table 6. The prime  is unramified in Kf . By
“i” we denote the number of the Galois orbit of the newform and by “ind” the index
[O : Z[θ ]] for the -maximal order above Z[θ ].

5.7 Large Residue Field
Let k = 2 and p = 401. The space S2 (Γ0 (401)) is a direct sum S1 ⊕ S2 of two
new subspaces. The space S1 is of dimension 12 over C and it is generated by
a newform and its Galois conjugates, none of which is congruent to the Eisenstein
(401)
modulo any power of a prime ideal. The space S2 is generated
series E2 − 401E2
by a newform f = q + αq 2 + · · · , such that α is an algebraic integer satisfying
− 44 + 1058α − 4111α 2 − 24699α 3 + 12831α 4 + 93934α 5 − 14353α 6
− 152221α 7 + 8292α 8 + 132085α 9 − 2749α 10 − 67876α 11
+ 519α 12 + 21617α 13 − 51α 14 − 4305α 15 + 2α 16
+ 521α 17 − 35α 19 + α 21 = 0.
The field Kf is generated by θ = α. The ideal 5 Of is a product of four distinct
prime ideals, i.e. every prime ideal above 5 is unramified in Of . The prime ideal

Property of The Mathematics Center Heidelberg - © Springer 2014

On Higher Congruences Between Cusp Forms and Eisenstein Series

B. Naskr˛ecki

λ = (5, 1/8 β) with
β = 32 + 48α + 82α 2 + 75α 3 + 66α 4 + 70α 5 + 39α 6 + 62α 7 + 50α 8
+ 37α 9 + 22α 10 + 56α 11 + 17α 12 + 2α 13 + 16α 14 + 26α 15
+ 3α 16 + 7α 17 + α 18 + α 19
gives the quotient map π : Of → Of /λ ∼
= F25 . The image π(Z[{an (f )}n∈N ]) is a
subfield F5 in Of /λ.
Observe that a0 (E2 − 401 E2(401) ) = 50/3 and v5 (μ(E2 − 401 E2(401) )) = 2. One
could expect that


an (f ) ≡ an E2 − 401 E2(401) mod λr
(401)

holds for all n ≥ 0 and r ≤ 2. However, the coefficient a2 (f ) − a2 (E2 − 401 E2 )
is not congruent to 0 modulo λ2 .
(401)
The differences an (f ) − an (E2 − 401 E2 ) are congruent to 0 modulo λ for
n less or equal to the Sturm bound, hence, the congruence modulo λ holds for all
n ≥ 0. The order O = Z[{an (f )}n∈N ] equals also Z[{a2 (f ), a3 (f ), a5 (f )}] and can
be obtained by performing the pMaximalOrder algorithm in MAGMA, starting with
Z[θ].
Let O(2) denote a 2-maximal order obtained from Z[θ ]. Then, let O(2,3697) be an
3697-maximal order above O(2) obtained by the MAGMA algorithm. Finally, let
O(2,3697,34759357)
denote a 34759357-maximal order above O(2,3697) . The order
O(2,3697,34759357)
equals O and [Of : O] = 5. The maximal order Of is the 5-maximal order above O.
Note also that we have proper inclusions
Z[θ ]  O(2)  O(2,3697)  O(2,3697,34759357) .
In the algorithm in Sect. 4.2 we use only a 5-maximal order above Z[θ ]. This is
sufficient when we check the congruence modulo a prime above 5 in Of . In order
to compute Of , we should run pMaximalOrder algorithm with primes 2, 5, 3697
and 34759357, respectively. Observe that in this particular case, the computation of
3697 and 34759357-maximal orders is completely unnecessary, because we check
congruences modulo primes above 2 and 5 and

 50
a0 E2 − 401 E2(401) = .
3
This shows that in Step (7) of the algorithm in Sect. 4.2 we gain some significant
amount of time by skipping the superfluous computation of Of .
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5.8 Congruences over Q
Let f in S2 (Γ0 (p)) be a rational newform for which the congruence (1.2) holds for
all n ≥ 0. In particular, aq (f ) ≡ aq (E) = q k−1 + 1 mod λr for all primes q = p.
Finding a rational newform f as above amounts to a search for an elliptic curve F
(attached to f by the modularity theorem) defined over Q, of prime conductor p,
such that
F̃q (Fq ) ≡ 0

mod r ,

where F̃q denotes the reduction of F at the prime q.
It follows from [Kat81, Theorem 2], that there exists an elliptic curve F  over
Q which is Q-isogenous to F and the group of Q-rational points on F  contains a
point of order r . The conductor of F  is p. For an elliptic curve defined over Q the
smallest possible conductor is 11. Hence F  has good reduction at 2. The group of
Q-rational points of F  contains the torsion subgroup, which we denote by T . The
reduction at 2 maps T into F̃2 (F2 ). The kernel of this homomorphism has order a
power of 2.
By Hasse theorem for elliptic curves the inequality
F̃2 (F2 ) ≤ 5
holds. Hence, the order |T | equals 2m , 2m · 3 or 2m · 5, for some m ≥ 0. Suppose
that |T | > 2.
If |T | = 2m , then [Miy73, Theorem 2] and [Miy73, Theorem 3] imply that T ∼
=
Z/2Z ⊕ Z/2Z or T ∼
= Z/4Z and in both cases p = 17. The only Q-isogeny class of
elliptic curves of conductor 17 is attached to the newform f = q − q 2 − q 4 + · · · in
S2 (Γ0 (17)). For any prime q = p the coefficient
aq (f ) = 1 + q − F̃q (Fq )
is congruent to 1 + q modulo 4. We check directly that ap (f ) = 1. The congruence
an (f ) ≡ an (E2 − 17 E2(17) ) mod 4 holds for all n ≥ 1. However,

2
(17) 
= ,
a0 E2 − 17 E2
3
so for all n ≥ 0 we have only a congruence modulo 2.
If |T | = 2m · 3, then [Miy73, Theorem 1] implies that T ∼
= Z/3Z and p = 19
or p = 37. There is exactly one Q-isogeny class of elliptic curves of conductor
19. It provides the newform f = q − 2q 3 − 2q 4 + · · · in S2 (Γ0 (19)) congruent
(19)
to E2 − 19E2 modulo 3 at all coefficients. If the conductor p equals 37, then
there are two Q-isogeny classes of elliptic curves. Only the class associated with
the newform f = q + q 3 − 2q 4 + · · · in S2 (Γ0 (37)) provides the congruence


an (f ) ≡ an E2 − 37 E2(37)

mod 3
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for all n ≥ 0. The other newform f  satisfies ap (f  ) = −1, so the congruence cannot
hold.
If |T | = 2m · 5, then by [Miy73, Theorem 4] we get T ∼
= Z/5Z and p = 11. The
unique newform f ∈ S2 (Γ0 (11)) satisfies ap (f ) = 1. Moreover,

5
(11) 
= ,
a0 E2 − 11 E2
12
(11)

hence the congruence an (f ) ≡ an (E2 − 11 E2 ) mod 5 holds for all n ≥ 0.
We are left with only one case, when |T | equals 2. If the elliptic curve F  of prime
conductor p > 17 satisfies |T | = 2, then p = u2 + 64 for some rational number u.
This is proved in [Set75, Theorem 2]. The primes p = 113, 353, 593 and 1153 are
of the form u2 + 64 for u ∈ Z and on these levels we find newforms f ∈ S2 (Γ0 (p))
(p)
congruent to E2 − pE2 modulo 2. However, in general it is not known whether
the sequence {u2 + 64}u∈N contains an infinite number of primes.
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Abstract We discuss several arithmetic aspects of Bianchi groups, especially from
a computational point of view. In particular, we consider computing the homology
of Bianchi groups together with the Hecke action, connections with automorphic
forms, abelian varieties, Galois representations and the torsion in the homology of
Bianchi groups. Along the way, we list several open problems and conjectures, survey the related literature, presenting concrete examples and numerical data.

1 Introduction
Let L be an algebraic number field with ring of integers OL and signature (r, s). The
associated modular group PSL2 (OL ) is a discrete subgroup of the real Lie group
PSL2 (R)r × PSL2 (C)s and thus acts via isometries on the product space H2r × H3s ,
where H2 , H3 denote the hyperbolic spaces of dimensions 2 and 3 respectively.
Any torsion-free finite-index subgroup Γ of PSL2 (OL ) acts freely and properly discontinuously on H2r × H3s and the quotient manifolds are locally symmetric spaces
which are important for the theory of automorphic forms, differential geometry,
number theory and representation theory.
When L is totally real (that is, s = 0), these quotient manifolds can be viewed
as the complex points of quasi-projective (complex) algebraic varieties. This allows
one to employ tools of algebraic geometry in their study and is essential for our
understanding of the web of conjectures within the Langlands programme that surrounds GL2 (OL ). However in the case s > 0, due to the fact that H3 does not admit
any complex structure, there is no visible link to (complex) algebraic geometry.
The simplest case beyond totally real fields is the case of imaginary quadratic
fields, that is (r, s) = (0, 1). The modular groups in this case are called Bianchi
M.H. Şengün (B)
Max Planck Institute for Mathematics, Vivatsgasse 7, 53111 Bonn, Germany
e-mail: haluk@mpi-bonn.mpg.de
Present address:
M.H. Şengün
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M.H. Şengün

groups after Luigi Bianchi who studied their geometry as early as 1892 [Bia]. To
the best of our knowledge, the earliest modern considerations of Bianchi groups
go back to the 1960’s, notably to [Kub64, Serr70, Swa68]. The investigations on
Bianchi groups related to aspects of the Langlands programme started in the 1970’s,
notably in [Har75, Asa78, Kur78, GM78, Cre84]. However, up to day, most of the
fundamental problems in this area are still wide open. In the recent years, the area
started receiving attention again and has witnessed a significant amount of activity
together with some exciting progress.
In this article, we aim to discuss several prominent problems of arithmetic nature
that surround Bianchi groups together with a survey of existing literature including recent work. In agreement with the theme of these proceedings, we will pay
attention to computational aspects of these problems, presenting numerical data and
concrete examples along the way. We hope that this survey article will contribute to
the recently rekindled interest in Bianchi groups.
In Sect. 2, we cover some basic aspects of Bianchi groups that are relevant to
our main discussions. In Sects. 3 and 4, we discuss the cohomology of Bianchi
groups and the Hecke action on the cohomology respectively. In Sect. 5, we consider
modular forms associated to Bianchi groups. In Sect. 6, we talk about the problem
of understanding the size of the cohomology of Bianchi groups. We also discuss
the recent asymptotic results of Calegari-Emerton [CE09], Finis-Grunewald-Tirao
[FGT10], Marshall [Mar12] and Şengün-Türkelli [ŞT]. In Sect. 7, we discuss the
adelic locally symmetic spaces that arise in the study of Bianchi groups. The subject of Sect. 9 is the conjectural connection between elliptic curves over imaginary quadratic fields and modular forms associated to Bianchi groups. We also talk
about the case of higher dimensional abelian varieties and include a discussion of
elliptic curves with everywhere good reduction. In Sect. 10, we focus on the torsion in the homology of Bianchi groups. We include a discussion of the asymptotic
growth of the torsion in light of the recent work of Bergeron and Venkatesh [BV13].
In Sects. 8 and 11, we consider the (mostly) conjectural connections between 2dimensional representations of the absolute Galois group of imaginary quadratic
fields and classes in the cohomology of Bianchi groups. In particular, in the latter section we make some speculations which relate even irreducible 2-dimensional
representations of the absolute Galois group of Q to the torsion in the cohomology
of Bianchi groups.
There are many significant arithmetic aspects that are left untouched in this survey. One of the prominent such aspects is the so called “R = T ” problem which
has been studied in [BK09, BK11, BK13]. We also excluded discussions of various L-functions and their special values, studied notably in [Zha93, Urb95, Gha99,
Nam12], and finer arithmetic properties of mod p eigenvalue systems, studied notably in [EK03, ŞT09, Mohb].
Since the initial submission of this paper, very significant developments occurred.
Calegari and Venkatesh released their book [CV] on the investigation of integral
versions of aspects of the Langlands program carried out in the setting of GL2 over
imaginary quadratic fields. Moreover, Calegari and Geraghty made a breakthrough
[CGa, CGb] on the R = T problem using a novel method that allows one to go
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beyond that of Taylor-Wiles. Their results depend on the validity of a conjecture,
which was suspected to be true since the late 1970’s, about the existence of mod
p Galois representations associated to eigenvalue systems captured in the mod p
cohomology of arithmetic groups. Scholze just released a spectacular paper [Scho],
proving this conjecture for GLn over totally real and CM number fields! Unfortunately, due to lack of time, we will not be able to discuss these exciting results.

1.1 Notation
√
Let d > 0 be a square-free integer and K = Q( −d) ⊂ C be an imaginary quadratic
field. Let D = DK be the discriminant of K/Q. We have D = −4d or D = −d if
−d ≡ 2, 3 or −d ≡ 1 modulo 4 respectively.
√ The ring of integers O = OK = Od of
K has a Z-basis {1, ω} where ω = (D + D)/2. The letter G will denote a Bianchi
group. The absolute Galois groups of Q and K will be denoted by GQ and GK
respectively.

2 Basic Properties of Bianchi Groups
2.1 Geometric Background
Consider the hyperbolic 3-space H, that is, the unique connected, simply connected
Riemannian manifold of dimension 3 with constant sectional curvature −1. A standard model for H is the upper half space model

H = (x, y) ∈ C × R | y > 0
with the metric coming from the line element
dx12 + dx22 + dy 2
y2
 
with x = x1 + ix2 . Every element ac db of PSL2 (C) acts on H as an orientationpreserving isometry via the formula
ds 2 =


a
c




(ax + b)(cx + d) + acy 2
y
b
· (x, y) =
,
d
|cx + d|2 + |c|2 y 2
|cx + d|2 + |c|2 y 2

where (x, y) ∈ H. It is well-known that every orientation-preserving isometry of
H arises this way. The group of all isometries of H is generated by PSL2 (C) and
complex conjugation (x, y) → (x, y), which is an orientation-reversing involution.
As OK is a discrete subring of C, the Bianchi group G is a discrete subgroup of
the real Lie group PSL2 (C). As a result, it acts properly discontinuously on H. The
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quotients YG = G\H are hyperbolic 3-orbifolds which are non-compact but of finite
volume. In fact, we have
vol(YG ) =

|DK |3/2
· ζK (2),
4π 2

with ζK being the Dedekind zeta function of K, as first proved1 in [Hum19] by
Humbert in 1919.
It is a classical result that was first observed by Bianchi and first proved by Hurwitz (1892) that the number of cusps of YG is equal to the class number of K. The
cross-sections of the cusps are 2-tori except when d = 1, 3. In these exceptional
cases, there are units in OK other than ±1 and as a result the cross-sections of the
cusps are 2-folds with 2-sphere as the underlying manifold. The orbifold structure
of YG is pictured by Hatcher [Hat83] for D > −100.
The action of G on H admits a fundamental domain that is bounded by finitely
many geodesic surfaces. It follows that G has a finite presentation.

2.2 Explicit Fundamental Domains
First explicit fundamental domains were computed by Bianchi [Bia] in the 1890s.
In the late 1960’s Swan elaborated on Bianchi’s work in [Swa68, Swa71], filling
in certain gaps and further developing the theory in a way that is suitable for algorithmic purposes. Detailed accounts of fundamental domains for Bianchi groups
and Swan’s work can be found in Sect. 7 of [EGM98], Sect. 6.2.4. of [Fin89]
and [Byg98, Ara10, Raha]. In the mid 1970’s Riley [Ril83], building on Swan’s
work, developed a computer program that produced explicit fundamental domains
for Kleinian groups which are geometrically finite (that is, they admit Ford domains
with finitely many faces). Detailed discussions of Riley’s program can be found
in [Fin89, Fin90]. In their recent Ph.D. theses, Aranés [Ara10] and independently
Rahm [Raha] developed freely accessible computer programs that compute fundamental domains for Bianchi groups using Swan’s methods. We include here (see
Fig.√1) a plotting of the fundamental domain for the Bianchi group associated to
Q( −39) (of class number 4) produced by Aranés’ Sage [S+ 10] implementation.
In Fig. 2 we see the projection onto the y = 0 plane of the floor of the fundamental
domain, with red points marking the projections of the singular2 cusps and points in
the intersection of 3 or more hemispheres.
Another computer program to this effect was developed by Yasaki in [Yas11]
for GL2 (OK ). His program uses a different approach that we will sketch later in
Sect. 3.1. In his master’s thesis [Pag10, Pag12], Page developed a computer program to compute fundamental domains of arithmetically defined Kleinian groups.
1 Note

that a gap in Humbert’s proof was filled in by Grunewald and Kühnlein in [GK98].

2 These

are the cusps that correspond to non-trivial elements of the class group.
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Fig. 1 The points lying
above the blue hemispheres
form a fundamental domain
for the Bianchi group
√
associated to Q( −39)

Fig. 2 Projection on C × {0}
of the floor of the
fundamental domain in Fig. 1

These groups are defined via quaternion algebras over number fields with a unique
complex place (see [MR03, EGM98]) and Bianchi groups are among these groups.

2.3 Explicit Presentations
When Od has a Euclidean algorithm (this is the case exactly for d = 1, 2, 3, 7, 11),
one can algebraically find a presentation for the associated Bianchi group, see work
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of Cohn [Coh68] and Fine [Fin74]. However, for the general case, one needs to
use geometry. Once a suitable fundamental domain with an identification of the
faces is computed, one can (using, for example, [Mac64]) derive a presentation
for the Bianchi group. Many computations of this sort can be found in the literature, for example, see [Swa71, Ril83, Alp80, Schn85, Yas11, Pag10]. By investigating the action of Bianchi groups on certain 2-dimensional CW complexes (we
will discuss these in Sect. 3.1), Flöge computed in [Flö83] explicit presentations
for several Bianchi groups. Many of the presentations that exist in the literature
are conveniently compiled in [FGT10]. A presentation with only two generators for
PSL2 (Z[i]) is given by Brunner in [Bru92]. The aforementioned computer program
of Page [Pag12] also computes presentations for arithmetic Kleinian groups from
the geometric data it collects.
For the sake of illustration, we include here a presentation of PSL2 (Z[i]) that
goes back Sansone [San23]:


a, b, c, d | a 3 = b2 = c3 = d 2 = (ac)2 = (ad)2 = (bc)2 = (bd)2 = 1 .

2.4 Group Theoretic Properties
In [FF88], Fine and Frohman proved that, except for d = 1, 3, all Bianchi groups are
HNN extensions with amalgamated subgroup PSL2 (Z). This is achieved by showing that the quotient manifold associated to PSL2 (Z) embeds as a non-separating
incompressible surface in YG . Moreover, they showed that except for d = 3, all
Bianchi groups split as amalgamated free products. It is known that for d = 3, this
cannot hold.3 Every Bianchi group can be described as a graph product of groups,
see Brunner et al. [BLW85], Mendoza [Men79] and Flöge [Flö83]. In particular,
in the case d = 3, we get a triangle of groups. A detailed discussion of algebraic
aspects of Bianchi groups can be found in Fine’s book [Fin89]. As an example, we
present the following iterated amalgamated free product structure of PSL2 (Z[i]):
(S3 *C3 A4 ) *(C2 *C3 ) (D2 *C2 S3 ).
Here Sn , An , Dn , Cn , represent the symmetric group on n letters, the alternating
group on n letters, the dihedral group of order 2n and the cyclic group of order n
respectively. Note that C2 * C3 PSL2 (Z).
In his influential 1970 paper [Serr70], Serre proved that Bianchi groups have finite index subgroups which are not of congruence type.4 Constructions of infinite
families of non-congruence subgroups for several Bianchi groups can be found in
3 In

this case, Scarth exhibits in [Sca03] a finite-index subgroup which splits as an amalgamated
product.
4 Recall

that a subgroup Γ is of congruence type if it contains the kernel of the surjection
PSL2 (O) → PSL2 (O/I ) for some ideal I of O.
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Britto’s paper [Bri77]. The notion of level for non-congruence subgroups was discussed by Grunewald and Schwermer in [GS99]. A detailed discussion around the
Congruence Subgroup Problem for Bianchi groups can be found in [Fin89], see also
[GJZ08].
The automorphism groups of Bianchi groups were determined by Smillie and
Vogtmann in [SV91]. It turns out that the group of outer automorphisms is an
elementary abelian
 2-group given by complex conjugation, the involution aris0
and the 2-part of the class group of the underlying imaginary
ing from −1
0 1
quadratic field K. Orientation-reversing automorphisms can be used to obtain lower
bounds for the size of the cohomology of Bianchi groups in certain situations, see
[Har75, Roh85, ŞT, KS12] and Sect. 6.

3 Cohomology of Bianchi Groups
The cohomology of Bianchi groups, with coefficients in finite dimensional, irreducible, complex representations of the ambient real Lie group PSL2 (C), is important for number theoretical reasons that we shall discuss later. Let Γ be a finite index
subgroup of a Bianchi group G and let V be such a representation of PSL2 (C) regarded as a representation of Γ . Then V gives rise to a locally constant sheaf V on
the quotient 3-fold YΓ associated to Γ and it follows from the contractibility of H
that
H i (Γ, V )

H i (YΓ , V).

Of course, the same is true for the homology groups.
A general construction of Borel and Serre [BS73] gives5 a compact 3-fold XΓ
with boundary ∂XΓ such that the interior of XΓ is homeomorphic to YΓ and the
embedding YΓ → XΓ is a homotopy equivalence. In particular, we have
H i (YΓ , V)

H i (XΓ , V)

where the sheaf V is a suitable extension of V to XΓ . Topologically, XΓ is obtained
by attaching at infinity a copy of its cross-section to the cusps of YΓ . Thus except
when d = 1, 3, the boundary of XΓ is a finite disjoint union of 2-tori. For details,
we recommend Chap. 2 of the lecture notes of Harder [Har]. Consider the natural
restriction map
resi : H i (XΓ , V) −→ H i (∂XΓ , V).
It is well known that the rank of the image of res1 is half that of the codomain.
Moreover, the map res2 is onto except when V is the trivial representation C, in
which case the image has corank 1.
5 In fact, the case of symmetric spaces of rank one was done first by Serre in [Serr70], to investigate

the Congruence Subgroup Problem for Bianchi groups, and served as a prototype for the general
construction.
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M.H. Şengün

i (Y , V), and thus H i (Γ, V ), as the
We define the cuspidal cohomology Hcusp
Γ
cusp
kernel of the restriction map resi . By Poincaré duality, see [AS86], we have


1
2
Hcusp
Γ, V ∗ .
(Γ, V ) Hcusp

For a ring R, let Vk (R) denote the space of homogeneous polynomials of degree
k in two variables with coefficients in R. The space Vk (R) is of rank k + 1 with
basis of monomials x k , x k−1 y, . . . , xy k−1 , y k admitting an action of M2 (R), 2 × 2
matrices with entries in R, determined by the rule


a b k−m m
y = (ax + cy)k−m (bx + dy)m
x
c d
 
for every ac db ∈ M2 (R). When k! is invertible in R, Vk (R) is self-dual.
The finite-dimensional, irreducible, complex representations of PSL2 (C) as a
real Lie group are given by
Vk, (C) := Vk (C) ⊗C V (C)
with k +  even, where the overline on the second factor means that the action
is twisted by complex conjugation. It follows from the above paragraph that these
representations are self-dual. Results of Borel and Wallach [BW80, Sect. 3] (see
also Chap. 3 of [Har]) imply that


1
Hcusp
Γ, Vk, (C) = {0}
whenever k = .

3.1 Computing the (Co)Homology
For reasons that we will explore later, it is very desirable to explicitly compute the
cuspidal (co)homology of Bianchi groups and their congruence subgroups. There
are several ways to do this but in essence they all depend on explicit geometric
information. We sketch many of them below.
• The earliest systematic homology computations were carried out by Grunewald
[GM78] in 1978. In the core of his approach lies the basic fact that H1 (Γ, Z)
Γ ab for any Γ . Given an explicit presentation of Γ , one can easily compute Γ ab .
Using explicit presentations of Bianchi groups PSL2 (Od ) for d = 1, 2, 3, together
with explicit coset representatives, he computed6 explicit presentations (and thus
6 Segal

records the following in [Seg12] about these computations of Grunewald:

“Fritz’s gentle manner concealed a steely determination when it came to serious computation. He was banned for a while from using the Bielefeld University mainframe after his
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the abelianizations) of congruence subgroups of the form Γ0 (p) for prime ideals p of residue degree one and norm ≤ 1500. The original 1978 manuscript
is unpublished but some of the results in there were reported in the articles
[GHM78, EGM80, EGM81]. Recently the author used this technique in [Şen11b]
and extended the above computations to d = 1, 2, 3, 7, 11 and to prime ideals p
of residue degree one and norm up to 100,000.
• In 1981 Cremona [Cre84] adopted the modular symbols method, developed by
Manin (see [Man72, Maz73, Cre97]) for the classical modular group PSL2 (Z), to
study the cuspidal part of H1 (Γ, Q) for congruence subgroups of the form Γ0 (a)
for ideals a of norm ≤ 500, 300, 500, 200, 200 inside Bianchi groups PSL2 (Od )
for d = 1, 2, 3, 7, 11 respectively. This technique was adapted by Cremona’s students to other Bianchi groups, namely, by Whitley [Whi90] to the remaining class
number one cases d = 19, 43, 67, 163, by Bygott [Byg98] to d = 5 (class number
2) and by Lingham [Lin05] to d = 23, 31 (both class number 3).
Let YΓ∗ = Γ \H∗ be the Satake compactification of YΓ = Γ \H where H∗ =
H ∪ P1 (K). Then the homology H1 (YΓ∗ , Q) is isomorphic to the cuspidal part
of H1 (YΓ , Q) H1 (Γ, Q). It can be shown that H1 (YΓ∗ , Q) can be generated
by translates of finitely many geodesics (which are explicitly determinable) with
both ends at infinity by coset representatives of Γ in G. One needs explicit geometric information to compute the complete system of relations between these
generators. For details see [Cre97, Creb].
• Given any torsion-free finite index subgroup Γ of a Bianchi group G, we have
H i (Γ, M) = 0 for every finite dimensional Γ -module M and i > 2, in other
words, the virtual cohomological dimension of G is 2. Thus from a cohomological perspective, our geometric playground H is not of optimal dimension. Using
reduction theory one can construct a 2-dimensional CW-complex C on which G
acts cellularly such that G\C is finite. Given such a CW-complex, one gets explicit descriptions of all (co)homology groups in degrees 0, 1, 2 by feeding the
stabilizers of the cells and the incidence relations between the cells into the so
called equivariant (co)homology spectral sequence.
Such CW complexes were first constructed by Mendoza [Men79] and Flöge
[Flö83] as G-invariant deformation retracts in H, also known as spines. Mendoza
considered the groups PSL2 (Od ), PGL2 (Od ) for d = 1, 2, 3, 7, 11 while Flöge
worked only with PSL2 (Od ) but for more cases, namely for d = 1, 2, 3, 7, 11, 5,
6, 10. Mendoza retracts away from the cusps whereas Flöge adjoins the singular
cusps to his CW-complex. In particular, the stabilizers of the 0-cells given by
these singular cusps have infinite stabilizer groups. In such cases, the spectral
sequence degenerates on the E 3 -page.

program had monopolized the entire system: in order to carry out the heavy-duty computation required for this project, he had devised a routine that managed to bypass the automatic
quota checks.”
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These CW-complexes were used by Schwermer and Vogtmann [SwV83] to
compute the integral homology of PSL2 (Od ) for d = 1, 2, 3, 7, 11 in all7 degrees.
The ring structure of the integral homology was computed by Berkove [Berk06]
using a similar approach. Later Vogtmann [Vog85] wrote a computer program to
compute the spines using Mendoza’s method and computed the rational second
homology of PSL2 (Od ) with discriminant D > −100. A similar computer program was written by Scheutzow [Sch92] who extended the computations of Vogtmann to both PSL2 (Od ) and PGL2 (Od ) for all K with discriminant D ≥ −260
and also for d = 643. The author used results of Mendoza for extensive computations in [Şen11b]. Rahm in his 2010 thesis [Raha] wrote a computer program to
compute spines using the approach of Flöge. This program was used by Rahm and
Fuchs in [RF11] to compute the integral homology in all degrees of PSL2 (Od ) for
d = 5, 6, 10, 13, 15, all of class number 2. Recently Rahm and the author used this
program in [RS] to compute more than 4900 instances of H 2 (PSL2 (Od ), Vk,k (C))
for more than 180 values of d.
Finally, let us note that in [Alp80], Alperin constructed such a CW-complex
for PSL2 (O3 ) using a method that is different from those of Mendoza and Flöge.
• Given a finitely presented group G, one can compute its first homology and first
cohomology using the so called Fox Calculus, see [Fox53]. The rough idea is
that a 1-cocycle f : G → M can be determined uniquely by its values on the
generators. It follows that the set of 1-cocycles can be identified with elements of
M n (here n is the number of generators) satisfying the system of linear equations
that arise from the relators of G. This approach has been used to compute the first
cohomology of several Bianchi groups in [Pri00, Şen08, FGT10].
• Recently Yasaki [Yas11] developed, building on work of Gunnells [Gun99], a
1 (Γ (n), C) with Γ (n) ⊂ GL (O ) that
computer program which computes Hcusp
0
0
2 K
works with any given imaginary quadratic field K. This program is now part of
Magma [BCP97]. The space of positive definite binary Hermitian forms over K
forms an open cone in a real vector space. There is a natural decomposition of
this cone into polyhedral cones corresponding to the facets of the Voronoi polyhedron, see [Gun99]. The top-dimensional polyhedral cones of the decomposition correspond to perfect forms and descend to ideal polytopes in H. In [Yas11]
Yasaki gives a method to compute an initial perfect form, which is the necessary input for a general algorithm by Gunnells [Gun99] that classifies perfect
forms under the action of GL2 (OK ). Note that this is a special case of a powerful method that is able to capture the cohomology of GLn over number fields,
see [AGMcM10, GHY, GY13]. For a very nice exposition, see Gunnells’ lecture
notes [Gun14] in these proceedings.
• In her recent paper [Tor12], Torrey developed a computer program to compute with the cohomology of GL2 (Z[i]) and its congruence subgroups of type
Γ0 using the Borel-Serre duality, which provides a Hecke module isomorphism
7 Note that beyond degree two, the homology groups are exclusively torsion at the primes 2 and 3.
Their explicit structure depends on the number of conjugacy classes of the finite subgroups of the
Bianchi group, see Rahm [Rahb].
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H 2 (Γ, V ) H0 (Γ, St ⊗ V ). Here St denotes the Steinberg module H 2 (Γ, C[Γ ]),
which can be described in terms of modular symbols via Ash’s work [Ash94].

4 Hecke Action
The cohomology groups H i (Γ, V ) H i (Γ \H, V) come equipped with an infinite
commuting family of endomorphisms, called Hecke operators, which are crucial
for connections with number theory. These come from correspondences which arise
from elements of the commensurators of Bianchi groups.
Let Γ be a finite index subgroup of a Bianchi group PSL2 (OK ). Given g ∈
PGL2 (K), let us consider 3-folds M, Mg , M g associated to Γ ,
Γg := Γ ∩ gΓ g −1 ,

Γ g := Γ ∩ g −1 Γ g

respectively. We have finite coverings, induced by inclusion of fundamental groups,
rg : Mg −→ M,

r g : M g −→ M

and an isometry
τ : Mg −→ M g
induced by the isomorphism between Γg and Γ g given by conjugation by g. The
composition sg := r g ◦ τ gives us a second finite covering from Mg to M. The
coverings rg induce linear maps between the homology groups
rg∗ : H i (M, V) −→ H i (Mg , V).
The process of summing the finitely many preimages in Mg of a point of M under
sg leads to
sg∗ : H i (Mg , V) −→ H i (M, V).
Note that sg∗ is equivalent to the composition


H i (Mg , V) −→ H i M g , V −→ H i (M, V)
where the first arrow is induced by τ , and the second arrow is simply the corestriction map (which corresponds to the “transfer map” of group cohomology). We
define the Hecke operator Tg associated to g ∈ PGL2 (K) as the composition
Tg := sg∗ ◦ rg∗ : H i (M, V) −→ H i (M, V).
There is a notion of isomorphism of Hecke operators that we shall not present. It
turns out that up to isomorphism, Tg depends only on the double coset Γ gΓ .
One can define Hecke operators using the above process for homology groups
as well. It might provide insight to look at the situation from the perspective of
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H2 (M, Z) (which is isomorphic to compactly supported cohomology Hc1 (M, Z) by
duality, see [AS86]). If an embedded surface S ⊂ M represents ω ∈ H2 (M, Z), then
the immersed surface rg (sg−1 (S)) represents Tg ω ∈ H2 (M, Z).
Given an element π ∈ OK , the Hecke operators Tπ, Sπ associated

to π are defined as the Hecke operators associated to the matrices π0 10 and π0 π0 in GL2 (K).
Let T denote the subalgebra of the endomorphism algebra of H i (Γ, V ) that is generated by the Hecke operators Tπ , Sπ where π is a prime element of OK such that
(π) is coprime to the level of Γ .
It is well-known that the Hecke algebra T is commutative, semi-simple and
i (Γ, V ). The duality between H 1 (Γ, V ) and
stabilizes the cuspidal part Hcusp
cusp
2 (Γ, V ) is T-equivariant, see [AS86]. So for number theoretic purposes, they
Hcusp
carry the same “information”, that is, eigenvalue systems. An eigenvalue system
of T with values in a ring R is a ring homomorphism Φ : T → R. We say that
an eigenvalue system Φ occurs in the RT-module A if there is a nonzero element
a ∈ A such that T a = Φ(T )a for all T in T. For an eigenvalue system Φ that occurs in H i (Γ, Vk, (C)), the image Φ(T) is not just a collection complex numbers. It
follows from the isomorphism H i (Γ, Vk, (C)) H i (Γ, Vk, (K)) ⊗K C that Φ(T)
lies in an algebraic number field L. In fact, after a simple normalization, Φ(T) lies
in the ring of integers OL of L.
These eigenvalue systems are closely connected to 2-dimensional representations
of the absolute Galois group of K and to abelian varieties as we shall discuss later
on. However when considering such connections, it is necessary that the Hecke operators are indexed by the ideals of OK . This amounts to having Tπ = T−π for every
element π ∈ OK . In order to achieve this, one needs to work with the cohomology
of PGL2 (OK ).
Finally let us remark that the action of Hecke operators in the case when Γ is not
a congruence subgroup has been studied by Zarghani in [Zar11].

4.1 Computing the Hecke Action
Computing the Hecke action on the (co)homology of arithmetic groups is a highly
difficult task in general (see [Gun00b, Gun00a, GMcC03]). In the case of linear
groups over a number field with a Euclidean algorithm, computing the Hecke action
on the top degree cohomology boils down to a continued fraction algorithm (see
[AR79]).
In the case of PSL2 (Z), Manin shows in [Man72] that the first rational homology can be generated by certain distinguished modular symbols and the Hecke action on these distinguished symbols can be computed using the continued fractions
algorithm. This approach can be adapted to the case of Bianchi groups over the
Euclidean imaginary quadratic fields K as was done by Cremona in [Cre84]. In
[Whi90], Whitley developed a geometric counter-part, called the pseudo-Euclidean
algorithm, of the continued fractions algorithm that also works in the cases where K
no longer has a Euclidean algorithm. The algorithm finds a matrix that sends a given
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cusp either to the cusp ∞ or to the “singular” point in its orbit using the geometry
of the Bianchi group (a suitable fundamental domain with the list of hemi-spheres
covering its floor should be pre-computed (see [Ara10, p. 87]). The method was
further worked on by Bygott in [Byg98] and used in [Byg98, Lin05].
In practice, when one works with modular symbols, it is more convenient to employ the so-called Manin symbols (see [Cre97, Sect. 2.2]). In the case of PSL2 (Z),
the action of Hecke operators on Manin symbols was described by Merel [Mer94],
see also Zagier [Zag89]. In his 2011 Ph.D. thesis [Moh11], Mohamed described
the action of Hecke operators on Manin symbols in the setting of Bianchi groups
associated to imaginary quadratic fields of class number one. Mohamed’s description allows one to compute Hecke operators on the second cohomology of Bianchi
groups as well since the previously discussed method of computing the second cohomology via spines boils down to computing certain co-invariants, which can be
interpreted as Manin symbols, see [Moh11, Moha]. Indeed, this was the method that
we used to compute with Hecke operators in the numerical examples of Sect. 11.1.
Let us finally note that the above mentioned process of using continued fractions
algorithm to compute Hecke operators is equivalent to writing a given element as
a word in a certain set of generators of the group in the cases of PSL2 (Z) and the
Bianchi groups associated to the Euclidean imaginary quadratic fields, see [Rad83,
Sect. 9] and [Ser82].

5 Bianchi Modular Forms and Cohomology
Just as the cohomology of the classical modular group PSL2 (Z) is central to the
theory of elliptic modular forms, the cohomology of Bianchi groups is central to the
study of Bianchi modular forms, that is, modular forms over imaginary quadratic
fields. These are vector valued real analytic functions on H with certain transformation properties satisfying certain differential equations and growth properties.
Detailed discussions can be found in Kubota [Kub64], Friedberg [Fri83, Fri85] and
Bygott [Byg98]. Let us give here a quick definition for the case of weight 2 from the
perspective of vector valued harmonic differential 1-forms. Note that in the cases
of weights 0 and 1, the automorphic forms are not cohomological, that is, are not
captured in thecohomology
of Bianchi groups.

Given γ = ac db ∈ PSL2 (C) and z = (x, y) ∈ H, let us introduce the multiplier
system


cx + d
−cy
J (γ , z) :=
cy
cx + d
Given a function F : H → Ck+1 and γ ∈ PSL2 (C), we define the slash operator


(F |k γ )(z) := σ k J (γ , z)−1 F (γ z)
where σ k is the symmetric k-th power of the standard representation of PSL2 (C)
on C2 .
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In the case k = 2, we have F : H → C3 and
⎛ 2
⎞
r
2rs
s2
1
⎜
⎟
(F |k γ )(z) = 2
⎝−rs |r|2 − |s|2 rs ⎠ F (γ z)
|r| + |s|2
s2
−2rs
r2
 
where γ = ac db and r = cx + d and s = cy.
The 1-forms β1 := −dx/y, β2 := dy/y, β3 := dx/y form a basis of differential
1-forms on H. A differential form ω is harmonic if Δω = 0 where Δ = d ◦ δ + δ ◦ d
is the usual Laplacian with d being the exterior derivative and δ the codifferential
operator. Then PSL2 (C) acts on the space of differential 1-forms as


γ · t (β1 , β2 , β3 )(z) = σ 2 J (γ , z) t (β1 , β2 , β3 )(z) .
A weight 2 cuspidal Bianchi modular form for a congruence subgroup Γ ⊂
PSL2 (OK ) is a real analytic function F = (F1 , F2 , F3 ) : H → C3 with the following
properties.
1. AF1 β1 + F2 β2 + F3 β3 is a harmonic differential 1-form on H that is Γ -invariant,
2. C/OK (F |γ )(x, y)dx = 0 for every γ ∈ PSL2 (OK ).
The last condition is equivalent to saying that the constant coefficient in the FourierBessel expansion of F |γ is equal to zero for every γ ∈ PSL2 (OK ). Let us explain
this. As Γ is non-cocompact, it contains parabolic elements. The Γ -invariance of
F , which is implicit in condition (1), implies that F is a periodic function in the
x = (x1 , x2 )-variable. It follows that F has a Fourier-Bessel expansion of the form
 



αx
4π|α|y
2
ψ √
c(α)y K √
F (x, y) =
|)|
|)|
0=α∈OK

where ψ(x) = e2π(x+x) , and


i
i
K(y) = − K1 (y), K0 (y), K1 (y)
2
2


with K0 , K1 are the hyperbolic Bessel functions satisfying the differential equation


dKj
1 dKj
1
+ ·
− 1 + 2j Kj = 0, j = 0, 1
y dy
dy 2
y
and decreases rapidly at infinity.
The space of weight k cuspidal modular forms for a fixed Γ is a finite dimensional complex vector space which we will denote with Sk (Γ ). This space comes
equipped with an infinite commuting family of endomorphisms called Hecke operators, indexed by elements of OK . The generalized Eichler-Shimura Isomorphism,8
8 This is also known as the Eichler-Shimura-Harder Isomorphism. However Prof. Harder advised
us not to use this name.
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as studied by Harder in [Har75, Har87], provides us with an explicit Hecke module
isomorphism


1
Γ, Vk,k (C)
Sk+2 (Γ ).
Hcusp
See also Kurčanov [Kur78] for the case of k = 0.

6 The Dimension Problem
Understanding the behaviour of the dimension of cohomology of congruence subgroups of Bianchi groups is an old open problem. Up to now, we do not have any
sort of closed formula for the dimension.
It was observed by Swan [Swa68, Swa71] for several values of d that the dimen1 (PSL (O ), C) is 0. Mennicke showed (see the end of [Swa71]) that
sion of Hcusp
2 d
1 (PSL (O ), C)
this was not true in general; he computed that the dimension of Hcusp
2 10
is 1.
Zimmert in his 1971 Diplomarbeit [Zim73] showed, via topological means, that
there is a set Z(K), today known as the Zimmert Set, associated to every imaginary
quadratic field K such that


1
#Z(K) ≤ dim Hcusp
PSL2 (OK ), C .
Grunewald and Schwermer [GS81a] modified the purely topological method of
Zimmert and proved that


1
dim Hcusp
PSL2 (OK ), C −→ ∞
as the discriminant of K grows. Using the same method, they also proved in
[GS81b] that every finite index subgroup of a Bianchi group PSL2 (O) has finite
index (torsion-free) subgroups with arbitrarily large cuspidal cohomology.
In 1984 Rohlfs showed in [Roh85], using an idea that goes back to Harder
[Har75], that


1
1 h(d)
1
PSL2 (Od ), C
ϕ(d) − −
≤ dim Hcusp
24
4
2
where ϕ(d) is the Euler ϕ-function and h(d) is the class number of Od (see
[Schw04] for a nice exposition of Rohlfs’ method). Using this estimate together
with the results of Grunewald and Schwermer, he gave a finite set S such that if the
1 (PSL (O ), C) is 0 then d ∈ S. Krämer [Krä85] and independimension of Hcusp
2 d
1 (Y, C) = 0 only for
dently Vogtmann [Vog85] proved later that dim Hcusp
d ∈ {1, 2, 3, 5, 6, 7, 11, 15, 19, 23, 31, 39, 47, 71}.
1 (PSL (O ), C) that is sharper
In fact Krämer produced a lower bound for Hcusp
2 d
than that of Rohlfs. Methods of Rohlfs and Krämer were developed further by
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1 (Γ, C) for
Blume-Nienhaus in [Blu92] where he computed lower bounds Hcusp
groups Γ of elements of norm one in maximal orders in M2 (K) (see Sect. 7 for
these orders).
When we consider congruence subgroups of the form Γ0 (p) with prime p of
residue degree one, we see an interesting picture. Extensive data collected by the
1 (Γ (p), C)
author in [Şen11b] show that roughly speaking 90 % of the time, Hcusp
0
vanishes. However, the ideals p for which the cuspidal cohomology does not vanish seem to have a uniform distribution. We make the following conjecture which
is, as we shall discuss in Sect. 9, related to the existence of abelian varieties over
imaginary quadratic fields with special types of endomorphism rings and restricted
ramification properties.

Conjecture 6.1 For every K, there are infinitely many prime ideals p of
residue degree one in OK such that


1
Γ0 (p), C = 0.
Hcusp
At this point a natural question arises.

Question 6.2 Is there any criterion that allows one to pre-determine for a
given prime ideal p of residue degree one, whether


1
Γ0 (p), C = 0?
Hcusp
Let us now fix the level and consider higher weights. Let


1
PSL2 (OK ), Vk,k (C)
Hbc
1 (PSL (O ), V (C)) that consists of classes which
denote the subspace of Hcusp
2 K
k,k
correspond to cuspidal Bianchi modular forms arising from elliptic modular forms
via base change or correspond to cuspidal Bianchi modular forms arising from
quadratic characters associated with certain quadratic extensions L/K (see [FGT10]
for details). Numerical data, collected in [CM09, FGT10] and remarkably extended
in [RS], show that generically this distinguished subspace exhausts all of the cuspidal cohomology.
Accordingly, we include here the next question which was posed in [FGT10].

Question 6.3 For a fixed K, are there only finitely many weights k such that




1
1
PSL2 (OK ), Vk,k (C) = Hcusp
PSL2 (OK ), Vk,k (C) ?
Hbc
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1 (PSL (O ), V (C)) is computed
Note that a formula for the dimension of Hbc
2 K
k,k
in [FGT10].

6.1 Asymptotic Behaviour
Recently there has been progress in understanding the asymptotic behaviour of the
dimension. Let us start with results in the “vertical” direction. Calegari and Emerton
considered in [CE09] how the size of the cohomology, with a fixed coefficient module, varied in a tower of arithmetic groups. Their general result when applied to our
situation gives the following. Let Γ (pn ) denote the principal congruence subgroup
of level pn of a Bianchi group PSL2 (O) where p is an unramified prime ideal of O.
Fix V (C). If the residue degree of p is one, then
  

dim H 1 Γ pn , V (C) * p 2n ,
and if the residue degree of p is two, then
  

dim H 1 Γ pn , V (C) * p 5n
as n increases. Note that the trivial upper bounds, which are given by the index
of Γ (pn ) in the ambient Bianchi group, are p 3n and p 6n respectively. It is natural
to look at these asymptotics from the perspective of the volume which is a topological invariant in our setting. Observe that the volume of YΓ (pn ) is given by a
constant times the index of Γ (pn ) in the Bianchi group. Thus asymptotically, the
trivial asymptotic upper bound for the above cohomology groups is linear in the
volume and the above upper bounds of Calegari and Emerton can be interpreted as
sublinear.
For the “horizontal direction”, let Γ be a congruence subgroup of a Bianchi
group. Finis, Grunewald and Tirao showed in [FGT10] that


k2
1
Γ, Vk,k (C) *
k * dim Hcusp
log k
as k increases. The inequality on the left is proven only for the case Γ = PSL2 (O).
We note that the trivial asymptotic upper bound, which is given by the dimension of
Vk,k (C), is k 2 .
A recent result of Marshall in [Mar12], which uses ideas of Calegari and Emerton
mentioned above, when applied to our situation, improves the upper bound by a
power:


1
Γ, Vk,k (C) *ε k 5/3+ε
dim Hcusp
as k increases.
Building on [Roh78] and [Blu92], Türkelli and the author derived, in [ŞT], explicit lower bounds which give the following asymptotics. Let p be a rational prime
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that is unramified in K and let Γ (p n ) denote the principal congruence subgroup of
level (p n ) of a Bianchi group PSL2 (O). Then
  n

1
k * dim Hcusp
Γ p , Vk,k (C)
as k increases and n is fixed. Assume further that K is of class number one and that
p is inert in K. Then
  n 
1
p 3n * dim Hcusp
Γ p ,C
as n increases.

7 The Adelic Approach
We have seen that there is an infinite collection of commuting linear operators,
called Hecke operators, acting on the cohomology of Bianchi groups. In particular, when we work with PGL2 (OK ), the Hecke operators are associated to principal
ideals of OK . From an arithmetic point of view, this does not fully reflect the complexity of the base field K as the principal ideals only correspond to the identity
element of the class group CK of K. In this section we discuss the adelic approach
for GL2 which succeeds in assigning a Hecke operator to every ideal of OK .
To this end, for a given non-zero ideal b of OK , let us introduce


a b
∈ M2 (K) a, d ∈ OK , b ∈ b−1 , c ∈ b
M(OK , b) :=
c d
where M2 (K) is the quaternion algebra of (2 × 2)-matrices with entries in K. It is
well-known that M(OK , b) are maximal orders in M2 (K) and every maximal order
of M2 (K) is conjugate to an M(OK , b) by some element in GL2 (K). Moreover, the
orders M(OK , a) and M(OK , b) are conjugate to each other if and only if a and b
represent the same class in CK /C2K .
The groups


GL2 (OK , b) := GL1 M(OK , b)
are arithmetic subgroups of GL2 (C), commensurable with GL2 (OK , OK ), which is
simply GL2 (OK ).
B
Let A, Af denote the rings of adeles and of finite adeles of K and O
K denote
B
the profinite completion of OK . For an open subgroup K of GL2 (OK ), we form the
adelic locally symmetric space


YA (K) := GL2 (K)\ GL2 (Af )/K × H.
It follows from the strong approximation theorem that the adelic space YA (K) is
the disjoint union of arithmetic hyperbolic 3-folds. More precisely, assume that the
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∗
B
determinant map K → O
K is surjective. Then we can choose ideals b1 , . . . , bh
representing the elements of CK with b1 = OK such that

YA (K) =
Γj \H

where Γj = GL2 (OK , bj ) ∩ K for j = 1, . . . , h. It is interesting to note that the
arithmetic groups Γj are all congruence subgroups. The adelic construction does
not “see” the non-congruence arithmetic subgroups of GL2 (K), see, for example,
[Mil, Proposition 4.1].

7.1 Adelic Hecke Action
Let us now see how we can construct a Hecke operator for every ideal of OK . For
our purposes, it suffices to work with the level group K = K1 (n) given by


a b
B
B
∈ GL2 (O
K ) c, d − 1 ∈ nOK
c d
for some fixed ideal n of OK . Notice that GL2 (OK ) ∩ K1 (n) is the standard congruence subgroup Γ1 (n). Now fix a prime ideal p that does not divide n. Let +p denote
a uniformizer of the completion Kp of K at p. Then the matrices




+p 0
+p 0
,
0 1
0 +p
give rise to Hecke operators Tp , Sp associated to the prime ideal p acting on
H i (YA (K), V) as was done in Sect. 4 (see [Tay95] for details). These Hecke operators satisfy nice multiplicative properties which allow one to associate a Hecke
operator to any ideal that is coprime n. The Hecke algebra T1 (n) and the eigenvalue
systems on it are defined just as in Sect. 4.
It follows from the above that the cohomology of the adelic space decomposes
as


H i YA (K), V =

h

H i (Γj \H, V).
j =1

A closer inspection shows that Hecke operators Tp do not, in general, stabilize
the cohomology groups of the connected components Γj \H of YA (K). In fact,
Tp stabilizes these cohomology groups if and only if p is a principal ideal. This
is why we were able to define Hecke operators associated to only principal ideals
on the cohomology of Bianchi groups in Sect. 4. Nevertheless, an eigenvalue system on T1 (n) can be completely recovered from its restriction to the subalgebra T
generated by the Hecke operators associated to principal prime ideals of OK , see
[Byg98, Lin05, Crea] (and also [Sty89]). In fact two eigenvalue systems have the
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same restriction to the subalgebra T if and only if one is the twist of the other by a
character of CK . This fact is very convenient for computational purposes as it allows
us to just work with the cohomology of the congruence subgroup Γ1 (n) of GL2 (OK )
even when K has non-trivial class group.

7.2 Adelic Bianchi Modular Forms
A cuspidal adelic Bianchi modular form F of level K and weight k + 2 is a vectorvalued function on GL2 (A) with several special properties that we shall not spell
out here. However, in accordance with the decomposition of the adelic space into
connected components, F can be identified with an h-tuple (f1 , . . . , fh ) where each
fj is a vector valued real analytic function defined on H with nice transformation
properties, dictated by the weight, under the action of Γj and with controlled growth
towards the cusps. In particular, f1 is a cuspidal Bianchi modular form of level
Γ1 and weight k + 2 as we described in Sect. 5. Detailed discussions of adelic
Bianchi modular forms and their identifications with (tuples of) non-adelic ones
can be found in Bygott [Byg98] and Ghate [Gha99]. Adelic Bianchi modular forms
can also be studied from the perspective of automorphic representations. Detailed
discussions within this setting can be found in Harder [Har87], Urban [Urb95] and
Berger [Ber05, Ber08].
From now on, when we talk about a Bianchi modular form, we shall mean an
adelic one for GL2 (A), unless stated otherwise.

8 Connections with Galois Representations I
The results of Harris-Soudry-Taylor [HST93], Taylor [Tay94] and Berger-Harcos
[BH07] show that Bianchi newforms with Galois stable Nebentypus have associated 2-dimensional irreducible p-adic Galois representations. More precisely, let
f be a Bianchi newform9 of level K0 (n)10 with Nebentypus χ over an imaginary
quadratic field K. It is essential for the techniques of Taylor et al. that we assume
that χ = χ c where c is the non-trivial automorphism of K. Let p be a prime that is
unramified in K such that (p) is coprime to N. Then there is an irreducible continuous representation
f,p : GK −→ GL2 (Qp )
9 The term newform is used, both in elliptic and Bianchi setting, in its usual sense, that is, cuspidal,
primitive and new eigenform.
 a b 
10 The group K (n) is defined as
B
B
∈ GL2 (O
0
K ) | c ∈ nOK . Notice that GL2 (OK ) ∩ K0 (n) is
cd

the standard congruence subgroup Γ0 (n).
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of the absolute Galois group GK of K such that the associated L-functions agree,
that is,
L(f, s) =∗ L(f,p , s)
where “=∗ ” means that the local Euler factors away from (p)(DK )nnc agree. See
[HST93, Theorem A] and [DGP09, Sect. 3] for details. Local properties of the above
f,p have been further investigated by Jorza in [Jor12].
Due to the nature of the proof of the above statement, we do not know whether
these p-adic representations arise, as expected, from the etále cohomology of some
complex algebraic variety. Constructing such varieties is one of the biggest challenges in the theory. Perhaps, the first step in attacking this problem should be to
consider, as we shall do in the next section, the case of weight 2 Bianchi modular
forms and elliptic curves over imaginary quadratic fields.

9 Connections with Elliptic Curves
Work of Shimura [Shi94], Wiles [Wil95], Taylor-Wiles [TW95] and Breuil-ConradDiamond-Taylor [BCDT01] provide us with a celebrated bijection, via the associated L-functions, between isogeny classes of elliptic curves over Q of fixed conductor N and elliptic newforms for Γ0 (N ) ≤ SL2 (Z) of weight 2 with rational eigenvalues. In this section, we will discuss the conjectural analogous bijection, again
defined via the associated L-functions, over imaginary quadratic fields.
Perhaps the first time such a connection over imaginary quadratic fields was mentioned is 1970. In his article [Serr70], which appeared very soon after Weil’s influential paper [Wei68], Serre defines Hecke operators on the first homology of a Bianchi
group Γ and makes the following remark, see [Serr70, p. 613];
“Pour certains sous-groupes Γ , les résultats récents de Weil laissent penser que les valeurs
propres en question sont étroitement liées aux propriétés arithmétiques des courbes elliptiques définies sur K; il serait trés intéressant d’en avoir des exemples explicites.”

The first investigations in this direction were done by Grunewald and Mennicke
[GM78] in 1978. They tabulated all elliptic curves of prime conductor with norm
≤ 1000 and all Bianchi newforms for Γ0 (p) of weight 2 of prime level p with norm
≤ 1000 over imaginary quadratic fields with d = 1, 2, 3.
In 1981, Cremona [Cre84] investigated this phenomenon more extensively working over fields with d = 1, 2, 3, 7, 11 and considering all elliptic curves of conductor ≤ 500, 300, 500, 200, 200 over these fields respectively. Cremona’s students extended his methods to several higher class number fields in [Whi90, Byg98, Lin05].
The data collected in all the above works strongly support the existence of such
a bijection, however with certain natural modifications. If E is an elliptic curve
over K with CM by an order in OK , then E cannot be modular by a Bianchi newform, instead it corresponds to an Eisenstein series, see [EGM80]. It was observed
in [EGM80, Cre84] that for certain Bianchi newforms F of weight 2 and rational
Hecke eigenvalues, there was no elliptic curve E over K which is modular by F .
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As first observed by Deligne (see [EGM80] p. 267) and studied in detail by Cremona in [Cre92], in such situations, it is expected that there is a fake elliptic curve
that is modular by f , in other words, there is an abelian surface A over Q such
that K EndQ (A) and EndK (A) is a division algebra. Such surfaces are modular
by elliptic newforms f with extra twist, see Cremona [Cre92, Theorem 5]. Hence
our original Bianchi newform F is a twist by a quadratic character of GK of the
base-change of f to K.
Keeping the above in mind, we end up with the following conjectures, see
[EGM80, Cre92, DGP09]. For general number fields, see Taylor [Tay95].
Conjecture 9.1 Let K be an imaginary quadratic field.
1. Let F be a Bianchi newform of level K0 (n) and weight 2 over K with
rational eigenvalues. Assume that F is not a twist by a quadratic character
of GK of the base-change to K of an elliptic newform. Then there is an
elliptic curve over K of conductor a which is modular by F .
2. Let E be an elliptic curve over K of conductor a which does not have CM
by an order in K. Then E is modular by some Bianchi newform F of level
K0 (n) and weight 2 over K.
Given a Bianchi newform F over K as above and an elliptic curve over K which,
by virtue of numerical evidence, seems modular by F , it is in fact possible to prove
that this is so via the so called Faltings-Serre method, see [Serr84]. This is a method
that allows one to decide, from a comparison of finitely many Euler factors of the
associated L-functions, whether two given semisimple continuous representations
of GK into GL2 (Qp ) are isomorphic or not. Hence, to be able to use this method for
our purpose, the existence of Galois representations associated to Bianchi newforms
is essential (this was discussed in the previous section).
The first application of this method in our setting was carried out by Taylor at
the end of [Tay94] where
√ it was shown, using data provided by Cremona, that the
elliptic curve over Q( −3) given by
√
√
3 + −3 2 1 + −3
2
3
y + xy = x +
x +
x
2
2
is modular. This is a non-CM elliptic curve of conductor
√ 

17 + −3
,
2
with norm 73, and is not isogenous to a curve that is defined over Q. Recently,
Dieulefait, Guerberoff and Pacetti developed [DGP09] an algorithm, based on the
Faltings-Serre method, that outputs a finite set S of rational primes such that a comparison of the Euler factors indexed by the prime ideals over S allows one to decide
whether a given elliptic curve over an imaginary quadratic field K is modular or not
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by a given Bianchi newform of weight 2 over K. See [DGP09] for more examples
of modular elliptic curves over imaginary quadratic fields. Detailed discussions of
the Faltings-Serre method can be found in [Liv87, Che08, Schü06].
One of the most fundamental problems in the arithmetic theory of Bianchi groups
is the construction of the elliptic curves that are conjectured to be associated to
Bianchi newforms as above.
Question 9.2 Given a Bianchi newform as in Conjecture 9.1, how can we
geometrically construct the conjecturally associated elliptic curve?
The principal obstruction to imitating Shimura’s classical geometric method is
the fact that the hyperbolic 3-folds Y associated to Bianchi groups and their congruence subgroups lack complex structure and thus one does not have any (complex)
algebraic variety structure on Y . In [EGM80], Elstrodt, Grunewald and Mennicke
tried, however unsuccessfully, to obtain these elliptic curves from surfaces embedded in Y . The periods attached to a Bianchi newform of weight 2 with rational
Hecke eigenvalues are all real and they form a one-dimensional lattice in R (see
[Kur78]). This makes the well-known methods of constructing the elliptic curve
from its period lattice unsuccessful.
Elliptic Curves Over Imaginary Quadratic Fields Elliptic curves over imaginary quadratic fields K with restricted ramification properties have been studied
by several authors, see [CN87, Com90, Ish79, Ish86, Kid01, Pin84, Pin86, Pin87,
Set78, Set81, Str83]. Note that it is possible to list algorithmically all elliptic curves
with prescribed ramification over a number field, see [CL07, Tho11]. Especially interesting is the case of elliptic curves over K with good reduction everywhere. It
was shown by Stroeker [Str83] that such curves cannot have globally minimal models. Combined with an earlier result of Setzer [Set78], one concludes that imaginary
quadratic fields whose class numbers are prime to 6 do not admit elliptic curves with
good reduction everywhere. For a comprehensive list of imaginary quadratic fields
which are known not to admit elliptic curves of good reduction everywhere, see the
2011 Ph.D. thesis of Thongjunthug [Tho11].
It is a fact that goes back to Tate [Tat71], see also [Str83], that there are infinitely
many imaginary quadratic fields which admit elliptic curves with good reduction
everywhere. In his 1984 Ph.D. thesis [Krä85], Krämer proved that there are only
eight such imaginary quadratic fields K which have odd class number (see Table 1).
Krämer also proved that the smallest, with respect to the absolute value of the discriminant, imaginary quadratic
field which admits an elliptic curve with good re√
duction everywhere is Q( −259) (of class number 4). √
By Setzer [Set78], we know that the next smallest is Q( −65) (of class number
8). In [Sch92], Scheutzow computed the dimensions of spaces of cuspidal Bianchi
newforms of weight 2 and level one over K with discriminant ≥ −260. The data
he collected, together with Krämer’s results, lend strong support to Conjecture 9.1
above.
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fields which admit elliptic
curves with everywhere good
reduction; the unique, up to
isomorphism, such elliptic
curve is also described

M.H. Şengün
d

a ∈ Q(ω)

643

(1/2)(63 + ω)

1879

135 + 2ω

10691

(1/2)(55 + ω)

127285811

(1/2)(−8441 + ω)

218017403

(1/2)(13427 + ω)

349633643

(1/2)(21867 + ω)

443038171

(1/2)(32355 + ω)

451767203
√
ω = −d

(1/2)(−35297 + ω)

j = j (E) = a 2 + 1728
E : y 2 = x 3 − 27j 3 x + 54aj 4

It is a good place to bring to the attention of the reader a perhaps subtle issue.
An elliptic curve E over an imaginary quadratic field K which has good reduction
everywhere cannot be defined over Q, see [Krä85, Kid02]. However, the conjecturally associated Bianchi newform of weight 2 can be a lift of an elliptic newform
of weight 2. Let us illustrate this through an explicit example. It is well-known that
there is an abelian surface A over Q of conductor 372 with EndQ (A) Q(i). This
surface is associated to a pair of Galois conjugate elliptic newforms of weight√2 for
Γ0 (37) with Nebentypus χ37 , the quadratic character given by the field Q( 37).
These two elliptic
√ newforms lift to the unique level one weight 2 Bianchi newform
F over K = Q( −259). The base change of the surface A to K splits into two
isomorphic elliptic curves with good reduction everywhere defined over K. These
elliptic curves are modular by F .
Higher Dimensional Abelian Varieties The above conjectural picture naturally
extends to abelian varieties over K with special types of endomorphism rings. An
abelian variety A of dimension n over a number field is said to be of GL(2)-type
if there is a number field L of degree n such that EndK (A) L. In this case, the
action of the absolute Galois group GK of K on the Tate modules of A breaks into 2dimensional representations. This leads to a notion of modularity, defined similarly
by stating that the L-function of the abelian variety is given by the L-function of
a newform of weight 2 and its Galois conjugates. See Ribet [Rib92] for details.
It is a fact that every abelian variety A over Q that is of GL(2)-type is modular.
This follows from (see [Rib92, Theorem 4.4.]) the celebrated Serre’s Modularity
Conjecture [Serr87] which was recently proven by Khare and Wintenberger, see
[KW10]. It is expected that abelian varieties of GL(2)-type over any number field
should be modular, see Taylor [Tay95].
Compared to elliptic curves, higher dimensional abelian varieties of GL(2)-type
are much harder to produce. There are several families of abelian surfaces (described
via the Weierstrass equation of the defining hyperelliptic curve) with prescribed
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real multiplication in the literature, see Mestre [Mes88], Brumer
[Bru95] (contains
√
2
and
Wilson [Wil98]
Mestre’s family), Bending
[Ben98]
for
multiplication
by
√
for multiplication by 5. The general problem with using the above families is
that during the process of specialization to a number field K, one cannot control
the ramification locus of the resulting abelian surface over K. Recently Elkies and
Kumar [EK] developed an algorithmic method that produces a universal family of
abelian surfaces (described via the Igusa-Clebsch invariants) with any prescribed
real multiplication.
A couple of years ago, A. Brumer and the author found several examples of
abelian surfaces with real multiplication over imaginary quadratic fields which numerically seemed modular. Let us present one such example here. Let C be the
hyperelliptic curve of genus 2 given by
y 2 = x 6 + (8 + 2i)x 5 + (25 + 10i)x 4 + (40 + 14i)x 3
+ 36x 2 + (14 − 10i)x + (1 − 4i)
over Q(i).
√ Then the Jacobian A = Jac(C) of C is an abelian surface with multiplication by 5 whose conductor is N2 where N = (22 + 15i). There is a pair of Galois
conjugate Hecke eigenclasses


1
Γ0 (N), C
f, f σ ∈ Hcusp
√
with coefficient fields Q( 5) for which our data suggest that


L(A, s) = L(f, s) × L f σ , s .

10 The Torsion Phenomenon
It is well-known that the p-torsion elements of an infinite group Γ give rise to
p-torsion classes in the (co)homology of Γ . For some groups Γ , one observes ptorsion in the (co)homology even when Γ has no p-torsion. Such torsion was labeled “strange torsion” by Weintraub in [Wei86]. We will use our own terminology.
Let Γ be a finite index subgroup of a Bianchi group PSL2 (O). For p = 2, 3, a ptorsion class in H i (Γ, Vk, (O)) or Hi (Γ, Vk, (O)) is called large11 if p > max{k, }.
Existence of large torsion in the (co)homology raises interesting number theoretical
questions as we shall discuss later.
Large torsion was first observed by Grunewald in [EGM81] where he computed
that for many small level congruence subgroups Γ of Bianchi groups PSL2 (Od )
with d = 1, 2, 3, the abelian group H1 (Γ, Z) Γ ab has p-torsion with p > 3. Note
that Bianchi groups have only 2 and 3 torsion. Taylor in his 1988 Ph.D. thesis
that if p ≤ max{k, }, then Vk, (O/(p)) is a reducible PSL2 (O/(p))-module and its coinvariants typically give rise to p-torsion in the homology.

11 Note
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Table 2 All the p-torsion in
H 2 (PGL2 (Z[i]), Ek,k (Z[i]));
the ones in bold are large
torsion

k

p

24

2, 3, 5, 7, 11, 13, 17, 23, 1033

25

2, 3, 5, 7, 11, 17

26

2, 3, 5, 7, 11, 13, 19, 23, 157, 683

27

2, 3, 5, 7

28

2, 3, 5, 7, 11, 13, 17, 664197637

29

2, 3, 5, 7, 11, 13, 89

30

2, 3, 5, 7, 11, 13, 19, 23, 29, 211, 36312691

[Tay88], for principal congruence subgroups Γ with large enough p-power level,
showed the existence of p-torsion in H1 (Γ, Vk, (O)) for k = . In 2000, Priplata
[Pri00] found examples of torsion in H1 (PSL2 (Od ), Vk, (Od )) for d = 1, 2, 3 and
small k = . Recently the author extended these computations in [Şen11b] to
H1 (Γ, Z) for very large level congruence subgroups Γ and to parallel weights
H 2 (PGL2 (Od ), Vk,k (Od )) for d = 1, 2, 3, 7, 11. Data showed that the p-torsion
gets to astronomical sizes. We give a modest sample in Tables 2 and 3, see
[Şen11b, Rahc] for more.
The recent works of Bergeron-Venkatesh [BV13] and Marshall-Müller [MM]
brought a very interesting perspective to the large torsion phenomenon. In [BV13],
Bergeron and Venkatesh studied the growth of torsion in the homology of cocompact
arithmetic groups. Their strongest result is in the case where the ambient Lie group
is PSL2 (C). Let Γ be a cocompact arithmetic lattice in PSL2 (C). Let R be the ring
obtained from the ring of integers of the invariant trace field of Γ by inverting the
minimal set of prime ideals which ensures that Γ ⊂ PSL2 (R).
For a pair of non-negative integers k and  define


(k +  + 2)3 − |k − |3
1 1
ck, :=
·
·
.
6π 23
+ 3(k +  + 2)(k − )(k +  + 2 − |k − |)
Note that c0,0 = 1/6π .
Table 3 Some of the large p-torsion in H1 (Γ0 (p), Z) for Γ0 (p) ⊂ PSL2 (Z[i])
Np

p

4909

7, 13, 409, 10691, 22871, 29423, 56980673, 71143433 ]

4933

37, 101, 137, 577, 947, 21169, 194981 ]

4937

7, 37, 617, 10859, 108893, 4408530403, 157824962047 ]

4957

7, 13, 31, 59, 14347, 3051863, 9405667, 23132267 ]

4969

23, 71, 373, 191299, 39861006443, 8672729371087 ]

4973

11, 13, 47, 71, 113, 127, 331, 6317, 7949, 39023, 628801, 2995319 ]

4993

5, 7, 11, 13, 101, 173, 798569, 5995036891, 18513420749 ]
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Let {Γn }n≥1 be a decreasing tower of congruence subgroups of Γ such that
n Γn = {1}. Then for k = , Bergeron and Venkatesh prove that

C

log |H1 (Γn , Vk, (O))tor |
= ck, .
n→∞
vol(Γn \H)
lim

As they are not cocompact, Bianchi groups and their congruence subgroups are
outside the scope of the above result. Moreover, the above result only considers
acyclic modules, that is, Vk, with k = . As we have discussed above, from a number theoretical perspective, the modules Vk,k are more interesting. In [Şen11b], the
author collected numerical data which strongly suggest that the above result of Bergeron and Venkatesh extend to non-cocompact arithmetic lattices in PSL2 (C), to nonacyclic modules and to collections of congruence subgroups which satisfy weaker
conditions (see [ABBGNRS11, ABBGNRS12] for such a condition) as well. In particular, we have the following.

Conjecture 10.1 Consider congruence subgroups of the form Γ0 (p) inside a
fixed Bianchi group. Then
log |H1 (Γ0 (p), Z)tor |
1
=
Np→∞
vol(Γ0 (p)\H)
6π
lim

where the limit is taken over prime ideals p of residue degree one.

For a more general conjecture, see Sect. 10 of the recent paper [ABBGNRS12]
by Abert et al.

11 Connections with Galois Representations II

In this section we will discuss connections between eigensystems occurring in the
mod p homology of congruence subgroups Γ of Bianchi groups PGL2 (OK ) and
continuous representations of the absolute Galois group GK of K into GL2 (Fp ).
This connection is in the sense of Serre [Serr87] and Ash [Ash89].
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Fix a prime ideal of OK over the rational prime p with residue field κ. Let us
analyze the following diagram
H 2 (Γ, Vk, (OK ))

⊗C

H 2 (Γ, Vk, (C))

⊗κ

H 2 (Γ, Vk, (Fp ))
from the perspective of the Hecke action. It is well-known that the image of the
integral cohomology inside the complex cohomology forms a basis and thus all
the arithmetic information that the complex cohomology carries is captured by the
torsion-free part of the integral cohomology. On the other hand, for large p, the
arithmetic information captured by the mod p cohomology lifts to the integral cohomology (see [AS86, Şen11b]). The critical issue is that due to the existence of
possible large p-torsion in the integral cohomology, there may be eigenvalue systems in the mod p cohomology which are not reductions of eigenvalue systems
captured in the complex cohomology and therefore they are not, a priori, related
to automorphic forms. Yet it is believed that such mod p eigenvalue systems have
associated 2-dimensional mod p Galois representations as well, see Ash [Ash89].12
Conversely, a natural generalization of Serre’s (weak) modularity conjecture predicts that any continuous semi-simple representation GK → GL2 (Fp ) should be
associated to a mod p eigenvalue system. Note that the “odd/even” distinction that
exists for representations of GQ does not exist for representations of GK .
The first numerical examples related to the above were found by Grunewald in
[EGM81] where the data collected suggested that several representations
GQ(i) −→ GL2 (F2 )
were associated to eigenvalue systems in the first homology of certain congruence
subgroups of PSL2 (Z[i]) with coefficients in F2 . Figueiredo studied [Fig98, Fig99]
Serre’s modularity conjecture over the imaginary quadratic fields with d = 1, 2, 3.
For these fields, he found three representations GK → GL2 (F3 ) which seemed to
be associated to eigenvalue systems in the first homology of suitable congruence
subgroups with coefficients in F3 . Figueiredo remarks that the mod 3 eigenvalue
systems that came up in his computations were not reductions of eigenvalue systems
that were captured in the complex homology. See [Şenb] for further examples of this
kind.
12 As

we mentioned in the Introduction, Scholze just released a paper [Scho] which proves this
belief to be true!
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Recently in [Tor12], Torrey investigated a strong version of Serre’s modularity
conjecture over imaginary quadratic fields using the weight recipe of Buzzard, Diamond and Jarvis [BDJ10] which was formulated for the Hilbert modular groups.
She studied several numerical examples, including those of Figueiredo, from the
perspective of weights.

11.1 Even Mod p Galois Representations
Even though Serre’s modularity conjecture for Q necessarily leaves out the even
representations of GQ , we can talk about the modularity of such representations
using Serre’s modularity conjecture over imaginary quadratic fields as follows.
Start with an irreducible even continuous representation
 : GQ −→ GL2 (Fp ).
Let K be its restriction to GK for some imaginary quadratic field K. By Serre’s
modularity conjecture over K, K should be associated to an eigenvalue system
Ψ occurring in H 2 (Γ, V (Fp )) for some suitable congruence subgroup of Γ of
GL2 (OK ) and some irreducible Fp [GL2 (OK /(p))]-module V (Fp ). In fact, the
module V (Fp ) can be specified using Serre’s original weight recipe, or more generally, using the Buzzard-Diamond-Jarvis weight recipe, as done by Torrey.
Let us illustrate the above through a concrete example. Consider the polynomial
X 8 − X 7 − 44X 6 + 43X 5 + 442X 4 − 32X 3 − 1311X 2 − 1156X − 241.
D4 which has an embedding into GL2 (Z[ζ3 ]). The arising Artin
Its Galois group is A
representation
 : GQ −→ GL2 (C)
is even and irreducible. Moreover it has Artin conductor 1632 .
We restrict  to GQ(i) and then reduce the (finite) image mod 163 to get
K : GQ(i) −→ GL2 (F163 )
with trivial Serre conductor.
Using the computer programs written by the author to compute the Hecke action on the cohomology of the Euclidean Bianchi groups, we found a seemingly
matching eigenvalue system Ψ occurring in the mod 163 cohomology space




H 2 GL2 Z[i] , V (F163 )
for weights
27,27
(F163 ) and
V53,53

135,135
V107,107
(F163 ).
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a,b
(F163 ) := Vk (κ) ⊗κ deta ⊗κ V (κ)Frob ⊗κ detb
Vk,

with κ F1632 being the residue field of the prime ideal (163) of Z[i] generated by
a,b
163. The group GL2 (Z[i]) acts on Vk,
via reduction modulo (163).
It turns out, see [Şena], that Ψ is not the mod 163 reduction of an eigenvalue
system occurring in the complex cohomology space




H 2 GL2 Z[i] , V (C)
27,27
135,135
and V107,107
.
for the weights V53,53
We conclude the existence of a 163-torsion class which is responsible for the
eigenvalue system Ψ . In fact, we verified by direct computation as well that
135,135
27,27
H 2 (GL2 (Z[i]), V (Z[i])) has 163-torsion for the weights V107,107
and V53,53
.
Moreover, we checked that all of the above remain true when we replace Q(i) by
the other Euclidean imaginary quadratic fields.
We speculate that for any irreducible, even, continuous representation

 : GQ −→ GL2 (Fp )
and any imaginary quadratic field K, the eigenvalue system Ψ that we will capture,
following the above steps, will not be the reduction of an eigenvalue system that
occurs in the relevant complex cohomology space. To motivate our speculation, let
us assume that , as in our example above, has trivial Serre conductor and that Ψ
is the mod p reduction of an eigenvalue system captured by a level one cuspidal
Bianchi modular form F . Then our discussion before Question 6.3 suggests that F
is most likely the base change to K of an elliptic newform f . It follows that the odd
representation f : GQ → GL2 (Fp ) associated to f and our even representation 
become isomorphic when restricted to GK . Basic Clifford theory shows that this is
not possible.
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Panagiotis Tsaknias

Abstract We report on observations we made on computational data that suggest
a generalization of Maeda’s conjecture regarding the number of Galois orbits of
newforms of level N = 1, to higher levels. They also suggest a possible formula for
this number in many of these cases.

1 Introduction
For N ≥ 1 and k ≥ 2 even let Sk (N ) denote the space of modular forms of weight k
and level Γ0 (N ) and let Sknew (N ) be its new subspace. In the case of N = 1 Maeda
made the following conjecture:
Conjecture 1.1 ([HM97]) The Hecke algebra over Q of SL2 (Z) is simple (that is,
a single number field) whose Galois closure over Q has Galois group isomorphic to
a symmetric group Sn (with n = dim Sk (SL2 (Z))).
This conjecture implies the following, weaker one:
Conjecture 1.2 Sk (1) consists of a single newform Galois orbit for all k.
We believe we can propose a few generalizations of the latter one, based on computational data we have accumulated and that we will present in the next section:
• Fix N . Then the number of newform Galois orbits in Sknew (N ), as a function of
k, is bounded.
• Fix N . The number of non-CM newform Galois orbits in Sknew (N ) as a function
of k is eventually constant.
• Assuming the above guess is true, let nonCM(N ) be the constant to which
the number of non-CM newform orbits in Sknew (N ) eventually stabilizes. Then
P. Tsaknias (B)
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nonCM( · ) is a multiplicative function, i.e.
nonCM(N M) = nonCM(N ) nonCM(M)
for all coprime integers N and M.
In Sect. 2 we introduce notation and formulate our precise conjectures. In Sect. 3
we have a brief discussion on the non-CM newform Galois orbits, which is the mysterious part, and we continue in Sect. 4 with an overview of the theory of Hecke
characters and CM forms, which we use to get a grasp on the number of CM newform Galois orbits. Finally in Sect. 5 we give the table with the patterns we have
observed that led us to formulate our conjectures.

2 Setup-Notation
Let N, k be positive integers, k even. We will denote by Sk (N ) the space of cusp
forms of level Γ0 (N ) and weight k and by Sknew (N ) its new-subspace. Every element
f of Sk (N ) has a Fourier expansion

cn (f ) q n ,
n≥1

where q = e2πiz , which is called the q-expansion of f . The space Sk (N ) admits an
action by the Z-algebra of the Hecke operators Tn , which preserves the new subspace. We will denote this algebra by Tk (N ) and by Tnew
k (N ) its quotient through
which it acts on the new subspace. Finally Sknew (N ) admits a basis of simultaneous
eigenvectors for all the operators of Tk (N ), which we can assume to be normalized,
i.e. that c1 (f ) = 1 for each of these eigenvectors f .
It is a well-known fact (see e.g. [Shi71, Theorem 3.52]) for such a normalized
eigenvector f that the extension


Kf := Q cn (f ) n /Q
is finite, and that the coefficients cn (f ) are algebraic integers. In view of this we
have an action of GQ := Gal(Q/Q) on these f that commutes with the one of Tk (N )
and therefore it preserves a given basis of normalized eigenforms. It also actually
preserves a basis of normalized eigenforms of Sknew (N ). We will call the orbits of
this last action the newform Galois orbits of level N and weight k, and denote their
number by ORB(N, k).
The purpose of this article is to report on computations regarding ORB(N, k) for
N > 1. We need to introduce some other notions and notation first.
Let χ : (Z/DZ)× → C× be a Dirichlet character. If f is a modular form of level
N and weight k then

f ⊗ χ :=
χ(n) cn (f ) q n
n≥1
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is also a modular form of level (dividing) N D 2 and weight k (but not necessarily
of trivial Nebentypus, even if f is!). If f = f ⊗ χ for some nontrivial quadratic
character χ then f is called a complex multiplication form (CM form for short).
Notice that if f is a CM form then f σ is also a CM form for all σ ∈ GQ . Therefore
we can talk about CM and non-CM newform Galois orbits. For a fixed level N and
weight k we will denote their number by CM(N, k) and nonCM(N, k) respectively.
Obviously the following holds:
ORB(N, k) = CM(N, k) + nonCM(N, k).
After systematically computing1 these values we were led to formulate the following conjectures:
Conjecture 2.1 Fix an integer N ≥ 1. Then ORB(N, k), as a function of k, is
bounded.
Conjecture 2.2 Fix an integer N ≥ 1. Then nonCM(N, k), as a function of k, is
eventually constant. If we let nonCM(N ) be this constant then we have that:
nonCM(N M) = nonCM(N ) nonCM(M)
for all (N, M) = 1, i.e. nonCM( · ) is a multiplicative function.
Remark 2.3 Notice that Conjecture 2.2 combined with Corollary 4.6 implies Conjecture 2.1.
In Sect. 5 we provide tables with the stationary values nonCM(N ) that
nonCM(N, k) seem to converge to as functions of k. In particular one sees there
that nonCM(p) = 2 which, along with the fact that there are no CM newforms for
squarefree levels (see Sect. 4 for details), suggests that ORB(p, k) = 2 for sufficiently large k, for all primes p. Furthermore a positive answer to Conjecture 2.2
would then imply the following:
Conjecture 2.4 Fix an integer N = p1 · · · ps ≥ 1, where the pi ’s are pairwise distinct prime numbers and s ≥ 0. Then ORB(N, k) = 2s for sufficiently large k.
Of course one can get many more conjectural formulas like the one of Conjecture 2.4 for levels containing higher prime powers by combining the suggested
multiplicativity of nonCM along with observations from the tables of Sect. 5. Observing for example that nonCM(4) = 1 and, as before, that nonCM(p) = 2 for
every prime, then assuming Conjecture 2.2 is true we get:


nonCM 22 p = 2 for all primes p > 2.
1 A complete account of all the computational data we used can be found at http://math.uni.lu/
~tsaknias/maeda_tables.pdf.
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3 Non-CM Forms
In the early versions of this manuscript we had only included Conjecture 2.1 along
with the observation that, when stable, the number of newform Galois orbits seemed
to behave multiplicatively in many cases (like the squarefree level case for example,
which is the subject of Conjecture 2.4). After we emailed these to William Stein he
informed us that he had conducted similar computations in the past and suggested
that one should look separately at the cases of CM and non-CM forms. Moreover
he suggested that the decomposition of the non-CM part should be forced by the
Atkin-Lehner operators.
In the squarefree level case this agrees with Conjecture 2.4: As we have already
mentioned, there are no CM forms for squarefree levels. The number of AtkinLehner operators is s, where N = p1 · · · ps and therefore 2 s possible combinations
of eigenvalues for all the operators considered together. In relevant computations
we performed we verified that each combination does occur for exactly one nonCM Galois orbit (for sufficiently large weight k).
Conceptually, the Atkin-Lehner operators seem to be a good candidate for explaining that nonCM(N, k) is (eventually) independent of k: They are the ones that
cut out the newspace of Sk (N ) and the number of decomposition factors they split
Sknew (N ) into seems to be eventually constant as a function of k too.
For non-squarefree levels though things get more complicated. The Atkin-Lehner
operators are not enough to distinguish between all non-CM Galois orbits, i.e. the
same combination of Atkin-Lehner eigenvalues occurs for more than one non-CM
Galois orbit. For example, in the case N = 16 = 24 the computational data suggest
that there are eventually 6 newform Galois orbits for all sufficiently big weights k,
none of which is CM. There is only one Atkin-Lehner operator, w16 , which cuts the
newsubspace into two pieces. These two pieces break further into 3 irreducible ones
each, which correspond to the newform Galois orbits. This suggests that a further
refinement of the Atkin-Lehner decomposition of Sknew (N ) is needed in order to
distinguish all the different non-CM orbits.
On the other hand however, the distinction between CM and non-CM Galois
orbits seems essential: The CM Galois orbits seem to be the reason ORB(N, k)
is eventually periodic (whenever this happens) instead of eventually constant as a
function of k and they also seem to be the “error term” that is obstructing the number
of Galois orbits to behave multiplicatively.

4 CM Forms
In this section we describe the connection between CM forms and Hecke characters
of imaginary quadratic fields (hence the name CM forms). Our goal is to eventually
explain why CM(N, k) is bounded and periodic. Most of the material in this section
is well known facts that we apply in the case of interest to us, i.e. CM forms of
trivial Nebentypus (and therefore even weight). The interested reader should consult
[Rib77, §3], [Miy06, §4.8] and [Neu99, Chap. VII, §3].
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Let K be an imaginary quadratic field, O = OK its ring of integers and m an ideal
of K. Let us also denote by J m the group of fractional ideals of OK that are coprime
to m. A Hecke character ψ of K, of modulus m, is then a group homomorphism
ψ : J m → C∗ such that there exists a character ψf : (OK /m)∗ → C∗ and a group
homomorphism ψ∞ : KR∗ → C∗ , where KR := K ⊗Q R, such that:
 
ψ (α) = ψf (α) ψ∞ (α)

for all α ∈ K.

(4.1)

One calls ψf and ψ∞ the finite and the infinite type of ψ respectively. The conductor of ψ is the conductor of ψf and we will call ψ primitive if the conductor is
equal to its modulus. The relation (4.1) implies that ψf (ε) ψ∞ (ε) = 1 for all units
ε ∈ O∗ . The converse is also true: Given a pair (ψf , ψ∞ ) satisfying this relation
for all units ε ∈ O∗ then there is a Hecke character they are attached to it ([Neu99,
Chap. VII, §3, Exercise 5]). This Hecke character however might not be unique:
Lemma 4.1 The number of different Hecke characters associated with a given pair
(ψf , ψ∞ ) is equal to the class number hK of K.
Proof Let ψ : J m → C∗ be a Hecke character associated with the given pair. Let
P m denote the subgroup of J m consisting of principal ideals. Then J m /P m ∼
= J /P ,
the class group of K. This is an abelian
group
so
by
the
structure
theorem
of
abelian


groups it is isomorphic to a product si=1 Cti of cyclic groups with i ti = hK . For
every i pick an ideal ai generating the group Cti . Then atii is a principal ideal (πi ).
We therefore have:

 

ψ ti (ai ) = ψ atii = ψ (πi ) = ψf (πi ) ψ∞ (πi ).
This
 means that for every generator ai we have ti choices and therefore we have
i ti = hK different Hecke characters associated with the same pair (ψf , ψ∞ ). 
This reduces the problem of counting Hecke characters to counting compatible
pairs (ψf , ψ∞ ).
From this point on we specialize to the case where K is an imaginary quadratic
field. We will denote by D its discriminant and by (D|.) the Kronecker symbol
associated to it. The only possible group homomorphisms ψ∞ are then of the form
σ u , where σ is one of the two conjugate complex embeddings of K and u is a non
negative integer. The following theorem associates a (CM) modular form a Hecke
character ψ of K ([Miy06, Theorem 4.8.2]):
Theorem 4.2 Given ψ of infinity type σ u and finite type ψf with modulus m. Assume u > 0 and let Nm be the norm of m. We then have that

 
ψ(a) q n
f=
n

Na=n
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is a cuspidal eigenform in
Su+1 (N, χ),
where N = |D|Nm and χ(m) = (D|m)ψf (m) for all integers m.
The eigenform associated with the Hecke character is new if and only if ψ is
primitive (see Remark 3.5 in [Rib77]).
Let us introduce some terminology: We will say that a Hecke character ψ is
(N, k)-suitable if it satisfies the following:
•
•
•
•

ψ is primitive.
|D|Nm = N , where D is the discriminant of K and m is the modulus of ψ .
The infinity type of ψ is σ k−1 .
ψf (m) = (D|m) for all integers m.

We will also say that a compatible pair (ψf , ψ∞ ) is (N, k)-suitable, if the Hecke
characters attached to it are (N, k)-suitable. An obvious consequence of Theorem 4.2 is that the number of CM newforms in Sk (Γ0 (N )) is equal to the number of (N, k)-suitable Hecke characters. Since the number of (N, k)-suitable Hecke
characters is determined in view of Lemma 4.1 by the number of (N, k)-suitable
compatible pairs, we will focus on counting these instead. It is obvious that given a
weight k and a level, there is only one infinity type that could give an (N, k)-suitable
pair, namely σ k−1 . With this in mind we are left with counting the number of finite
types ψf that are compatible with σ k−1 and give an (N, k)-suitable pair.
First of all, notice that only a finite number of imaginary quadratic fields can give
an (N, k)-suitable compatible pair: The discriminant D of K must divide N . Let m
be an ideal of K such that |D|Nm = N . This allows only a finite number of ideals
as the modulus of an (N, k)-suitable pair.
Remark 4.3 Notice that, so far, the bound on the number of possible fields and the
bound on the number of possible ideals for every possible field depend only N . This
already gives a bound on the number of CM newforms of level N and weight k that
is independent of k.
Let now ψf : (OK /m)∗ → C∗ be a finite type of modulus m, where m is an ideal
of K such that |D|Nm = N . Consider the composition Z → (OK /m) → C where
the second map is ψf . The (N, k)-suitability of (ψf , ψ∞ ) then implies that this
composition is the Kronecker symbol (D|.) which has conductor |D| and we thus
get an injection:
Z/|D|Z −→ (OK /m).
This implies in particular that |D| divides Nm and therefore that D 2 | N , restricting
further the possible (N, k)-suitable compatible pairs.
The group (O/m)∗ is an abelian group whose structure can be determined for
example by the theorems in [Nak79]. These imply in particular that (Z/|D|Z)∗ can
be seen as a subgroup of this group and, since it is abelian, as a quotient of it as
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well. Since the finite type is completely determined on integers by the Kronecker
symbol, to completely describe it one only has to describe its values on the generators of (O/m)∗ /(Z/|D|Z)∗ which is an abelian group too. It turns out that one
has #(O/m)∗ /ϕ(|D|) different finite types whose values on integers match those of
the Kronecker symbol. Out of all these choices, one must consider only those for
which ψf is of conductor m, in order for the corresponding cuspforms to be new
(see Remark 3.5 in [Rib77]).
The last condition one has to check is the compatibility with the infinity type on
the integral units of K. Recall that this implies:
−1
ψf (ε) = ψ∞
(ε) = σ 1−k (ε)

∗
for all ε ∈ OK
.

All imaginary quadratic fields contain at least the following integral units: {1, −1}.
In both cases the compatibility condition is automatically satisfied no matter what
the weight is. We stress one more time that up to this point, our treatment of possible
finite types is independent of the weight k. The only imaginary quadratic fields K
that contain more integral units are the following:
√
• K = Q( −1 ). In this case OK contains 4 integral units:
{ 1, −1, i, −i } =  i .
We have that ψf2 (i) = ψf (i2 ) = (D|−1) = −1, so ψf (i) = ±i. On the other hand
ψf (i) = σ (i)1−k = i1−k .
= i we then get that k ≡ 0 mod 4. If ψf (i) = −i we get that k ≡ 2 mod 4.
If ψf (i)√
• K = Q( −3 ). In this case OK contains 6 integral units:

1, −1, w, w 2 , −w, −w 2 = −w,
where w is a primitive cubic root of unity.
We have that ψf3 (−w) = ψf ((−w)3 ) = (D|−1) = −1, so ψf (−w) = w s ,
where s = 0, 1, 2. On the other hand
ψf (−w) = σ (−w)1−k = (−w)1−k .
We thus come to the following conclusion:
Proposition 4.4 Fix a positive integer N and let k be a varying even integer. Then:
(1) The number of CM newforms in Sknew (N ) with complex multiplication field
√
Q( −d ), where d = 1, 3, is independent of the weight k, i.e. it is constant
as a function of k.
(2) The number of CM newforms in Sknew (N ) with complex multiplication field
√
Q( −1 ), depends only on k mod 4, i.e. has at most two possible values and it
is periodic as a function of k.
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(3) The number of CM newforms in Sknew (N ) with complex multiplication field
√
Q( −3 ), depends only on k mod 6, i.e. has at most three possible values and
it is periodic as a function of k.
Two immediate corollaries are the following:
Corollary 4.5 Fix a positive integer N . The number of CM newforms in Sknew (N )
is a bounded function of k.
Corollary 4.6 Fix a positive integer N . Then CM(N, k) is a bounded function of k.
Remark 4.7 Hopefully it is clear by how we counted the possible CM newforms for
a given level and weight that the way CM newforms group in Galois orbits depends
on the degree of the field extension containing the values of ψf and on the extension
defined by the generating values for ψ mentioned in the proof of Lemma 4.1. The
variety of possible combinations however is preventing us from giving a precise
recipe for the orbits or just their number.
In the next subsection we study the case N = p2 where p is a prime number. We
describe the possible number of CM newforms and we are also able to explain how
they group into Galois orbits due to the simplicity of this situation.

4.1 N = p 2 , p Prime
Let ψ be a (p 2 , k)-suitable Hecke character of the imaginary quadratic field
√
Q( −d ),
of discriminant D, with modulus m. As we have seen in the previous section, the
(p 2 , k)-suitability of ψ implies that D 2 |N . Since

−d, if d ≡ 3 mod 4
D=
−4d, otherwise
we get that D = −p and p ≡ 3 mod 4. So if p ≡ 3 mod 4, then CM(p 2 , k) = 0 for
all even k.
For the rest of the section we therefore assume p ≡ 3 mod 4, d = p and D = −p.
The (p2 , k)-suitability of ψ implies that Nm = p 2 /|D| = p. In particular m is the
√
prime ideal of Q( −p) above p. Since Nm = #(O/m) and O/m is an extension of
Fp we get that OK /m ∼
= Fp and in particular (OK /m)∗ ∼
= (Z/pZ)∗ . This implies
that ψf is uniquely determined by (D|.). Since the infinity type is uniquely determined by the weight k we have that there is at most one (p 2 , k)-suitable compatible
pair depending on whether the integral units compatibility is satisfied or not. As we
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have seen in the previous section, for p = 3 it is immediately satisfied. In the case
p = 3 one has that 1 = w 3 ≡ w mod m and therefore since
w k−1 = ψ∞ (w) = ψf−1 (w) = 1
√
we get that k ≡ 1 mod 3. Furthermore Q( −3 ) has class number 1 so when
k ≡ 1 mod 3 the unique (9, k)-suitable √
compatible pair is associated to a unique
Hecke character that takes values in Q( −3 ). This will in turn give us a unique
CM newform with coefficients in Q, and therefore a unique CM newform Galois
orbit. To sum it up:

1, if k ≡ 4 mod 6
CM(9, k) =
0, otherwise.
For p = 3 the pair (ψf , ψ∞ ) is always compatible independently of the weight
√
k. Let hK be the class number of Q( −p). Lemma 4.1 then implies that there exist
hK different Hecke characters and therefore, by Theorem 4.2, we get that there exist
hK many CM newforms. The way these CM newforms group into Galois orbits for
every weight k depends on hK . To see this one has to go into more detail in the proof
of Lemma 4.1. For simplicity we assume that the class group of K is cyclic (which
is true for all the p in our computational range but certainly not true in general). In
this case a Hecke character ψ is completely determined by the value of ψ(a), which
must satisfy the relation
ψ hK (a) = π k−1 ,
where a is an ideal away from m generating the class group and π ∈ K is such that
ahK = (π) and ψf (π) = 1. The possible values for ψ(a) are then


π k−1

1/ hK

ζhiK ,

where ζhK is a primitive hK -th root of unity. The field Lψ where ψ takes its values
is then Q(ψ(a)) and the field LF of the corresponding CM newform is a totally real
subfield of Q(ψ(a)). Their relative degree is [Lψ : Lf ] = 2. Lets us give a more
detailed description for some primes p:
• p = 23. In this case hK = 3, so we get 3 CM newforms. Let ψ be one of the
3 (232 , k)-suitable Hecke characters. For k ≡ 4 mod 6 the degree of Lψ is 6
and therefore the degree of Lf is 3. In this case all 3 CM newforms fall into a
single Galois orbit. In the case k ≡ 4 mod 6 one of the Hecke characters has field
Lψ = K and the other two have field Lψ = K(ζ ) which is of degree 4. In this
case we get one CM form with rational coefficients that forms a Galois orbit by
itself and two with coefficients in a real quadratic extension, that group together
in another Galois orbit. To summarize:

2, if k ≡ 4 mod 6
 2 
CM 23 , k =
1, otherwise.
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Clearly the same holds for any prime p ≡ 3 mod 4 for which K has class number
hK = 3.
• p = 47. In this case hK = 5, so we get 5 CM newforms and we have:

2, if k ≡ 6 mod 10
 2 
CM 47 , k =
1, otherwise.
Again the same formula holds for any prime p ≡ 3 mod 4 such that hK = 5.
• Let p ≡ 3 mod 4 such that hk = ,  > 2 a rational prime. In this case there are 
CM newforms and we have:

2, if k ≡  + 1 mod 2
 2 
CM p , k =
1, otherwise.

5 Observations
Tables 1 and 2 contain the suggested values for nonCM(N ) for 1 ≤ N ≤ 200 and
the number of CM newform Galois orbits for the same level. For every level we
have computed nonCM(N, k) and CM(N, k) for all weights up to at least 30. For
all N in this range it is clear from the data we have collected that nonCM(N, k)
eventually stabilizes to some nonCM(N ). On the other hand CM(N, k) has a few
cases where it does not stabilize (which we expected after the analysis of Sect. 4)
but its behavior is clear even from the first few weights. We also provide the factorization of the level N into prime powers which helps to observe the multiplicativity
of nonCM(N ). To compute CM(N, k) and nonCM(N, k) for level N and weight k
we used standard commands of MAGMA [BCP97], version 2.17 and higher. About
some special cases:
• For level 9 we eventually have that nonCM(9) = 4, CM(9, k) = 0 for k ≡
0, 2 mod 6 and CM(9, k) = 1 for k ≡ 4 mod 6.
• For level 27 we eventually have that nonCM(27) = 4, CM(27, k) = 1 for k ≡
0, 2 mod 6 and CM(27, k) = 0 for k ≡ 4 mod 6.
• For level 36 we eventually have that nonCM(36) = 4, CM(36, k) = 1 for k ≡
0, 2 mod 6 and CM(36, k) = 0 for k ≡ 4 mod 6.
• For level 108 we eventually have that nonCM(108) = 4, CM(108, k) = 1 for
k ≡ 0, 2 mod 6 and CM(108, k) = 2 for k ≡ 4 mod 6.
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1
21
31
22
51
21 31
71
23
32
21 51
111
22 31
131
21 71
31 51
24
171
21 32
191
22 51
31 71
21 111
231
23 31
52

1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25

1
2
2
1
2
4
2
2
4
4
2
2
2
4
4
6
2
8
2
2
4
4
2
4
6

nonCM

0
0
0
0
0
0
0
0
0,1,0
0
0
0
0
0
0
0
0
1,0,1
0
0
0
0
0
0
0

26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50

CM N

nonCM
4
4
2
2
8
2
4
4
4
4
4
2
4
4
4
2
8
2
2
8
4
2
12
7
12

factors
21 131
33
22 71
291
21 31 51
311
25
31 111
21 171
51 71
22 32
371
21 191
31 131
23 51
411
21 31 71
431
22 111
32 51
21 231
471
24 31
72
21 52
0
1,0,1
0
0
0
0
1
0
0
0
1,0,1
0
0
0
0
0
0
0
0
0
0
0
0
1
0

51
52
53
54
55
56
57
58
59
60
61
62
63
64
65
66
67
68
69
70
71
72
73
74
75

CM N
31 171
22 131
531
21 33
51 111
23 71
31 191
21 291
591
22 31 51
611
21 311
32 71
26
51 131
21 31 111
671
22 171
31 231
21 51 71
711
23 32
731
21 371
31 52

factors
4
2
2
8
4
4
4
4
2
4
2
4
8
16
4
8
2
2
4
8
2
8
2
4
12

nonCM
0
0
0
0
0
0
0
0
0
0
0
0
0
1
0
0
0
0
0
0
0
0
0
0
0

76
77
78
79
80
81
82
83
84
85
86
87
88
89
90
91
92
93
94
95
96
97
98
99
100

CM N
22 191
71 111
21 31 131
791
24 51
34
21 411
831
22 31 71
51 171
21 431
31 291
23 111
891
21 32 51
71 131
22 231
31 311
21 471
51 191
25 31
971
21 72
32 111
22 52

factors
2
4
8
2
12
5
4
2
4
4
4
4
4
2
16
4
2
4
4
4
8
2
14
8
6

nonCM

0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0

CM
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2
8
2
4
8
4
2
4
2
8
4
12
2
8
4
2
8
4
4
8
9
4
4
2
4

1011
21 31 171
1031
23 131
31 51 71
21 531
1071
22 33
1091
21 51 111
31 371
24 71
1131
21 31 191
51 231
22 291
32 131
21 591
71 171
23 31 51
112
21 611
31 411
22 311
53

101
102
103
104
105
106
107
108
109
110
111
112
113
114
115
116
117
118
119
120
121
122
123
124
125

0 126
0 127
0 128
0 129
0 130
0 131
0 132
1,2,1133
0 134
0 135
0 136
0 137
0 138
0 139
0 140
0 141
0 142
0 143
0 144
0 145
1 146
0 147
0 148
0 149
0 150

CM N
21 32 71
1271
27
31 431
21 51 131
1311
22 31 111
71 191
21 671
33 51
23 171
1371
21 31 231
1391
22 51 71
31 471
21 711
111 131
24 32
51 291
21 731
31 72
22 371
1491
21 31 52

factors
16
2
8
4
8
2
4
4
4
8
4
2
8
2
4
4
4
4
24
4
4
14
2
2
24

nonCM
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
1
0
0
0
0
0
0

151
152
153
154
155
156
157
158
159
160
161
162
163
164
165
166
167
168
169
170
171
172
173
174
175

CM N
1511
23 191
32 171
21 71 111
51 311
22 31 131
1571
21 791
31 531
25 51
71 231
21 34
1631
22 411
31 51 111
21 831
1671
23 31 71
132
21 51 171
32 191
22 431
1731
21 31 291
52 71

factors
2
4
8
8
4
4
2
4
4
8
4
10
2
2
8
4
2
8
9
8
8
2
2
8
12

nonCM
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0

176
177
178
179
180
181
182
183
184
185
186
187
188
189
190
191
192
193
194
195
196
197
198
199
200

CM N
24 111
31 591
21 891
1791
22 32 51
1811
21 71 131
31 611
23 231
51 371
21 31 311
111 171
22 471
33 71
21 51 191
1911
26 31
1931
21 971
31 51 131
22 72
1971
21 32 111
1991
23 52

factors
12
4
4
2
8
2
8
4
4
4
8
4
2
8
8
2
32
2
4
8
7
2
16
2
12

nonCM

0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0

CM
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A Possible Generalization of Maeda’s Conjecture

John Voight and John Willis

Abstract We exhibit a method to numerically compute power series expansions of
modular forms on a cocompact Fuchsian group, using the explicit computation of a
fundamental domain and linear algebra. As applications, we compute Shimura curve
parametrizations of elliptic curves over a totally real field, including the image of
CM points, and equations for Shimura curves.

1 Introduction
A classical modular form f : H → C on the upper half-plane H satisfies the translation invariance f (z + 1) = f (z) for z ∈ H , so f admits a Fourier expansion (or
q-expansion)
f (z) =

∞


an q n

n=0

at the cusp ∞, where q = e2πiz . If further f is a normalized eigenform for the Hecke
operators Tn , then the coefficients an are the eigenvalues of Tn for n relatively prime
to the level of f . The q-expansion principle expresses in a rigorous way the fact that
a modular form is characterized by its q-expansion, and for this reason (and others)
q-expansions remain an invaluable tool in the study of classical modular forms.
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Computing Power Series Expansions of Modular
Forms

J. Voight and J. Willis

By contrast, modular forms on cocompact Fuchsian groups do not admit qexpansions due to the lack of cusps. A modular form f : H → C of weight k ∈ 2Z≥0
for a cocompact Fuchsian group Γ ≤ PSL2 (R) is a holomorphic map satisfying
f (gz) = j (g, z)k f (z)
for all g ∈ Γ , where j (g, z) = cz + d if g = ( ac db ).
However, not all is lost: such a modular form f still admits a power series expansion in the neighborhood of a point p ∈ H . Indeed, a q-expansion is really just
a power series expansion at ∞ in the parameter q, convergent for |q| < 1; so it is
natural to consider a neighborhood of p normalized so the expansion also converges
in the unit disc but for a parameter w. For this purpose, we map the upper half-plane
conformally to the unit disc D via the map
w : H −→ D
z −→ w(z) =

z−p
z−p

sending p → w(p) = 0, where denotes complex conjugation. We consider the
series expansion of a form f of weight k given by
f (z) = (1 − w)

k

∞


bn w n

(∗)

n=0

where w = w(z), convergent in the disc D with |w| < 1.
There are several reasons to consider series of the form (∗). First, the term
1 − w(z) =

p−p
z−p

is natural to include as it arises from the automorphy factor of the linear fractional
transformation w(z). Second, the ordinary Taylor coefficients arise from evaluating
derivatives of f , but the derivative of a modular form of weight k = 0 is no longer
a modular form! This can be ameliorated by considering instead the differential
operator introduced by Maass and Shimura:


1
d
k
∂k =
+
.
2πi dz z − z
If f is a modular form of weight k then ∂k f transforms like a modular form of
weight k + 2, but at the price that f is now only real analytic. The coefficients bn
in the expansion (∗) then arise from evaluating Shimura-Maass derivatives ∂ n f of
f at the point p, where we let ∂ n = ∂k+2(n−1) ◦ · · · ◦ ∂k+2 ◦ ∂k . Finally, when p is
a CM point and Γ is a congruence group, the coefficients bn are algebraic (up to a
normalization factor), as shown by Shimura [Shi75, Shi77]. Rodriguez-Villegas and
Zagier [RZ93] and O’Sullivan and Risager [O’SR13] (see also the exposition by Zagier [Zag08] and further work by Bertolini, Darmon, and Prasanna [BDP13, §§5–6])
further linked the coefficients bn to square roots of central values of Rankin-Selberg
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L-series and show that they satisfy a recursive formula arising from the differential structure of the ring of modular forms. Mori [Mori95, Mori11] and Datskovsky
and Guerzhoy [DG08] have also studied the p-adic interpolation properties of the
coefficients bn in the context of p-adic L-functions, with some results also in the
cocompact case. For these reasons, we will consider series expansions of the form
(∗) in this article, which we will call power series expansions.
In the special case when the Fuchsian group Γ is commensurable with a triangle
group, the differential approach to power series expansions of modular forms is
particularly pleasing. For a, b, c ∈ Z≥2 ∪ {∞} with 1/a + 1/b + 1/c < 1, we define
the (a, b, c)-triangle group to be the subgroup of orientation-preserving isometries
in the group generated by reflections in the sides of a hyperbolic triangle with angles
π/a, π/b, π/c. In this case, power series expansions for a uniformizing function at
the vertices of the fundamental triangle are obtained as the inverse of the ratio of
2 F1 -hypergeometric functions. This case was also of great classical interest, and has
been taken up again more recently by Bayer [Bay02], Bayer and Travesa [BT07,
BT08], the first author [Voi05], and Baba and Granath [BG12]; this includes the
well-studied case where the Fuchsian group arises from the quaternion algebra of
discriminant 6 over Q, corresponding to the (2, 4, 6)-triangle group.
In this article, we exhibit a general method for numerically computing power
series expansions of modular forms for cocompact Fuchsian groups. It is inspired
by the method of Stark [Sta84] and Hejhal [Hej92, Hej99, Hej12], who used the
same basic principle to compute Fourier expansions for Maass forms on SL2 (Z)
and the Hecke triangle groups. (There has been substantial further work in this area;
see for example Then [The05], Booker, Strömbergsson, and Venkatesh [BSV06],
and the references therein.)
The basic idea is quite simple. Let Γ be a Fuchsian group with compact fundamental domain D ⊂ D contained in a circle of radius  > 0. To find a power series
expansion (∗) for a form f on Γ of weight k valid in D to some precision ε > 0,
we consider the approximation
f (z) ≈ fN (z) = (1 − w)k

N


bn w n

n=0

valid for |w| ≤  and some N ∈ Z≥0 . Then for a point w = w(z) on the circle of
radius  with w ∈
/ D, we find g ∈ Γ such that w  = gw ∈ D; letting z = z(w  ), by
the modularity of f we have
N
k 
 n
 
 

bn w  = fN z ≈ f z = j (g, z)k f (z)
1 − w
n=0

≈ j (g, z)k (1 − w)k

N


bn w n

n=0

valid to precision ε > 0. For each such point w, this equality imposes an approximate (nontrivial) linear relation on the unknown coefficients bn . By taking appropri-
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ate linear combinations of these relations, or (what seems better in practice) using
the Cauchy integral formula, we recover the approximate coefficients bn using standard techniques in linear algebra.
An important issue that we try to address in this paper is the numerical stability
of this method—unfortunately, we cannot benefit from the exponential decay in the
terms of a Fourier expansion as in previous work, so our numerical methods must be
correspondingly more robust. Although we cannot prove that our results are correct,
there are several tests that allow one to be quite convinced that they are correct,
and we show in several examples that they agree with cases that are known. (See
also Remark 3.2 and work of Booker, Strömbergsson and Venkatesh [BSV06], who
rigorously verify the numerical computations in Hejhal’s method for Maass forms.)
Nelson [Nel11, Nel12] finds power series expansions by directly computing the
Shimizu lift (a realization of the Jacquet-Langlands correspondence) of a modular
form on a Shimura curve over Q to a classical modular curve. It will be interesting
to compare the two techniques. Owing to its simplicity, we believe that our method
is worthy of investigation. It has generalizations to a wide variety of settings: noncongruence groups, nonarithmetic groups (e.g. nonarithmetic triangle groups), real
analytic modular forms, and higher dimensional groups; and it applies equally well
for arithmetic Fuchsian groups with an arbitrary totally real trace field.
Finally, this analysis at the complex place suggest that p-adic analytic methods for computing power series expansions would also be interesting to investigate.
For example, Franc [Fra11] investigates the values of Shimura-Maass derivatives of
modular forms at CM points from a rigid analytic perspective.
This paper is organized as follows. In Sect. 2, we introduce some basic notation and background. Then in Sect. 3, we exhibit our algorithm in detail. Finally, in
Sect. 4 we give several examples: in the first two examples we verify the correctness
of our algorithm; in the third example, we compute the Shimura curve parametrization of an elliptic curve over a totally real field and the image of CM point; in the
fourth example, we show how our methods can be used to compute the equation of
a Shimura curve.

2 Preliminaries
We begin by considering the basic setup of our algorithm; as basic references we
refer to Beardon [Bea95] and Katok [Kat92].

2.1 Fuchsian Groups and Fundamental Domains
Let Γ be a Fuchsian group, a discrete subgroup of PSL2 (R), the orientationpreserving isometries of the upper half-plane H . Suppose that Γ is cofinite, so
X = Γ \H has finite hyperbolic area; then Γ is finitely generated. If X is not compact, then X has a cusp, and the existence of q-expansions at cusps in many cases
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obviates the need to compute power series expansions separately (and for Maass
forms and generalizations, we refer to the method of Hejhal [Hej99]); more seriously, our method apparently does not work as well in the non-cocompact case (see
Example 2, Sect. 4). So we suppose that Γ is cocompact.
We will frequently move between the upper half-plane model H and the Poincaré
unit disc model D for hyperbolic space, which are conformally identified via the
maps
w : H −→ D

z−p
z −→ w(p; z) =
z−p

z : D −→ H
w −→ z(p; w) =

pw − p
w−1

(2.1)

for a choice of point p ∈ H . Via this identification, the group Γ acts also on D, and
to ease notation we identify these actions.
A Fuchsian group Γ is exact if there is a finite set G ⊂ SL2 (K) with K → Q ∩ R
a number field whose image in PSL2 (K) ⊂ PSL2 (R) generates Γ . When speaking
in an algorithmic context, we will suppose that the group Γ is exact. (Even up
to conjugation in PSL2 (R), not every finitely generated Fuchsian group is exact.)
Algorithms for efficiently computing with algebraic number fields are well-known
(see e.g. Cohen [Coh93]), and we will use these without further mention.
In this setting, we have the following result, due to the first author [Voi09]. For a
point p ∈ H , we denote by Γp = {g ∈ Γ : g(p) = p} the stabilizer of p in Γ .
Theorem 2.1 There exists an algorithm that, given as input an exact, cocompact
Fuchsian group Γ and a point p ∈ H with Γp = {1}, computes as output a fundamental domain D(p) ⊂ H for Γ and an algorithm that, given z ∈ H returns a point
z ∈ D(p) and g ∈ Γ such that z = gz.
In particular, in the course of exhibiting this algorithm a suite of methods for
computing in the unit disc are developed. The algorithm in Theorem 2.1 has been
implemented in Magma [BJP97].
The fundamental domain D(p) in Theorem 2.1 is the Dirichlet domain centered
at p,

D(p) = z ∈ H | d(z, p) ≤ d(gz, p) for all g ∈ Γ
where d is the hyperbolic distance. The set D(p) is a closed, connected, and hyperbolically convex domain whose boundary consists of finitely many geodesic segments. The image of D(p) in D is analogously described, and we use the same
notation for it. A domain with this description is indeed desirable for consideration
of power series centered at p, as we collect in each orbit of Γ the points closest
to p.
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2.2 Modular Forms and Power Series Expansions
A (holomorphic) modular form of weight k ∈ 2Z≥0 for Γ is a holomorphic map
f : H → C with the property that
f (gz) = j (g, z)k f (z)

(2.2)

for all g = ±( ac db ) ∈ Γ where j (g, z) = cz + d. (Note that although the matrix is
only defined up to sign, the expression j (g, z)k is well-defined since k is even. Our
methods would extend in a natural way to forms of odd weight with character on
subgroups of SL2 (R), but for simplicity we do not consider them here.) Let Mk (Γ )
be the finite-dimensional
C-vector space of modular forms of weight k for Γ , and
4
let M(Γ ) = k Mk (Γ ) be the ring of modular forms for Γ under multiplication.
A function f : H → C is said to be nearly holomorphic if it is of the form
f (z) =

m

fd (z)
(z − z)d
d=0

where each fd : H → C is holomorphic. A nearly holomorphic function is real
analytic. A nearly holomorphic modular form of weight k ∈ 2Z≥0 for Γ is a nearly
holomorphic function f : H → C that transforms under Γ as in (2.2). Let Mk∗ (Γ )
be the C-vector
4space of nearly holomorphic modular forms of weight k for Γ and
let M ∗ (Γ ) = k Mk∗ (Γ ); then Mk (Γ ) ⊆ Mk∗ (Γ ).
Via the identification of the upper half-plane with the unit disc, we can consider
a modular form f also as a function on the unit disc. The transformation property
(2.2) of g ∈ Γ is then described by

f (gz) = (cz + d) f (z) =
k

(cp + d)w − (p + d)
w−1

k
f (z)

(2.3)

where z = z(w).
Let f be a modular form of weight k for Γ . Since f is holomorphic in D, it has
a power series expansion
f (z) = (1 − w)k

∞


bn w n

(2.4)

n=0

with bn ∈ C and w = w(z), convergent in D and uniformly convergent on any compact subset.
The coefficients bn , like the usual Taylor coefficients, are related to derivatives
of f as follows. Define the Shimura-Maass differential operator
∗
(Γ )
∂k : Mk∗ (Γ ) −→ Mk+2
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1
d
k
+
.
∂k =
2πi dz z − z

∗ (Γ ) is only nearly holomorphic;
Even if f ∈ Mk (Γ ) is holomorphic, ∂k f ∈ Mk+2
∗
indeed, the ring M (Γ ) of nearly holomorphic modular forms is the smallest ring of
functions which contains the ring of holomorphic forms M(Γ ) and is closed under
the Shimura-Maass differential operators. For n ≥ 0 let

∂kn = ∂k+2(n−1) ◦ · · · ◦ ∂k+2 ◦ ∂k ,
and abbreviate ∂ n = ∂kn . We have the following proposition, proven by induction:
see e.g. Zagier [Zag08, Proposition 17] (but note the sign error!).
Lemma 2.2 Let f : H → C be holomorphic at p ∈ H . Then f admits the series
expansion (2.4) in a neighborhood of p with
bn =

(∂ n f )(p)
(−4πy)n
n!

where y = Im(p).
Remark 2.3 This expression of the coefficients bn in terms of derivatives implies
that they can also be given as (essentially) the constant terms of a sequence of polynomials satisfying a recurrence relation, arising from the differential structure on
M ∗ (Γ ): see Rodriguez-Villegas and Zagier [RZ93, §§6–7] and Zagier [Zag08, §5.4,
§6.3], who carry this out for finite index subgroups of SL2 (Z), and more recent work
of Baba and Granath [BG12].
The expression for the regular derivative
Dn =

dn
1
(2πi)n dzn

in terms of ∂ n is given in terms of Laguerre polynomials: see Rodriguez-Villegas
and Zagier [RZ93, §2], Zagier [Zag08, (56)–(57)], or O’Sullivan and Risager
[O’SR13, Proposition 3.1].
Lemma 2.4 We have
∂ nf =

n  

n (k + r)n−r r
D f,
r (−4πy)n−r
r=0

and

 
n

n−r n (k + r)n−r r
D f=
(−1)
∂ f
r (−4πy)n−r
n

r=0

where y = Im(p) and (a)m = a(a + 1) · · · (a + m − 1) is the Pochhammer symbol.

Property of The Mathematics Center Heidelberg - © Springer 2014

Computing Power Series Expansions of Modular Forms

J. Voight and J. Willis

2.3 Arithmetic Fuchsian Groups
Among the Fuchsian groups we consider, of particular interest are the arithmetic
Fuchsian groups. A basic reference is Vignéras [Vig80]; see also work of the first
author [Voi] for an algorithmic perspective.
Let F be a number field with ring of integers ZF . A quaternion algebra B over
F is an F -algebra with generators α, β ∈ B such that
α 2 = a,

β 2 = b,

βα = −αβ

with a, b ∈ F × ; such an algebra is denoted


a, b
.
B=
F
Let B be a quaternion algebra over F . Then B has a unique (anti-)involution
: B → B such that the reduced norm nrd(γ ) = γ γ belongs to F for all γ ∈ B.
A place v of F is split or ramified according as Bv = B ⊗F Fv ∼
= M2 (Fv ) or not,
where Fv denotes the completion at v. The set S of ramified places of B is finite
and of even cardinality, and the product D of all finite ramified places is called the
discriminant of B.
Now suppose that F is a totally real field and that B has a unique split real
place v ∈
/ S corresponding to ι∞ : B → B ⊗ Fv ∼
= M2 (R). An order O ⊂ B is a
subring with F O = B that is finitely generated as a ZF -submodule. Let O ⊂ B be
an order and let O1∗ denote the group of units of reduced norm 1 in O. Then the
group Γ B (1) = ι∞ (O1∗ /{±1}) ⊂ PSL2 (R) is a Fuchsian group [Kat92, §§5.2–5.3].
An arithmetic Fuchsian group Γ is a Fuchsian group commensurable with Γ B (1)
for some choice of B. One can, for instance, recover the usual modular groups in
this way, taking F = Q, O = M2 (Z) ⊂ M2 (Q) = B, and Γ ⊂ PSL2 (Z) a subgroup
of finite index. An arithmetic Fuchsian group Γ is cofinite and even cocompact, as
long as B ∼
 M2 (Q), which we will further assume. In particular, the fundamental
=
domain algorithm of Theorem 2.1 applies.
Let N be an ideal of ZF coprime to D. Define

O(N)×
1 = γ ∈ O | γ ≡ 1 (mod NO)
B
and let Γ B (N) = ι∞ (O(N)×
1 ). A Fuchsian group Γ commensurable with Γ (1) is
congruence if it contains Γ B (N) for some N.
The space Mk (Γ ) has an action of Hecke operators Tp indexed by the prime
ideals p  DN that belong to the principal class in the narrow class group of ZF .
(More generally, one must consider a direct sum of such spaces indexed by the
narrow class group of F .) The Hecke operators can be understood as averaging
over sublattices, via correspondences, or in terms of double cosets; for a detailed
algorithmic discussion in this context and further references, see work of Greenberg
and the first author [GV11] and Dembélé and the first author [DV]. The operators
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Tp are semisimple and pairwise commute so there exists a basis of simultaneous
eigenforms in Mk (Γ ) for all Tp .
Let K be a totally imaginary quadratic extension of F that embeds in B, and let
ν ∈ B be such that F (ν) ∼
= K. Let p ∈ H be a fixed point of ι∞ (ν). Then we say p
is a CM point for K.
Theorem 2.5 There exists Ω ∈ C× such that for every CM point p for K, every congruence subgroup Γ commensurable with Γ B (1), and every eigenform
×
f ∈ Mk (Γ ) with f (p) ∈ Q , we have
(∂ n f )(p)
∈Q
Ω 2n
for all n ∈ Z≥0 .
The work of Shimura on this general theme of arithmetic aspects of analytic
functions is vast. For a “raw and elementary” presentation, see his work [Shi75,
Main Theorem I] on the algebraicity of CM points of derivatives of Hilbert modular forms with algebraic Fourier coefficients. He then developed this theme with
its connection to theta functions by a more detailed investigation of derivatives of
theta functions [Shi77]. For the statement above, see his further work on the relationship between the periods of abelian varieties with complex multiplications and
the derivatives of automorphic forms [Shi79, Theorem 7.6]. However, these few references barely scratch the surface of this work, and we refer the interested reader to
Shimura’s collected works [Shi02] for a more complete treatment.
×
Note that Ω is unique only up to multiplication by an element of Q . When
F = Q, the period Ω = ΩK can be taken as the Chowla-Selberg period associated
to the imaginary quadratic field K, given in terms of a product of values of the
Γ -function [Zag08, (97)]. (The Chowla-Selberg theory becomes much more complicated over a general totally real field; see e.g. Moreno [Mor83].) In the case where
q-expansions are available, one typically normalizes the form f to have algebraic
Fourier coefficients, in which case f (p) ∈ Ω k Q; for modular forms on Shimura
curves, it seems natural instead to normalize the function so that its values at CM
points for K are algebraic.
For the rest of this section, suppose that Γ is a congruence arithmetic Fuchsian
group containing Γ B (N). Then from Lemma 2.2, we see that if f ∈ Mk (Γ ) and as
in Theorem 2.5, then the power series (2.4) at a CM point p can be rewritten as
f (z) = f (p)(1 − w)k

∞

cn
n=0

n!

(Θw)n

(2.5)

where
Θ = −4πy

(∂f )(p) b1
= ,
f (p)
b0

(2.6)
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(assuming b0 = 0) and


 
(∂ n f )(p) f (p) n
1 bn b0 n
=
∈Q
cn =
f (p)
(∂f )(p)
n! b0 b1

(2.7)

are algebraic. In Sect. 3, when these hypotheses apply, we will use this extra condition to verify that our results are correct.
Remark 2.6 Returning to Remark 2.3, for a congruence group Γ , it follows that
once we have computed just a finite number of the coefficients cn for a finite generating set of M(Γ ) to large enough precision to recognize them algebraically and
thus exactly, following Zagier we can compute the differential structure of M(Γ )
and thereby compute exactly all coefficients of all forms in M(Γ ) rapidly. It would
be very interesting, and quite powerful, to carry out this idea in a general context.

3 Numerical Method
In this section, we exhibit our method to compute the finite-dimensional space of
(holomorphic) modular forms Mk (Γ ) of weight k ∈ 2Z≥0 for a cocompact Fuchsian
group Γ . Since the only forms of weight 0 are constant, we assume k > 0.
Remark 3.1 To obtain meromorphic modular forms of weight 0 (for example) we
can take ratios of holomorphic modular forms of the same weight k. Or, alternatively, since the Shimura-Maass derivative of a meromorphic modular form of
weight 0 is in fact meromorphic of weight 2 (k = 0 in the definition), it follows that
the antiderivative of a meromorphic modular form of weight 2 is meromorphic of
weight 0.
This method can also be extended to include spaces of meromorphic modular functions (k = 0) with poles of bounded order at specified points, and thereby
compute spaces of global sections of line bundles and give a complete computable
Riemann-Roch theory.
Let ε > 0 be the desired precision in the numerical approximations. We write
x ≈ y to mean approximately equal (to precision ε); we leave the task of making
these approximations rigorous as future work. Let p ∈ H satisfy Γp = {1} and let
D = D(p) ⊂ D be the Dirichlet domain centered at p as in Theorem 2.1, equipped
with an algorithm that given a point w ∈ D computes g ∈ Γ such that w  = gw ∈ D.
Let

 = (D) = max |w| | w ∈ D
be the radius of D.
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3.1 Approximation by a Polynomial
The series expansion (2.4) for a form f ∈ Mk (Γ ) converges in the unit disc D and
its radius of convergence is 1. To estimate the degree of a polynomial approximation
for f valid in D to precision ε, we need to estimate the sizes of the coefficients bn .
We observe in some experiments that the coefficients are roughly bounded. If we
take this as a heuristic, assuming |bn | ≤ 1 for all n, then the approximation
f (z) ≈ fN (z) = (1 − w)k

N


bn w n

n=0

is valid for all |w| ≤  with

;
log(ε)
.
N=
log 
:

(3.1)

Remark 3.2 As mentioned in the introduction, if p is a CM point and f is an
eigenform for a congruence group, then the coefficient bn is related to the central
critical value of the Rankin-Selberg L-function L(s, f ×θ n ), where θ is the modular
form associated to a Hecke character for the CM extension given by p. Therefore,
the best possible bounds on these coefficients will involve (sub)convexity bounds
for these central L-values (in addition to estimates for the other explicit factors that
appear).
In practice, we simply increase N in two successive runs and compare the results
in order to be convinced of their accuracy. Indeed, a posteriori, we can go back using
the computed coefficients to give a better estimate on their growth and normalize
them so that the boundedness assumption is valid. In this way, we only use this
guess for N in a weak way.

3.2 Relations from Automorphy
The basic idea now is to use the modularity of f , given by (2.2), at points inside and
outside the fundamental domain to obtain relations on the coefficients bn .
For any point w ∈ D with |w| ≤  and z = z(w), we can compute g ∈ Γ such
that w = gw ∈ D; letting z = z(w  ), by the modularity of f we have
 
 
fN z ≈ f z = j (g, z)k f (z) ≈ j (g, z)k fN (z)
so
N
N

k 
 n

bn w  ≈ j (g, z)k (1 − w)k
bn w n
1 − w
n=0

n=0

(3.2)
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and thus
N


Kna (w)bn ≈ 0

(3.3)

n=0

where (“a” for automorphy)
k  n

Kna (w) = j (g, z)k (1 − w)k w n − 1 − w  w  .

(3.4)

If w does not belong to the fundamental domain D, so that g = 1, then this imposes
a nontrivial relation on the coefficients bn . With enough relations, we then use linear
algebra to recover the coefficients bn .
Remark 3.3 In practice, it is better to work not with f (z) but instead the normalized
function

k/2
fnorm (z) = f (z) Im(z)
since then we have the transformation formula



k/2
Im(z) k/2
= j (g, z)k f (z)
fnorm (gz) = f (gz) Im(gz)
|cz + d|2


j (g, z) k
=
fnorm (z)
|j (g, z)|

(3.5)

and the automorphy factor has absolute value 1. In particular, fnorm is bounded on
D (since it is bounded on the fundamental domain D), so working with fnorm yields
better numerical stability if  is large, since then the contribution from the automorphy factor may otherwise be quite large. Although fnorm is no longer holomorphic,
this does not affect the above method in any way.

3.3 Using the Cauchy Integral Formula
An alternative way to obtain the coefficients bn is to use the Cauchy integral formula: for n ≥ 0, we have
E
f (z)
1
bn =
dw
2πi
w n+1 (1 − w)k
with the integral a simple contour around 0. If we take this contour to be a circle
of radius R ≥ , then again using automorphy, Cauchy’s integral is equivalent to
one evaluated along a path in D where the approximation f (z) ≈ fN (z) holds;
then using techniques of numerical integration we obtain a nontrivial linear relation
among the coefficients bn .
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The simplest version of this technique arises by using simple Riemann summation. Letting w = eiθ and dw = ieiθ dθ , we have
bn =

1
2π

!

2π

f (eiθ )
(eiθ )n (1 − eiθ )k

0

dθ ;

 =
again breaking up [0, 2π] into Q ∈ Z≥3 intervals, letting wm = e2πmi/Q and wm



gm wm with wm ∈ D, and zm = z(p; wm ) and zm = z(p; wm ), we obtain

bn ≈

Q
Q
 )
f (zm )
1 
1  j (gm , zm )−k fN (zm
≈
n
k
n
k
Q
wm (1 − wm )
Q
wm (1 − wm )
m=1

m=1

and expanding fN (z) we obtain
bn ≈

N


c
Knr
br

(3.6)

r=0

where (“c” for Cauchy)
c
Knr
=

Q

1  j (gm , zm )−k   r 
 k
w m 1 − wm
n
k
Q
wm (1 − wm )
m=1

with an error in the approximation that is small if Q is large. The matrix K c with enc , with rows indexed by n = 0, . . . , N and columns indexed by r = 0, . . . , N ,
tries Knr
is obtained from (3.6) by a matrix multiplication:
QK c = J W 

(3.7)

where J is the matrix with entries
Jnm =

j (gm , zm )−k
n (1 − w )k
wm
m

(3.8)

with 0 ≤ n ≤ N and 1 ≤ m ≤ Q and W  is the Vandermonde matrix with entries

  r 

 k
Wmr
1 − wm
= wm
with 1 ≤ m ≤ Q and 0 ≤ r ≤ N . The matrices J and W  are fast to compute, so
computing K c comes essentially at the cost of one matrix multiplication. The column vector b with entries bn satisfies K c b ≈ b, so b is approximately in the kernel
of K c − 1.
n in the denominator of (3.8) domiRemark 3.4 For large values of n, the term wm
nates and creates numerical instability. Therefore, instead of solving for the coeffi-
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cients bn we write bn = bn n and
∞


f (z) = (1 − w)

k

bn (w/)n

n=0

and solve for the coefficients bn . This replaces wm by wm / with absolute value 1.
c − 1) so that the coefficient of
We then further scale the relation (3.6) by 1/(Knn
bn in the relation is equal to 1; in practice, we observe that the largest entry in
absolute value in the matrix of relations occurs along the diagonal, yielding quite
good numerical stability.
Better still is to use Simpson’s rule: Break up the interval [0, 2π ] into 2Q + 1 ∈
Z≥3 intervals of equal length. With the same notation as above we then have
bn ≈

Q 

 )
)
j (g2m , z2m )−k fN (w2m
1  j (g2m−1 , z2m−1 )−k fN (w2m−1
+
4
n
n (1 − w )k
6Q
w2m−1
(1 − w2m−1 )k
w2m
2m
m=1

+


j (g2m+1 , z2m+1 )−k fN (w2m+1
)
n
w2m+1
(1 − w2m+1 )k


.

(3.9)

We obtain relations analogous to (3.6) and (3.7) in a similar way, the latter as a sum
over three factored matrices. Then we have
bn ≈

N


Lcnr br ,

r=0

where
Lcnr

Q 
r
1  j (g2m−1 , z2m−1 )− k  
j (g2m , z2m )− k   r
w
=
+
4
n
n (1 − w )k w2m
6Q
w2m−1
(1 − w2m−1 )k 2m−1
w2m
2m
m=1

r
j (g2m+1 , z2m+1 )− k  
w2m+1
+ n
.
k
w2m+1 (1 − w2m+1 )

Then, letting Lc denote the matrix formed by Lcnr with rows indexed by n and
columns indexed by r, we have that Lc b ≈ b, where b is the column vector having
as its entries the bn , and hence b is in the numerical kernel of Lc − 1.
Simpson’s rule is fast to evaluate and gives quite accurate results and so is quite
suitable for our purposes. In very high precision, one could instead use more advanced techniques for numerical integration; each integral in D can be broken up
into a finite sum with contours given by geodesics.
Remark 3.5 The coefficients bn for n > N are approximately determined by the
coefficients bn for n ≤ N by the relation (3.6). In this way, they can be computed
using integration and without any further linear algebra step.
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3.4 Hecke Operators
In the special situation where Γ is a congruence arithmetic Fuchsian group, we can
impose additional linear relations on eigenforms by using the action of the Hecke
operators, as follows.
We use the notation introduced in Sect. 1. Suppose that f is an eigenform for Γ
(still of weight k) with Γ of level N. Let p be a nonzero prime of ZF with p  DN.
Using methods of Greenberg and the first author [GV11], we can compute for every
prime p  DN the Hecke eigenvalue ap of an eigenform f using explicit methods in
group cohomology.
In particular, for each p we compute elements π1 , . . . , πq ∈ PSL2 (K) ⊂ PSL2 (R)
with q = Np + 1 so that the action of the Hecke operator Tp is given by
(Tp f )(z) =

q


j (πi , z)−k f (πi z) = ap f (z).

(3.10)

i=1

Taking z = p, for example, and writing wp,i = w(πi p) for i = 1, . . . , q and
 = g w ∈ D as before, we obtain
wp,i
i i
ap f (0) ≈

q


  
.
j (πi , p)−k j (gi , wp,i )−k f zp,i

i=1

Expanding f as a series in w as before, we find
ap f (0) ≈

N


Knh bn

(3.11)

n=0

where (“h” for Hecke)
Knh =

q



k   n

wp,i .
j (πi , p)−k j (gi , wp,i )−k 1 − wp,i

i=1

One could equally well consider the relations induced by plugging in other values
of z, but in our experience they are not especially numerically stable; rather, we use
a few Hecke operators to isolate a one-dimensional subspace in combination with
those relations coming from modularity.
Remark 3.6 Alternatively, having computed the space Mk (Γ ), one could turn this
idea around and use the above relations to compute the action of the Hecke operators
purely analytically! For each f in a basis for Mk (Γ ), we evaluate Tp f at enough
points to write Tp f in terms of the basis, thereby giving the action of Tp on Mk (Γ ).
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3.5 Derivatives
Thus far, to encode the desired relationships on the coefficients, we have used the
action of the group (i.e. automorphy) and Hecke operators. We may obtain further
relationships obtained from the Shimura-Maass derivatives. The following lemma
describes the action of ∂ on power series expansions (see also Datskovsky and
Guerzhoy [DG08, Proposition 2]).
Lemma 3.7 Let f ∈ Mk (Γ ) and p ∈ H . Then
m  

 m 
m (m + r)k−r sm−r (w)
∂ f (z) =
(1 − w)k+2r
r
(4π)m−r
r=0

·

∞

(∂ n+r f )(p)
n=0

n!

(−4πy)n w n

where y = Im(p) and
sn (w) =

 
n

n (1 − w)t
(−1)n−t
.
t y t Im(z)n−t
t=0

Proof The result holds for m = 1 by Lemma 2.2. Now suppose that the lemma holds
up to some positive integer m ≥ 1. We have


 m+1 
 m 
1 d
k + 2m  m 
∂
f (z) = ∂k+2m ∂ f (z) =
−
∂ f (z).
2πi dz 4π Im(z)
Hence, after substituting for (∂ m f )(z) and observing that dw/dz = (1 − w)2 /2iy,
we obtain an expression for (∂ m+1 f )(z), in which we observe that for all n ∈ Z≥0
(
 
'
n
(1 − w)t t (1 − w)
1 dsn (w)
1 
n−t
n−t n
(−1)
=
+
.
t y t Im(z)n−t
2π i dz
4π
y
Im(z)
t=0

Utilizing this in conjunction with
1 dsm−r (w) (k + 2r)sm−r (w)(1 − w) (k + 2m)sm−r (w)
+
−
2π i
dz
4πy
4π Im(z)
=

(k + m + r)sm+1−r (w)
,
4π

we obtain the result for ∂ m+1 , from which the result follows by induction.



For an eigenform f ∈ Mk (Γ ), we can further use the Hecke operators in conjunction with the Shimura-Maass derivatives.
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Proposition 3.8 (Beyerl, James, Trentacose, Xue) ([BJTX12]) Let f ∈ Mk (Γ ).
Then ∂km (f ) is a Hecke eigenform if and only if f is and eigenform; if so, and
an is the eigenvalue of Tn associated to f , then the eigenvalue of Tn associated to
∂km (f ) is nm an .

3.6 Computing the Numerical Kernel
Following the previous subsections, we assemble linear relations into a matrix A
with M rows and N + 1 columns such that Ab ≈ 0. We now turn to compute the
numerical kernel of A. We may assume that M ≥ N but do not necessarily require
that M = N .
Suppose first we are in the case where the space of forms of interest is onedimensional. This happens when, for example, X = Γ \H has genus g = 1 and
k = 2; one can also arrange for this as in the previous section by adding linear relations coming from Hecke operators. Then since 0 always belongs to the numerical
kernel, we can dehomogenize by setting b0 = 0; then letting A be the M × N matrix
consisting of all columns of A but the first column, let b be the column vector with
unknown entries b1 , . . . , bN , and let a be the first column of A. Then A b = −a, and
we can apply any numerically stable linear algebra method, an LU decomposition
for example, to find a (least-squares) solution.
There is a more general method to compute the entire numerical kernel of A
which yields more information about the numerical stability of the computation.
Namely, we compute the singular value decomposition (SVD) of the matrix A, writing
A = U SV ∗
where U and V are M × M and (N + 1) × (N + 1) unitary matrices and S is
diagonal, where V ∗ denotes the conjugate transpose of V . The diagonal entries of
the matrix S are the singular values of A, the square roots of the eigenvalues of
A∗ A, and may be taken to occur in decreasing magnitude. Singular values that are
approximately zero correspond to column vectors of V that are in the numerical
kernel of A, and one expects to have found a good quality numerical kernel if the
other singular values are not too small.

3.7 Confirming the Output
We have already mentioned several ways to confirm that the output looks correct.
The first is to simply decrease ε and see if the coefficients bn converge. The second
is to look at the singular values to see that the approximately nonzero eigenvalues
are sufficiently large (or better yet, that the dimension of the numerical kernel is
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equal to the dimension of the space Mk (Γ ), when it can be computed using other
formulas).
More seriously, we can also check that the modularity relations (3.3) hold for a
point w ∈ D with |w| ≤  but w ∈
/ D. (Such points always exist as the fundamental
domain D is hyperbolically convex.) This test is quick and already convincingly
shows that the computed expansion transforms like a modular form of weight k.
Finally, when f is an eigenform for a congruence group Γ , we can check that f
is indeed numerically an eigenform (with the right eigenvalues) and that the coefficients, when normalized as (2.5), appear to be algebraic using the LLL-algorithm
[LLL82].

4 Results
In this section, we present four examples to demonstrate our method.

4.1 Example 1
We begin by computing with a classical modular form so that we can use its qexpansion to verify that the power series expansion is correct. However, our method
does not work well in this non-cocompact situation, so we prepare ourselves for
poor accuracy.
Let f ∈ S2 (Γ0 (11)) be the unique normalized eigenform of weight 2 and level
11, defined by
f (z) = q

∞



1 − qn

2 

1 − q 11n

2

= q − 2q 2 − q 3 + 2q 4 + · · · =

n=1

∞


an q n

n=1

where q√= e2πiz . We choose a CM point (Heegner point) for Γ0 (11)
√ for the field
K = Q( −7) with absolute discriminant d = 7, namely p = (−9 + −7)/22.
We find the power series expansion (2.4) written (2.5) directly using Lemmas 2.2
and 2.4: we obtain
f (z) = (1 − w)2

∞

n=0

bn w n = f (p)(1 − w)2

∞

cn
n=0

n!

(Θw)n


√
123
5
= − 3 + 4 −7Ω 2 (1 − w)2 1 + Θω + (Θw)2 −
(Θw)3
2!
3!

59
6435
4
5
− (Θw) −
(Θw) + · · ·
4!
5!
F
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Fig. 1 A fundamental
domain for the modular curve
X0 (11)

where

√
(∂f )(p) −4 + 2 −7
Θ = −4πy
=
πΩ 2
f (p)
11

(4.1)

and
1

Ω=√
2dπ

d−1


1/2h(d)
(−d/j )

Γ (j/d)

j =1



Γ (1/7)Γ (2/7)Γ (4/7) 1/2
1
=√
= 0.5004912 . . . ,
14π Γ (3/7)Γ (5/7)Γ (6/7)
7
√
and − 3 + 4 −7 = −2.6457513 . . . + 2i. The coefficients cn are found always to
be integers, and so are obtained by rounding the result obtained by numerical approximation; however, we do not know if this integrality result is a theorem, and
consequently this expansion for f is for the moment only an experimental observation.
We now apply our method and compare. We first compute a fundamental domain
for Γ0 (11) with center p, shown in Fig. 1.
Now we take ε = 10−20 . In this situation, the fundamental domain is not compact, so we must adapt our method. We choose a radius  for which the image
under Γ0 (11) to the fundamental domain will yield nontrivial relations; we choose
 = 0.85. Then by (3.1), we may take N = 300 (adding some for good measure) for
the estimate f (z) ≈ fN (z) whenever |w(z)| ≤ .
We compute the relations (3.6) from the Cauchy integral formula for radius
R, and we add the relations (3.11) coming from Hecke operators for the primes
2, 3, 5, 7, 13. (The fact that the image of a point in the fundamental domain under
the Hecke operators can escape to a point in the fundamental domain but with radius
> R precludes the further use of higher Hecke operators.)
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We compute the SVD of this matrix of relations and find the smallest singular
value to be < ε; the next largest singular value is only 4 times as large, so also
arguably negligible.
In any case, the associated element of the numerical
kernel corresponding to the


w n with
b
smallest singular value yields a series (1 − w)k N
n
n=0
R n |
bn − bn | < 10−9
for the first 10 coefficients but increasingly inaccurate for n moderate to large. Given
that we expected unsatisfactory numerical results, this test at least indicates that
our matrix of relations (coming from both the Cauchy integral formula and Hecke
operators) passes one sanity check.

4.2 Example 2
For a comparison, we now consider the well-studied example arising from the
(2, 4, 6)-triangle group associated to the quaternion algebra of discriminant 6, referenced in the introduction.
We follow Bayer [Bay02], Bayer and Travesa [BT07, BT08], and Baba and
Granath [BG12]; for further detail, we refer to these articles.
Let


3, −1
B=
Q
be the quaternion algebra of discriminant 6 over the rationals Q, so that α 2 = 3,
β 2 = −1, and βα = −αβ. A maximal order O ⊆ B is given by
O = Z ⊕ αZ ⊕ βZ ⊕ δZ
where δ = (1 + α + β + αβ)/2. We have the splitting
ι∞ : B → M2 (R)
 

√
0 1
3
0
√
,
.
α, β −→
−1 0
0 − 3
Let Γ = ι∞ (O1× )/{±1}. Then Γ is a group of signature (0; 2, 2, 3, 3) which is
an index 4 normal subgroup in the triangle group


Δ(2, 4, 6) = γ2 , γ4 , γ6 | γ22 = γ44 = γ66 = γ2 γ4 γ6 = 1 .
The point

√
p=

6−
2

√
2

i
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Fig. 2 A fundamental
domain for the Shimura curve
X associated to a maximal
order in the quaternion
algebra of discriminant 6
over Q

is a CM point of absolute discriminant d = 24. The Dirichlet fundamental domain
D(p) is then given in Fig. 2. (A slightly different fundamental domain, emphasizing
the relationship to the triangle group Δ(2, 4, 6), is considered by the other authors.)
We have  = 0.447213 . . . .
We consider the space S4 (Γ ) of modular forms for Γ of weight 4; by RiemannRoch, this space has dimension 1 and so is generated by a modular form P ∈ S4 (Γ )
with expansion

√
√

45 1
5 1
4
4 1
P (z) = −3(2 − 3)Ω (1 − w)
+
(Θw)2 −
(Θw)4
12 12 2!
8 4!

555 1
57165 1
6
8
+
(4.2)
(Θw) +
(Θw) + · · ·
4 6!
8 8!
where Θ = −4πΩ 2 and
1

Ω=√
2dπ

d−1


1/2h(d)
(−d/j )

Γ (j/d)

= 0.321211772390 . . .

j =1

with d = 24.
√ √
Remark 4.1 The algebraic factor y = Im(p) = 2( 3−1)/2 need not be multipled
in the period Θ, as expected by (2.5), to obtain coefficients defined over Q.
We present the algorithm using the formulas obtained from Simpson’s rule. Let
K c be the (N + 1) × (N + 1) matrix obtained from Simpson’s rule. We then take
a square N × N submatrix of full rank and set k0 to be the removed row vector to
obtain a system Ab = k0 ; we wish to solve for b. An LU decomposition and back
substitution is then used to obtain coefficients bn normalized so that b0 = 1. Let
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Table 1 Example 2 results

|b1,exact − b1 |

maxn n |bn,exact − bn |

35

10−13

10−13

70

10−23

10−22

140

10−47

10−47

N

bn,exact denote the exact coefficients in (4.2) above, renormalized so that b0,exact = 1.
We set Q = 2N as this choice provides a good approximation to the integral. Then
we obtain the errors displayed in Table 1.
We find that with a fixed radius, we obtain better precision in the answer as N
is increased. That is, the results are completely determined, for a fixed radius and
precision, by the degree of the approximating polynomial.
Remark 4.2 In contrast to the non-cocompact case, there is no gain in the accuracy
of the results from taking a larger radius. Hence it suffices to fix the radius .

4.3 Example 3
Next, we work with an arithmetic group over a totally real field, and compute the
image of a CM point√under the Shimura curve parametrization of an elliptic curve.
Let F = Q(a) = Q( 5) where a 2 + a − 1 = 0, and let ZF be its ring of integers.
Let p = (5a + 2), so
√N p = 31. Let B be the quaternion algebra ramified at p and the
real place sending 5 to its positive real root: we take


a, 5a + 2
B=
.
F
We consider F → R embedded by the second real place, so
√
a = (1 − 5)/2 = −0.618033 . . . .
A maximal order O ⊂ B is given by
O = ZF ⊕ ZF α ⊕ ZF

a + aα − β
(a − 1) + aα − αβ
⊕ ZF
.
2
2

Let ι∞ be the splitting at the other real place given by
ι∞ : B → M2 (R)

√  √
0
a
5a + 2
α, β −→ √
,
a 0
0


√0
.
− 5a + 2

Let Γ = ι∞ (O1× )/{±1} ⊆ PSL2 (R). Then Γ has hyperbolic area 1 (normalized so
that an ideal triangle has area 1/2) and signature (1; 22 ), so X = Γ \H can be given

Property of The Mathematics Center Heidelberg - © Springer 2014

352

353

Fig. 3 A fundamental
domain for the Shimura curve
X associated to a maximal
order in the quaternion
algebra ramified at a prime
above 31 and the first
√ real
place over F = Q( 5)

the structure of a compact Riemann surface of genus 1. Consequently, the space
S2 (Γ ) of modular forms on Γ of weight 2 is 1-dimensional, and it is this space that
we will compute. √
The field K = F ( −7) embeds in O with
a+2
3a − 5
1 5a + 10
α−
β+
αβ ∈ O
μ=− −
2
2
2
2
ZK the maximal order with class number 1.
satisfying μ2 + μ + 2 = 0 and ZF [μ] = √
We take p = −3.1653 . . . + 1.41783 . . . −1 ∈ H to be the fixed point of μ, a CM
point of discriminant −7.
We compute a Dirichlet fundamental domain D(p) for Γ as in Fig. 3.
We have  = 0.71807 . . . so for ε = 10−20 we take N = 150, and we take R =
0.8. As S2 (Γ ) is 1-dimensional, we use only the relations coming from the Cauchy
integral formula (3.6) and reserve the relations from the Hecke operators as a check.
The (N +1)×(N +1)-matrix has largest singular value 4.01413 . . . and one singular
value which is < ε—the next largest singular value is 0.499377 . . . , showing that the
numerical kernel is one-dimensional.
Computing this kernel, we find numerically that

8064a + 13038
70a + 114
2
f (z) = (1 − w) 1 + (Θw) −
(Θw)2 −
(Θw)3
2!
3!
174888a + 282972
13266960a + 21466440
(Θw)4 −
(Θw)5
4!
5!
1826784288a + 2955799224
−
(Θw)6
6!

2388004416a + 3863871648
−
(Θw)7 + · · ·
7!
+

(4.3)
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Fig. 4 A fundamental
domain for the Shimura curve
X associated to a maximal
order in the quaternion
algebra ramified at a prime
above 31 and the second
real
√
place over F = Q( 5)

where
√
Θ = 0.046218579529208499918 . . . − 0.075987317531832568351 . . . −1
is a period akin to (4.1) and related to the CM abelian variety associated to the
point p. (We do not have a good way to scale the function f , so we simply choose
f (p) = 1.) The apparent integrality of the numerators allows the LLL-algorithm to
identify these algebraic numbers even with such low precision.
We then also numerically verify (to precision ε) that this function is an eigenfunction for the Hecke operators for all primes l with N l < 30. This gives convincing
evidence that our function is correct.
We further compute the other embedding of this form by repeating the above
computation with conjugate data: we take an algebra ramified at p and the other real
place. We find the following fundamental domain in Fig. 4.
A similar computation yields a matrix of relations with a one-dimensional numerical kernel whose corresponding expansion has coefficients which agree with
the conjugates
of those in (4.3) under a → −(a + 1), the generator of the group
√
Gal(Q( 5)/Q).
Next, we identify the equation of the Jacobian J of the curve X by computing
the associated periods. We first identify the group Γ using the sidepairing relations
coming from the computation of D(p) [Voi09]:


Γ ∼
= γ1 , γ2 , δ1 , δ2 | δ12 = δ22 = γ1−1 γ2−1 δ1 γ1 γ2 δ2 = 1
where
a + 2 2a + 3
a+1
−
α+
αβ, and
2
2
2
2a + 3 7a + 10
a+2
+
α+
β − (3a + 5)αβ
γ2 =
2
2
2

γ1 =
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generate the free part of the maximal abelian quotient of Γ . The elements γ1 , γ2
identify vertices: v2 → v5 = γ1 (v2 ) and v8 → v2 = γ2 (v8 ). Therefore, we compute
two independent periods ω1 , ω2 (up to scaling)
!
ω1 =

v5

v2

!
ω2 =

N

 bn
dw
n+1
f (z)
≈
w
n+1
(1 − w)2
n=0

v5

v2

= −0.654017 . . . + 0.397799 . . . i
v2

f (z)
v8

dw
= 0.952307 . . . + 0.829145 . . . i.
(1 − w)2

We then compute the j -invariant
j (ω1 /ω2 ) = −18733.423 . . .
=−

11889611722383394a + 8629385062119691
318

and by computing the values of the Eisenstein series E4 (ω1 /ω2 ) and E6 (ω1 /ω2 ), or
by twisting a curve with j -invariant j (ω1 /ω2 ), we identify the elliptic curve J as
y 2 + xy − ay = x 3 − (a − 1)x 2 − (31a + 75)x − (141a + 303).
We did this by recognizing this algebraic number
√ using LLL and then confirming by
computing the conjugate of j under Gal(Q( 5)/Q) as above and recognizing the
trace and norm as rational numbers using simple continued fractions.
√ Happily, we
see that this curve also appears in the tables of elliptic curves over Q( 5) computed
[Dem05, Ste12].
Finally, we compute the image on J of a degree zero divisor on X. The fixed
points w1 , w2 of the two elliptic generators δ1 and δ2 are CM points of discriminant
−4. Let K = F (i) and consider the image of [w1 ] − [w2 ] on J given by the AbelJacobi map as
!

w2

f (z)
w1

dw
≡ −0.177051 . . . − 0.291088 . . . i (mod Λ)
(1 − w)2

where Λ = Zω1 + Zω2 is the period lattice of J . Evaluating the elliptic exponential,
we find the point
(−10.503797 . . . , 5.560915 . . . −44.133005 . . . i) ∈ J (C)
which matches to the precision computed ε = 10−20 the point

Y=

−81a − 118 (358a + 1191)i + (194a + 236)
,
16
64



∈ J (K) ∼
= Z/4Z ⊕ Z
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which generates J (K)/J (K)tors . On the other hand, the Mordell-Weil group of J
over F is in fact torsion, with J (F ) ∼
= Z/2Z, generated by the point


28a + 27 24a + 27
,−
.
4
8

4.4 Example 4
To conclude, we compute the equation of a genus 2 Shimura curve over a totally real
field. (There is nothing special about this curve; we chose it because only it seemed
to provide a nice example.)
√
2
Let F = Q(a) = Q( 13) where
√ w − w − 3 = 0, and let ZF = Z[w] be its ring
of integers. Let p = (2w − 1) = ( 13). We consider the quaternion algebra


w − 2, 2w − 1
B=
F
which is ramified at p and the real place sending
√
1 − 13
a −→
= −1.302775 . . . .
2
We consider F → R embedded by the first real place, so w = (1 +
2.302775 . . . . A maximal order O ⊂ B is given by
O = Z F ⊕ ZF α ⊕ ZF

√

13)/2 =

wα + β
(w + 1) + αβ
⊕ ZF
.
2
2

Let ι∞ be the splitting
ι∞ : B → M2 (R)


√  √
w
2w − 1
0
√ 0
,
.
α, β −→ √
w
0
0
− 2w − 1
Let Γ = ι∞ (O1× )/{±1} ⊆ PSL2 (R). Then Γ has hyperbolic area 2 and signature (2; −), so X = Γ \H can be given the structure of a compact Riemann surface
of genus 2 and S2 (Γ ) is 2-dimensional. We compute [GV11] that this space is irreducible as a Hecke module, represented by a constituent eigenform f with the
following eigenvalues:
p
(w)
(w − 1) (2) (2w − 1) (w + 4) (w − 5) (3w + 1) (3w − 4)
Np
3
3
4
13
17
17
23
23
−2 −1
2e − 4 −2e − 2 −2e + 4 2e + 2
ap (f ) −e + 1 e
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Fig. 5 A fundamental
domain for the Shimura curve
X associated to a maximal
order in the quaternion
algebra ramified at a prime
above 13 and the second
real
√
place over F = Q( 13)

Here, the element e ∈ Q satisfies e2 − e − 5 = 0 and the Hecke eigenvalue field
E = Q(e) has discriminant 21. Let τ ∈ Gal(E/Q) represent the nontrivial element;
then S2 (Γ ) is spanned by f and τ (f ), where ap (τ (f )) = τ (ap (f )).
We compute a Dirichlet fundamental domain D(p) for Γ as in Fig. 5.
We have  = 0.885611 . . . , so for ε = 10−20 we take N = 600. For the form
f and its conjugate τ (f ), we add the implied relations for the Hecke operators to
those from the Cauchy integral. In each case, we find one singular value < ε and the
next largest singular value to be > 0.2, so we have indeed found two 1-dimensional
kernels.
We first consider g = f + τ (f ), and find numerically that

14796288
28496
g(z) = (1 − w)2 1 + 117(Θw) +
(Θw)2 −
(Θw)3
2!
3!
3287025664
1142501867520
(Θw)4 −
(Θw)5
4!
5!

116349452943360
−
(Θw)6 − · · ·
6!
−

where
Θ = 0.008587333922373292375569160851 . . . .
We see in particular that the coefficients are rational numbers.

(4.4)
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√
We then compute h = (f − τ (f ))/ 21 and find
√

7 13
299520
624
2
h(z) =
(1 − w) 0 − (Θw) +
(Θw)2 −
(Θw)3
3
2!
3!
9345024
180255129600
(Θw)4 +
(Θw)5
4!
5!

160373570273280
−
(Θw)6 + · · · .
6!
−

(4.5)

Then, from this basis of differentials, we can use the standard Riemann-Roch
basis argument to compute an equation for the curve X (see e.g. Galbraith [Gal96,
§4]). Let x = g/ h and y = x  / h, where  denotes the derivative with respect to Θw;
then since h has a zero of order 1 at p, the function x has a pole of order 1, and
similarly y has a pole of order 3, therefore by Riemann-Roch we obtain an equation
y 2 = q(x) with q(x) ∈ Q[x]:
y 2 = x 6 + 1950x 5 + 828919x 4 − 122128188x 3 + 3024544159x 2
− 29677133122x + 107045514121.
This curve has a reduced model
y 2 + y = 7x 5 − 84x 4 + 119x 3 + 749x 2 + 938x + 390
and this reduced model has discriminant 2995508600908518877 = 710 139 . √
The curve X over F , however, has good reduction away from D = ( 13)
[Car86]. Indeed, since we don’t know the precise period to normalize √
the forms, we
may inadvertently introduce a factor coming from the field K = F ( −7) of CM
of the point p at which we have expanded these functions as a power series.√
In this
case, our model is off by a quadratic twist coming from the CM field K = F ( −7):
twisting we obtain
X : y 2 + y = x 5 + 12x 4 + 17x 3 − 107x 2 + 134x − 56.

(4.6)

The only automorphism of X is the hyperelliptic involution, so Aut(X) = Z/2Z.
Since F is Galois over Q, has narrow class number 1, and the discriminant D of
B is invariant under Gal(F /Q), it follows from the analysis of Doi and Naganuma
[DN67] that the field of moduli of the curve X is Q. This does not, however, imply
that X admits a model over Q: there is an obstruction in general to a curve of genus
2 to having a model over its field of moduli (Mestre’s obstruction [Mes91], see also
Cardona and Quer [CQ05]). This obstruction apparently vanishes for X; it would be
interesting to understand this phenomenon more generally.
Finally, this method really produces numerically the canonical model of X (equation (4.6) considered over the reflex field F ), in the sense of Shimura [Shi67]. In this
way, we have answered an “intriguing question” of Elkies [Elk98, 5.5].
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Abstract The cohomology of an arithmetic group is built out of certain automorphic forms. This allows computational investigation of these automorphic forms using topological techniques. We discuss recent techniques developed for the explicit
computation of the cohomology of congruence subgroups of GL2 over CM-quartic
and complex cubic number fields as Hecke-modules.

1 Introduction
One aspect of the role of modular forms in number theory is revealed through the
action of Hecke operators. To this end, one is interested in computing this action
explicitly. One approach is to relate these spaces of forms to certain cohomology
groups, and compute the action using topological techniques.
Consider the Eichler-Shimura isomorphism [Hab83], which identifies the cohomology of congruence subgroups of SL2 (Z) with holomorphic modular forms. For
an integer N ≥ 1, we have




H 1 Γ0 (N ); C
H 1 Γ0 (N )\h; C
S2 (N ) ⊕ S 2 (N ) ⊕ Eis(N ),
where Γ0 (N ) ⊆ SL2 (Z) is the congruence subgroup of matrices that are upper triangular modulo N , h is the complex upper half-plane, S2 (N ) is the space of weight
2 holomorphic cusp forms of level N , and Eis 2 (N ) is the space of weight 2 holomorphic Eisenstein series. In this case, one can explicitly compute the Hecke action
on the space of modular forms by exploiting this isomorphism and using the theory
of modular symbols. These symbols are intimately linked with the SL2 (Z)-invariant
tessellation of h by ideal triangles shown in Fig. 1 formed by the SL2 (Z)-translates
of the ideal triangle with vertices 0, 1, and ∞.
One can generalize many of these ideas. Let F be a number field with ring of
integers O. Let G = ResF /Q GLn be the restriction of scalars from F to Q of the
D. Yasaki (B)
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Fig. 1 Tessellation of h by ideal triangles

general linear group. Let G be the group of real points G = G(R) and let X =
G/KAG be the associated symmetric space. Let Γ ⊂ GLn (O) be an congruence
subgroup.
Explicit computations in this context have been carried out in many cases, using
a variety of techniques. For F = Q, see work of Ash-McConnell [AM92a, AM92b]
for n = 3 and Ash-Gunnells-McConnell [AGM02, AGM08, AGM10] for n = 4. For
n = 2, Cremona and his students [Cre84, CW94, Lin05, Byg98] have done computations for complex quadratic fields, Socrates–Whitehouse [SW05] and Dembélé
[Dem05] for real quadratic fields. For n = 2 and F a totally real number field, we
refer to work of Greenberg-Voight [GV11] and the references there.
The symmetric space X can be interpreted as a space of Hermitian forms. The
Voronoi-Koecher polyhedron Π is an infinite polyhedron whose facets correspond
to perfect Hermitian forms, those that are uniquely determined by their minimum
value and their set of minimal vectors. The cones over the facets of Π give rise to a
tessellation of X by ideal polytopes, analogous to the tessellation of h by triangles.
Modular symbols are replaced by elements of the sharbly complex, a resolution of
the Steinberg module [Ash94] that can be used to compute the cohomology of Γ .
By Franke’s proof of Borel’s conjecture [Fra98], one knows that the group cohomology H ∗ (Γ ; C) is built from automorphic forms. Since X is contractible, for
torsion-free Γ the quotient Γ \X is an Eilenberg MacLane space and
H ∗ (Γ ; C)

H ∗ (Γ \X; C).

(1.1)

Thus Franke’s result combined with this isomorphism allows one to investigate automorphic forms attached to Γ by studying cohomology classes for the quotient
Γ \X. The cohomology classes can be computed using topological tools. Since C
is divisible, (1.1) remains true even when Γ has torsion. The Hecke algebra acts
on H ∗ (Γ \X; C), and one wishes to understand the structure of H ∗ (Γ \X; C) as a
Hecke module. Various weight structures correspond to various coefficient modules.
In this paper, we give an overview of techniques developed for computing the
Hecke action using the sharbly complex and a variant of an algorithm described by
Gunnells for subgroups of SL4 (Z) [Gun00], and later developed by both of us in
[GY08, GHY13, GY] for subgroups of GL2 (O), where F is real quadratic, totally
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complex quartic, or mixed signature cubic. We consider only trivial coefficients for
simplicity, but one should be able to extend the method to non-trivial coefficients.
The reduction process described Sect. 3 is not proven to terminate, though in
practice it works well for the examples we compute. We believe that it should work
for other fields F whose unit group is rank 01 or 1. For fields whose unit group
is higher rank, we expect that the Type 0 reduction would need to be modified to
reflect the higher rank.
Since our goal is computationally investigate cuspforms, the choice of n and F
dictate the degree of cohomology that is computed. Specifically, let F be a number
field of degree r + 2s with r real embeddings and s complex conjugate pairs of
complex embeddings. Then X has dimension


n(n + 1)
−1
d = dimR (X) = sn2 + r
2
Work of Borel-Serre [BS73, Theorem 11.4.4] shows that the cohomology vanishes
in degree higher than v = d − (n − 1), the virtual cohomological dimension. The
action of Hecke operators on H v (Γ \X; C) can be described using analogues of
modular symbols. Unfortunately, the cuspidal classes contribute to the cohomology
in a strip centered at middle degree. Sharbly techniques for computing Hecke operators in these deeper cohomology groups are not fully developed. In this paper
we describe one for computing in degree 1 less than the cohomological dimension,
and look at examples of fields F for which the highest cohomological degree where
the cusp forms can contribute is exactly one less than the virtual cohomological
dimension.
Finally, we remark that computation of the Koecher cell complex described in
Sect. 2 is the initial step required in this technique. Though the theory can handle
general number fields F , implementation is more difficult for mixed signature fields.
Also since the dimension of X grows with n and the degree of F , this technique
becomes infeasible for large n or large degree number fields.
The outline of the paper is as follows. In Sect. 2, we describe a technique for
computing an ideal polytopal tessellation of X that is GL2 (O)-stable. The first step
is carrying out a version of explicit reduction theory due to Koecher [Koe60]. This
reduction theory is one generalization of Voronoi’s theory of perfect quadratic forms
[Vor08] to a much broader setting. In Sect. 3, we describe the main step in the
computation of the Hecke operators. Finally, in Sect. 4, we give an overview of
some of the computations that have been done.

2 Voronoi-Koecher Theory
Let F be a number field of degree d = r + 2s with r real embeddings and s complex
conjugate pairs of complex embeddings. Fix a choice of embedding for each pair
1 For

fields whose unit group is rank 0, we do not need reduction Type 0.
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of complex conjugate embeddings, and identify the infinite places of F with its
real embeddings and the fixed choices of complex embeddings. For α ∈ F and an
infinite place v, let αv denote the image of α in the completion Fv . We extend this
notation without further mention to vectors and matrices with coefficients in F .
Let G denote the reductive group G = ResF /Q GL2 so that G(Q) = GL2 (F ). We
identify the group of real points G = G(R) with a product of general linear groups
over the infinite places
G = GL2 (R)r × GL2 (C)s
by extending the map g → (gv ) on G(Q).
For each infinite place v of F , let Vv be the real vector space of 2 × 2 real symmetric (respectively, of complex Hermitian) matrices Sym2 (R) (resp., Herm2 (C))
if v is real (resp., complex). Let Cv be the
corresponding cone
 of positive definite
(resp., positive Hermitian) forms. Put V = v Vv and C = v Cv , where the products are taken over the infinite places of F . We equip V with the inner product

cv Tr(xv yv ),
(2.1)
x, y =
v

where the sum is again taken over the infinite places of F , and cv equals 1 if v is
real and equals 2 if v is complex.
Then G(R) acts on V by

gv yv gvt v real,
(g · y)v =
gv yv g vt v complex,
where g = (gv ) ∈ G(R) and y = (yv ) ∈ V . This action preserves C, and we
can identify the quotient C/ R≥0 of C by homotheties with the symmetric space
X = G/KAG , where K ⊂ G is the maximal compact subgroup preserving the inner
product defined in (2.1) and AG is the connected component of a maximal Q-split
torus in the center of G.
The column vectors On determine points in V by


(2.2)
q : x −→ xv xv∗ ,
where ∗ denotes transpose if v is real, and conjugate transpose if v is complex. We
have q(x) ∈ C for all x ∈ O2 . This map is compatible with the action of GL2 (O) on
V and the natural action of GL2 (O) on O2 in the following sense. For x ∈ O2 and
g ∈ GL2 (O), we have that
q(gx) = g · q(x).
One can think of the cone C as being the space of real-valued positive binary
quadratic forms over F . Specifically, if A ∈ C is a tuple (Av ), then A determines a
quadratic form on F n by

A[x] =
cv xv∗ Av xv ,
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where cv is defined in (2.1) and ∗ is defined as in (2.2). Evaluation of a form A on a
vector x can be expressed in terms of the inner product on V as A[x] = A, q(x).
It follows that each x ∈ O2 determines a linear functional on V .
Armed with this interpretation of C as a space of quadratic forms, we now define
notions of arithmetic minima.
Definition 2.1 The arithmetic minimum of A ∈ C is
m(A) =

min A[x].

x∈O 2 \{0}

A vector x ∈ O is a minimal vector for A if A[x] = m(A). The set of all minimal
vectors for A is denoted M(A).
Definition 2.2 A form A ∈ C is perfect if

span R q(x) | x ∈ M(A) = V .
Definition 2.3 The Voronoi-Koecher polyhedron Π is the closed convex hull of the
points

q(v) | v ∈ O2  {0} .
The facets of Π are in one-to-one correspondence with perfect forms.
Theorem 2.4 Let σ be a facet of Π . Then there exists a perfect form A ∈ C such
that

Vertices(σ ) = q(v) | v ∈ M(A) .
This link between the facets and perfect forms allows us to use a generalization
of Voronoi’s algorithm to algorithmically compute the facets of Π up to the action
of GL2 (O) [Gun99, Theorem 2].
By taking cones on the faces of Π , we get a decomposition of C into VoronoiKoecher cones, which descends to a decomposition of X into cells. This cell structure can be used to define the Koecher complex as described in [GY] to compute the
cohomology of arithmetic subgroups of GL2 (O).

3 Reduction of 1-Sharblies
According to the Borel-Serre duality theorem [BS73], we have
H ν−k (Γ ; C)

Hk (Γ ; St2 ⊗ C),

where ν is the cohomological dimension of Γ . Thus to compute the cohomology of
Γ , we need to take a resolution of the Steinberg module St2 .
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We work with two different complexes in order to do explicit Hecke operator
computations on cohomological modular forms. The Koecher complex comes from
the geometry of the polyhedral decomposition of C described in Sect. 2. It has the
advantage that it is finite modulo the action of Γ . However, it does not admit an
action of the Hecke operators. On the other hand the second complex, the sharbly
complex, does admit a Hecke action, but unfortunately it is not finite modulo Γ . We
refer to [GY] for further details.
Henceforth, let F be a CM-quartic or complex cubic field of class number 1, with
ring of integers O. Fix an ideal n ⊂ O, and let Γ = Γ0 (n) be the congruence group


a b
∈ GL2 (O) b ∈ n .
Γ0 (n) =
c d
In this case, the cohomology group of interest is H ν−1 (Γ ; C).
To compute Hecke operators, we first compute the cohomology using the
Koecher complex. Next, we compute the Hecke action on the sharbly complex.
Definition 3.1 Let Sk , k ≥ 0, be the Γ -module Ak /Ck , where Ak is the set of formal C-linear sums of symbols v = [v1 , . . . , vk+2 ], where each vi is in O2  {0}, and
Ck is the submodule generated by
1. [vσ (1) , . . . , vσ (k+2) ] − sgn(σ )[v1 , . . . , vk+2 ],
2. [v, v2 , . . . , vk+2 ] − [w, v2 , . . . , vk+2 ] if q(v) = q(w), and
3. [v1 , . . . , vk+2 ] if v1 , . . . , vk+2 are contained in a hyperplane.
We define a boundary map ∂ : Sk+1 → Sk by
∂ [v1 , . . . , vk+2 ] =

k+2

(−1)i [v1 , . . . , v̂i , . . . , vk+2 ],

(3.1)

i=1

where v̂i means omit vi . The resulting complex S∗ is called the sharbly complex.
We have a map S0 → St2 , and the sharbly complex provides a resolution of St2 .
ν−1 (Γ ; C) can be represented by a finitely
Thus a cycle representing a class
 in H
supported 1-sharbly cycle ξ = v av v whose boundary vanishes modulo Γ . The
action of a Hecke operator T on the sharbly complex can be given as
 
T (ξ ) =
av
g · v,
(3.2)
v

g

where the inner sum is taken over a certain finite subset of GL2 (F ) ∩ Mat2 (O)
coming from reducing a double coset to a union of single cosets.
We fix a basis of H ν−1 (Γ ; C) supported on Koecher cycles. We need to move
the right side of (3.2) to a cycle that comes from the Koecher complex so that we
can express T (ξ ) in terms of this chosen fixed basis. Being expressed as a cycle
supported on Koecher cycles is the defining property for a 1-sharbly cycle to be
reduced.
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Fig. 2 1-sharbly schematic
for v = [v1 , v2 , v3 ], where
vi ∈ O2 , with attached lift
data M1 , M2 , M3 ∈ Mat2 (O)

We now discuss the method of rewriting T (ξ ) as a sum of sharblies supported on
Koecher cones. These techniques were developed in [Gun00,
GY08, GHY13, GY].

Let ξ be a finitely supported 1-sharbly cycle ξ = v av v whose boundary vanishes modulo Γ . Each v is a triple of vectors v1 , v2 , v3 ∈ O2 , which we can think
of schematically as the triangle shown in Fig. 2 with a choice of orientation. The
reduction algorithm must preserve the property that the boundary of ξ vanishes
modulo Γ . In order to ensure this, any manipulation done to the boundary of ξ must
be done Γ -equivariantly. To achieve this, we attach a lift matrix M to each 0-sharbly
τ ∈ ∂v. If Γ is torsion free, these matrices are chosen such that
1. the vertices of τ and the columns of M give rise to the same set of points in V
under the map q.
2. the lift data is Γ -equivariant in following sense. Suppose τ, τ  ∈ ∂v with lift
matrices M, M  . If γ τ = τ  for some γ in Γ , then γ M = M  .
Such lift data is seen to exists since there are only finitely many GL2 (O)equivalence classes of 0-sharblies τ = [v1 , v2 ] supported on a Koecher cell. Pick
a lift matrix Mτ for each representative τ . Then for γ in Γ , pick the lift matrix for
γ · τ to be γ Mτ . Since Γ is torsion free, this is well-defined. When Γ has torsion,
something slightly more subtle must be done, and we refer to [AGM02, §4.3] for
details.
The lift data allows us the freedom to work locally reducing each 1-sharbly term
in ξ , while guaranteeing that the boundary will vanish modulo Γ when all the terms
are collected.
Let ξ be a reduced 1-sharbly cycle with Γ -equivariant lift data attached. Let
ψ = T (ξ ) for a Hecke operator T . The lift data on ξ induces Γ -equivariant lift data
on ψ by left multiplying each lift 
matrix by the corresponding g in the finite subset
given in (3.2). Express ψ as ψ = av v.
We proceed by replacing each σ = av v by a 1-sharbly chain ψσ such that
1. ψσ is supported
on Koecher cells.

2. ψ and ψσ represent the same cohomology class in H ν−1 (Γ ; C).
There are four classes of non-reduced 1-sharblies that can arise, and they are distinguished by the number of non-reduced 0-sharblies in its boundary. Specifically, a
1-sharbly v = [v1 , v2 , v3 ] is Type k if there are exactly k 0-sharblies in ∂v that are
non-reduced.
Note that a necessary condition for a 1-sharbly cycle ξ to be reduced is that all
of the 0-sharblies occurring in its boundary ∂ξ must be reduced. It follows that the
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reduction algorithm must “get rid” of non-reduced 0-sharbly edges. To this end, we
first pick a reducing point w for each non-reduced 0-sharbly in the boundary as
shown in Figs. 3, 4 and 5. The reducing points, defined below, must be chosen Γ equivariantly in the following sense. If M and M  are lift matrices with M = γ M 
for some γ ∈ Γ , then the reducing point w for M and w  for M  must satisfy w =
γ · w .
There are finitely many Voronoi-Koecher cells modulo Γ . It follows that there
exists an n ∈ Z>0 such that every reduced 0-sharbly [v1 , v2 ] satisfies


Norm det(v1 , v2 ) ≤ n.
In particular, for a given field F , one can use |Norm(det(v1 , v2 ))| as a measure of
how far from reduced a 0-sharbly [v1 , v2 ] is. Thus we define the size of a 0-sharbly
[v1 , v2 ] to be




Size [v1 , v2 ] = Norm det(v1 , v2 ) .
(3.3)
Definition 3.2 Let τ be a 0-sharbly with spanning vectors v1 , v2 ∈ O. A point w ∈
O2  {0} is a reducing point for τ if the following hold:
1. q(w) ∈
/ {q(v1 ), q(v2 )}
2. q(w) is a vertex of a Voronoi-Koecher cone T containing q(v1 ) + q(v2 ).
3. Of the vertices of T , the point w minimizes




Size [v1 , w] + Size [v2 , w] .
Item 3 in the definition of reducing point says roughly that it is chosen from
the candidates as the point which results in the least overall size for the 0-sharbly
boundary component. We note that the 0-sharbly [e1 , e2 ] is reduced. Every 0-sharbly
of size 1 is GL2 (O) conjugate to [e1 , e2 ] and hence reduced. Thus choosing the
reducing points in this way tends to yield 1-sharblies that are closer to being reduced.
Let v = [v1 , v2 , v3 ] be a non-reduced component of a 1-sharbly cycle ξ . We now
describe the reduction moves based on the type of v. In each reduction move, the 1sharblies ±[wi , vj , vk ] where {i, j, k} = {1, 2, 3} are not included since they will all
cancel out. Specifically, since ξ is a cycle, the boundary component ±[vi , vj ] must
cancel modulo Γ . Since the reducing points are chosen Γ -equivariantly, it follows
that ±[wi , vj , vk ] must cancel modulo Γ .

3.1 (Type 3) Three Non-reduced Edges
See Fig. 3. If none of the 0-sharblies in the boundary of v are reduced, then we
split each edge by choosing reducing points w1 , w2 , and w3 as shown in Fig. 3.
In addition, form three additional 0-sharblies [w1 , w2 ], [w2 , w3 ], and [w3 , w1 ]. We
then replace σ by the four 1-sharblies
[v1 , v2 , v3 ] −→ [v1 , w3 , w2 ] + [w3 , v2 , w1 ] + [w2 , w1 , v3 ] + [w1 , w2 , w3 ].
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Fig. 3 Reduction move for
Type 3

Fig. 4 Reduction move for
Type 2

3.2 (Type 2) Two Non-reduced Edges
If only one of the 0-sharblies in ∂v is reduced, we reorder the vertices to arrange
that the reduced 0-sharbly is [v1 , v2 ]. Then we split the other two 0-sharblies by
choosing reducing points w1 and w3 as shown in Fig. 4. By reordering, we arrange
that Size( [v1 , w1 ] ) ≤ Size( [v3 , w3 ] ). We form two additional edges [w1 , w3 ] and
[v1 , w1 ], and replace v by the three 1-sharblies
[v1 , v2 , v3 ] −→ [v1 , w3 , w1 ] + [w3 , v2 , w1 ] + [v1 , w1 , v3 ].

3.3 (Type 1) One Non-reduced Edge
If exactly two 0-sharblies in ∂v are reduced, then we reorder the vertices to arrange
that the non-reduced 0-sharbly is [v2 , v3 ]. We split the other edge by choosing a
reducing point w1 as shown in Fig. 5. Then we form one additional edge [v1 , w1 ]
and replace v by the two 1-sharblies
[v1 , v2 , v3 ] −→ [v1 , v2 , w1 ] + [v1 , w1 , v3 ].

3.4 (Type 0) No Non-reduced Edges
Finally, consider the case where all the 0-sharblies in ∂v are reduced, but v itself is
not reduced. This reduction type does not arise in [AGM02], and we believe it to be
a consequence of the unit group O× having positive rank.
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Fig. 5 Reduction move for
Type 1

By iterating the reduction Type 1–3 moves for any edges that have size greater
than 1, we are left to reduce 1-sharblies that have 0-sharbly boundary components
of size 0 or 1. More precisely, let ε be an infinite generator of O× , and write
O×

−1 × ε.

It follows that up to GL2 (O)-equivalence, we are left to reduce 1-sharblies with
spanning points e1 , e2 , and
' (
a
,
v=
b
where
• a = (−1) fa ε na and b = (−1) fb ε nb ,
• at least one of |na |, |nb | is strictly greater than 1, and
• both na , nb are non-zero.
We now describe how to write v = [e1 , e2 , v] in terms of reduced 1-sharblies.
First introduce new vertices
' (
' (
a
0
,
vb =
va =
0
b
and edges [va , e1 ], [va , e2 ], [va , vb ], [va , v], [vb , e2 ], and [vb , v] as shown in the
center of Fig. 6. We introduce vertices vai along [e1 , va ] and vbi along [e2 , vb ], and
replace v by


[v, vai , vai+1 ] +
[e2 , vai+1 , vai ]
[e1 , e2 , v] −→ [v, va , vb ] +


+
[va , vbi , vbi+1 ] +
[v, vbi+1 , vbi ],
where, up to sign,
1.
2.
3.
4.

va0
vak
vb0
vbk

= e1 ,
= εvak−1 ,
= e2 ,
= εvbk−1 .
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Fig. 6 Reduction move for Type 0

Remark 3.3 The reduction moves described here are special to the examples that
we looked at in the sense that the procedure is not proven to terminate, but did so in
the examples we computed. Part of the difficulty in proving termination is that the
types of tessellations of X that arise are not well understood, though some progress
has been made [Yas10, Yas]. We expect the reduction moves to work for other fields
of unit rank 1. For fields of higher unit rank, more complicated Type 0 reduction
moves may be required.

4 Examples
4.1 CM-Quartic Example
Let F be a CM-quartic field, an imaginary quadratic extension of a real quadratic
field. Then there are two non-conjugate embeddings of F to C. The space of forms
V is 8-dimensional
V = Herm2 (C) × Herm2 (C).
The set of positive definite forms C ⊂ V is an open cone. The corresponding symmetric space is
X = C/ R≥0

h3 × h3 × R,

where h3 is hyperbolic 3-space.
We now look at a particular example. Let F be the cyclotomic field
√ F = Q(ζ5 ).
Then F is a CM-quartic field with maximal real subfield F + = Q( 5 ).
Theorem 4.1 ([Yas09]) There is exactly one GL2 (O)-equivalence class of perfect
binary Hermitian forms over the cyclotomic field Q(ζ5 ).
We compute that this perfect form has 240 minimal vectors. Since minimal vectors that differ by torsion units give rise to the same point in C, the corresponding
facet of Π is 7-dimensional polytope P with 24 vertices. We compute that P has
118 faces (14 with 12 vertices, 80 with 9 vertices, 24 with 7 vertices). The translates of P give an ideal polytopal tessellation of X, which is used to compute the

Property of The Mathematics Center Heidelberg - © Springer 2014

Computing Modular Forms for GL2 over Certain Number Fields

D. Yasaki

Table 1 Dimensions of cuspidal cohomology
N (n)

dimension

N (n)

dimension

N (n)

dimension

400

1

405

1

605

1

701

1

961

1

1280

1

1296

1

1681

1

1805

1

2000

2

2025

3

2201

1

2351

1

2401

1

3025

3

3061

1

3355

1

3505

2

3571

1

3641a

1

3641b

2

3721

2

4096

1

4205

3

4400

2

4455

2

4681

1

5081

1

5101

1

6241

1

6961

1

7921

1

cohomology H 5 (Γ0 (n); C) for a range of levels n ⊂ O. We are able to compute the
cohomology for all levels n with Norm(n) ≤ 4941. For n prime we were able to
carry the computations further to Norm(n) ≤ 7921. The ranks of the cuspidal cohomology is given in Table 1. Each cuspidal classes we found could be “explained”
either by identifying them as arising from weight
√ 2 modular forms on Q or parallel
weight 2 Hilbert modular forms on F + = Q( 5 ), or by finding elliptic curves over
F that apparently match the eigenvalue data. For example, for each eigenspace with
rational Hecke eigenvalues ap , we found an elliptic curve E over F whose point
counts over finite fields agree with our data in the sense that
# E(Fp ) = Norm(p) + 1 − ap .
Furthermore, no elliptic curves over F were found that were not accounted for by
the cuspidal cohomology. See [GHY13] for details.

4.2 Complex Cubic
Let F be a mixed signature cubic field. Then F has one real embedding and one pair
of complex conjugate embeddings. The space of binary forms V is 7-dimensional
V = Sym2 (R) × Herm2 (C).
The set of positive definite forms C ⊂ V is an open cone. The corresponding symmetric space is
X = C/ R>0 = h2 × h3 × R,
where hk is hyperbolic k-space.

Property of The Mathematics Center Heidelberg - © Springer 2014

374

375

We now focus on the particular cubic field F = Q(t), where t is a root of f (x) =
x 3 − x 2 + 1. Then F is a signature (1, 1) field of discriminant −23 with ring of
integers O = Z[t].
Theorem 4.2 ([GY]) There are exactly 9 GL2 (O)-equivalence classes of perfect
binary forms over the complex cubic field of discriminant −23.
These perfect forms give rise to a tessellation of the symmetric space X by 6dimensional ideal polytopes. This tessellation is used to compute H 4 (Γ0 (n); C) for
ideals n ⊂ O of norm ≤ 835.
The first occurrence of cuspidal cohomology was at level p89 = (4t 2 − t − 5)O,
a prime above 89, which has a 1-dimensional cuspidal space. The first few Hecke
eigenvalues for Tp are given below, where pN is a prime of norm N .
p5 p7 p8 p11 p17 p19 p23 p23 p25 p27 p37 p43 p49 p53 p59 p59 p59 p61 p67
−4 −2 −1 2

−2 0

4

−6 −4 8

−2 4

10 −6 0

0

0

2

−2

This matches the elliptic curve F given by
"
#
[ a1 , a2 , a3 , a4 , a6 ] = t − 1, −t 2 − 1, t 2 − t, t 2 , 0 .
In the range we computed, there were 44 levels where the cuspidal eigenspace
was 1-dimensional with rational Hecke eigenvalues. In each instance, we found an
elliptic curve over F whose point counts over finite fields agrees with our data. In
10 levels, we found 2 dimensional eigenspaces where the Hecke operators acted by
rational scalar matrices that could be accounted for by cohomology classes at lower
levels. Finally, at level n = (4t 2 − 9t − 6)O = p23a p23b we√find a two-dimensional
cuspidal eigenspace whose Hecke eigenvalues live in Q( 5 ), which can be explained by the weight two newform of level 23. Details can be found in [GY].
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