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Preface

Why – so the attentive reader may ask – does the English translation of the
correspondence between Emil Artin and Helmut Hasse appear in the series
Contributions in Mathematical and Computational Science jointly edited by
the MAThematics Center Heidelberg and the Heidelberg Graduate School?
Apparently Artin has never visited Heidelberg – at least I am not aware of
such a visit; thus there is no special historical relation between Emil Artin
and Heidelberg. Apart from his ground breaking contributions to number
theory it is mainly his way of doing (or perhaps performing) mathematics
and of thinking about mathematics that serves us as a model and a source of
inspiration. Almost all contemporary areas of research at the Mathematical
Institute of Heidelberg have probably been influenced in one way or another
by Artin. For this reason we feel obliged to keep the memory of Artin and
his work alive both in Heidelberg and elsewhere.
We invite the readers to read about Artin’s life, for example in the impressive description by Karin Reich [Rei07] or in Section I § 2 in this volume. Here
we only remark that Hasse and Artin probably first met in 1922 at the yearly
meeting of the German Union of Mathematicians (DMV) in Leipzig; from
1923 to 1934, they exchanged numerous letters that are of highest mathematical interest. The year 1930 is particularly outstanding since Artin explained
his theory of L-series in seven letters. It is the aim of this volume to make
these letters available to English speaking readers.
Emil Artin did not think of mathematics as a science in the first place,
but rather as a form of art; he praised its structural beauty and was highly
pleased when he succeeded in letting his audience see the entire building
of mathematics with all its ramifications. He is often praised for his special
aptitude for communication. According to Gian-Carlo Rota1 , Artin was a
most gifted teacher:
“His lectures are best described as polished diamonds. They were delivered with the virtuoso’s spontaneity that comes only after lengthy
and excruciating rehearsal, always without notes. Very rarely did he
make a mistake or forget a step in a proof. When absolutely lost, he
1

Indiscrete Thoughts, Boston, Basel, Berlin 1997, p. 14.
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viii

would pull out of his pocket a tiny sheet of paper, glance at it quickly,
and then turn to the blackboard, like a child caught cheating.”
An obituary in the German daily “Die Welt” from January 1963 describes
him as follows:
“With Emil Artin, the mathematical science has lost one of its most
eminent and pronounced representatives. [. . . ] This rare gift to make
simple and transparent structures visible in apparently highly complicated areas has earned him a large number of fundamental results in
his main areas of research, higher number theory and algebra, which
all are distinguished by the elegance of their formulation and the comprehensibleness of their importance. With a rare vividness and simplicity of expression he was able to make the most difficult results
intelligible to this audience in lectures and conversations.”
It is this spirit which impresses us and by which we would like to be inspired. Apart from this publication, MATCH commemorates Artin by staging the yearly Emil-Artin-lectures. The first such lecture was given by Pièrre
Colmez in 2012, the second one by Michael Rapoport and Hélène Esnault
this year. By this we hope to keep the memory of the life and work of Emil
Artin alive.
Heidelberg, July 24, 2013

Otmar Venjakob
MATCH
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Part I
Introduction to the Correspondence

1. Introduction
This is our new edition, translated, enlarged and revised, of the correspondence between Emil Artin and Helmut Hasse. Whereas our previous edition
had been in the original German language we have now translated all the
letters and all our comments into English.2 In addition we have included 23
more letters that were missing in the first edition, which contained the letters from 1921 until 1934 only; we now have completed our coverage with the
letters from 1937 until 1958.
Moreover we have included one letter from Hasse to Artin dated November 8, 1932, which we found in the Nachlass of Olga Taussky-Todd in the
archives of the California Institute of Technology in Pasadena. All the other
letters are contained in the Hasse files, which are preserved in the University Library at Göttingen.3 Most of these letters are from Artin to Hasse.
Whereas Hasse had regularly filed his incoming mail throughout the years,
Artin was known not to keep many of the letters and papers that he received.
We have supplemented the letters by extensive detailed comments which
are not only translated into English from our first edition, but which now have
been thoroughly checked, corrected and updated. We discuss the mathematical content of the letters and also provide a description of the mathematical
environment of Hasse and Artin, of the tendencies of the time, and of the
relevant literature. We hope that this will allow readers to get a fairly complete idea also of the content of Hasse’s letters to Artin which, as said above,
seem to be lost. Our aim was to draw an all-round picture showing the role
of their cooperation within the development of number theory in their time.
*****
Artin and Hasse were among those who shaped modern algebraic number theory. They were of the same age, born in the year 1898. They belonged to the post-war generation of mathematicians who started their university education towards the end of and immediately after World War I,
Artin in Leipzig with Herglotz (after a brief interlude in Vienna 1917 with
Furtwängler) and Hasse in Marburg with Hensel (after brief interludes in Kiel
1917 with Toeplitz, and in Göttingen 1918/19 with Hecke). They obtained
their Ph.D. in the same year 1921, and their dissertations are considered as
ground breaking contributions to number theory. Artin’s thesis contained the
theory of hyperelliptic function fields over a finite field of constants, and he
formulated the analogue of the Riemann hypothesis for those fields, which
was later proved by Hasse in the elliptic case and by A. Weil in the case of
function fields of arbitrary genus. Hasse’s thesis contained the Local-Global
2
3

The translation was done by F. Lemmermeyer.
Cod.Ms.H.Hasse 1:59

3

4
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Principle for quadratic forms over the rationals, which he later, in his Habilitation thesis, generalized to quadratic forms over arbitrary number fields.
In Germany at that time, one had to pass one’s “Habilitation” in order to
qualify for the position of university professor. Both Artin and Hasse did their
Habilitation in short succession, Hasse 1922 in Marburg and Artin 1923 in
Hamburg. We have already mentioned above that Hasse’s Habilitation thesis
contains the Local-Global Principle for quadratic forms over number fields.
Artin’s Habilitation thesis is his seminal paper on his new L-series, which led
him, among other results, to his reciprocity law.
The mathematical careers of Artin and Hasse in the 1920s developed
quickly and in remarkably parallel steps, from which one can conclude that
they were considered by the mathematical community as leading scientists
of equally high standing. Let us explain the main steps in their respective
curricula vitae (for a short version, see the time table on p. 41).
In the fall of 1922 Hasse accepted the position of Privatdozent at the
University of Kiel, which had been offered him by Toeplitz. Actually, Toeplitz
originally wanted to get Artin for this position but the latter was not able to
accept; in a letter dated February 27, 1922 Artin wrote to Toeplitz that he had
already accepted a scholarship from Courant in Göttingen, for the summer
semester of 1922,.4 At that time Artin was in Göttingen as a post-doc. But
a little later, in October 1922, Artin accepted a position in Hamburg which
he was offered by Blaschke. And in 1923, after his Habilitation, he became
Privatdozent at Hamburg University.
In 1923 there appeared the first joint paper of Artin and Hasse, on the
second supplementary law of the reciprocity law for `-th power residues.
In 1925 Hasse accepted an offer of a position as full professor at the University in Halle. This time again, Toeplitz had recommended Artin for this
position but, for reasons unknown to us, Artin had not been taken into consideration by the nomination committee in Halle.5 Shortly afterwards, in early
1926, the University in Münster had to fill a vacancy of a full professorship in
mathematics, and the proposal of the Faculty was Hasse first, and Artin in
the second place. Since Hasse had just moved to Halle, the position was then
offered to Artin who, however, declined since Hamburg matched the offer and
he was promoted to full professor in Hamburg. Thus now Artin and Hasse
were the youngest professors of mathematics in Germany.
In 1928, the University of Breslau had to find a successor for the retiring Adolf Kneser (the father of Hellmut Kneser and grandfather of Martin
Kneser). Like two years earlier in Münster, the Faculty in Breslau proposed
4

This was reported in the article by Karin Reich which appeared in the book [Rei07]
dedicated to the life, the work and the personality of Artin. Also, the following statements
about the academic career of Artin in the 1920s are taken from that article.
5 Among the Hilbert papers kept in Göttingen we found the draft of a letter of Hilbert
to the Prussian ministry of education, written in March, 1925, where he recommended,
among others, Hasse for the position in Halle but did not mention Artin.
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the names of both Artin and Hasse, but this time in the reverse order: first
Artin and then Hasse. Neither of the two accepted; Artin remained in Hamburg and Hasse in Halle. In the same year Artin got another offer, this time
from the University of Leipzig. Again he declined. Obviously Artin preferred
to be in the same place as Hecke who, one year earlier, had also declined an
offer from Leipzig. At the same time A. Fraenkel, who was in Kiel at that
time, tried to get Hasse back from Halle to Kiel. From the Fraenkel-Hasse
correspondence one can see that Fraenkel had tried everything in his power
to have the ministry of education extend an offer to Hasse for a position
in Kiel. However the offer never materialized since in the ministry’s opinion
Hasse should get the professorship in Marburg after the retirement of Kurt
Hensel, Hasse’s academic teacher. Indeed in 1930, Hasse moved from Halle to
Marburg. In the same year, Artin obtained an offer from the ETH in Zürich
as the successor of Hermann Weyl who had moved to Göttingen (see [FS92]).
Again, Artin decided to remain in Hamburg.
We have said above that Artin and Hasse were considered by the mathematical community as of equal standing, but this does not mean that they
worked closely together, and not even that their mathematical interests were
identical. We see from their correspondence that they freely exchanged mathematical ideas and informed each other about recent results, mostly about
class field theory and reciprocity laws which were the prominent topics of
their discussion. But at the same time each of them also followed other lines
of interest which are not mentioned in their letters, and they both kept their
own distinctive mathematical style.
Let us point out that both Artin and Hasse belonged to what Yandell
[Yan02] has called the “Honors Class”, in the sense that each of them had
solved one of the famous problems which Hilbert had presented in the year
1900 in his Paris lecture. Artin solved Hilbert’s 17th problem
. . . whether every definite form may be expressed as a quotient of sums
of squares of forms.
Artin’s solution used the theory of formally real fields which he had developed
jointly with Otto Schreier (see [Art27b]).
Hasse had worked on the 11th Hilbert Problem which required
. . . to solve a given quadratic equation with algebraic numerical coefficients in any number of variables by integral or fractional numbers
belonging to the algebraic realm of rationality determined by the coefficients.
Hasse obtained a criterion of solvability by means of his Local-GlobalPrinciple which permitted the reduction of the question to the local case

6
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where it could be explicitly discussed, thanks to Hensel’s results about the
p-adics.6
There is another Hilbert problem whose solution has to be credited jointly
to both Artin and Hasse, namely the 9th problem which concerns class field
theory and reciprocity. The problem reads:
For an arbitrary number field the reciprocity law for `-th power
residues is to be proved, where ` denotes an odd prime, and further
when ` is a power of 2 or a power of an odd prime. The law itself as
well as the essential means for proving it will, I believe, result from
suitably generalizing the theory of the field of `-th roots of unity which
I developed 7 , and my theory of relative quadratic fields 8 .
The first part, for an odd prime `, had been solved by Furtwängler9 as
well as by Takagi [Tak22]. But for the case of higher prime powers there
was no general approach in sight before Artin’s reciprocity law had opened
the way. The implementation of Artin’s result for the deduction of explicit
formulas for the reciprocity laws, in case of power residues for an arbitrary
exponent, is due to Hasse; it was published finally in the second part of
his Klassenkörperbericht, his report on class field theory. The Artin–Hasse
correspondence documents that and how they cooperated to achieve this
goal. The “suitable generalization” of Hilbert’s theory of relatively quadratic
fields has turned out to be precisely Takagi’s class field theory, crowned with
Artin’s reciprocity law.
*****
We do not know when Artin and Hasse met for the first time. It may have
been at the annual meeting of the German Mathematical Society (DMV) in
September 1922 in Leipzig which both attended. Artin presented a talk on
a problem from analysis and geometry which had arisen in a correspondence
with his academic teacher Herglotz in Leipzig. Hasse did not give a talk, he
just accompanied his academic teacher Hensel to the meeting.
Artin and Hasse certainly met several times during the winter semester
1922/23. As said above, at that time Artin was in Hamburg and Hasse was
in Kiel. The towns of Hamburg and Kiel in northern Germany are not too
far apart from each other, about 100 km. The mathematicians in Kiel often
went to the colloquium in Hamburg, which was led by Blaschke and Hecke.
On those occasions Hasse and Artin met and there developed a close mutual
exchange of mathematical ideas. Artin learned from Hasse how the p-adic
6

See [Has24a]. We also refer to [Fre01] for a detailed description of how Hasse was led to
the Local-Global Principle.
7 In Hilbert’s Zahlbericht [Hil97] Part 5.
8 In [Hil99] and [Hil02].
9 See the literature mentioned in the References.
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methods of Hensel could be successfully applied to number theoretical problems, and Hasse was informed by Artin about the two great papers by Takagi
on class field theory and on reciprocity laws.
For both Artin and Hasse the encounter with Takagi’s papers turned out to
be an important stimulus for their future work. They immediately realized the
enormous potential of the main discovery of Takagi, namely that every abelian
extension of a number field is a class field. In fact their whole correspondence,
which centers around class field theory and reciprocity, can be regarded as
reflecting their critical preoccupation with Takagi’s papers, and their attempt
to further simplify, streamline and complete class field theory and to put it
to work in number theory.
In the Takagi biography by Honda [Hon76] the story is told how Artin and
Hasse got hold of a copy of Takagi’s papers. Honda reports that Takagi had
heard about a brilliant young mathematician in Göttingen with the name of
Siegel. Subsequently Takagi sent to Siegel a reprint of his first great paper
[Tak20a] on class field theory.
Honda continues:
One day, when Siegel was talking with Artin about number fields,
he took out the reprint which Takagi had sent to him, and persuaded
Artin to read it. This was at the beginning of 1922. Artin borrowed the
reprint from Siegel. He spent three weeks in reading it through. Later,
in 1962, he told the present author [Honda]: I felt strong admiration
for it. It was not difficult to understand, since it was written very
clearly.
Somewhat later in Hamburg, Artin showed Takagi’s papers to Hasse. This
incident was recalled when Honda interviewed Hasse:
In 1923 Artin urged him [Hasse] to read the two papers of Takagi.
Reading the first paper, Hasse was deeply fascinated by its generality,
its clearness, its effective methods, and its wonderful results. He was
given an even stronger inspiration by the second paper.
Takagi’s second paper [Tak22] deals with the reciprocity law for power
residues of prime exponent.
Thus, by 1923 there were three young mathematicians in Germany who
had read and appreciated Takagi’s papers on class field theory: Siegel, Artin
and Hasse. All three of them immediately started to integrate Takagi’s results into their own work with striking results, and in this way these results
quickly became known among mathematicians – although 3 years prior to
this Takagi had not met with any visible response when he presented his
paper at the International Mathematical Congress in Strasbourg, where, for
political reasons, German mathematicians had not been admitted.
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As to Artin, already his 1923 paper on Galois L-series relied heavily on
Takagi. Although his main idea, namely the construction of L-series for Galois
extensions, was evidently inspired by the work of Hecke10 , there was one
important point were Artin had to use Takagi. This was when Artin tried
to identify his new L-series in the abelian case with the classical L-series of
Dirichlet and Weber11 . In order to do this, he had to use Takagi’s class field
theory, which implied that for any abelian extension of number fields there
exists an isomorphism between the corresponding ray class group of the base
field and the Galois group. But this was not quite sufficient for Artin, for he
needed the fact that there is a canonical isomorphism given by associating
to every unramified prime of the base field its Frobenius automorphism in
the Galois group. Artin could not yet prove this in 1923. Only in the special
case of a cyclic extension of prime degree (and composita of such extensions)
could he extract this from Takagi’s papers. But that was only temporary.
Four years later in 1927, Artin could prove his general reciprocity theorem
for arbitrary abelian extensions, thus putting his new L-series on a solid base
and at the same time completing Takagi’s class field theory. This important
result was hailed by Takagi as
one of the most beautiful results of algebraic number theory.
In fact, Artin’s reciprocity law completely changed our understanding of class
field theory, which today is seen as the key to much of algebraic number
theory. In the Artin–Hasse letters we can observe the exciting story of its
discovery, and how it was put to work immediately.
As to Hasse, he realized that Takagi’s papers could be put to use in the
study of explicit reciprocity laws which was his main interest in those days.
Already on April 23, 1923 he reported to his academic teacher Hensel:
. . . Furthermore, I am just preparing the manuscript for a course on
Takagi’s class field theory, which I can develop quite nicely with our
methods.
Thus Hasse did what mathematicians often do, namely he gave a lecture
course since he wished to learn more about the topic. When he mentions
“our methods” then he means the p-adic methods of Hensel, which he, Hasse,
was endeavoring to put into their proper place in algebraic number theory.
At the time Hasse was mainly concerned with the theory of norm residues
that Hensel had started to investigate with p-adic methods. Norm residues
play an important role in class field theory, and so it seems to us that Hasse,
in this letter to Hensel, meant that he could develop the theory of norm
residues “quite nicely with our methods”. This is evident from Hasse’s papers
10

On the influence of Hecke on Artin’s work see [Fre07b].
It was Heinrich Weber who had introduced and studied the L-series for congruence class
groups in arbitrary number fields, in generalization of Dirichlet’s L-series in the case of Q.
See [Fre89].
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from those years, among them the joint paper of Artin and Hasse which is
discussed in the first five letters of their correspondence. (Later, in the early
1930s, Hasse was indeed able to develop class field theory with essential use
of p-adic methods but we have no indication whether already at the time of
this letter, in 1923, he had definite ideas on how to achieve this.)
Hasse delivered his lecture course on Takagi’s class field theory in Kiel in
the summer semester 1924. The notes for this course were composed by Reinhold Baer.12 They provided the basis for Hasse’s famous report on Takagi’s
class field theory which he had been asked to present at the DMV meeting in
Danzig in September 1925, and whose Part I went into print in 1926 [Has26a].
This article became known as the “Klassenkörperbericht” and was regarded
to be in line with Hilbert’s “Zahlbericht” of 1897. Hasse’s report was not
meant to replace the Zahlbericht, as is sometimes claimed. Hasse’s aim was
to amplify the latter by a survey of Takagi’s class field theory; he wished to
give a useful guide for those who wanted to study the details by helping them
to avoid unnecessary detours.
Let us cite a postcard from Bessel-Hagen to Hilbert, dated August 17,
1926, as an example of the reception of the Klassenkörperbericht:
. . . A few days ago there appeared the latest issue of the Jahresberichte
der D.M.V. which contains a report by Hasse on class field theory, and
which is written in excellent clarity. The design of the whole theory
is wonderfully uncovered by presenting the main ideas only while the
proofs are reduced to their skeletons. Reading this article is a real
pleasure; now all obstacles are eliminated which may have hampered
access to the theory. . .
The impact of Hasse’s report was remarkable. Since the proofs in the report were “reduced to their skeletons” (as Bessel-Hagen wrote), Hasse added
an additional Part Ia which, responding to demand, contained full proofs.
Now a whole generation of mathematicians started to learn class field theory through Hasse’s Klassenkörperbericht (just as the generation before had
learned algebraic number theory from Hilbert’s Zahlbericht). Their names
include Claude Chevalley, Jacques Herbrand, Max Deuring, Arnold Scholz,
Olga Taussky, Shokichi Iyanaga, Max Zorn, perhaps Hermann Weyl, and
many more, not to forget Emmy Noether. Whereas formerly class field theory was the topic of a select few, Hasse’s report brought about its “popularization” among mathematicians. This had the effect that during the next
years the proofs of class field theory quickly became streamlined, simplified
and shortened. Artin and Hasse took active part in this development; their
12

Later in 1928, Hasse brought Baer as an assistant professor to Halle. There developed a
lifelong friendship between the two and their families, surviving the dark years of the Nazi
period when Baer had to emigrate from Germany – as can be seen from the correspondence file Baer-Hasse which is kept at the Handschriftenabteilung of Göttingen University
(Cod.Ms.H.Hasse 1:75).
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correspondence provides ample witness for this. Within a decade, and finally
with Chevalley’s idea to use ideles instead of ideals, class field theory got a
new look which was considered more natural.
After Parts I and Ia of the Klassenkörperbericht, there followed Part II
containing the derivation of explicit reciprocity laws on the basis of Takagi’s
class field theory. Hasse had almost completed Part II when he obtained the
information about the successful proof of Artin’s reciprocity law. This made
Hasse rewrite Part II completely by including Artin’s result, which he then
used as a basis for deriving all known reciprocity laws for power residues – in
the spirit of Hilbert’s 9th problem for arbitrary exponents. The story of this
is mirrored in the Artin–Hasse correspondence.
*****
The progress of work in mathematics depends, as we all know, on the
facilities for communication between mathematicians.13 Publication of papers
is one way of communication but this is usually the final step only; most
mathematicians prefer some amount of communication along the way, during
work in progress.
Letters were Hasse’s main medium of communication; he was an ardent
letter writer. The Artin file is only one of many others in the Hasse Nachlass
at the Handschriftenabteilung in Göttingen. Besides numerous manuscripts
and notes there are more than 1600 letter files in the Hasse legacy. Of course,
not all of them are of the same level of interest for mathematicians as is the
Artin file, or the Noether file which we edited some time ago. But many are
quite interesting, and in the future we intend to edit more from the Hasse
legacy. Unfortunately Hasse’s own letters, when handwritten, are mostly lost
whereas the majority of preserved letters are from his correspondence partners and addressed to him. But as in the case of Artin’s or Noether’s letters,
by carefully reading the replies and considering the mathematical environment of Hasse at the time, one may be able to get a fair picture of how he
worked, of his main ideas, aims and hopes, of his relation to colleagues and
friends, and about his personality. From all this we can conclude that Hasse’s
letters contained not only information about his results, but also he freely and
openly talked about his ideas and the attempts to realize them. Conversely
he asked for the opinions and advice of his correspondence partners. There
was no hiding information in the back, and he never brought up questions of
priority14 .
13
14

This applies not only to mathematics.

In contrast there had been a lot of priority disputes in the former times of Dedekind
and Kronecker, even if they were not fought with as much bitterness as in the days of
Newton, Leibniz and the Bernoullis. Many works by Dedekind, Frobenius and Kronecker
refer to letters and lectures for backing up priority claims. The generation after World War
I apparently paid no heed to this attitude.
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Artin, on the other hand, was not as fond of letter writing; his main
medium of communication was teaching and conversation: in groups, seminars and in smaller circles. We have many statements of people near to him
describing his unpretentious way of communicating with everybody, demanding quick grasp of the essentials but never tired of explaining the necessary.
He was open to all kind of suggestions, and distributed joyfully what he knew.
He loved teaching to both graduate students and undergraduates, and his excellent lectures, always well prepared but without written notes, were hailed
for their clarity and beauty. When he wrote letters, most of the time it was
in response to a letter received, and not always quickly. This we also observe
here. Several times he apologizes to Hasse for his delay in answering, pretending other activities as the cause, but on the whole giving the impression
that it took him some effort to take up the pen and write.
In this situation it is quite interesting to read the letters between
these two mathematicians who
were quite different in temperament, different in mathematical style and different in their
attitude towards letter writing.
The fact that such an extensive
correspondence had come about,
sometimes with very high exchange frequency, is due to the
fact that they had something to
say to each other, upon a subject by which they were both fascinated. We may add that both
shared similar ideas of mathematical beauty which they strove
to realize in their work as much
as possible.

Artin and Hasse (photo by Peter Roquette).
c The Mathematisches Forschungsinstitut
Oberwolfach gGmbH (MFO)

In our time there are numerous workshops, meetings, conferences, symposia, colloquia etc. where people can exchange their knowledge and opinions, the year round all over the globe. And those who cannot attend may use
e-mail (or blogs, or other networks). It is fortunate that Artin and Hasse lived
at a time when letter writing was still widely in use, and also that at least one
of them, Hasse, had been able to save his correspondence files. This provides
us with first hand knowledge about mathematical developments which could
have been gathered only partially from the published papers.
*****
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The exchange of letters between Artin and Hasse did not proceed evenly;
sometimes the letters followed each other in short succession while sometimes
there were years with no letters.
The first five letters were written within a week, more precisely between
July 7 and 12, 1923. Some time earlier Hasse had visited Hamburg and given
a colloquium talk on his new results about the explicit reciprocity laws; this
was on March 1, 1923. On that occasion Artin and Hasse got into a discussion
about the so-called second supplementary law of the reciprocity law, in case
of a prime exponent `, and they had agreed to continue this discussion when
Artin would visit Hasse in Kiel. Artin’s letters were meant to prepare this
visit, which took place on the weekend July 14–16, 1923. As a result there
emerged their first joint paper, which appeared in 1925 in Crelle’s Journal.15
There followed a period of two years without any letter exchanged. This
does not mean that there was no communication between Artin and Hasse.
On the contrary: Hasse frequently visited the Hamburg seminar and so there
were many occasions for discussion and exchange of ideas, on reciprocity
and other topics. In Hasse’s mathematical diary he refers several times to
discussions with Artin (see [LR12]).
This period came to an end when Hasse got a professorship in Halle, which
was in the summer semester 1925. In the fall of that year Artin wrote again,
telling that he had returned to number theory from what he called “going
astray on topological roads” (auf topologischen Abwegen). Apparently Artin
wished to resume his discussion with Hasse on reciprocity, looking for ideas
towards a proof of his general reciprocity law which, as we mentioned above,
he had formulated already in 1923 in his L-series paper.
The breakthrough came in 1927. Artin proudly informed Hasse on July 17,
that in a lecture course he had given recently in Hamburg, his efforts had
been successful and he had obtained a proof. Hasse was excited and replied
immediately, and next day already Artin sent him the full proof. There followed a period of intense mutual correspondence. Within three weeks Artin
wrote 7 letters to Hasse and we may safely assume that there were at least as
many letters from Hasse to Artin. They discussed the implications of Artin’s
reciprocity law, in particular the principal ideal theorem, the class field tower
problem and the question whether and how class field theory could be generalized from the abelian case to arbitrary Galois extensions. Hasse was particularly interested in how to use Artin’s reciprocity law for the derivation
of explicit reciprocity laws for power residues. Now, thanks to Artin’s result, they could be obtained for an arbitrary exponent, just as Hilbert had
envisaged in his Paris lecture.
15

The chief editor of Crelle’s Journal at that time was Hensel but, from 1923 on, Hasse
helped him considerably and did much of the editorial work. It took some years, until 1926,
before Hasse was officially named as one of the editors. See [Roh98], [Fre98a].
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Their correspondence continued at a little slower pace until November 1932, but still on a high mathematical level. For the reader of these
letters there unfolds the exciting story of the emergence of new insights into
class field theory, including the Local-Global-Principle for simple algebras
and its use for a new proof of Artin’s reciprocity law. We see how Hasse,
following a question of Artin, discovered local class field theory, first as a
consequence of Artin’s global reciprocity law but later, on the suggestion of
Emmy Noether, on a purely local basis. Their attempts to generalize class
field theory to the case of non-abelian Galois extensions failed, but this led to
the beginning of algebraic cohomology which later culminated in the ArtinTate version of class field theory. The last letter concerning class field theory
is dated November 8, 1932. This is the only letter from Hasse to Artin containing mathematics which is preserved; we have found it in the Nachlass
of Olga Taussky-Todd at the archives of CalTech in Pasadena. In this letter
Hasse describes certain substantial simplifications in the proofs of class field
theory – referring to Artin’s lectures in Göttingen in February 1932.
The emergence of Part II of Hasse’s Klassenkörperbericht can also be followed in the letters. In that report Hasse develops all known reciprocity
formulas and much more, based on Artin’s reciprocity law. The report constitutes a monumental work marking the completion of an era having its
roots deep in the past, back to the early 19th century. When Artin got the
proof sheets he replied to Hasse that he had read it “with great pleasure”
(mit großem Vergnügen) – and he was promptly inspired to look for explicit
formulas for the local contributions of his L-series at the ramified primes;
this he had been unable to do in his first L-series paper, and consequently
it did not appear in Hasse’s book. From this emerged Artin’s famous paper
on conductors and the structure of the discriminant of Galois extensions – in
close contact with Hasse whose contribution led to what was later called the
Hasse-Arf theorem.
Hecke wrote later about the Klassenkörperbericht, in a letter to Hasse
dated November 16, 1938:
Lately I have had occasion to look again into details of your class field
report, and again I am filled with admiration how you have mastered
and structured this enormous amount of material.
In November 1932, Hasse gave a colloquium talk in Kiel on the number
of solutions of binary diophantine congruences, in generalization of results of
Davenport and Mordell. Immediately after this he followed an invitation by
Artin to Hamburg and gave a talk at Artin’s seminar on the same topic. At
this occasion Artin reminded him16 that the problem was essentially equivalent to the Riemann hypothesis for hyperelliptic function fields over finite
fields which Artin had stated in his Ph. D. thesis. Thereafter it took Hasse
16

We know this from a letter of Hasse to Davenport written right after Hasse’s visit to
Hamburg.
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less than three months to arrive at the proof in the case of elliptic fields.
This happened at the end of February 1933.17 We are inclined to believe that
Hasse had informed Artin about this result since, after all, it had been Artin
who had put Hasse on the track with the zeta function for function fields.
However, we have found no letter from Artin to Hasse in the year 1933.
But one year later, on January 17, 1934 Artin invited Hasse again to
Hamburg and wrote:
You can talk about anything you like. Perhaps the beautiful results on
the Riemann hypothesis? These belong to the most beautiful things
which have been done for decades. The people in my seminar would
be very interested in this.
Of course, Artin did not mean the classical Riemann hypothesis but its analogue for function fields over finite base fields. In a follow-up letter a few days
later Artin wrote:
I am thrilled about your new results and I am immensely curious
about them.
Hasse accepted Artin’s invitation and gave a compact lecture course of one
week in Hamburg, consisting of 4 two-hour lectures, between February 5
and 9, 1934. He reported about his new method of constructing the endomorphism ring of an elliptic function field in characteristic p, and how to
prove the Riemann hypothesis by studying the Frobenius operator. Thereafter Hasse wrote to Davenport:
Hamburg was a full success from every point of view . . . From what
Artin and I found when considering the possibilities of generalisation
to higher genus, it becomes a matter of patience to do this.
But it turned out that it took more than patience to arrive at a proof of the
Riemann hypothesis for function fields of arbitrary genus.
*****
We see that Artin and Hasse at that time still vividly discussed mathematical problems of common interest. But during the next years there were
no letters exchanged. We do not know the reason for the ensuing silence between the two. One explanation which offers itself is the deterioration of the
political situation in Germany which had consequences also in academic life.
Artin was worried because his wife Natasha was of Jewish origin (her father
was Jewish) and she had to suffer the harassments of the time. Hasse was
17

Again, we know this from letters of Hasse to Davenport and Mordell. The whole development is described in a series of papers “On the Riemann hypothesis in characteristic p”
of which four Parts have already appeared [Roq02b, Roq04, Roq06, Roq12].
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deeply concerned about the enforced exodus of so many mathematicians. He
considered this as a fatal loss for Germany and did what he could do to act
against this, but without much success. When in 1937 Hasse heard about
plans of Artin to emigrate he tried, on the one hand to secure better and safe
working conditions for Artin, and on the other hand to persuade Artin to
stay in Germany. He could not succeed under the circumstances. Artin was
dismissed from the university and left Germany in 1937.18
The two letters from Hasse to Artin in 1937 and 1938 were written just
before and after Artin’s emigration from Germany. The letters after World
War II deal mostly with academic affairs and in particular with Artin’s decision to return to Hamburg, where he had spent the most important years of
his life. From the mathematical point of view these letters do not carry the
same weight as the earlier letters before 1934. We have included these letters
not only for reasons of completeness but also as witness for the revival of the
friendship between the two.
*****
As mentioned above, we have supplemented the letters by detailed comments. Short comments are added in the form of footnotes to the respective
letter. More detailed comments are to be found immediately after the letter
with specific headings, which also show up in the table of contents.
Most of the letters deal with class field theory and with reciprocity laws
for power residues. In order to understand the letters it is necessary to recall
the state of the art at the time, and the terminology which was used by Artin
and Hasse. Therefore we have included in the Introduction two explanatory
sections, one for the reciprocity laws of power residues (Section I) and the
other for class field theory (Section I).
Also, we have included in the Introduction two documents that contain
personal recollections concerning Artin and Hasse respectively. For Artin,
we have chosen the obituary written by Hans Zassenhaus, Artin’s doctoral
student in Hamburg (section I). For Hasse, there is in Section I a report about
the early work on the present edition, and this contains personal recollections
of Günther Frei to Hasse. We believe that those two sections may help the
reader to obtain a lively picture of the personalities of Artin and of Hasse
whose mathematical ideas he will find in their letters. But we would like to
point out that this is not meant as a comprehensive biography, neither of
Artin nor of Hasse. This is a project of the future.19
18

For more detailed descriptions of the situation of Artin in those years in Hamburg we
refer to, e.g., Reich [Rei06, Rei07] and Wussing [Wuß06]. The situation in Göttingen after
Hasse had moved there was discussed, e.g., by Frei [Fre77], Schappacher [Sch87] and Segal
[Seg03].
19 One of the referees of the German edition observed that Günther Frei described Hasse
as a man of integrity while Hasse, without doubt, had played some role in the Third Reich.
Any biographical work would have to take this dichotomy (if it is one) into account. For
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The Time Table starting on p. 41 may be useful to the reader, as an
overview of the development of ideas and results which are discussed in the
letters.
We hope that the reader will enjoy the book as we have enjoyed our work.
Nevertheless, as in any work of this kind and size, there may have occurred errors, misprints, omissions or other shortcomings. Any comment or correction
will be welcomed.
The concept for this book arose from discussions with Günther Frei who
had provided valuable ideas and important contributions. We regret to have to
report that due to a severe illness Günther could not participate in the actual
preparation of this English edition.
Franz Lemmermeyer, Peter Roquette.

March 2013

the time being, we refer the reader to the literature mentioned in Footnote 18 already, and
in addition to what Hasse himself has said in his correspondence with Constance Reid.
This correspondence is kept in the University Library of Göttingen. Reid has cited parts
of Hasse’s letters in her book on Courant [Rei1976].
For other articles dealing with Hasse’s biography, see Frei [Fre77, Fre81c, Fre85b, Fre98a,
Fre01] and Rohrbach [Roh64].
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2. Emil Artin, his life and his work
by Hans Zassenhaus; reprinted from the Notre Dame Journal of Formal Logic,
vol. 5, 1964 [Zas64].
Emil Artin died from a heart failure on December 20, 1962. The mathematical community has lost one of its most distinguished members.
Artin was born on March 3, 1898 as son of an art dealer in Vienna. After
his father had died and his mother had remarried she went with her family
to Reichenberg in Bohemia where Artin, except for a year’s stay in France,
attended high school and passed the high school examination in Summer
1916. Shortly after his matriculation at Vienna University he was draughted
by the Army with which he served until the end of the first world war. After
the war he continued his studies at the University of Leipzig where he studied
mathematics, mainly under G. Herglotz, and chemistry. In June 1921, at the
age of 23, he was promoted Ph. D. Then he went for a year to Göttingen
and afterwards to Hamburg University which had been founded after the
war. In July 1923 Artin obtained the Venia legendi for mathematics and was
appointed Extraordinarius Eastern 1925, Ordinarius in Fall 1926, at the age
of 28. For eleven years Artin together with Hecke and Blaschke directed the
activities of the Mathematical Seminar of Hamburg University.
In Fall 1937 Artin emigrated with his wife and family to the United States
of America where he was teaching for a year at Notre Dame University, thereafter from 1938 until 1946 at Indiana University, Bloomington, and finally
from 1946 until 1958 at Princeton University. Since Fall 1958, he was teaching
again at Hamburg University where his life suddenly came to an end while
he was still active.
He was honored by many scientific societies. A 1962 honorary doctor’s
degree of the University of Clermont-Ferrant at the occasion of the tercentenary of Blaise Pascal’s death was the last honor bestowed on Artin during
his lifetime.
In my memory Artin stands out as a great teacher. Among his pupils were
mathematicians from many countries who later became leaders in research
and teaching as Max Zorn, Chevalley, Iyanaga, Whaples, Thrall, Serge Lang,
John Tate and Tim O’Meara.
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A teacher in our field can work
through many channels of communication: by formal lectures,
by research papers, by textbooks, by private conversation,
and by generating an infectious
spirit of doing research in a
large group of students, working
through a few. Artin was greatest in teaching a graduate class,
it was then when he was a professor of mathematics in the most
real sense of the word. The influence of Artin’s person on the
hearer was so powerful and in my
memory still is so powerful that
it takes a conscious effort to analyze the components of his success both as to the objective as
well as to the means.
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Emil Artin (photographer unknown).
c Tom Artin

The saying goes that if Artin said that something was trivial it really was
trivial. He coined the expression “enormously simple” which coming from
Artin in reality meant the outcome of a life of commitment to working out
the truth by a highly organized and restless intellect. Indeed, the effect of
listening to a lecture of Artin was to believe the subject on which he lectured
was enormously simple, but upon subsequent reflection it became clear that
the simplicity was the result of hard work and a life of dedication to pure
mathematics.
The intensity of Artin’s desire for simplification and uniting various currents of research in algebra and number theory into one mighty stream was so
enormous that it ultimately found its expression also in printed form. There
are many lecture notes and manuscripts extant through which Artin’s influence on his pupils was extended to a wider audience and which, because of
their immediacy, freshness, and clarity of presentation deserve separate publication for the benefit of posterity. Besides this extension of Artin’s graduate
lectures he influenced decisively the basic organization of the books of van
der Waerden on Algebra, Zassenhaus on group theory and Tim O’Meara on
quadratic forms, moreover Artin’s spirit of abstraction had an admittedly
strong influence on the Bourbakists.
I was a witness how Artin gradually developed his best known simplification, his proof of the main theorem of Galois theory.
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Emil Artin (by Natascha Artin Brunswick). c Tom Artin

The situation in the thirties was determined by the existence of an already
well developed algebraic theory that was initiated by one of the most fiery
spirits that ever invented mathematics, the spirit of E. Galois.
But this state of affairs did not satisfy Artin. He took offense of the central
role played by the theorem of the existence of a primitive element for finite
separable extensions. This statement has no direct relation to the object
of the theory which is to investigate the group of an equation, but it was
needed at the time as a prerequisite for the proof of the main theorem. I
remember many searching conversations of the years 1936 and 1937 prior
to his departure to the United States when he discussed with me various
possibilities to overcome the obstacle and rejected all sorts of compromises
that I brought under consideration.
After having ploughed the field for at least a dozen years in as many
courses Artin did two things. Firstly he restated the main theorem in the
following form:
Given a field E and a finite group G of automorphisms of E, then the
elements of E that are fixed by every element of G form a subfield F of E
with the property that every automorphism of E over F belongs to G.
Secondly he proved the theorem by an ingenious application of methods of
representation theory (see Artin’s Notre Dame Book on Galois theory) thus

Emil Artin

21

initiating the fusion of structural methods and methods of representation theory in modern algebra. In this way Artin transformed the esoteric remarks
of a few experts in the then remote field of representation theory into a cornerstone of the whole theory. Artin at several occasions himself analyzed the
known methods of communication of scientific ideas and results. Following
now already classical concepts of experimental psychology he distinguished
between visual, acoustic and kinesthetic methods of communication corresponding to whether they are directed to perception by sight, hearing or sense
of motion. Artin realized himself that he predominantly relied on kinesthetic
methods of communication meaning that the emphasis of Artin’s lectures
was on motivation followed by logical deduction and terminated by a searching examination of the steps used in the logical deduction. For the hearer
this meant two things: he was not permitted to rest at any stage to perceive the picture obtained, excepting possibly in the beginning of a lecture,
and he gained the impression that right during the lecture he discovered and
established deep theorems by a sequence of simple operations.
The appeal to the sense of motion and progressing in time was powerfully
supported by the external signs of motion. Artin allowed himself to use the
whole platform as a substitute for peripathetic motion, he supported the
sequence of sentences, carefully sculptured in time, by enormously expressive
gestures of his hands, which in his later years occasionally seemed to invite
a particular person in the audience to supply the answer and ultimately
succeeded in generating true intellectual perception in almost every one of
his hearers.
One of his favorite expressions was: this is enormously simple, meaning
that he had succeeded in breaking up a complex structure into a sequence
of very simple steps. Let us remember that Artin and his pupils Tate and
Chevalley developed the methods of cohomology theory in algebra to their
highest known pitch, methods that in Hasse’s words consist in a systematic
sequence of trivial steps.
I have spoken of Artin’s method of communication which largely emphasized kinesthetic perception. However the aim of his demonstration was clarity
corresponding to a sharpened vision of the mathematical structures which either he himself had carefully created or which he had recreated from the work
of other mathematicians. I remember him often saying: I want you to see this
concept in your mind in full clarity (as group, ring, field or ideal). In order
to reach his aim, in all his lectures even the ones of merciless abstraction he
included numerous carefully worked out examples and ultimately based his
speculations on the intimate study of mathematical experience, supported if
necessary by electronic computation.
Turning to the influence which Artin had on his colleagues and pupils by
his publications it is well known among Artin’s pupils that this influence went
far beyond what is evident from his papers. For example Artin had produced
in 1933 a set of seminar notes on the structure of semi-simple Lie-algebras over
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the complex field in which he anticipated Dynkin’s monograph by 15 years
and in some respect gave a superior presentation of the results of E. Cartan
and H. Weyl. These never published notes strongly influenced the work of
W. Landherr and of myself. His lecture notes on complex multiplication in
reality were a modern text book on the subject which influenced greatly
Soehngen’s work. In geometry of numbers Artin has no research paper to his
credit and yet he influenced pupils like Ankeny and MacBeath very much also
in that field of research. His highly original lectures on group theory started
my own research in group theory as I have explained in the preface of my
book on the subject. Together with P. Scherk Artin simplified the proof of
Mann’s theorem in additive number theory.
The best known example for the preference that Artin gave to the spoken
word over the printed word is the influence which he had in the development of
class field theory which can be fully understood only by viewing many of the
main workers in the field taking instruction from Artin at the formative stage
of their career. This is documented for example by the thesis of C. Chevalley
which faithfully reflects the state of the theory as expounded by Artin in the
early thirties filtered through the original mind of the author.
Among the published non algebraic number theory contributions to the
field of algebra by Artin I would like to mention the now famous series of
three 1927 papers on: Algebraische Konstruktion reeller Körper, Über die
Zerlegung definiter Funktionen in Quadrate and Eine Kennzeichnung der reell
abgeschlossenen Körper in the Hamburger Abhandlungen in which the Hilbert
problem concerning the decomposition of positive definite functions into the
sum of squares of rational functions was solved affirmatively.
O. Schreier’s and Artin’s ingenious characterization of formally real fields
as fields in which −1 is not the sum of squares and the ensuing deduction of
the existence of an algebraic ordering of such fields started the discipline of
real algebra. Really, Artin and his congenial friend and colleague Schreier set
out on the daring and successful construction of a bridge between algebra and
analysis. In the light of Artin - Schreier’s theory the fundamental theorem of
algebra truly is an algebraic theorem inasmuch as it states that irreducible
polynomials over really closed fields only can be linear or quadratic.
It is interesting to follow the change of attitude that Artin experienced in
regard to the question to which extent the problems of construction solved
by Artin and Schreier can be done in a finite number of steps. In the thirties
Artin was very much aware of the threat of intuitionism to classical mathematics, several pupils of Artin were working on these questions, one of which
(A. Hollkott) anticipated in his thesis part of the later work of Tarski and
Henkin. However, when I spoke again with Artin in the fifties on the discoveries of G. Kreisel and A. Robinson that indeed Artin’s solution of Hilbert’s
problem could be turned into a finitistic construction he reacted with philosophical calmness and even went so far as preferring a mere existence proof
100
to a construction that required 22 steps.

Emil Artin

23

The two papers on arithmetics of hypercomplex numbers together with
Käthe Hey’s dissertation under Artin’s direction inaugurated the extension
of algebraic number theory to non-commutative rings which still offers many
fascinating unsolved problems.
In group theory Artin studied the order of the known finite simple groups
in two 1955 papers. Based on this study he conjectured that the structure of a
simple group apart from one notable exceptional series may be decoded from
the order, a conjecture that begins to be verified, at least for the minimal
simple groups, by Thompson.
Artin, since the beginning of his research activity, took a very active interest in topology. He invented the notion of braids in mathematics and established the theory of braids in his now classical papers of 1926 and 1947.
Artin was fond of scientific discussion, many times in this country and in
Germany he has worked together with other mathematicians. He has stimulated their work by the clarity of his judgement in scientific questions which
he exercised with discretion, great depth of insight and always with benevolence. I know of many pupils and colleagues who fondly remember the hours
of their life spent in scientific contact with Artin, who thanks to the universality of his studies and the originality of his responses to the work of other
mathematicians always seemed to give more than he received.
Artin was truly a scientist-philosopher in the undiminished sense of the
17-th century, the century of Blaise Pascal, René Descartes, Newton and
Leibniz.
In Hamburg he gave lectures about general mechanics and about relativity
theory in which he carefully discussed both the mathematical theory as well
as the outcome of the decisive experiments. He owned a microscope with
which he made his own observations in biology, and a telescope the mirror of
which he himself had polished to perfection. Through his enduring contact
with outstanding astronomers he was well familiar with modern astronomical
research and cosmological theories.
From the best recipe for cooking rice to the job of tuning a cembalo to
the task of building an organ and the significance of medical research for
psychoanalysis Artin always attacked the problem freshly and responded with
original solutions.
Since the beginning of his academic office Artin took a lively interest in
the problems of teaching mathematics on all levels. This interest showed its
first fruits in his outstanding courses on analysis in Hamburg and Bloomington. He showed no mercy for donkey bridges20 , but with wonderful clarity
and patience he understood to guide his students to the full appreciation and
20

This is a Germanism; the German word “Eselsbrücke” corresponds to the English (or
rather French) word “aide-memoire”. In ancient times, Eselsbrücke denoted Prop. 47 in
Book I of Euclid’s Elements, the theorem of Pythagoras; in English this was known under
its Latin name pons asinorum, or as the “asses bridge”.
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mastery of the subtle concepts of limit and continuity, differentiability and
integral from the beginning of their studies. His introductory course in analysis which I attended at the age of 17 converted me from a theoretical physicist
to a mathematician. I know of several law students who attended regularly
the first half of the course in appreciation of the clarity of his presentation.
The now classical book on the introduction to the theory of the gamma
function is another outcome of these courses, its exposition being an ideal
synthesis of research and teaching.
In Princeton Artin gave outstanding honors courses to mathematics freshmen beyond the call of duty and upon his return to Germany he took active
interest in world wide modernization of the teaching of mathematics on the
high school level by participation in several projects sponsored by European
and Indian organizations.
The 1957 book on geometric algebra is the most mature fruit of Artin’s
ideas how to modernize the teaching of mathematics from the high school
level to the senior undergraduate level, inasmuch as it carries out in original
fashion his own recommendations: to place the definition and properties of
linear spaces into the center of the theory and to expound geometry and
algebra as two sides of a unified structure.

REFERENCE:
Schoeneberg, Bruno. Emil Artin zum Gedächtnis. [Sch63]

3. Reminiscing Helmut Hasse

By Günther Frei

3.1 My first encounter with Helmut Hasse
I first met Helmut Hasse in 1971 at the Mathematical Research Institute21
in Oberwolfach, where he and Peter Roquette organized a conference on
algebraic number theory. At first he made a rather distant and cold impression
on me, but this first assessment soon turned out to be incorrect. When I
asked him towards the end of the conference whether he would like to visit
the University of Laval in Quebec for one semester in order to give lectures
on class field theory, he accepted on the spot. In the ensuing correspondence,
all the formal, financial and technical matters that the university and the
financing institutions impose on such a visit had to be arranged. During this
correspondence I came to know Hasse as a modest and very conscientious
and kind person, who answered all the relevant questions patiently and with
great punctuality.
On September 2, 1972, Hasse arrived in Quebec. His lecture on class field
theory led from cyclotomic fields as class fields over the main theorems of
class field theory to the theory of Chevalley; Hasse chose the approach via
algebras, which mainly goes back to his own publications in the early 1930s.
In an appendix he discussed genus theory, first in the quadratic case, which
Hasse also presented in an article on the determination of the structure of
the 2-class group of quadratic number fields (see [Has75a]), and then in the
general abelian case, where he followed Leopoldt’s work (see [Leo53]), which
also had originated in suggestions by Hasse and, in particular, his monograph
Über die Klassenzahl abelscher Zahlkörper [Has52b]. I published the lecture
notes in February 1973 as no. 11 of the series “Collection Mathématique,
Département de mathématiques, Université Laval”, with the title Class Field
Theory (see [Has73]).
21

Mathematisches Forschungsinstitut Oberwolfach.
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In these two months, September and October 1972, I had the fortune to
get to know Hasse on a very personal level and to become very close to him,
because we essentially spent the whole days together. In the morning I picked
him up before the lectures at the hotel; after the lecture there was a discussion
about the material he had presented. Afterwards we had trips to places near
and not so near to Quebec, and finally we had dinner at our home. In a
very light and relaxed atmosphere we had discussions about many topics, in
which we profited from Hasse’s many cultural interests and where we learned
a lot about German culture. These evenings, which always involved music,
were enjoyed by everyone, including Hasse. During and after his stay there
Hasse gave lectures at McGill University in Montreal and in Sherbrooke, at
Queens’s University in Kingston, where he visited Paulo Ribenboim, and in
Toronto and McMaster University in Hamilton.
In the next spring, from May 10 to 20, 1973, we were Hasse’s guests in
Ahrensburg, where Hasse resided in the two upper floors of a cozy suburban
house with a beautiful garden. We were given the top floor, where Hasse’s
study room was located, in which he kept his neatly ordered collection of
reprints. During the days we made excursions into the vicinity of Ahrensburg
and to Hamburg, a day trip to the “Holstein Switzerland” with a detour to
Schillsdorf in Amt Bokhorst, where we visited Paul Ziegenbein in his country house. Ziegenbein was a friendly and kind person, who had to use a
wheelchair. When Hasse was called to lead the mathematical institute in
Göttingen in 1933, Ziegenbein was put at Hasse’s side by the ministry in
Berlin in order to keep an eye on him since Hasse, who firmly resisted any
political influence from outside, was not trusted by the officials in Berlin. Although Ziegenbein had been a member of the party from early on, Hasse was
able to win him over to his side. With his help he succeeded in defending the
institute against the constant interference of the ministry (see [Fre77]). After
the war, Ziegenbein, who spoke the local dialect22 , became a civil servant at
Amt Bokhorst.
We always returned on time from our trips in order to have supper, which
had been prepared by Hasse’s housekeeper, Mrs. Finnern. Punctuality was
demanded since 5 minutes before the evening news, the TV turned itself on
automatically. Hasse followed the news with great interest. After the news,
the TV got turned off, and we returned to mathematics and other cultural
topics. In those days, Hasse kept up a regular correspondence with many
mathematicians from the US, which he had visited for the first time in 1962,
and then every year after his emeritation in 1966. During the week we spent
in Ahrensburg, Hasse was busy with problems due to Leon Bernstein, whom
he helped in his investigations of fundamental units in families of number
fields depending on a parameter (see [BH75]); these problems were related to
a joint article on the computation of units with the Jacobi-Perron algorithm
(see [BH65]). Bernstein was only one out of many American mathematicians
22
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who were led by Hasse into mathematical research. Bernstein, who settled
in Israel after his emeritation, always remained thankful and well-disposed
towards Hasse.

3.2 First Version of the Correspondence Artin – Hasse
In the following year I was to organize the 28th Congress of the Canadian
Mathematical Society (Société mathématique du Canada), which took place
from June 6 – 8, 1974, at the University Laval in Quebec. As every year,
the Jeffery-Williams price was awarded at this occasion. This prize had been
created in 1968 in order to honor the contributions of a mathematician who
was connected with Canada. In 1974, the price went to Hans Zassenhaus from
Ohio State University, who had been professor at McGill University in Montreal before. Zassenhaus lectured on the letters from Minkowski to Hilbert,
which Zassenhaus had edited the year before together with Lily Rüdenberg,
Hermann Minkowski’s daughter; the book was published by Springer-Verlag
(see [RZ73]). In a long conversation after the lecture Zassenhaus suggested
that I look into the correspondence between Hilbert and Klein in Göttingen,
since he knew that I was interested in the work of Hilbert and Klein. An edition of this correspondence would be a “useful and revealing” task. B. L. van
der Waerden, whom I met two weeks later in Zurich, also encouraged me to
start this project.
Soon an opportunity arose to do this: On June 30, 1974, I made a stop in
Göttingen on my way to Helmut Hasse in Ahrensburg. On the following day
I visited, at Hasse’s suggestion, his former Ph.D. student Wilhelm Grunwald,
who then was director of the University Library of Göttingen, where I had the
opportunity to see the handwritten papers of Klein. Grunwald had become
known through the “Theorem of Grunwald-Wang” in his dissertation supervised by Hasse (see [Roq05b], Sect. 5.3). Two days later in Ahrensburg Hasse
took me, after a visit at the Rotary Club, to see Hel Braun, who was Hasse’s
successor, in his office in the Mathematical Institute in Hamburg, where his
writing desk was still there on which already Erich Hecke had worked. In this
office Hasse also kept his highly interesting and extensive correspondence,
and I obtained Hasse’s permission to look through his letters. Particularly
informative were the 49 letters from Artin to Hasse written between 1923
and 1954. They seemed to be an important and highly interesting document
on the history of class field theory and the theory of algebras. Hasse let me
have them and gave me the permission to publish both his correspondence
with Artin as well as that with others; in particular his correspondence with
Emmy Noether seemed to be of a similar importance.
In autumn I was back in Quebec, and when copies of the correspondence
Hilbert-Klein from the library in Göttingen and Hasse’s letters from Artin
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and Emmy Noether arrived I could form an opinion on the extent of the
work necessary for the edition. After reading the letters carefully I decided to
edit the correspondence23 between Klein and Hilbert first and then prepare
the letters from Artin, in particular because Hans Zassenhaus volunteered to
collaborate on both projects. This was very encouraging since Zassenhaus had
received his Ph.D. in 1934 from Artin in Hamburg, and had been his assistant
from 1936 to 1937. Thus he was also familiar with Artin’s work. In addition,
Zassenhaus was friends with Natascha Artin, Artin’s wife, with whom he had
went to school in Hamburg. Hasse also was ok with Zassenhaus’s eventual
participation, and Zassenhaus also thought that an edition of the letters from
Artin to Hasse would be a “valuable and desirable” task.
We planned to publish the correspondence as a book with Springer-Verlag,
who was interested in it, similar to the edition of the correspondence between
Minkowski and Hilbert by Rüdenberg and Zassenhaus. It was planned to
contain the following: a history of class field theory up to 1923, a biography of
Hasse, a biography of Artin, and the letters from Artin to Hasse with detailed
comments. Thus I sat down to write a biography of Hasse, which led to the
publications [Fre77], [Fre81c] and [Fre85b]. Zassenhaus wanted to write the
biography of Artin, and I planned to write the history of class field theory up
to 1923. We planned to comment the letters in a way similar to how Robert
Fricke, Emmy Noether and Öystein Ore did when they edited Dedekind’s
Collected Papers. One problem was getting the letters typed, something that
could be accomplished only by a German speaking secretary, and so could not
be done in Ohio or Quebec. Luckily I spent the months from May to August
1975, after Hasse had visited us in April in Quebec from Orono for a couple
of days, at the Research Institute of the ETH, where Mrs. Rahel Boller was
kind enough to type the extensive correspondence. But when Springer, a year
later, was not interested anymore in publishing the correspondence because
they thought it was a financial risk, the manuscript was put aside.
Compared with the first edition of the letters in January 1981 in the series
“Collection Mathématique” (see [Fre81a]), the short biographies of Artin and
Hasse, the introduction, the short summaries of the content of the letters and
the index were still missing then.

3.3 On Hasse and his Biography
Already during my second visit in Ahrensburg from July 2 until July 6,
1974, I had started to deal with Hasse’s biography, in particular with regard
to the comments on the letters, but also because I was interested in the
various relations with the German cultural history. I had already learnt a
23

This correspondence was published in 1985, a biography on Klein in 1981 (in German)
and in 1984 (in English); see [Fre85a], [Fre81b] and [Fre84].
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lot of personal things about Hasse and his ancestors from Hasse himself, and
Hasse, who had full confidence in me, was happy to provide me with detailed
information on everything.
Back then I knew only little about the time between 1934 and 1945, when
Hasse was director of the Mathematical Institute in Göttingen. I had heard
before about Hasse’s role in these times from various people in the USA,
where I had spent the years from 1968 until 1970, and in Canada, where I have
been working since 1970, but only from people who were not knowledgeable
and obviously passed on news that they had heard someplace else. Such claims
were in sharp contrast to everything I had heard from people that had to be
taken seriously, who had known Hasse well and have worked together with
him, such as Reinhold Baer, Martin Eichler and Olga Taussky, all of whom
I knew very well myself. They all spoke with the highest admiration about
Hasse’s personality and his work. Martin Eichler emphasized at one occasion
that he could only say that “Hasse was a perfect gentleman”. Reinhold Baer
and Olga Taussky said something similar. Hans Rohrbach, who had assisted
Hasse in editing the “Journal für die reine und angewandte Mathematik”
since 1932 and who knew Hasse very well, wrote in a personal report on
February 2, 1946:
Hasse has such a sincere, honest and straight character that he cannot
possibly change to the worse. Whoever has a different opinion on him
judges from a superficial or an odd point of view.
This statement characterizes Hasse exactly. Abraham Adolf Fraenkel, who
like Hasse received his Ph.D. in Marburg under the supervision of Hensel,
who was Hasse’s colleague in Kiel, and who later was rector of the Hebraic
University in Jerusalem, writes in his book [Fra67, p. 153]:
Personally, my experiences with Hasse were positive throughout, and
I always found him to have a flawless character.
This agrees very well with my own experience and that of people whom
I would meet later, and who had known Hasse personally. They all gave
their opinion on Hasse in the same clear way. In fact one can hardly imagine
a kinder personality than Helmut Hasse. Let me also remark that I had
given Fraenkel’s autobiography [Fra67] to Hasse on the occasion of his 78th
birthday. Hasse enjoyed the present and remarked that he knew Frankel, who
had been his colleague in Marburg, very well, and that he was glad to learn
something about Fraenkel’s fate afterwards in his own words.
These assessments would not be complete without saying that what van
der Waerden said about his teacher Emmy Noether (see [Fre98b, p. 138]) is
also true about Hasse:
She was a thoroughly good woman, free of any egoism, free of any
vanity and pose, and she always helped everyone whenever she could.
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In the commemorative article on
B. L. van der Waerden, in which
I quoted these remarks by van
der Waerden, I have also written that the same may be said
about van der Waerden, and I
have added that he never uttered
a disparaging word about his colleagues and that he has, whenever he could, encouraged and
challenged his students in their
quest for something new, for scientific clarity, and, ultimately, in
their search for wisdom beyond
science. The same must be said
about Hasse. This virtue of never
talking negatively or disparagingly about someone, which connects Emmy Noether with van
der Waerden and Hasse, has to
be rated very highly in particular because it is so rare.
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It is therefore astonishing that both Hasse and van der Waerden have again
and again become the target of, it seems, ideologically motivated articles.
Among the insinuations were claims that they had tolerated or even approved
of the excesses and persecutions of these times. To this end, sometimes letters
and other documents were quoted. But it is not sufficient to take something
out if its context in order to confirm a preconceived opinion. It would be
necessary to look at these documents in a wider context and to develop the
ability to interpret them correctly in consideration of the circumstances of
these times.
On the occasions of my third and fourth visit in Ahrensburg (Sept. 21 –
Oct. 3, 1976, and May 29 – 31, 1977) during my sabbatical at the Research
Institute for Mathematics at the ETH in Zurich I had the opportunity to
familiarize myself with the events during the years between 1934 and 1945,
when Hasse was director of the Mathematical Institute in Göttingen. In the
upper floor of Hasse’s house in Ahrensburg, where we were allowed to use the
guest apartment, Hasse kept – in addition to his collection of reprints – many
highly personal letters and documents relevant for this topic. Hasse gave me
free access to all of these documents and allowed me to make copies of them.
He freely answered all my questions that arose from reading these documents.
Today, this material is preserved in the university library in Göttingen.
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These documents give a clear picture of Hasse’s integrity in a very
difficult time. They document the
repulsive acts that Hasse had to endure from 1933 until around 1948,
his tireless, wearing and fearless effort to keep the Mathematical Institute in Göttingen up and running, to
help colleagues and Ph.D. students
and to further the quality of science
with all the means at his disposal.
They show his fearless actions in a
difficult time. This is not the place
to go into all of the details in this
period. Some items can be found in
my biography [Fre77] on Hasse, or
in a more detailed biography that I
yet have to write.
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3.4 First Edition of the Correspondence Artin–Hasse
In summer 1977 we spent, together with Hasse and his companion Marion
Ritter, two weeks (from June 17 until July 3) in Unter-Engadin, where we
have a holiday home since 1972. Hasse had met Marion Ritter, who is seven
years younger than he, shortly before the first world war when he was 16,
in a guest house in the Thüringen Forest, and had met her again in 1971.
Hasse’s wife had died in summer 1967 of kidney problems. Hasse enjoyed the
time in Engadin and joined us on various hikes.
After these days we spent together I finished the biography [Fre77] and
then sent it, in July 1978, to several persons who were familiar with Hasse: his
daughter Jutta Kneser and his son Rüdiger Hasse, as well as to his students
Curt Meyer, Wolfram Jehne, Peter Roquette and Paul Wolf, and in addition
to Hans Zassenhaus. I also sent a copy to K. Honda in Japan, who was working
on a small biography of Hasse in Japanese.
At that time, Hasse was in good health. In August 1978 he spent two weeks
in Switzerland in order to escape any fuss about his 80th birthday on August
25. A year later, however, his health deteriorated, and to his great regret
he could not attend the meeting on algebraic number theory in Oberwolfach,
which he had been organizing for many years. He was deeply saddened by the
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fact that this may have been the last occasion to see, for the last time, many
of his students and friends who attended the meeting. A telegram to those
present at the meeting was for many the last news from Hasse. On December
26, 1979, he died in Ahrensburg after having suffered the last months in
patience despite severe pains.
Since the first part of Hasse’s biography [Fre77], accompanied by Hasse,
had been brought to a certain conclusion and could be published, it was about
time to resume the work on the correspondence between Hasse and Artin, also
in connection with the second part of the biography on Hasse’s work. This
correspondence during the years from 1923 to 1934 was intimately connected
with Hasse’s work on reciprocity laws and class field theory. It was Peter
Roquette who, after having read the biography, encouraged me to resume
this project and who offered his help; in addition, Klaus Peters at Birkhäuser
Verlag now was interested and had accepted by telephone to publish the
result. Peter Roquette and Klaus Peters agreed to keep the original plan
with Hans Zassenhaus, and Peter Roquette suggested to provide comments
in such a detail that it would become an introduction to class field theory
on a historical basis. Moreover Winfried Scharlau let me know via Max Knus
that he would gladly publish the correspondence in the series “Dokumente
zur Geschichte der Mathematik” (Documents on the History of Mathematics)
at Vieweg Verlag.
After this I wrote the short biographies of Artin and Hasse, the Introduction, the summaries of the letters, and made an author and a subject index.
Now the letters from Artin to Hasse could be published in the series “Collection Mathématique” (see [Fre81a]) in January 1981 and and made accessible
for the mathematical public. For a longer period of time, this is where things
remained. Only in 1997 – Hans Zassenhaus had meanwhile died on November 21, 1991, in Columbus, Ohio – Peter Roquette and I resumed the project
with the intention of publishing the correspondence again, but this time with
detailed comments. With this goal in mind a series of preparatory articles
were published in which certain parts of Hasse’s work was studied in detail.
This list of papers includes [Fre89], [Fre01], [Fre07b], [Fre04], [Fre06], [Fre07a];
[Roq98], [Roq00], [Roq01], [Roq02a], [Roq02b], [Roq05b], [Roq04], [Roq05a],
[LR06] und [Roq06], which were used as the basis for our comments.

4. Reciprocity Laws for Power Residues
We do not intend to discuss here the long history of reciprocity laws, for
which we refer the readers to the relevant literature ([Fre94, Lem00]). Our
aim is to present the most important results on which Artin and Hasse built
their work, and we will do so in the terminology that was being used at the
beginning of the 20th century, in particular in Artin’s letters.
Today we know Artin’s Reciprocity Law as an isomorphism between
the Galois group of an abelian extension K|k of number fields and the associated ray class group (or idele class group) in k. This isomorphism was stated
by Artin [Art23b] in 1923, and proved in 1927 [Art27a]. Many mathematicians
at that time regarded this theorem, which Artin immediately called a “general reciprocity law”, with suspicion and at first considered it as “somewhat
strange”, as Artin himself wrote in his article. Before Artin24 , a “reciprocity
law” was a statement about power residues in number fields containing the
appropriate roots of unity. This will be explained next.
Let m > 1 denote a natural number and k some algebraic number field
containing the m-th roots of unity. Let p denote a prime divisor of k, and
let |p| denote the norm of p, i.e., the cardinality of its residue class field. We
assume that p does not divide m. For
 elements α ∈ k coprime to p we define
the m-th power residue symbol αp as the uniquely determined m-th root of
unity satisfying the congruence
α
|p|−1
(1)
≡ α m mod p .
p
If we want toemphasize
 that we are talking about m-th power residues, we
also write αp m or αp (m) .

We have αp = 1 if α is an m-th power residue modulo p, i.e., if the
congruence xm ≡ α mod p is solvable for some x ∈ k × . When this is the case,
there are exactly m such solutions modulo p.

For divisors b of k that are coprime to α and to m, the symbol αb is
defined via multiplicativity of the denominator b. If b = (β) is a principal
divisor, then we write αb = α
β . The last symbol is called the Jacobi
symbol for the exponent m.
24

There do exist a few comments hinting at a different perception of reciprocity laws
already before Artin; Fueter, for example, wrote in [Fue11, p. 26]:
The reciprocity laws are nothing but the decomposition laws of prime ideals in
[. . . ] extensions.
Fueter also observed that for getting the full reciprocity law for power residues, one has to
exploit the stronger fact that the power residue symbol ( ω
) only depends on the ray class
p
of the prime ideal p (for fields containing the l-th roots of unity and Kummer extensions
√
generated by ` ω).
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The following equation is often called the General Reciprocity Law for
the Jacobi symbol:
(2)

α
β

=

β 
α

,

where α is primary.

Of course we assume that the symbols occurring here are defined, i.e., that α
and β are coprime as well
√ as coprime to m. Moreover α is called primary if
the discriminant of k( m α)|k is coprime to m. This
√ is equivalent to the fact
that each prime dividing m is unramified in k( m α)|k. For m = 2 we have
to demand in addition that α √
be totally positive in k, i.e., that each infinite
prime in k is unramified in k( m α). If we want to express the dependence on
the exponent m we also say that α is m-primary. If m = ` is a prime number,
then the primary elements α can be characterized by congruences modulo the
prime divisors l of ` in k. For a prime power m = `n , such a characterization
is a more difficult problem; in the correspondence between Artin and Hasse,
this problem shows up every now and then.25
Occasionally, the notion of hyperprimary elements is used; an element√α is
called hyperprimary if every prime divisor of m splits completely in k( m α).
If k = Q and m = 2, then (2) is the quadratic reciprocity law; the condition
that α be primary in this case means that α ≡ 1 mod 4 and α > 0. For
arbitrary number fields and m = 2, Hilbert had discussed this reciprocity
law in his work on relative quadratic extensions. In his lecture at the ICM
in Paris in 1900 he posed the problem to generalize this law to arbitrary
exponents m. By factoring m, this problem may be reduced to the case of
prime power exponents m = `n . We have cited the Hilbert’s 9th problem
already in the Introduction.
For odd prime exponents m = `, Hilbert’s problem was solved by Furtwängler26 in a series of papers between 1902 and 1913. Another solution was
provided by Takagi in his article published in 1922, where he discussed the
reciprocity law within the framework of class field theory.27 The connection with class field
theory is provided by the structure of the equation (1).

The value of αp determines the decomposition of the prime p in the abelian

√
extension k( m α)|k; if, for example, αp = 1, then p splits completely. The
general problem of describing the decomposition of primes in abelian extensions was the main source of class field theory – a problem not depending on
the existence of roots of unity in the base field (see [Fre89]).
25

The terminology “primary” and “hyperprimary” had become established in connection
with reciprocity law. In other areas of mathematics, “primary” has a different meaning.
26 For regular primes, it had been solved by Kummer, and Hilbert had given an exposition
of Kummer’s results in his Zahlbericht.
27 For more on Takagi’s class field theory see p. 38.
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The case of prime power exponents m = `n was solved by Artin on the
basis of his reciprocity law, by using ideas of Furtwängler and Hasse, as can
be seen from his letters written in 1927.
For generalizing the “general” reciprocity law (2) we have to deal with the
problem of computing the inversion factor
(3)

 α  β −1
β

α

=?

in those cases in which the conditions above are not satisfied, i.e., if neither α
introduced
nor β is primary. For doing so we use the Hilbert symbol α,β
p
by Hilbert, which in a certain sense already occurs in Eisenstein’s work (1850)
and goes back to Gauss (1801). It has the following properties.

For every place p of k, the function α,β
is bimultiplicative and antisymp
metric in α and β, and attains
values
in
the
group of m-th roots of unity

=
1
if
and
only
if
α is a norm from the p-adic
in such a way that α,β
p
√
completion kp ( m β).28 Here α and β are arbitrary elements from k (or kp ).
The definition of the norm symbol was far from simple in the case where p
is a divisor of the exponent m, and in fact used the reciprocity law.
Accordingly, Hilbert only could treat the quadratic case m = 2; the case of
odd prime exponent was first settled by Furtwängler and Takagi. The case of
an arbitrary exponent was treated by Hasse on the basis of Artin’s reciprocity
law.
Without going into the exact definition we remark that there is a product
formula for the Hilbert symbol:
(4)

Y  α, β 
p

p

= 1.

Here we also have to take the real infinite primes into account, if there are
any; this can only occur for m = 2. With this product formula, Hilbert had
summarized all reciprocity relations29 for the m-th power residues.
If p does not divide m, then the Hilbert symbol can be expressed in a
simple way using Jacobi symbols:

  −b a 
α, β
α β
(5)
=
p
p
28

Hilbert did not use local fields explicitly; he formulated the norm-property
as a sequence
√
of congruence conditions: in his language,
α is a norm residue in k( m β) modulo each power

of p. For this reason, the symbol α,β
used to be called Hilbert’s norm residue symbol.
p
29

In fact it can be shown that the product formula is essentially the only product relation
between Hilbert symbols ( α,β
). This is known as the uniqueness of the reciprocity law.
p
See 40.2

36

Introduction to the Correspondence

where a = vp (α) and b = vp (β) denote the exponents of p in the prime
decompositions of a and b. (If m is even and not a multiple of 4, then the
ab
.)
right-hand side has to be multiplied by the factor −1
p
If α and β are prime to each other and to m, as is assumed in (3), then

 β −1
Q
(5) shows that p- m α,β
= α
. Because of the product formula (4),
p
β
α
the inversion factor can be expressed as follows:30
 α  β −1

(6)

β

α

=

Y  α, β −1
l|m

l

,

(where, on the right-hand side, the real primes of k have to be taken into
account, which exist only if m = 2). This formula for the inversion factor is
often called the “general reciprocity law”; it contains (2) as a special case.
Equation (6) is not a solution
of the problem (3) since the definition of the

for
l
| m is of a formal nature and does not give
norm residue symbol α,β
l
us explicit information on the values of these symbols. But (6) reduces this
problem for the inversion factor to the calculation of the Hilbert symbols for
the primes l | m in k (and for the infinite primes if m = 2). This leads to
explicit formulas for the reciprocity law.
In the special case k = Q and m = 2, these explicit formulas are known
as the quadratic reciprocity law:
 α  β −1
β

α

= (−1)

α−1 β−1
2 · 2

(−1)

sgnα−1 sgnβ−1
·
2
2

.

The first factor on the right-hand side corresponds to the prime 2, and the
second factor to the infinite prime of Q. This second factor becomes trivial
if α > 0 or β > 0. From 1923 to 1925, Hasse tried to find explicit formulas
for the reciprocity laws that are as general as possible, at first only in the
case of prime exponents m = `, and later – after Artin had discovered his
reciprocity law – also for prime power exponents m = `n .
Let us point out again that the product formula (4) as well as (6) are based
on the reciprocity law (2), and therefore could be considered as proved only in
the case of prime exponents m = `. The generalization to arbitrary exponents
m was only possible on the basis of Artin’s reciprocity law. Accordingly, the
first five letters written in 1923, when Artin’s reciprocity law was not yet
known, are restricted to the case of prime exponents.
The general reciprocity law (2) is accompanied by the supplementary
laws. Traditionally we distinguish between the “first” and the “second” supplementary laws. The first supplementary law deals with power residue symbols for units in the field k and reads:
30

Artin and Hasse denote the prime divisors of m almost always by l, in particular if
m = `n is a power of a prime number `.
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=

Y  ε, α −1
l|m

l

for elements α coprime to m. For m = 2, we have to take the real infinite
primes into account on the right-hand side. In this form,
 the first supplementary law is a special case of (6) since by definition αε = 1. In this sense, the
first supplementary law is only of historical interest and plays no role in the
correspondence between Artin and Hasse.
The second supplementary law deals with the power residue symbol
for those elements λ ∈ k that are divisible only by prime divisors of the
exponent m, and reads as follows:
(7)

λ
α

=

Y  λ , α −1
l|m

l

where α is assumed to be coprime to m.
The first five letters from Artin to Hasse deal with the second supplementary law and its relation to the general reciprocity law (2) in the case of an
odd prime exponent `. The most important case clearly concerns the cyclotomic field k = Q(ζ) of `-th roots of unity – where ζ denotes a primitive `-th
root of unity. In this case, there is only one prime divisor l in k above `, and
this prime has 1 − ζ as its prime element. Thus on the right-hand side of
Equation (7) there is a single factor, and (7) has to be evaluated only for the
element λ = 1 − ζ.
Finally we have to mention Eisenstein’s Reciprocity Law, which now
and then shows up in the correspondence. It mainly deals with odd prime
exponents m = ` and the field k = Q(ζ) of `-th roots of unity. This is a very
special case of the reciprocity law (2), and deals with power residue symbols
in which α is rational and β congruent to an integer modulo l2 . Here l is
the prime divisor of ` in Q(ζ). In this connection, Hilbert remarks in his
Zahlbericht that
Eisenstein’s reciprocity law so far is an indispensable tool for the proof
of the general reciprocity law.
Takagi said something to the same effect in his great article on the reciprocity
law in 1922. Before Artin’s reciprocity law was established it seemed that
the only way for deriving the general reciprocity law was by generalizing
Eisenstein’s reciprocity laws to prime power exponents m = `n ; see Part II,
Section 6.3. With Artin’s proof of the reciprocity law, Eisenstein’s reciprocity
law lost its role as an indispensable tool for the general reciprocity law.

5. Class Field Theory
It is not our intention to present the history of class field theory here; for
this we refer e.g. to Hasse [Has66], Frei [Fre89] and Iyanaga [Iya75, App. 2],
[Iya06]. Our goal is to collect the most basic results used by Artin and Hasse,
in the terminology used in the 1920s. In particular, we discuss Takagi’s class
field theory along the lines of Hasse [Has26a].
Let k be a number field and m an integral divisor of k. Let Am denote the
group of divisors of k coprime to m. The “principal ray modulo m” consists
of those principal divisors (α) ∈ Am that are generated by totally positive
elements α ∈ K × satisfying the congruence α ≡ 1 mod m. More generally,
any subgroup Hm ⊂ Am containing this principal ray is called a ray modulo
m; the quotient group Am /Hm is the corresponding ray class group modulo
m. Its order hm = (Am : Hm ) is called the ray class number.
To every ray Hm there corresponds a certain abelian extension K|k characterized by the following properties:
(i) the primes not dividing m are unramified in K|k;
(ii)a prime not dividing m splits completely in K|k if and only if p ∈ Hm .
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K is called the class field of k belonging to the ray class group Hm . The
degree of the class field is equal to the (ray) class number:
(8)

[K : k] = hm .

If Hm is the principal ray modulo m, then the corresponding class field is
called the ray class field modulo m. In the special case m = 1, where Hm
consists of all principal divisors, this ray class field is called the Hilbert class
field of k. It is characterized as the maximal unramified abelian extension of
k. Its degree is equal to the usual class number of k.
The fact that there is a class field for each ray was called the Existence
Theorem of class field theory by Hasse [Has26a]. The Converse Theorem
is the following result going back to Takagi [Tak20a]:
Every finite abelian extension of k is a ray class field modulo a suitable
ray Hm .
Here the modulus m has to be chosen in such a way that it is divisible by
sufficiently high powers of all primes in k that ramify in K. Then Hm may be
described as the subgroup of Am that is generated by the principal ray and
the norms of divisors from K. Takagi built this characterization of Hm into
31

As usual, we have to take the infinite primes into account. For details we refer e.g. to
[Has27a]. For keeping the presentation below simple we will not mention all the details
that have to be considered when dealing with the infinite primes.
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the definition of class fields, and it turned out that this condition is equivalent
to the definition of class fields with the properties (i) and (ii) going back to
Weber.
It is possible that different rays Hm correspond the the same class field.
In fact, assume that m0 is a multiple of m; then Am0 ⊆ Am . The intersection
Hm0 = Hm ∩ Am0 contains the principal ray modulo m0 and thus is a ray modulo m0 . The corresponding ray class groups are then canonically isomorphic:
Am0 /Hm0 ' Am /Hm . In this situation we say that Hm0 and Hm are “equal”
(with quotation marks). This induces a reflexive and transitive relation of
“equality” on the set of rays, and we have: Two rays Hm and Hm0 belong to
the same class field if and only if they are “equal” in the sense above. Now
we can formulate the
Main Theorem of Class Field Theory: The abelian extensions
K|k correspond bijectively to the rays in k, where rays have to be
identified in the sense of “equality” defined above.
If K is a class field for the ray Hm , then m is called a defining modulus
for K. The smallest possible defining modulus with respect to divisibility is
called the conductor of the abelian extension K|k; every defining modulus
is a multiple of this conductor.32 The conductor divides the discriminant of
K|k and contains the same prime divisors.
If the choice of the defining modulus m is not relevant, the contemporaries
of Artin simply wrote H instead of Hm and A/H instead of Am /Hm . This
makes sense since for different defining moduli m and m0 there is a natural
isomorphism Am /Hm ' Am0 /Hm0 .33
This terminology was also used by Artin in his letters: he says “Let K
be class field modulo the ray H”, and “Let the ideal classes of k be defined
modulo H”. Sometimes he simply writes “ideal classes modulo K” for the
classes modulo the ray class group A/H attached to K.
Weber and Takagi have shown that the ray class group A/H, as an abelian
group, has the same invariants as the Galois group of the attached class
field K/k; this implies the existence of an isomorphism A/H ≈ G. It was,
however, not known – except in special cases34 – whether there is a canonical
isomorphism, and how to construct it if it exists.
It is Artin’s Reciprocity Law that solves exactly this problem, because
it gives, in a canonical way, an isomorphism between the ray class group A/H
and the Galois group of K|k.
32

Strictly speaking we also have to take the infinite primes into account. For this we refer
to the standard references, such as Hasse’s Class Field Theory Report [Has27a].
33 Today we would define A/H as the projective limit of the groups A /H . In 1936
m
m
Chevalley [Che36] discovered that A/H may be realized as a factor group of the idele class
group modulo the norms of ideles from K.
34 See Part II, Section 5.6, in particular p. 76.
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As Artin explains in Letter no. 8, such an isomorphism is induced by
sending each prime ideal coprime to m to its Frobenius automorphism in
G. The terminology “Frobenius automorphism” was not yet used, however;
Artin talked simply about the “substitution attached to p”, and denoted it
by σp . By definition, σp is characterized by the congruence
σp A ≡ A|p| mod p .

(9)

Here as before, |p| denotes the cardinality of the residue class field of p.35
It was Hasse who, in the second part of his report on class field theory
[Has30a], coined
the expression “Frobenius symbol” and introduced the no
36
for
it.
, alluding to the classical quadratic residue symbol ( pq )
tation K
p
going back to Legendre.
The maximal unramified abelian extension of k is called the Hilbert class
field of k, or its absolute class field. The corresponding defining modulus
is m = (1), and A/H is the usual ideal class group of k. Artin’s reciprocity
law gives an isomorphism of the Galois group with the ideal class group. An
important problem going back to Hilbert was the proof of the Principal
Ideal Theorem, according to which every ideal in k becomes principal in
the Hilbert class field. This theorem was proved by Furtwängler in 1927, on
the basis of Artin’s reciprocity law; the developments leading to this result
are reflected in the correspondence between Artin and Hasse.

35 This definition of the Frobenius automorphism is only true for abelian extensions K|k.
In the general case of a Galois extension one has to choose an extension P of p to K; the
Frobenius automorphism σP of this extension is defined by the congruence (9) modulo P.
Different extensions P, P0 of p are conjugate, hence so are the Frobenius automorphisms
attached to them; in particular they coincide in the abelian case, which finally yields (9).
36 Much to the regret of typesetters of mathematical articles, who had problems of placing
such fractions in lines with a normal spacing. In some articles, these Frobenius symbols were
sometimes written as (K/p), to the chagrin of authors committed to historical tradition,
who wanted to see the relation to classical quadratic reciprocity reflected in the notation.
– Strictly speaking the notation
 K  in Hasse [Has30a] is slightly different. He denoted the
Frobenius automorphism by P
, where P is a prime divisor of p in K, and introduced
K
K
the “Artin symbol” P
as the conjugacy class of P
inside the Galois group. This
terminology did not prevail. In the case at hand, where the extensions are abelian, the
Artin symbol coincides with the Frobenius symbol.







6. Time Table
Year
1897
1898
1899

1900

1902–13

1919–21

1920–22

1922–23

Artin
Hasse
Hilbert: Zahlbericht
born March 3, 1898
born August 25, 1898
Hilbert: Theory of relative quadratic extensions, in particular the
quadratic reciprocity law for number fields with odd class number, formulated as the product formula for Hilbert symbols.
Hilbert: lecture at the ICM in Paris, in which he presents 23
problems. The ninth deals with the reciprocity law for power
residue symbols, at first for odd prime exponent `, and then for
general prime power exponents.
Furtwängler solves Hilbert’s ninth problem for prime exponents `
in a series of articles. He also proves the norm theorem for cyclic
extensions of prime degree.
A. studies in Leipzig (Her- H. studies in Göttingen
glotz); he has spent the (1918/20; Hecke) and Marburg
semester 1916/17 in Vienna (1920/21; Hensel). He spends
(Furtwängler).
a semester in 1917 in Kiel
Ph.D. 1921; thesis on the arith- (Toeplitz). Ph.D. 1921; thesis
metic of quadratic function on quadratic forms over Q and
fields over Fp and formulation formulation of the Local-Global
of the Riemann conjecture for principle.
these fields. Afterwards, Artin
spends a year in Göttingen.
Takagi’s articles on class field theory. In his first article (1920)
he develops class field theory as the theory of abelian extensions
of number fields. The second article (1922) shows how to derive
Furtwängler’s results in this more general setting.
A. and H. meet in September 1922 at the meeting of the DMV
in Leipzig and in March 1923 at the talk given by Hasse in Kiel.
Correspondence A.-H. begins. First joint article on the second
supplementary law.
Winter semester 1922/23: A. 1922: habilitation in Marburg;
goes to Hamburg as assistant thesis: quadratic forms over
of Blaschke. 1923 habilitation; number fields, including the
thesis: article on L-series and Local-Global principle. Winter
formulation of A.’s reciprocity semester 1922/23: H. goes to
law.
Kiel as Privatdozent.

41

42

Year
1924
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Artin
Hasse
DMV meeting Innsbruck. Noether: prime ideal decomposition in
Dedekind domains.
Theory of braids
Explicit reciprocity laws for
prime exponents.
1925
Professor in Hamburg; works in Professor in Halle. DMV meetnumber theory again.
ing in Danzig; Hasse lectures on
Takagi’s class field theory.
1926
Full professor in Hamburg. To- Part I of his report on class field
gether with Schreier: seminar theory. Eisenstein’s reciprocity
on Chebotarev’s article on the law for arbitrary exponent m.
density of prime ideals. Formally real fields. Cyclic extensions in characteristic p.
1926–27 Lectures on Algebra. At A.’s New foundation of complex
suggestion, van der Waerden multiplication.
writes his “Modern Algebra” on
the basis of these lectures.
1927
Definite functions as sums of Part Ia of H.’s report (proofs
squares. Real closed fields. for Part I). Reciprocity law
Proof of his reciprocity law, for m-th power residues as a
which he had formulated al- consequence of A.’s reciprocity
ready in 1923.
law; generalization of the Jacobi symbol and the Hilbert
symbol to arbitrary exponents
m.
Beginning of a vivid correspondence on questions of reciprocity.
A. visits H. on Sept. 13 in Halle, where they talk about reciprocity, class field theory, and Artin’s conjecture on primitive
roots.
1928
Three articles on the arithmetic Joint article with A. on the secof algebras: finite division rings; ond supplementary law for exrings with minimal and maxi- ponent `n
mal condition; ideal theory in
algebras over number fields.

Time Table
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Year Artin
Hasse
1929 Principal ideal theorem and Generalized norm residue symgroup theoretical transfer.
bol. Local class field theory, at
A. marries Natascha Jasny. Otto first as a consequence of A.’s
Schreier dies.
global reciprocity law. Conductors and discriminants of abelian
extensions (Hasse’s part of the
theorem of Hasse-Arf).
Furtwängler: proof of the principal ideal theorem via A.’s group theoretical transfer.
1930 Local contributions to A.’s L- Part II of his report on class field
series; group theoretic structure theory. Conductors and discrimiof the discriminant for Galois ex- nants of abelian extensions. Local
tensions.
division rings are cyclic. Conjecture: division rings over number
fields are cyclic. Hasse moves to
Marburg.
1931 Galois structure of the unit H.’s joint article with R. Brauer
group. Classification of valua- and Emmy Noether with the
tions of algebraic number fields. proof of the cyclicity conjecture
Book on the Gamma Function. for simple algebras.
1932 A.’s lectures in Göttingen on Structure of the Brauer group
class field theory. A. receives over number fields. Hasse invarithe Ackermann-Teubner price to- ant in simple algebras.
gether with Emmy Noether.
In December, A. and H. meet in Hamburg. A. tells H. about the
Riemann conjecture for function fields over finite fields.
1933 A.’s daughter Karin is born on March: H. proves the Riemann
January 8.
conjecture for elliptic function
fields.
1934 A.’s son Michael is born on June A. invites H. to give a series of
28.
talks in Hamburg on his proof of
the Riemann conjecture for elliptic function fields. The complete
proof appeared in 1936.
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Year Artin
Hasse
1937 A. emigrates to the US; Notre
Dame.
1937 A. moves to Bloomington.
1938 A.’s son Thomas is born on
November 12.
1942 “Galois Theory” (Notre Dame
Lectures).
1946 A. moves to Princeton.
H. works at the Deutsche Akademie der Wissenschaften.
1948 “Rings with Minimum Condition” (with Nesbitt & Thrall)
1949
H. is appointed professor at
Humboldt University Berlin. He
publishes his book “Zahlentheorie”.
1950 “Algebraic Numbers and Al- H. accepts a position in Hamgebraic Functions”. John Tate burg. H. publishes his “Vorlesun(Ph.D.)
gen über Zahlentheorie”.
1951 Seminar on Class Field Theory.
Serge Lang (Ph.D.)
1952 Artin and Hasse resume their correspondence.
1952
“Über die Klassenzahl abelscher
Zahlkörper”
1956 A. takes a sabbatical leave and
teaches in Göttingen and in Hamburg.
1958 A. returns to Hamburg.
1961 “Class Field Theory” (with
Tate).
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1
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4
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09.07.1923, Letter from Artin to Hasse . . .
09.07.1923, Postcard from Artin to Hasse .
Date unknown, Letter from Artin to Hasse
Date unknown, Letter from Artin to Hasse
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1 09.07.1923, Letter from Artin to Hasse
Hamburg, July 9, 19231
Dear Mr. Hasse!
Finally the answer, you will say. I sincerely apologize for my belated letter,
but . . . well, you know me. I had constructed such a beautiful set of excuses,
but I see that this is to no avail.2 Let me first thank you for your friendly
invitation. Now you know that I have a seminar on Saturdays. Thus I can
leave only around 5 pm since there will be no other train. If it suits you
and I do not bother you I would arrive next Saturday evening around3 12 8h
with the D-train4 – I think 7h 35 in Kiel. If I should find an earlier train I will
write again. Similarly I would like to ask you to write a postcard if something
should come up and we would have to postpone the whole thing. I will only
come if this is not inconvenient for your spouse or yourself.
Now the mathematical part.
At first I would like to show that your beautiful formula 5
`
α

S

α − 1

=ζ

`λ0

can be derived using my method6 , and in fact directly and for general number
fields.
Assume that k contains ζ, i.e., is an extension of the cyclotomic field
R(ζ).7 , and let Sζ (α) denote the relative trace of α down to R(ζ), S the
absolute trace in k, S̄ that in R(ζ). Then S(α) = S̄(Sζ (α)).
According to Takagi (§2 Satz 5) we have
  

`
`
=
,
α
Nζ α
where Nζ denotes the relative norm with respect to R(ζ), and where the
symbol on the right is taken in the cyclotomic field.
Now we assume that α ≡ 1 (mod `λ0 ), that is:
1

For the dating of this letter see our footnote 1 in Letter no. 2.
See 5.1.
3 The expression 1 8 stands for 7:30 pm; this is fairly common in parts of Germany and
2
Austria.
4 This is a fast train; the letter D stands for “Durchgang”.
5 See 5.2, Eqn. (1.3).
6 “My method” is the inversion method. See 5.3.
2

7

Artin denotes the field of rational numbers by R.
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α = 1 + γ`λ0 .
Then
Nζ α ≡ 1 + Sζ (γ)`λ0
and therefore

`
α

=



(mod `2 λ20 )


`
in R(ζ) .
1 + Sζ (γ)`λ0

In R(ζ), as you know, the equation

`
β

S̄
=ζ

β−1
`λ0



can be proved by the inversion method8 . Thus we find:


α−1
 
S
`
`λ0
= ζ S̄(Sζ (γ)) = ζ S(γ) = ζ
α
for arbitrary fields.
But now comes the beautiful thing! This equation does not only hold for
α ≡ 1 (mod `λ0 ); in fact we already have:

If α ≡ 1 (mod

 `) , then
α−1
 
S
`
`λ0
.
=ζ
α

This is exactly the same. You will say that the exponent is not an integer? Yes
0
it is! Observe that, by assumption, γ = α−1
` is integral, hence so is γ = Sζ (γ).
1
By Landsberg’s theorem every element of the ideal d (d is the different) has

0 
an integral trace.9 Thus S̄ λγ0 = S α−1
is integral since d = λ0 in R(ζ).
`λ0
This formula, by the way, is yours. According to your second letter we have

f 0 (1)
`
a
, if α ≡ a (mod `) and α is contained in the cyclotomic field.
α = ζ
Express the exponent by traces and descend as above from an arbitrary field
8

See 5.3.
Today we would refer to Dedekind’s definition of the different. At the end of the 19th
century, however, the different usually was defined as in Hilbert’s Zahlbericht [Hil97]. With
this definition, the property that elements of the inverse ideal of the different have integral
trace is a theorem, and this theorem was proved by Landsberg [Lan98]. Hecke presents
Landsberg’s theorem in his article [Hec17a, p. 163-164], which Artin was familiar with. In
[Hec17c, p. 179], Hecke remarks that Landau had pointed out to him that Landsberg’s theorem follows painlessly from Dedekind’s theory and should be called Dedekind’s theorem.
9
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down to the cyclotomic field, and you will obtain this formula for arbitrary
fields. If α ≡ a (mod `) and a is rational, then we simply have to replace α
by αa . This is clear.
In order to tell you something new: I now have found the general L-series
attached to Frobenius group characters which accomplish for general fields
exactly what the usual L-series accomplish for abelian10 fields. Along with
them the zeta relations in arbitrary fields.11 As a byproduct the formulation
of the general reciprocity law in arbitrary number fields (without roots of
unity)12 and proof for prime degree. Moreover a concrete conjecture on the
decomposition law of the primes dividing the discriminant of a number field
with simple group – say the icosahedral group. 13 The article is already being
printed, perhaps I can show you the proofs on Saturday. If something should
come up – postcard is sufficient.
With best regards, also to your spouse
Your Artin

10

See 5.6.
This is connected to an earlier article [Art23a] by Artin, where the zeta relations of,
among others, solvable fields were investigated.
12 See p. 39.
13 We do not know which conjecture Artin is talking about. In the article [Art23b] on Lseries there is no such conjecture. In any case this letter shows that Artin was looking for
decomposition laws for non-abelian extensions. This was seen as one of the main problems
in algebraic number theory, and we will find other references to this problem in other letters
by Artin. As for the icosahedral fields, see 37.1.
11

2 09.07.1923, Postcard from Artin to Hasse

Dear Mr. Hasse!
July 09, 231
The heat must have made me stupid. The formula in my letter is of course
nonsense; an error in my calculation! The correct formula reads:
In every number field, we have the following.
If α ≡ 1 (mod `), then


α−1 α−1
`
S
−
`λ
2`
=ζ
,
λ = 1 − ζ.
α
Now it is correct. The 2 in the denominator of the second fraction doesn’t
hurt (= `−1
2 ).
You can verify the formula in cyclotomic fields with your formula, and
then it follows immediately for general fields by the method in my letter. In
the special case α ≡ 1 (mod `λ0 ) it gives the formula you have given earlier.
I just saw that there is no other train. I will therefore arrive on Saturday
evening at 7:35, with the D-train. (There will be a slow train arriving shortly
before that, which I will of course not take.)
See you soon
with best regards,
Your Artin

1

There is a small problem with the dating of this postcard. The postmark shows the
date July 7, 1923. On the card itself, the date July 9, 1923 is entered, but not in Artin’s
handwriting. Perhaps it denotes the date when the card arrived at Hasse? We also remark
that the card obviously was sent after Letter no. 1, which was written on July 9. It is
possible that Artin, who wasn’t overly careful with dating his letters, entered by mistake a
false date in Letter no. 1. In this case, the letter with the incorrect date was sent on July
7, and on the same day, when Artin realized his error in the formula for α` , he followed
it up with an undated postcard, which arrived at Hasse on July 9 (a Monday).
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3 Date unknown, Letter from Artin to Hasse
On the 2nd supplementary law III.
Dear Mr Hasse!
I hope that this third message is the last! But I would like to show you
another formula which is probably the right one:
`+1 
In an arbitrary number field we have, for α ≡ 1 mod λ 2 ,


α−1
`
−S
λ`
,
λ=1−ζ .
=ζ
α
Here the exponent is reduced down to

`+1
2 .

It is sufficient, as follows from my letter, to prove the equation for the cyclotomic field.
I.) S(λν ) = `

for

1≤ν ≤`−1

as you will easily verify.

λ`−1
` ,

then ε is a unit. Now λ satisfies the equation
II.) If we set ε =
(λ − 1)` + 1 = 0. Expand and divide through by λ`; this gives
 
`
X
(−1)ν−1 ` ν−1
λ
= 0.
`
ν
ν=1
For

1 ≤ ν ≤ `−1

we find

(−1)ν−1
`

`
X
1 ν−1
λ
≡ −ε (mod `) .
ν
ν=1

 
`
1
≡
(mod `).
ν
ν
Thus:

1
1
1
ε ≡ −1 − λ − λ2 − · · · −
λ`−2
2
3
`−1
III.) Let

s≥

`+1
2 .

Then

`
1+ελs



= ζ −1

This yields

(mod `) .

(s ≤ `) .

Proof:

  ελs −1  λ s−1+`
`
=
s
1 + ελ
1 + ελs
1 + ελs
 λ s−1
=
1 + ελs

(by multiplicativity)

since the first factor clearly is 1 (congruence modulo denominator);
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1
1
1
λ`
1 + ελs ≡ 1 − λs − λs+1 − λs+2 · · · −
2
3
`−s+1



1
1
1 − λs+2 · · ·
≡ (1 − λs ) 1 − λs+1
2
3


1
··· 1 −
λ`
(mod λ`+1 )
`−s+1
`+1
2 ),

(since s ≥

(mod λ`+1 )

hence (p-adic !!!)
s

≡ (1 − λ )(1 − λs+1 )1/2 (1 − λs+2 )1/3 · · ·
1

· · · (1 − λ` ) `−s+1
For s < ` we have



(mod λ`+1 ) .

 λ 
λ s  λ s 
=
1,
hence
= 1:
=
1 − λs
1 − λs
1 − λs



λ
1 + ελs




=

λ
1 − λ`



1
`−s+1

,

therefore:


`
1 + ελs




=

λ
1 − λ`

 s−1
−s + 1


=

λ
1 − λ`

−1
.

The expression on the right does not depend on s. Therefore we may put
s = ` and obtain with your formula:


 ελ` 
  ` 
2
S
`
`λ = ζ S(ε ) .
=
=ζ
1 + ελs
1 + ελ`

Now we have
ε2 ≡ 1

(mod λ)

Therefore:

hence S(ε2 ) ≡ −1


`
1 + ελs



= ζ −1

(S(1) = ` − 1) .

(mod `),

for s ≥

`+1
2

.

`
`
IV.) Let 
α ≡ 1(λ
 ) : α = 1 + γλ . Then, as you will verify immediately, γ ≡
α−1
−S
(mod λ), hence:
λ`

α − 1
α−1
`
` −S λ`
α≡1−S
λ ≡ (1 + λ )
(mod λ`+1 ) .
λ`

With e.g. your formula and because of I. we find
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`
1 + λ`


=ζ

S

 λ` 
λ`

1  `−1 
S λ
=ζ`
=ζ ,

hence



α − 1
−S α − 1
  
`
−S
`
`
λ
λ`
=
=ζ
.
α
1 + λ`
α−1

−S( ` )
`
λ
holds for all α ≡ 1
V.) Let s ≥ `+1
2 and s ≤ `−1. Assume that ( α ) = ζ
s+1
(mod λ ). (This holds for s = ` − 1 because of IV. Thus induction.)
Now let α ≡ 1 (mod λs )), α = 1 + εγλs , where ε is our unit. Then


α−1
α−1
≡
−S
(mod λ) .
εγ =
λs
λs


α−1
Since ε ≡ −1 (mod λ) , we have γ ≡ S
. Thus
λs


α−1
α≡1+S
ελs (mod λs+1 ).
λs

We set





α−1
s
β =α 1−S
ελ
≡ 1 (mod λs+1 ).
λs




α−1
α−1
s
Moreover we have β = α − αS
ελ
≡
α
−
S
ελs
λs
λs
(mod λ`+1 ), (since s ≥ `+1
2 ). Thus we have
    
−1
`
`
`
.
=
s
α
β
1 − S( α−1
λs )ελ

α − 1

−S
α−1
s
s
λs
ελ ≡ (1 + ελ )
(mod λ`+1 ) ,
a.) 1 − S
λs
thus since s ≥ `+1
2 ,




`
s
1 − S( α−1
λs )ελ

−1


=

`
1 + ελs



S α − 1
λs

=ζ

−S

α − 1
λs

.

  

`
`
b.)
=
. Since β ≡ 1 (λs+1 ) by assumption this is
s
β
α − S( α−1
)ελ
s
λ
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−S
=ζ
=ζ

By I. we have S

−S

 α − 1  ελs
α−1
−
S
λ`
λs
λ`

α − 1
λ`

λs−1
`
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=

+S



 α − 1   λs−1 
S
λs
`
.

1
S(λs−1 ) = 1, hence
`

α − 1
α − 1
 
+
S
−S
`
λ`
λs
.
=ζ
β
Combining a.) and b.) we find
α − 1
 
−S
`
λ`
=ζ
,
α
when α ≡ 1 (λs ). Thus everything is proved. This formula contains all
the preceding cases, as you will easily see.
Cordially,
Your Artin
N.B. The recursion to the earlier formula can of course be avoided. Similarly, the exponent is integral because d = l`−2 by Landsberg’s theorem1

1

See footnote 9 in Letter no. 1.

4 Date unknown, Letter from Artin to Hasse
On the IInd supplementary law VII.1
Dear Mr. Hasse!
Let me first thank you very much for your letter. Of course your derivation
is simpler. But meanwhile I arrived at a general formula for every semiprimary α, that is, when α ≡ 1 (mod λ2 ) (thus, equivalently, ≡ rat[ional]
number (λ2 ).) With this, the second supplementary law in the cyclotomic field
is settled, since there every element becomes primary upon the multiplication
with a suitable root of unity. The formula does not have a numerator `,
however, but rather λ. It reads (for arbitrary fields):
For each

α≡1

(mod λ2 ) we have:

 
λ
=ζ
α

`−1
ν−1 
ν
2
X
(−1)
(α − 1)
−
S ζ
ν
`λ
ν=1

,

ζ root of unity, λ = 1 − ζ .
Proof. As in your proof I set (the possibility of writing α like this is easy
to see):
α ≡ (1 − λ2 )c2 (1 − λ3 )c3 · · · (1 − λ` )c`

(mod λ`+1 ) .

The term 1 − λ does not occur since α ≡ 1 (λ2 ).
Take the logarithm and develop into series. On the right-hand side we look
at the coefficient of λ` . The right-hand side reads:
!
`
∞
X
X
λnν
.
cn
−
ν
n=2
ν=1
Since n ≥ 2 (here we are using the fact that α is semi-primary), and because
λ2` λ3`
` is a prime, we only have to consider the terms
,
, . . . . These clearly
2`
3`
contain higher powers of λ. Thus only n = `, ν = 1 remains. The coefficient
of λ` on the right-hand side therefore is −c` . The left-hand side looks like
this:
1

The preceding letter carries the number III, whereas this one is no. VII. Thus three
numbers are missing. If we do not assume that Artin had sent another three letters which
were lost, then it is not unlikely that the gaps in the numeration refer to letters from Hasse.
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∞
X
(−1)ν−1
(α − 1)ν .
ν
ν=1

Since α − 1 is divisible by λ2 , for the term with λ` only terms up to ν = `−1
2
need to be considered. (Even ν = ` is not necessary despite the denominator.)

−c` is the term with λ` in
`−1
2
X
(−1)ν−1
−β =
(α − 1)ν . (β is divisible by λ2 , which we will
ν
ν=1

need in a moment).
Now let:
β ≡ c02 λ2 + c03 λ3 + · · · + c0`−1 λ`−1 + c` λ`

(mod λ`+1 )

Then
1 β 
S
≡ c02 + c03 + · · · + c0`−1 + c`
`
λ
1 β 
S
≡ c02 + c03 + · · · + c0`−1
`
λ

(modλ, hence mod `)
(since S(λ` ) ≡ 0(`2 )

[Marginal note by Artin:] I am slowly making progress in `-adics. Now I am already taking
logarithms!

Thus:


 β
β
β 
β
(1 − λ) = S ζ
−S
=S
.
`λ
`
`λ
`λ
Now we have, as you know:
c` = S

λ
α

=



λ c `
= ζ c` .
1 − λ`

Thus:
`−1

λ
α

=ζ


ν
2
X
(−1)ν−1
(α − 1)
−
S ζ
ν
`λ
ν=1

ζ

λ
= ζ −S( `λ log α) for
[Note in the margin by Artin:] As an `-adician you can write: α
2
α ≡ 1 (mod λ ) . I hope that I did not again commit an error in my calculations, it is very
warm!
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From this in the well-known way for arbitrary fields.
That powers play a role is no wonder, see ` = 2.
This formula seems to be the final one. I hope that something similar can
be done for the general reciprocity law.
I can stay until Tuesday, and shall, if you can bear my stay for so long,
leave around Monday evening. I look forward to being with you again. I hope
that the weather will be fine.
With cordial greetings to all acquaintances
Your
E. Artin

5 12.07.1923, Postcard from Artin to Hasse
July 12, 1923

1

Dear Mr. Hasse!
VIII.) For transforming the second supplementary law

λ
α

=ζ

`−1


2
X
(−1)ν−1
(α − 1)ν
−
S
ζ
ν
`λ
ν=1

for α ≡ 1(λ2 ) into ( α` ), put

λ 
µ

 1 − ζµ 

by replacing ζ with ζ µ . Then
α
α
( α` ) is the product over these symbols. In order to simplify it, we have to
`−1
P
µζ µ
compute X =
modulo λ`−2 , as you can see, since α − 1 is
µ
µ=1 1 − ζ
divisible by λ2 . Now we obviously have:
!
`−1
Y
d
µ
X = −ζ
log
(1 − x )
dx
µ=1
x=ζ
Q
 

d
(1 − xµ )
Q
= −ζ
+ (` − 1) log(1 − x)
log
dx
(1 − x)
x=ζ


d
ζ
≡ +ζ
−
log ε(x)
(mod `) ,
dx
1−ζ
x=ζ
=

λ`−1
by replacing ζ with x. The expression still
`
depends on the way we have expressed the ε by ζ. Two different ε(x) are,
however, congruent mod2 (x` − 1), hence their differential quotients differ
only by x` − 1 or `x`−1 . For x = ζ they are therefore congruent. Now we
have:


+ζ d
λx
λ2x
λ`−2
ζ
x
X≡
−1 −
−
− ··· −
−
(mod `),
ε dx
2
3
` − 1 x=ζ λ

where ε(x) arises from ε =

where λx = 1 − x.
1

Postmark July 12, 1923

2

As a matter of fact, the expressions differ by a multiple of 1 + x + x2 + · · · + x`−1 =
(x` − 1)/(x − 1), and this implies that the differential quotients are congruent mod `/λ
only. This error is corrected in the published version.
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ζ
1 2
3
` − 2 `−3
ζ
+ + λ + λ2 + · · · +
λ
(mod `)
−
ε
2 3
4
`−1
λ


ζ 1 1
1
1
ζ
≡−
+ λ + λ2 + · · · +
λ`−3 − 1 − λ − · · · − λ`−3 −
ε 2 3
4
`−1
λ
(mod `)


ζ ε + 1 1 − λ`−2
`
ζ
≡
mod
+
−
ε
λ
ζ
λ
λ

X≡+

(not modulo ` because of ε+1
λ )
1
1
ζ
+ ≡
(mod λ`−2 ) .
≡
ελ ε
ελ
X≡

[Thus:]
Or: X ≡

1
(mod λ`−2 ) .
ελ

`
(mod λ`−2 ). Thus you obtain the formula:
λ`
`−1

α≡1

(mod λ2 ) :

 
`
=ζ
α



2
X
(−1)ν−1
(α − 1)ν
S
−
ν
λ`
ν=1

.

This formula is formally simpler, but computationally more complicated than
the other one, due to the higher (negative) powers of λ. It contains the formula
given in the next to last letter. You will already be angry about my constant
bombardment.
Thus good-bye and cordial greetings,
Your Artin
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Comments

Comments on Letters no. 1–5 (July 1923)
The first five letters were all written within just a few days, and they all
deal with what would become the first joint work of Artin and Hasse on the
second supplementary law for odd prime exponents3 `. They may be seen as
a unit, and will therefore be treated as such.

5.1 The Prehistory
In Letter no. 1 Artin apologizes for his belated reply. Thus there must have
been a letter from Hasse to Artin. Artin’s answer suggests that this was not
a first exchange of information. We rather get the impression that his letter
was preceded by an intensive exchange of ideas, and this letter, together with
the following four, is only the continuation of a discussion that had begun
before.
As we have already remarked in the “Introduction”, Hasse had been invited
to a lecture in the colloquium in Hamburg on March 1, 1923, that is, four
months before Letter no. 1. The topic of Hasse’s lecture in Hamburg was
explicit reciprocity laws for prime powers `. We know this from a letter to
Hensel written by Hasse on the evening before he departed for Hamburg, that
is, on February 28, 1923:
Just before my departure the happy news that the reciprocity law for
`-th powers can be extended in the same beautiful way as I wrote
you recently in the case of quadratic residues. Details soon verbally
. . . Tomorrow I will give a lecture in Hamburg on my results on reciprocity laws.
The first five letters of the correspondence between Artin and Hasse deal
with the second supplementary law of the reciprocity law for `-th powers,
where ` is prime. Probably this topic resulted from Hasse’s lecture on reciprocity laws in the colloquium at Hamburg. Thus it would be desirable to
learn more about the content of Hasse’s lecture. Which results did Hasse
present? Hasse always carefully prepared his lectures, and there are many related manuscripts in Hasse’s papers. Unfortunately, his lecture in Hamburg
on March 1, 1923, was not among them. Thus we are forced to reconstruct
the topic of his lecture from Hasse’s publications during these times.
3

See I, p. 37.
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5.2 Hasse’s Lecture in Hamburg
The volumes 193 (1924) and 194 (1924/25) of Crelle’s Journal contain eight
articles by Hasse on reciprocity laws. We do not know which of these results
he talked about in Hamburg. At least these articles give us some clues on how
the joint work developed that we can see in the first five letters in July 1923.
In addition there is a manuscript on a lecture by Hasse given in Marburg in
September 1923, just a few months later. We do not know whether some of
the results mentioned there were found after March 1, and thus cannot have
been mentioned in the lecture in Hamburg, but at least this manuscript gives
us a few hints.
Hasse’s articles
are motivated by the attempt to understand the

 in question
α,β
locally within the theory of Hensel’s p-adic numbers,
Hilbert symbol
p
that is, to derive the characterizing properties and then give explicit formulas.
If p does not divide the exponent m, then the Hilbert symbol can be reduced
immediately to the locally defined Jacobi symbol (1) on p. 33 by using Eqn.
(5) on p. 35. Thus the real problem lies with those prime divisors that divide
m. For these primes, the Hilbert symbol had been defined in a roundabout
way using the general reciprocity law. As remarked above, Hasse’s goal was
to give a purely local definition.
In these articles Hasse discusses only the case of prime exponents m = `;
this was dictated by the limited knowledge before Artin’s reciprocity law was
found. The case ` = 2 is special and requires a few additional considerations;
for the sake of simplicity we will restrict our discussion to the case ` > 2.
Assume that the field k in question contains the `-th roots of unity. The
prime divisors of ` in the field k are, as in Artin’s letters, always denoted
by l. The Hilbert symbol α,β
can be extended via l-adic continuity to the
l
completion, which allows us to replace k in all local considerations by the
associated `-adic completion k l .
In the first three articles [Has24c, Has25c, Has25f] Hasse tries to define the
Hilbert symbol
 by
 local properties. Let ζ denote a primitive `-th root of unity.
α,β
= ζ L and studies L = L(α, β). Hasse’s first conclusion is
Hasse sets
l
×`
that L(α, β) is a skew-symmetric form on the F` vector space k ×
l /k l , which
is nondegenerate, i.e., has nonvanishing determinant. This vector space has
dimension 2 + r, where r denotes the degree of kl ; this result essentially is
due to Hensel who already in 1916 in [Hen16] had given an explicit basis of
the multiplicative group k ×
l . By a transformation into a normal form Hasse
finds that the form L is uniquely determined up to the choice of the root
of unity ζ. Hasse succeeds in determining this root of unity by purely local
considerations in the case where the ramification index of k l is not divisible
by `, in particular for the field of `-th roots of unity. In the other case the
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problem remains open, and Hasse has to use the global reciprocity law for
normalizing the root of unity.
After these general theorems Hasse starts discussing explicit formulas in
[Has24b]. For the inversion factor he first obtains
(1.1)

   −1
α−1 β−1
α
β
= ζ S( ` · λ )
β
α


α ≡ 1 mod `
if
and (α, β) = 1
β ≡ 1 mod λ

where
ζ is a primitive `-th root of unity in k ,
λ =1−ζ,
S the trace of k|Q .
Hasse states the first supplementary law:

(1.2)

α − 1
 
S
ζ
`
=ζ
α

if

α ≡ 1 mod `

and the second supplementary law

(1.3)

α − 1
 
S
`
`λ
=ζ
α

if

α ≡ 1 mod `λ .

The exponents S(· · · ) of ζ on the right-hand sides are integers modulo `.
Hasse proves these results by using the already mentioned Hensel basis of
k × /k ×` and a detailed investigation of its properties.
This article [Has24b] appeared in 1924 in vol. 154 of Crelle’s Journal. Hasse
had lectured on its content already in September 1923 in Marburg, as can be
seen from his manuscripts. Apparently he had presented these results already
on March 1, 1923, when he lectured in Hamburg, but perhaps he had not yet
worked out detailed proofs. For us the second supplementary law is of interest
since it figures prominently in the first five letters by Artin.

5.3 Artin’s Inversion Method
In the proof of (1.3) in Hasse’s article [Has24b] we can read:

The symbol α` can be determined, using an idea going back essentially to E. Artin, as follows [. . . ]
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At the end of this article there is an appendix titled “Remark”, where Hasse
writes:
E. Artin recently communicated to me a simple recursive method that
allows us, in the case of quadratic reciprocity in the field of rationals,
and of cubic reciprocity in the field of cube roots of unity, to derive
the second supplementary law from the general reciprocity law, which
suggests that the second supplementary law, which is particularly difficult to prove in the theory of Hilbert and Furtwängler, in general
must not be considered to lie deeper than the general reciprocity law
and the first supplementary law. In a discussion we were able to extend this method to the field of `-th roots of unity. For those who
are interested I now present the simple considerations from which the
main idea in the proof above are taken [. . . ]
Thus we think that this is what happened: whether Hasse already presented a
proof of (1.3) in his lecture in Hamburg on March 1, or whether he explained
the idea in a private conversation, he must have pointed out that the proof of
the second supplementary law is particularly difficult. Artin then explained
that there is an “inversion method” in the cases ` = 2 and ` = 3 which made
it possible to derive the second supplementary law (1.3) in a simple way from
the general reciprocity law (1.1) and the first supplementary law (1.2). In the
subsequent discussion, Hasse and Artin noticed that the inversion√method
worked for arbitrary prime exponents `, at least in the field k = Q( ` 1) of `th roots of unity. When he later wrote down the manuscript [Has24b], Hasse
succeeded in incorporating this method into his proof, which not√only deals
with cyclotomic fields but with arbitrary extension fields k ⊃ Q( ` 1). When
he sent the manuscript to Artin, Artin replied (see Letter no. 1:
At first I would like to show that your beautiful formula [. . . ] can be
derived using my method, and in fact directly and for general number
fields.
Thus we may conclude:
1. Since Artin talks about your beautiful formula, clearly referring to (1.3),
Hasse had communicated this formula to Artin at an earlier occasion.
2. “my method” refers to Artin’s inversion method.
3. When Artin writes that his method may be used directly, then he means
that it does not require any additional methods. Perhaps Artin regarded
the application of Hensel’s local methods, which Hasse had used, as a
detour.
4. “for general number fields” means more exactly arbitrary number fields
containing the `-th roots of unity. Apparently there had been a discussion
whether
the inversion method applies to all such fields or only to fields
√
Q( ` 1 ) of `-th roots of unity.
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In his letter, Artin carries out the reduction from a “general” number field
k to the field of `-th roots of unity by a simple reference to Takagi, who had
studied the functorial behaviour of the Jacobi symbol under changes of the
base field by the formula Artin referred to. This simple reference to Takagi
shows again what we have already remarked in the introduction: Artin knew
Takagi’s work and also knew that he could assume that Hasse knew it. Artin
continues:

α−1
As you know, in Q(ζ) the equation α` = ζ S( `λ ) can be proved by
the inversion method. . . 4
This shows again what we have concluded already from the “Anmerkung”
in article [Has24b], namely that Hasse
√ and Artin came up with the inversion
method for the cyclotomic field Q( ` 1 ) in a conversation.
Let us now explain the inversion method. Artin mentions this method in
Letter no. 1, but does not give any details. From Hasse’s article [Has24b] we
can learn the following:
We have already mentioned that the inversion method allows us to prove
(1.3) using only (1.1) and (1.2), without recourse to properties of the Hilbert
symbol. Here (1.1) is used only when both α, β ≡ 1 mod `;
 in this case, the
β
=
right-hand side of (1.1) vanishes, and we have α
β
α , i.e., the symbol
may be “inverted”. This explains the name of the method. We do not know
who coined this expression; perhaps it had been Artin himself.

Assume now that we are given a symbol of the form α` , such as those
occurring on the left side of (1.3). In a first step we will transform this symbol
into α`0 for an α0 that has, in a certain sense, a simpler structure. We
are allowed to replace ` by −` since −1 is an `-th power for odd primes
`. Moreover, the Jacobi symbol only depends on the residue class of the
“numerator” modulo the “denominator”, hence we may replace −` in the
numerator by α − `. Thus we can transform α` as follows:
(1.4)

`
α

=

 −` 
α

=

α − `
α

=
↑

 α   `  `
=
=
,
α−`
α−`
α0

where we have marked the place where we “inverted” the symbol with an
arrow ↑. In which sense does α0 = α − ` have a simpler structure than α?
Since α ≡ 1 mod ` we can write:
α = 1 + `γ = 1 + `(c0 + c1 ζ + · · · + c`−2 ζ `−2 ) ;
the coefficients ci of γ =

α−1
`

are integers in Z.5 For α0 = α − ` we have

α0 = 1 + `γ 0 = 1 + `(c0 − 1 + c1 ζ + · · · + c`−2 ζ `−2 ).
4
5

We use our own notation; Artin uses e.g. R(ζ) instead of Q(ζ).
We assume that α is an algebraic integer in Q(ζ).
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Thus if c0 > 0, then the coefficient c00 = c0 − 1 of γ 0 is smaller than that of γ.
By iterating this procedure we can make the coefficient c0 vanish. If, on the
other hand, c0 < 0 at the beginning, then we can perform this construction
with −` instead of `; then (1.4) becomes
`
α

··· = ···
↑



` 
α+`

and we see that the coefficient c0 is replaced by c0 +1. As above, this coefficient
will vanish if we perform this construction sufficiently often. In order to make
the coefficient of c1 vanish we perform the inversion (1.4) with ζ` instead of
`:
 ζ`   ζ` 
 ζ` 
··· = ···
=
↑
α
α ∓ ζ`
α0
0

and now the coefficient c01 of γ 0 = α `−1 is smaller than that of c1 . Thus we


can transform α` using factors of the form ?ζ :
`
α

=

 ζ −1  ζ` 
α

α

=

 ζ −1  ζ` 
α

α0

=

 ζ −1  ζ  ` 
.
α
α0 α0

Repeating this step sufficiently often we can make
 c1 vanish at the cost of
introducing finitely many products of the form ?ζ . Replacing ζ by ζ i we can
in a similar way make the i-th coefficient ci vanish at the cost of introducing
i
a product of factors of the form ?ζ . Once all coefficients ci are zero, we end

up with 1` = 1, that is,
` ζ 
=
,
α
ω
where ω depends on α and can be given explicitly. The right-hand side can be
evaluated with the first supplementary law (1.2), which leads to the formula
(1.3) for the second supplementary law.
We have presented the inversion method in some detail in order to explain
what Artin is talking about in his first letter. In the subsequent letters by
Artin, this inversion method no longer plays a role since it turns out that
Hensel’s `-adic methods, in particular the `-adic logarithmic, offer a clearer
view.
Artin’s inversion method was not new, by the way. The essential content
can already be found in Eisenstein’s article [Eis50b] from 1850. This article is
referred to both in [Has24b] as well as in the joint work [AH25]. Apparently
it was Artin who had pointed out Eisenstein’s work to Hasse, since in a later
article [Has29] Hasse thanks Artin for providing him with this reference.
In this connection, see Sect. 7.1 and 10.4.
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5.4 Second Supplementary Law
Although Equation (1.3) is of the same type as the second supplementary
law, it does not represent the strongest version of this result for the following
reasons. Firstly, the congruence condition α ≡ 1 mod `λ is too strong a condition; what is desired is a formula that admits arbitrary elements α coprime
to ` in the “denominator” of the Jacobi symbol. Secondly, the “numerator”
should allow arbitrary elements composed only of prime divisors l of `.
In the first five letters by Artin we can observe the quest for such a generalization, first only for the field k = Q(ζ) of `-th roots of unity. In this
field, ` has a unique prime divisor l, which happens to be principal: l = (λ)
is generated by the prime element λ = 1 − ζ, and we have (λ)`−1 = (`).
Already in the first letter it is clear that Artin does not want to think
of Hasse’s “nice formula” (1.3) as the last word in this matter. Rather he
tries to weaken the condition that α ≡ 1 mod `λ by only demanding that
α ≡ 1 mod `. He is so taken with his result that he exclaims “But now comes
the beautiful thing! ” and frames the result. Soon after having sent the letter,
however, he notices that he has made a mistake, and on the same day he
dashes off another postcard to Hasse with the correct formula.
It is actually not difficult to find out what Artin must have been doing
wrong. In his first letter to Hasse, Artin writes
This formula, by the way, is yours. According to your second letter

f 0 (1)
we have α` = ζ a , if α ≡ a (mod `) and α is contained in the
cyclotomic field.
In fact, Hasse showed in [Has24b, (17)] that for
α = a + `(b1 ζ + b2 ζ 2 + cldots + b`−1 ζ `−1 )
we have the equation
`−1

(1.5)

`
α

=ζ

1X
kbk
a
k=1

.

Setting f (x) = b1 x + b2 x2 + · · · + b`−1 x`−1 we find α = a + `f (ζ) and
`
α

= ζf

0

(1)/a

as quoted by Artin.
Hasse observes that the formula simplifies if α is developed into powers of
λ = 1 − ζ:
α = a + `(c0 + c1 λ + c2 λ2 + · · · + c`−2 λ`−2 ).
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The connection between the bk and the cj follows like this: the Taylor expansion of
f (x) = b1 x + b2 x2 + · · · + b`−1 x`−1
at x = 1 is
f (x) = c0 − c1 (x − 1) + c2 (x − 1)2 ± . . . + c`−1 (x − 1)`−1 ;
taking derivatives and plugging in x = 1 immediately yields
c0 = f (1),

c1 = −f 0 (1),

c2 =

1 00
f (1) . . . .
2

Thus we find
α ≡ a + c0 ` + c1 `λ mod `λ2 ,
and (1.5) implies
`

= ζ −c1 /a ,
α
where ` - a. The term c0 ` is missing in Hasse’s formula [Has24b, (18)]; his
subsequent remark shows that he had seen very well that the value of c0 does
not influence the symbol (`/α).
In Artin’s letter we have a = 1; this can always be achieved by replacing α
with α1−` . Since c0 does not influence the symbol (`/α), we may set c0 = 0
and obtain
α−1
= c1 + cλ
`λ
for a suitable c, hence
S

α − 1
`λ

≡ (` − 1)c1 ≡ −c1 mod `,

and we obtain
(1.6)

`
α

=ζ

S

α − 1
`λ

just as Artin did.
Nevertheless, this formula is not valid for arbitrary elements α ≡ 1 mod `:
in fact, in
α ≡ 1 + c0 ` + c1 `λ mod `λ2
the symbol (`/α) does not depend on c0 , but the trace in the exponent of ζ
in (1.6) does.
In order to find a correct trace formula we have to compute S( λ1 ). Now ζ
`
−1
is a root of Φ(x) = xx−1
, hence λ = 1 − ζ is a root of
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Φ(1 − x) = x`−1 −
and finally

1
λ




 
 
`
`
`
x`−2 ± . . . −
x+
,
`−1
2
1

is a root of

 


1 ` `−2
1
`
1
1 `−1  1 
`−1
=x
−
x
± ... −
x+ .
Ψ (x) = x Φ
`
1−x
` 2
` `−1
`
We find
S

1
λ

=

 
1 `
`−1
=
.
` 2
2

For α ≡ 1 + c0 ` + c1 `λ mod `λ2 we thus have
α − 1 c
0
≡
− c1 mod `.
S
`λ
2
On the other hand,
S

α − 1
`

≡ −c0 mod `,

and this yields
−c1 ≡ S

α − 1
`λ

−S

α − 1
2`

=S

α − 1
`λ

−

α − 1
mod `
2`

in agreement with Artin’s formula in his second letter.
This result suggests that the “true formula”, if there is one, must look
different. One possible way of finding it might be replacing the denominator
`λ by λ` and see whether the formula simplifies.
This is what Artin does in his next letter.
Lemma 1. We have S(λν ) = (−1)ν ` for 1 ≤ ν ≤ ` − 1.
Proof. Since S(ζ ν ) = −1 and because the trace is additive we get
S(λν ) = S((1 − ζ)ν )


 


ν
ν
ν
ν−1
ν−1 ν
= (−1) · S ζ −
ζ
+ · · · + (−1)
ζ + (−1)ν
ν−1
1



 

ν
ν
ν ν
ν
= (−1) · − 1 +
∓ · · · + (−1)
+ (−1) (` − 1)
ν−1
1



 

ν
ν
1
ν−1 ν
ν
= ` − (−1) · 1 + (−1)
± · · · + (−1)
+ (−1)
=`
ν−1
1
since the expression in the last bracket equals (1 − 1)ν = 0.
Artin’s second claim is
Lemma 2. The unit ε = λ`−1 /` satisfies the congruence
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1
1
1
λ`−2 mod `.
ε ≡ −1 − λ − λ2 − · · · −
2
3
`−1
Artin provides the details of this proof in Letter no. 3. This observation
is related with a result in an article by Eisenstein (Werke II, S. 710) on
reciprocity laws, which Artin liked to refer to, and where Eisenstein also
p−1
finds results on the Fermat quotient q(p) = a p −1 .
Artin’s answer is not yet the final one. On one of the next few days (the
`+1
letter is not dated) Artin sends Hasse a formula for α ≡ 1 mod λ 2 instead
of α ≡ 1 mod `. Now the inversion method is not mentioned anymore; the
calculations are elaborate, tedious and technical. There are series showing up
that may be interpreted as truncated series of logarithms. Artin hopes that
this third message will be the last; of course he means the last before his
departure on Saturday, July 14, 1923, to visit Hasse in Kiel. But apparently
Hasse answered Artin’s letter immediately, and so there was another message
to Hasse (again without date).
We do not know what Hasse had written. But we can read in Artin’s
letter that Hasse’s derivation is of course simpler. And we observe that Artin
now uses `-adic logarithms. He writes that he is making progress in `-adics.
Perhaps we may deduce from all of this that Hasse drew Artin’s attention to
the advantages of computing `-adically, and in particular told him about `adic logarithms, which had occurred implicitly already in Artin’s calculations
in the preceding letter.
Artin’s new formula is valid for α ≡ 1 mod λ2 . Thus he succeeded in lowering the exponent in the congruence condition even further. In the numerator
of the Jacobi symbol we now have λ instead of `. We recall that λ is a
prime element for the unique prime divisor l of ` in Q(ζ). Thus every element
µ ∈ Q(ζ) whose prime divisors divide ` are, up to a unit, a power of λ. Thus
µ
λ
α can be computed from α and from the power residue characters of a
basis of units.
In particular, this holds for µ = `. In a subsequent
 communication carrying
the number VIII, Artin provides the details for α` . Perhaps Hasse had asked
him about it? This time it is a postcard, and the postmark shows that the
card was sent on Thursday, July 12, 1923, two days before Artin’s visit on
Saturday.
But even these results were not yet final. During Artin’s visit in Kiel,
he and Hasse apparently went through the whole thing in conversations,
and this led to a formula that is valid for arbitrary elements α ≡ 1 mod λ.
This condition is not a serious restriction, however, since if α is an arbitrary

−1
λ
element in Q(ζ) coprime to λ, then α`−1 ≡ 1 mod λ and αλ = α`−1
.
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The final formulas can be found in the joint work [AH25]6 and read as
follows. The situation is the same as in (1.3).

(1.7)

λ
α

=ζ

−S

 ζ log α 
`λ

if

α ≡ 1 mod λ

if

α ≡ 1 mod λ .

and:
(1.8)

`
α

=ζ

−S

 ζ log α 
λ`

This result is remarkable in that these formulas contain the `-adic logarithm,
which is defined for α ≡ 1 mod λ.
In a footnote of this article we can read:
The results of this article were obtained in the summer of 1923 in a
correspondence and conversations between the authors. The exposition is due to the younger of them.
The younger of them was Hasse.
The formulas (1.7) and (1.8) may be seen as the √
finest possible formulations
of the second supplementary law in the field Q( ` 1 ) of `-th roots of unity
and thus have to be
√ considered as being final. They are valid verbatim in
extensions k ⊃ Q( ` 1), and this is mentioned explicitly in [AH25]; then S
denotes the trace from k to Q. The reduction to the field of roots of unity
can already be found in Artin’s Letter no. 1, with a reference to Takagi’s
functorial property of the Jacobi symbol in extension fields.
In such an extension field, (1.7) is, in general, not the finest possible formulation
of the supplementary law because the prime divisor λ = 1 − ζ of
√
Q( ` 1) may split; in this case, the power residue symbols whose numerators
contain the prime factors l of λ in the first power remain to be determined.
Hasse studied this problem in his article [Has25b], which appeared in the
same volume of Crelle. But there √
Hasse only could manage extensions in
which the prime divisors of λ in Q( ` 1) are unramified.

5.5 General Reciprocity Law
Formula (1.7) in the joint work by Artin and Hasse concerns the second
supplementary law and is a strengthening of (1.3) since it is valid for all
6

This article appeared in vol. 154 of Crelle’s Journal. In the review of this article in
the Jahrbuch über die Fortschritte der Mathematik, the publication year 1925 is given,
although other articles in the same volume carry the year 1924. This may be due to the
fact that some issues of this volume appeared in 1924, and others in 1925.
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α ≡ 1 mod λ. An analogous strengthening for the general reciprocity law
(1.1) was developed by Hasse around the same time. Artin seems to know
about this as he remarks in Letter no. 4:
I hope that something similar can be done for the general reciprocity
law.
In vol. 154 of Crelle’s Journal, immediately preceding their joint work, Hasse’s
article [Has25d] appeared, which contained the formula (1.9) for the inversion
factor. The equation looks rather complicated; it is a noteworthy fact that it
contains the `-adic logarithm, which also would appear in Artin’s and Hasse’s
formula (1.7).
The situation in (1.9) is the same as in (1.7) and (1.8) and need not be
explained again. The formula holds for all α, β ≡ 1 mod λ:
 α  β −1

(1.9)

β

α

= ζL

where
S(ζ −i log α) S(ζ −i log β)
·
`
`
1≤i≤`−1




β − 1 S log α
α − 1 S log β
+S
.
+S
λ
`
λ
`

L=

X

i

This formula not only holds in the field Q(ζ) of `-th roots of unity but in any
extension k ⊃ Q(ζ), and S denotes the trace from k to Q.
Hasse had presented (1.9) already in Marburg in September 1923. He did
not stop at this point, however: as in the case of the second supplementary
law, (1.9) is not the finest possible formulation in the case of a proper extension k ⊃ Q(ζ) since λ may split in k. Hasse published another article [Has25e]
on this problem in which he allowed such a decomposition, but he only succeeds when λ is unramified in k – this is exactly as it was in the case of the
second supplementary law. This article [Has25a] also appeared in vol. 154
of Crelle, just like Hasse’s other articles on the reciprocity law and his joint
article with Artin. Hasse presented this result on September 25, 1924, at the
meeting of the DMV in Innsbruck.

5.6 The Article on L-Series
At the end of the first letter dated July 9, 1923, we can read the brief remark:
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I now have found the general L-series attached to Frobenius group
characters which accomplish for general fields exactly what the usual
L-series accomplish for abelian fields.
Artin’s L-series actually do not directly belong to the main topic of Artin’s
early letters, which is the second supplementary law. The fact that Artin
includes this remark in his letter to Hasse allows us to conclude that he
regarded this as an important piece of information, which he wanted to pass
on immediately to his correspondent. Thus it is here, in the summer of 1923
in Hamburg, where Artin’s L-series were born; as we know, they soon would
occupy a prominent place in algebraic number theory.
Later, starting with Letter no. 30 in 1930, Artin’s L-series play a dominant
role in the correspondence between Artin and Hasse. Here, in Artin’s first
letter in 1923, there is only a short notice. For us, Artin’s article on L-series
is important here because it will occupy a central place in the Artin-Hasse
correspondence in the years beginning with 1926. Thus we will discuss this
article in more detail.
Artin gave this article the title Über eine neue Art von L-Reihen (On
a new kind of L-series). The choice of the title makes it clear that Artin
wanted his article to be seen in the context of the work of Hecke7 ; shortly
before, Hecke had published two articles titled Eine neue Art von Zetafunktionen . . . (A new kind of zeta functions) [Hec18, Hec20]. The zeta functions
in Hecke’s articles are today known as L-series for grössencharacters. Thus
both Hecke and Artin had presented a new kind of L-series; Hecke with respect to grössencharacters, and Artin with respect to characters of the Galois
group. Both series nowadays belong to the tools of the trade of number theorists. Although Artin does not directly refer to Hecke in his article8 , it seems
obvious that Artin’s work was motivated by Hecke’s articles.
What is the connection between Artin’s reciprocity law, which belongs to
the area of Takagi’s class field theory, with Artin’s new L-series from the
circle of ideas around Hecke’s work?
In his article on L-series, Artin cannot directly verify the fundamental analytic properties of his new L-series, for example their functional equation.
Artin observes, however, that by the functorial properties of his L-series it is
sufficient to solve the problem for abelian extensions. According to Takagi, an
abelian extension K|k is a class field to a well-defined ray class group A/H
of the base field k; see p. 39. This correspondence induces an isomorphism
between the Galois group G and the class group A/H. Under such an isomor7

Already in his dissertation, Artin had chosen the title in order to make the historical
reference visible. The title was Quadratische Körper im Gebiet der höheren Kongruenzen
(Quadratic fields in the area of higher congruences), which was a reference to an article by
Dedekind called Abriß einer Theorie der höheren Kongruenzen . . . published in 1857.
8 There is a single place where he talks about a known method of proof due to Hecke and
refers to [Hec17b].
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phism, the characters χ of the Galois group correspond to the characters ψ of
the ray class group. But the only such characters are the classical characters
introduced by Weber, which go back to Dirichlet in the case of the rational
base field; Dirichlet had used them for proving the theorem on primes in
arithmetic progression. These characters also contain important information
for arbitrary base fields; just a few years earlier Hecke had proved the functional equation for the L-series L(s, ψ). If it were possible to connect Artin’s
L-series with the L-series by Dirichlet and Weber, then the known analytic
properties of the latter could be transferred to Artin’s series.
If we have an isomorphism from A/H to G, and if χ and ψ are characters on
G and A/H corresponding to each other, then we may ask for the connection
between the associated Artin L-series L(s, χ) and the L-series L(s, ψ) of
Dirichlet and Weber. Do they have the same analytic properties, or do we
even have L(s, χ) = L(s, ψ) in this situation? Without entering into details
we observe that the answer depends, of course, on the chosen isomorphism
A/H ≈ G. Artin observes in [Art23b] that the isomorphism has to be chosen
in such a way that every unramified prime ideal p of k corresponds to its
Frobenius automorphism σp ∈ G. 9 The homomorphism p 7→ σp is called the
Artin map after Chevalley.
Artin’s reciprocity law now is the statement that this map actually induces
an isomorphism from A/H to G. See part I, Section I, p. 39.
Thus we see that Artin formulated his reciprocity law as a lemma in the
theory of his new L-series. Of course he knew exactly that the significance of
his reciprocity law was not that of a lemma in the investigation of L-series
but that it was an important theorem that in some sense brought Takagi’s
class field theory to some form of conclusion. Apparently this was the reason
why Artin, in his Letter no.1 dated July 9, 1923, informed Hasse about his
article on L-series, and let him know that he had found, “as a byproduct, the
formulation of the general reciprocity law in arbitrary fields without roots of
unity”. In his article on L-series, Artin remarks
This theorem is of interest in itself [. . . ] Moreover, in the relative
cyclic case our theorem is completely identical with the general reciprocity law (if k contains the appropriate roots of unity), and this
correspondence is so obvious that we may interpret this theorem as
the formulation of the general reciprocity law in arbitrary number
fields (even without the roots of unity), even if the actual statement
may at first seem somewhat strange.
Artin called the formulation “strange” since up to 1923, a reciprocity law had
been understood as a statement relating Jacobi symbols of the form ( α
β ) and
β
(α
).
9

For more on Artin’s L-series see 30.1 in connection with Letter no. 30 and the subsequent
letters.
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In 1923, Artin could not prove his new reciprocity law in full generality,
but only in the following special cases:
1. K|k is a cyclotomic extension.10
2. K|k is cyclic of prime order.
3. K|k is a compositum of such fields.
The reciprocity law in case 1) is part of the classical algebraic number
theory of the 19th century: over the field of rational numbers, Artin’s reciprocity law for cyclotomic extensions boils down to a canonical version of the
isomorphism Gal(Q(ζm )/Q) ' (Z/mZ)× , and is essentially a part of one of
Dedekind’s proofs of the irreducibility of the cyclotomic equation11 .
In the proof of case 2. Artin refers to Takagi’s second article [Tak22, §
10], where Takagi derived from the reciprocity law for `-th powers that the
`-th power residue symbol ( µp ) only depended on the ideal class of p in a
suitable class group. The reciprocity law for `-th powers in the field Q(ζ) of
`-th roots of unity had already been proved by Kummer in the case where `
was a regular prime (in other words: where the class number of Q(ζ) is not
divisible by `), and by Furtwängler, who used Hilbert class fields to cover the
case of irregular primes. Artin’s proofs were short since he only gave a new
interpretation of known results in the framework of the Artin map.
The proof in case 3. follows from functorial properties of the Frobenius
automorphism. For the general case, however, Artin could not give a proof
in 1923.
Artin was so convinced of the truth of his general reciprocity law that he
formulated it not as conjecture, but as a theorem12 (Satz 2) in his article.
Subsequently, this led to some misunderstandings since a superficial reader
might get the impression that Artin had proved his reciprocity law in full
generality in [Art23b]; this indeed happened more than once; see e.g. 6.5.
This is perhaps the place to clear up another possible misunderstanding in
Artin’s article on L-series. At first sight it appears as if Artin, in addition to
the cases 1.-3. discussed above, also treated the additional case of extensions
K|k of prime power degree `n of fields k containing the `n -th roots of unity.
This case is discussed on pp. 100–101 in [Art23b], in point 5. In this discussion, Artin refers to Takagi’s reciprocity law for power residues in [Tak22].
There, Takagi could only treat the case of prime degree `, hence the general
case of prime power degree remained open both in Takagi’s and in Artin’s
√
A cyclotomic extension of k is by definition a subfield of a field k( m 1) of roots of unity.
See Emmy Noether’s remark on Dedekind’s proof of the irreducibility of cyclotomic
polynomials in [Ded32, vol. II, p. 388]. In the notes by Artin and Tate [AT68] on class field
theory, this part of the proof of Artin’s reciprocity law is exactly Dedekind’s proof. See
also Lemmermeyer [Lem12b].
12 Frobenius also formulated his density conjecture (now Chebotarev’s density theorem)
as a theorem in [Fro96].
10
11
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paper. Of course Artin was aware of this gap; in fact, in his article he used the
result of point 5. only in the case of prime degree. This begs the question why
Artin included the case of prime power degree in point 5 without explicitly
warning the reader that this only leads to a result in the case of prime degree
(with reference to Takagi); such a remark would have excluded any misunderstandings. We believe that Artin chose this formulation in order to explain
what he had said in the quotation above, namely that in the case where the
appropriate roots of unity are contained in the base field, his abstract reciprocity law coincides with that of Takagi concerning power residues. Thus he
wanted point 5 of his article to be understood not as a step in his proof but
as a consequence of his reciprocity law – without explicitly mentioning that
the latter had only been proved in the case of prime exponents.

5.7 The Gap 1923–1926
Letter no. 5 is dated July 12, 1923, and the next letter no. 6 was written on
February 10, 1926. This gap in the correspondence does not mean that there
was no contact between Artin and Hasse in the meantime. In fact, Hasse’s
diary shows that they met occasionally.13 We have already remarked above
that Hasse often traveled from Kiel to the nearby Hamburg in order to attend
the mathematical seminar organized by Hecke, Blaschke and Artin. On these
occasions there were of course opportunities for discussion and an exchange
of information, and it was not necessary to do this by writing letters.
As can be seen from Hasse’s diary (as well as from other sources), in these
years Hasse, through the contact with Artin, as well as with Schreier and
Hecke, turned away from Hensel’s influence towards the more abstract and
structural way of thinking. In autumn 1923, Hasse gave lectures on Galois
theory in Kiel, and stimulated by Artin’s article on L-series submitted in July
1923, of which Hasse soon received proofs and then a reprint, Hasse became
interested in the theory of group representations and, together with Artin
and Schreier, began thinking about a proof of Artin’s reciprocity law. This
explains Hasse’s entries in his diary on the work of Frobenius, on matrices
and characteristic polynomials, on abstract groups defined by generators and
relations (as presented in a lecture by Schreier in March 1924), matrix representations of groups (June 1924), the theorem on bases of abelian groups
and on hypercomplex numbers (July 1924).
At the meeting of the DMV (German Union of Mathematicians) in Innsbruck, Hasse received a particularly intensive stimulus for turning towards
abstract and (what then was called) “modern” algebra by Emmy Noether.
We have already remarked above that in Innsbruck, Hasse gave a lecture on
13

Hasse’s diary is kept among Hasse’s papers in the Handschriftenabteilung of the University Library of Göttingen. It was published in [LR12].
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explicit reciprocity laws. In the same section, immediately after Hasse, Emmy
Noether gave a talk. Hasse had met Emmy Noether already in 1918 in his
first semester at Göttingen, but did not attend any of her lectures then.14 It
was only later that he became impressed by her way of doing mathematics.
In Innsbruck, Emmy Noether lectured on her axiomatic characterization
of what nowadays are called Dedekind domains, as a basis for the arithmetic
of number fields. Noether’s point of view differed fundamentally from the
one Hasse was used to as a member of Hensel’s circle. Noether’s goal is not
mastering mathematical laws using formulas but revealing the underlying
structure. Hasse was impressed by Emmy Noether’s conviction and began a
lively and mathematically fertile correspondence with her, which continued
until Noether’s death in 1935.15 Over the years, Hasse familiarized himself
with Emmy Noether’s point of view and employed it in his own work. In
particular he tried to use Noether’s methods for finding a new and more
conceptual approach to class field theory; this is testified by his articles in the
next few years, and is also reflected in his correspondence with Artin.16 His
idea, however, of giving an axiomatic foundation of class field theory following
the example set by Noether’s axiomatization of “Dedekind domains” did at
first not lead to any results. Only later Artin and Tate [AT68] developed
an axiomatic class field theory in which the axioms were formulated in the
framework of the cohomology of groups.
14

In [Fre77] it is reported that Hasse attended the first lecture by Emmy Noether on
elementary divisors, but then dropped the course after realizing that it was not, as he had
expected, a lecture on the elementary theory of divisibility.
15

The letters between Hasse and Emmy Noether have been published; see [LR06].
The “final” version of class field theory was given by Chevalley with his theory of ideles.
Chevalley had close contacts with Artin, and even had spent a semester with Hasse in
Marburg as a Rockefeller scholar. The term “idele” was coined by Hasse; Chevalley at first
had talked about “ideal elements”.
16
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Hasse’s lecture at the meeting of the
DMV in Prague in 1929 titled “The
modern algebraic method” [Has30b]
may be seen as a kind of advertisement
for Noether’s abstract algebra. See also
Hasse’s booklet in the Göschen series on
“Higher algebra” [Has27c]; in a review
it was said that it was “ground breaking insofar as Steinitz’s theory of fields
was derived in a textbook for the first
time” .
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Emmy Noether (photographer
unknown). c The Mathematisches
Forschungsinstitut Oberwolfach
gGmbH (MFO)

Thus his contact with Emmy Noether had prepared Hasse for seeing the
importance of Artin’s reciprocity law for the future development of number
theory – although its formulation differed radically from that of earlier reciprocity laws to which Hasse had already dedicated his first mathematical
articles. In fact, Artin’s reciprocity law is not a formula for computing power
residue symbols, but rather gives a canonical isomorphism between algebraic
structures in the sense of modern algebra. Even if Hasse, due to his early work
on explicit reciprocity laws, belonged to those to whom Artin’s reciprocity
law at first seemed “somewhat strange” (as Artin wrote in [Art23b]), this
changed rapidly, and Hasse was converted to the new reciprocity law at the
latest by the Innsbruck meeting. Hasse considered Artin’s reciprocity law as
a “progress of the greatest importance”.
This does not mean that Hasse adopted Noether’s point of view completely
by giving up his original esteem for explicit formulas. He described his attitude on these questions in a letter to Hermann Weyl written in 1931. Hasse
and Weyl first met at the Innsbruck meeting in 1924. Weyl then chaired the
section in which Hasse and then Emmy Noether gave their talks. Apparently
Weyl told Hasse that, in his opinion, explicit formulas for reciprocity laws
were not as interesting anymore as they once had been, and encouraged him
to study the “modern” conceptual questions in number theory. But now, in
1931, Weyl congratulated Hasse in a letter on his success in proving a fundamental structure theorem in the theory of algebras over number fields and
its implications for class field theory. In this connection, Weyl recalled their
first meeting in Innsbruck. In his reply, Hasse wrote:
I also remember very well the words you told me after my lecture on
the first explicit formula for the reciprocity law for higher exponents
in Innsbruck. You were a little skeptical about the necessity of such
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investigations and explained that it was actually one of Hilbert’s main
achievements to have freed the theory of reciprocity laws from the explicit calculations of earlier scientists, in particular those of Kummer.
[. . . ]
Of course I do understand that things like these explicit reciprocity
formulas are less appealing to a man with a sense of taste such
as yours than to me; the abstract mathematics of Dedekind and
E. Noether never satisfies me completely unless I can put an explicit
and constructive presentation with formulas next to it. Only from the
latter can the elegant methods and beautiful ideas of the former stand
out favorable.
Part II of the report on class field theory is a good example for this attitude
of Hasse.17 Apart from Artin’s reciprocity law, the principal ideal theorem,
and the theory of Artin conductors it contains the perhaps most complete
presentation of what then was known about explicit reciprocity laws as corollaries of Artin’s law. The gradual development of this report is reflected in
the correspondence Artin–Hasse.

17

See also 10.1.

6 10.02.1926, Letter from Artin to Hasse
Hamburg 36,
Pilatuspool 11III

1

Febr. 10, 1926

2

Dear Mr. Hasse!
I think that I have begun each of my letters with a long litany of apologies,
accusations of myself and promises to better myself etc. – just now I had to
write in the same sense to Courant – but in your case I may simplify the
procedure by simply saying “see the introduction of my last letter”. Only
the promises to better myself, which surely can be found there, I have to
particularly emphasize, since things would really look bad for me if even
those would disappear. 3
Congratulations on your beautiful exposition of complex multiplication4 . I
have not yet checked the details – this semester, I have a lot of work with my
seminars – but I see how everything is supposed to work on the whole, and
that it works smoothly. At one point you write that the multiplier equation
in the theory of class fields or even ring class fields cannot be avoided. This
made me look up my old notes, but I could not see where it has to be used.
As far as the decomposition laws are concerned, the transformation equation
for j(ω) is sufficient. I suppose that your remark refers to the theorem that
the 24-th (or perhaps the 12-th) power of each ideal in the base field becomes
principal in the class field. I have to say that I gladly would do without this
theorem as long as it does not deal with the ideals themselves.
I also find your remarks at the end very interesting, where you deal with
the question whether the division values of the ℘-func[tion] suffice. In his
preface, Fueter promised to give a proof in the second volume “for the first
time”. It seems to me that he will not be able to yield more than a first
attempt at a proof, just as before in the case of the Jugendtraum.
1

Entry of Artin’s address by Hasse’s hand.

2

Artin apparently made a mistake when he wrote the date February 10, 1925 in this letter.
In fact its content clearly shows that it must have been written later, and we assume that
Artin meant to write 1926. In this letter Artin mentions his lecture on mechanics and on
analytic number theory, which Artin gave in the winter semester 1925/26, as the lecture
timetable of the University of Hamburg shows. There are a series of other signs that suggest
an incorrect date; cf. 6.1, 6.5 and footnote 12.
3 The preceding letters in this correspondence all date from July 1923, hence were written
almost three years ago. And only one of these – the first – contains a “litany” of excuses as
mentioned by Artin here. Thus if Artin speaks about “each of my letters” in this connection
one may come to the conclusion that there were some more letters written between July
1923 and February 1926. We are, however, not aware of any additional letters. – As for the
“gap” 1923–1926 see Sect. 5.7.
4 See 6.1.
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1. 1923–1926

As you know I have been walking on topological byways5 for a while.
Now I would like to return remorsefully. But since it is impossible to change
overnight I have tried to look at several less important things.
One of them is Eisenstein’s reciprocity law for the fields of `n -th roots of
unity 6 . Do you know more about it? Of course the whole thing boils down to
Lagrange root numbers, but is far more difficult since, I guess you know the
obstruction well, ϕ(`n ) is divisible by `n−1 . Surely you have cursed this fatal
fact as often as I did. Unfortunately, it doesn’t get any better by cursing. For
getting some orientation I first tried to tackle the case 4. There you obtain
results on biquadratic residues only by climbing into the field of 8-th roots of
unity. I haven’t checked whether something similar works in general. Do you
know anything about this?
At this opportunity I have looked more closely at the Lagrange root numbers for ` = 3, that is, the generalization of the determination of the sign
of Gauss sums. Kummer did a lot of calculations on this problem. I attach
Kummer’s result on a separate sheet, where I have added the decomposition
of the primes in the cyclotomic number field R(%). Can you spot a pattern in
this table? Perhaps you will have more luck than I did. I have attached the
decompositions A, B in R(%) since these must play a role in the division. It
is remarkable how few prime numbers fall into the third category. Kummer
conjectured that the cardinalities have the ratios 3 : 2 : 1. In any case this is
a mysterious matter.7
Did you read Chebotarev’s8 article in the Annalen vol. 95? I could not
understand it properly and did not find the time to work it through in detail.
If it is correct, we surely will have pocketed the general Abelian reciprocity
laws. We postponed the study of this article until next semester. Perhaps you
have already read it and know therefore whether it is wrong or right? 9
As you can see I have nothing to “report” but questions. In order to get
closer to the Gaussian sums I occupied myself with the function
f (t) =

∞
X

e−ν

3

πt

.

ν=1
5

See 6.2.
See 6.3. Artin writes pn , but a few lines later returns to `n , the usual notation used by
Artin and Hasse.
6

7

See 6.4.
Today, Tschebotareff’s name is usually transliterated as “Chebotarev”, “Chebotarëv” or
“Čebotarev”. We will use Chebotarev, even if Artin and Hasse, as was common in their
times, used Tschebotareff. Chebotarev himself signed his letters to Hasse with “Tschebotaröw”.
9 See 6.5.
8
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It does not admit a functional equation, but f ( 1t ) can be developed into a
series of Bessel functions. So far I have not succeeded in applying this to the
problem of the Gauss sums.10
How do you and your wife do in Halle? Unfortunately I do not know this
town at all, and have just passed through by train every now and then. Is
the location beautiful? 11
Above I twice talked about lack of time. This is because I let myself be
talked into giving a seminar on mechanics, and since I never attended any
lecture in mechanics I had to learn it myself; which is surely useful but requires a lot of time. In addition I give a seminar on analytic number theory,
which is easier to do. In any case these two seminars have taken away all my
time, and currently I cannot get around to occupying myself in detail with
one of these questions.
What are you reading this semester?
Now I hope to have reduced my great writing sins a little bit.
Oh, I have to tell you one more thing, my summer trip.
I got the crazy notion to travel to Iceland. This was a really rewarding
experience.12
At the beginning of August I went to Bergen by ship, and from there to
the north coast of Iceland. The first part of the journey was a hike to the
Lake Mývatn13 . The Lake Mývatn is one of the most beautiful spots on the
island and is the center of its volcanism. From there we went to Akureyri, the
largest “city” on northern Iceland, and then we went on a hike through the
basalt mountains of Skagafjordur. Then we went to Reykjavik by ship and
went on trips to Thingvellir, the old thingstead. All in all we walked 450 km,
which did me a lot of good. It was amazingly beautiful. When we meet next
time I will have to tell you about it in detail. From Reykjavik we returned to
Bergen by ship, then to Oslo by train, and then to Frederikshagen by boat.
As a former navy officer you will of course laugh at a landlubber such
as myself. But: never again the Skagerak! It was horrible. On the Atlantic
and the whole journey in Iceland I never was seasick, and in the Skagerak it
caught up with me. I was in a horrible condition. Brr!
10

It seems plausible that there should be a connection of Kummer’s problem with series of
P −2πν 3 t
the type f (t) =
e
considered by Artin, but apparently this did not lead anywhere.
The theory of such series had been developed just a few years before (in 1920) by Hardy
and Littlewood in their joint work on Waring’s problem [HL20].
11

Hasse had accepted a call to the university of Halle and had begun giving lectures there
in 1925.
12 Artin left for Iceland on August 8 and returned on October 3, 1925. This is another
reason why Artin cannot have written this letter in February 1925. During his journey,
Artin kept a detailed diary, which has just been published by Alexander Odefey [Ode11].
The complete diary with pictures and an English translation was published by Thomas
Artin; see http://www.artinsicelandjournal.com/
13 “Mückensee” in German, or “Lage of Midges” in English.
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More from my numerous adventures in Iceland when we meet again next
time. Just one thing:
Do you know how eggs are boiled in Iceland? You take your eggs and a
bowl with cold water to a geyser. Then you wait until the geyser erupts and
toss the eggs into the jet of water. They will be dancing up and down the
boiling hot jet. Since the eruption will last exactly 3 minutes, they will be
cooked as soft as plums. The jet slowly sinks down, the eggs with it, and now
you catch the soft boiled eggs with the bowl of cold water to shock them
immediately. That’s how it’s done! Well, no offense intended!
Please give my best regards to your wife.
With cordial greetings,
Your Artin
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(Attachment to the Letter dated February 10, 1926)

Let R(%) denote the field of cube roots of unity14 , p ≡ 1 (mod 3) a prime
number, and p = $ · $0 the decomposition of p in R(%), where $ is semiprimary in the sense that $ ≡ −1 (mod 3).
Set
p−1 
X
ν  2νπi/p
e
.
S($) =
$
ν=1
Then elementary calculations show that
S($) · S($0 ) = p and

(S($))3 = p $,

where the latter more exact formula is proved by first showing that on the
right-hand side we either have p $ or p $0 , and that
0

$ or $ =


p−2 
X
ν(ν + 1)
ν=1

.

$

This immediately implies

$=


p−2 
X
ν(ν + 1)
ν=1

$

,

hence = p $ and not p $0 .
This is completely elementary and yields, as you know very well, the cubic
reciprocity law in just a few lines.
Now let νi run through those numbers for which
ν 
i
= %i
$
and set
ηi =

X

e2νi πi/p .

νi

Then
S($) = η0 + %η1 + %2 η2
Setting ζi = 3ηi + 1 and $ =

√
A+3B −3
2

(η0 + η1 + η2 = −1) .
we find

(ζ0 − ζ1 )(ζ0 − ζ2 )(ζ1 − ζ2 ) = 27pB,
14

See 6.4.
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which determines the sign of the product; if we e.g. choose B positive (for a
suitable $), only one of the following results for the real ζi is possible:
ζ2 < ζ1 < ζ0

or ζ1 < ζ0 < ζ2

or ζ0 < ζ2 < ζ1 .

Now the ζi are roots of the equation
ζ 3 − 3p ζ − p A = 0 .
Since 4p = A2 + 27B 2 it is easily seen that the roots are separated completely
by the numbers
√ √
√
√
−2 p, − p, p, 2 p.
Thus it is sufficient to know where ζ0 lies since the discriminant condition
then determines ζ1 and ζ2 .
Now
p−1
X
X
3
ζ0 = 1 + 3
e2νπi/p =
e2ν πi/p .
ν
(ω
)=1

ν=0

According to Kummer we have
For p < 500, ζ0 falls:
√
√
I. into the interval p < ζ0 < 2 p for
p AB
7
1 1
31
4 2
43 −8 2
67 −5 3
73
7 3
79 −17 1
103 13 3
127 −20 2
163 25 1
181
7 5
223 28 2
√ √
II. into the interval − p, p for

p AB
229 22 4
271 −29 3
277 −26 4
307 16 6
313 −35 1
337 −5 7
349 37 1
409 31 5
421 19 7
439 28 6
457 10 8
463 −23 7
499 −32 6
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13 −5 1
19
7 1
37 −11 1
61
1 3
109 −2 4
157 −14 4
193 −23 3
√
√
III. into the interval −2 p, − p for
p AB
97 19 1
139 −23 1
151 19 3
199 −11 5
211 13 5
331
1 7
433 −2 8
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p AB
241 −17 5
283 −32 2
367 −35 3
373 13 7
379 −29 5
397 34 4
487 25 7
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Comments on Letter no. 6 dated February 10, 1926
The main reason for this letter seems to be Artin’s new efforts to prove his
reciprocity law, which he had conjectured in the article on his new L-series
in 1923, and which he could prove then only in some special cases (see Letter
no. 1 and 5.6.) Apparently Artin had put the problem aside and had turned
to other areas of mathematics (the “topological byways”; see 6.2). But now
he returns to this problem and hopes that the correspondence with Hasse will
give him new ideas on it. Recall that Hasse had taken up his position as a
professor in Halle at Easter 1925, hence did not live in Kiel anymore, and, as
a result, could not attend the seminars in Hamburg and did not meet Artin
on a regular basis anymore. For this reason, the correspondence resumes.
Artin’s motivation for writing this letter apparently was Hasse’s manuscript
on complex multiplication that Hecke had shown him. Artin wanted to let
Hasse know what he was working on. The topic of the later joint work on
the second supplementary law is not yet touched upon in this letter. (See 7.1
and 14.2.)

6.1 Complex Multiplication
When Artin congratulates Hasse on his beautiful presentation of complex
multiplication he refers to a letter to Hecke that Hasse had written shortly
before, on December 22, 1925. The letter itself is addressed to Hecke but the
letter makes it clear that its content was also meant for Artin. We can read
there15
Dear Mr. Hecke! In my great joy about a result in complex multiplication that finally satisfies my demands I feel compelled to let you know
about it. Because I know that both you and Mr. Artin have a great
interest in this topic.
In his reply dated February 6, 1926, Hecke first apologizes for not having
answered Hasse’s letter sooner. Christmas, a journey and the “Bohr week”
(apparently in the honor of Harald Bohr) in Hamburg have kept him from
doing so. Then he continues:
Artin, by the way, is also very delighted about your article; I have
shown it to him assuming that you do not mind.
15

This letter is preserved and can now be found in the Hecke Nachlass at the University
of Göttingen.
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Now, four days later, on February 10, 1926, Artin writes to Hasse and congratulates him on his excellent presentation of complex multiplication.
Thus in this case, and in contrast to the situation in the rest of the correspondence between Artin and Hasse, we know the letter written by Hasse
to which Artin is referring. In this letter addressed to Hecke, which is twelve
pages long, Hasse describes his new idea for the foundation of complex multiplication . At the beginning of this letter he writes:
As I have already told you it was my goal to find a function theoretic
construction of the ray class fields mod m with respect to an arbitrary
ideal m of a complex quadratic number field k using elliptic functions
of the “first level”16 without having to enter the theory of elliptic functions of the second level, which would necessarily bring about certain
irregularities and restrictions for the ideals m not coprime to 2. In
the sketch I recently sent you this goal was only partially attained
in that, for the proofs of the theorems on ℘(u), the Jacobian elliptic
functions of level 2 had to be used. By now I have freed myself from
this. In addition, I can completely avoid the little elegant addition law
for ℘(u), and I can build the whole theory only on the development
into series . . . .
Hasse published a detailed exposition following these ideas in 1927 in his
article “Neue Begründung der komplexen Multiplikation” (New foundation
of complex multiplication) in Crelle [Has27d]. This article, which contains a
proof of Kronecker’s Jugendtraum (in the version accepted today17 ) was of
fundamental importance for the further development of the theory of complex
multiplication. The fact that the theory is based “only on the development
into power series” basically means that the elliptic curves are interpreted as
abelian varieties; this is the point of view accepted today. This is not the place
to discuss this interpretation in detail, since we intend to do this elsewhere.
Here we only mention that Hasse presented the sketch of this article before
its publication to Hecke and Artin.
The reason why Hasse first wrote to Hecke and not directly to Artin may
have been that he had already corresponded with Hecke on certain singular problems in complex multiplication. This correspondence is at least partially preserved.18 During his student days in Göttingen 1919/20, Hasse had
attended Hecke’s lectures on complex multiplication, which had deeply im16 This refers to Klein’s theory of “Stufen”. An elliptic function of level n is one that is
invariant under the congruence subgroup Γ (n). Thus the elliptic functions of “first level”
are those that are invariant under the full modular group.
17

See Schappacher [Sch98].
See
http://www.rzuser.uni-heidelberg.de/∼ci3/Transkriptionen/
manutrans.html#Contents.
18
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pressed him.19 Hasse always regarded Hecke as his second academic teacher.
(The “first”, although not in chronological order, was Hensel.)
Artin’s comments on Hasse’s letter show that he was familiar with the
details of the theory of complex multiplication (although he never covered
this topic in his publications). This is certainly due to his proximity to Hecke
as a colleague in Hamburg. When Artin visited Hasse20 in Kiel during the
weekend July 14–17, 1923, they also discussed complex multiplication. In
fact, in Hasse’s diary we can find an entry dated July 17, 1923 bearing the
title
Remarks on complex multiplication (Dr. Artin, July 17, 1923).
This entry concerns the generators of the ray class fields of an ideal in a
complex quadratic number field, that is, exactly the problem that Hasse had
studied according to his letter to Hecke referred to above. In this connection
see also 22.5, in particular p. 244. When Artin mentions the multiplier equation21 , he is referring to a footnote in Hasse’s letter. Let Ω be a complex
quadratic number field, and w an integral ideal in Ω. The field Ω(j(w)) obtained by adjoining the singular values of the j-function is the Hilbert class
field of Ω. For proving this statement, Hasse derives the congruence

j p−1 w ≡ j(w)p mod p
for prime ideals p of degree 1 in Ω, where p is the norm of p. Actually it
would be sufficient to prove this congruence modulo some prime divisor22 P
of p in Ω(j(w)). But Hecke had pointed out to Hasse that the congruence
is best proved modulo p, and showed him a proof. Hasse’s proof differs from
Hecke’s in that he uses the multiplier equation; in a footnote, Hasse writes
Since the multiplier equation is needed anyway in the theory of the
Hilbert class field, this way of proving the decomposition law in K
might very well be the simplest as well as the one that carries us the
furthest. It may also be transferred to ring class fields.
We may assume that Artin had Hecke’s proof in mind when he wrote that it
is sufficient to use the modular equation (called “Transformationsgleichung”
1
by Hasse and Artin) for the j(ω). Here ω = ω
ω2 is the quotient of a basis of w.
Hasse did not change his manuscript: the published proof is essentially the
same as in his draft.
19

These lectures quite likely were the same as the ones that Hecke gave a year later; at
least they must have been very similar. There exist lecture notes from the last lecture
series, which were published in 1987 [Hec87].
20 See Letter no. 5 dated July 12, 1923.
21

The multiplier equation rarely occurs in modern presentations of complex multiplication.
It may still be found in e.g. Cohn’s [Coh85, Thm. 10.4.7] as well as in a few other books.
22 As done e.g. in [Coh85, Thm. 11.2.11].
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The statement that the 12th power of an ideal becomes principal in the
Hilbert class field does indeed show up as a lemma in Hasse’s draft as well as
in the published version. This is a special case of the principal ideal theorem,
according to which every ideal (and not only its 12th power) becomes principal in the Hilbert class field of any number field. The full principal ideal
theorem had not yet been proved at the time Artin wrote his letter (a proof
was finally found in 1928 by Furtwängler [Fur29], on the basis of the group
theoretic formalism of the transfer map developed by Artin; see 13.1.) The
case at hand is about the proof of the principal ideal theorem in the special
case of complex multiplication, i.e., for complex quadratic base fields. Apparently Artin was not content with this partial result in Hasse’s manuscript
and wanted to have the full result. See also 48.1.
At the end of his letter to Hecke, Hasse asks the question whether the
abelian extensions of Ω are already generated by the division values of Weber’s τ -function as normalized by Hasse, that is, whether one can do without
the singular values of the j-function, which generate the ring class fields.
Hasse calls this a “problem that lies rather deep” and concludes, after having
looked at the problem from various angles:
I could not attack it [this problem] from any of these many perspectives. Thus I do not dare to vouch for its validity.
Artin finds this question “very interesting”. He does, however, not talk about
τ but of the Weierstraß ℘-function, which differs from τ by a normalizing
factor. In 1933, Sugawara [Sug33] answered Hasse’s question in the positive.
The more general question, however, whether every abelian extension of a
complex quadratic number field can be generated by a single singular value
of Weber’s τ -function, could not be treated convincingly in Sugawara’s article
(his proof contained a mistake). In 1936 [Sug36a, Sug36b] he could show that
this is “almost always” the case for ray class fields. Both of these articles
were accepted by Crelle’s Journal.

6.2 Topology
When Artin talks about his “topological byways” he is referring to his two
articles on topology that had appeared in 1925 in the Hamburger Abhandlungen.
The first, short note [Art25b] deals with the isotopy of two-dimensional
surfaces in four-dimensional spaces. Artin discusses “knotted” spheres: these
are spheres that cannot be deformed without self-intersection into a sphere
lying in R3 . Artin gives a similar definition for surfaces of arbitrary genus.
He writes:
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Since the existence of knotted surfaces is often questioned it may be
appropriate to give a few examples.
Artin does not tell us what motivated him to study these questions.
The second and probably more important article concerns the theory
of braids [Art25a], which originated from Artin’s collaboration with Otto
Schreier. In 1924, Schreier came to Hamburg from Vienna, where he had received his Ph.D. under the supervision of Furtwängler. Until his premature
death in 1928, he collaborated closely with Artin. Schreier was a group theorist (the results of his thesis were later used by Furtwängler in his proof
of the principal ideal theorem), and in fact this article is group theoretical
in nature. It deals with the description of a braid by a group presented by
generators and relations, and with finding an algorithm that allows one to
decide whether two given braids may be deformed into each other.
Hasse, by the way, occasionally participated in Artin’s and Schreier’s
“topological sideways”. In his diary we can find an entry dated May 2, 1927,
on the description of a group by generators and relations together with a
reference to a talk by Schreier in March 1924 in Hamburg, which Hasse had
apparently attended. And in September 1924, both Artin and Hasse attended
the meeting of the DMV in Innsbruck, where Artin gave a talk on the “problem of braids” (“Das Zopfproblem”). We may safely assume that Hasse had
attended Artin’s lecture there.
Later, in 1947, Artin returned to the theory of braids in his article in the
Annals of Mathematics [Art47]. There he writes about his earlier article:
Most of the proofs are entirely intuitive. That of the main theorem is
not even convincing. But it is possible to correct the proofs.
This time, Artin developed his theory of braids with more powerful methods
and is able to give more general results.

6.3 Eisenstein’s reciprocity law
Eisenstein’s reciprocity law23 was an “indispensable tool” for proving the
general power reciprocity law for prime exponents m = `. When Artin mentions Eisenstein’s reciprocity law for prime power exponents m = `n , then
he apparently assumes that this law is also a necessary tool for proving the
general reciprocity law. Artin had formulated his reciprocity law already in
1923 [Art23b], but could only prove it for abelian extensions of prime degree
and their composita. The case of prime power exponents remained open –
and this explains perhaps why he now was dealing with Eisenstein’s law for
23

See p. 37.
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prime power exponents: he saw this as a first step for proving his general
reciprocity law.
Apparently Artin does not know what the generalization of Eisenstein’s
reciprocity law looks like in the case of prime power exponents, as he is asking
Hasse what he knows about it. In his letter Artin only mentions that he is
thinking about it, and that he obtains a result for the case `n = 4 only by
going into the field of 8th roots of unity. Again he is asking Hasse whether
this is necessary.
We do not know Hasse’s reply, or whether he answered this letter at all.
On the other hand we know that half a year later, in September 1926, Hasse
submitted a manuscript in the Mathematische Annalen [Has27b] in which
he discussed Eisenstein’s reciprocity law for arbitrary exponents m. Hasse
succeeded in proving Eisenstein’s reciprocity law in this generality, except
when the exponent m is divisible by 8. In the latter case Hasse was able
to prove the reciprocity law for the exponent m
4 (assuming that the base
field contains the mth roots of unity). These problems correspond to Artin’s
observation concerning the quartic case of Eisenstein’s reciprocity law in the
field of 8th roots of unity. We will return to this article by Hasse later; see
9.4.
A year later, however, it turned out that Artin could derive his new version
of the reciprocity law independently from Eisenstein’s reciprocity law; see
letter no. 8 dated July 10, 1927.
In the next letter no. 7 dated September 10, 1926, we see that Artin continued studying the reciprocity law for n-th power residues and that he started
looking at the second supplementary law, at first for exponent `2 . In fact, this
exchange will eventually lead to another joint article on the supplementary
laws of the reciprocity law for prime power exponents `n ; see 17.2.
In his obituary for Artin, Richard Brauer writes that the topic of these
two joint articles, the supplementary laws for power residues, perhaps was
closer to Hasse’s field of interest than that of Artin. But the correspondence
tells us that both Artin and Hasse vividly participated in working out explicit
formulas for the supplementary laws.

6.4 Cubic Gauss Sums
Artin used the terminology “Lagrange root numbers” introduced by Hilbert
in his Zahlbericht [Hil97]. Today, we use the expression “Gauss sum”.
Gauss sums play an important role in the proof of Eisenstein’s reciprocity
law for `-th power resides, where ` is a prime. This explains Artin’s remark
that, for prime power exponents `n , Eisenstein’s reciprocity law would boil
down to studying Gauss sums (or Lagrange root numbers), but this time for
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higher order `n . This is, as Artin observed, a lot more difficult than the case
of prime exponents.
It is not really clear24 in this connection why he turned his attention to
cubic Gauss sums, that is, the case ` = 3. Probably it was the deep and important problem, which in the quadratic case goes back to the determination
of the sign of the quadratic Gauss sum by Gauss, that Artin found attractive.
In the cubic case it is not the sign but the sextant in the complex plane in
which the Gauss sum lies. For the proof of Eisenstein’s reciprocity law this
is irrelevant, since the usual proofs only exploit the `-th power of the Gauss
sum. Yet the determination of the sign is an interesting challenge.
The problem that Artin referred to is classical and was posed by Kummer
in the years 1842-1846 in Crelle’s Journal. This letter is the only source
showing that Artin worked on this problem; it does not show up in any of
Artin’s publications.
For reading Artin’s attachment we observe that Artin denotes by R the
field of rational numbers,and
 by % the analytically normalized primitive cube
ν
root of unity. Moreover, $ denotes the normalized cubic character modulo
some prime $ of R(%), which is defined by the congruence
ν
p−1
≡ ν 3 mod $ .
$
Here $ is chosen as the divisor of p normed as in Artin’s attachment. 25 Artin
denotes the associated Gauss sums by S($). Kummer’s Problem consists in
finding the density of those prime numbers p for which S($) lies in a certain
sextant of the complex plane, or, equivalently, for which the real numbers
ζ0 , ζ1 , ζ2 (in Artin’s notation) have a specific order.
It seems remarkable that Artin, on the sheet of paper attached to his letter
to Hasse, sketched Kummer’s problem in detail, and even copies Kummer’s
tables. This attachment only contains known results, except perhaps for the
decompositions involving A and B, which can, however, be computed easily. Did Artin assume that Kummer’s problem was unknown to Hasse? The
problem does get mentioned in Hilbert’s Zahlbericht, which both Artin and
24

In a letter to Herglotz written on August 14, 1923, from Reichenberg, Artin, apparently
reacting to a question by Herglotz, asked

p

“Does the determination of 3 π/π 0 from Jacobi’s congruence differ from the
“determination of the sign”, or is it, as it seems to me, a completely equivalent
problem? ”
Perhaps Herglotz’s interest had been sparkled by the Ph.D. thesis Über die Lösungen der
Kongruenz x3 + y 3 ≡ 1 mod π und die Teilungsgleichungen der elliptischen äquianharmonischen Funktionen (On the solutions of the congruence x3 + y 3 ≡ 1 mod π and the
division equations of the elliptic equianharmonic functions) (1923) by Th. Kemnitz that
he had supervised.
25 The letter $ is often used in English publications and is pronounced “curly-pi”.
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Hasse knew very well. Perhaps Artin had checked Kummer’s calculations and
wanted to present his results to Hasse? This does not seem very likely. As
Prof. S. Patterson wrote us, the sums do not lend themselves to computations by hand, since this would require working with real numbers to high
precision. Patterson continues:
I think that he [Artin] did not check the values of the cubic Gauss
sums – he took the prime numbers p ≡ 1 mod 6 from Kummer and
computed the values of A and B. And he did not claim to have verified
the values. Kummer divides the prime numbers p into three classes.
I assume that Artin tried to interpret them in order to explain Kummer’s observations using the density theorems of Frobenius and Chebotarev. Of course he did not succeed, but this wasn’t clear right from
the start.
I don’t think that Artin talked about Kummer’s problem in public. The
problem received little attention in the literature of the late 19th and
early 20th century. There were no methods available – even the classical methods of analytic number theory were established only around
1900. It is my impression that it was Hasse who turned the attention
of number theorists to this problem.
In fact, Hasse gave a detailed exposition of Kummer’s problem in 1950,
in his book “Lectures on Number Theory” [Has50]. There he gives the ratios
3 : 2 : 1 extracted by Kummer from his numerical data – Artin had called this
ratio “mysterious” in his letter – and observes that this ratio can also be found
in the decomposition types of prime numbers in non-normal cubic number
fields. Hasse, however, did not think it likely that Kummer’s prime classes are
the reflection of a decomposition law. In any case, in his book Hasse said that
“attacking Kummer’s conjecture is a rewarding and attractive problem”.
In 1953, a short note [NG53] by Goldstine and von Neumann appeared
in which Kummer’s problem was tested by intensive computer calculations;
they wrote that
This problem was brought to the attention of the authors by E. Artin
who suggested the desirability of further testing the conjecture since its
truth would have important consequences in algebraic number theory.
A similar remark can be found in Goldstine’s book [Gol80, p. 297–298]. The
calculations by von Neumann and Goldstine showed that the ratios were
closer to 4 : 3 : 2 than to 3 : 2 : 1, and they concluded:
These results would seem to indicate a significant departure from the
conjectured densities and a trend toward randomness.
Kummer’s problem was solved only in 1979 by Heath-Brown and Patterson
[HBP79], who showed that von Neumann and Goldstine were right: instead
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of a ratio 3 : 2 : 1 it turned out that the primes are equidistributed over the
three classes.

6.5 Chebotarev’s Article
The article cited by Artin contains the well-known “Chebotarev density theorem” . This theorem deals with the prime ideal decomposition in normal
extensions of number fields. Chebotarev shows that for every conjugacy class
of the Galois group there exist infinitely many prime divisors of the base
field whose Frobenius automorphism lies in this conjugacy class. The set of
these prime divisors possesses a density which coincides with the density of
the conjugacy class inside the Galois group. This problem had been posed in
1896 by Frobenius [Fro96].26 Frobenius only could prove a weaker result that
did not cover the conjugacy classes but rather the “divisions” of the Galois
group. The division of an element σ of a group consists of all conjugates of
the powers σ m whose exponent m is coprime to the order of σ.

Emil Artin and Emmy Noether. The identity of the third person is not known.
(Photo by Natasha Artin Brunswick). c Tom Artin

Artin was the referee of Chebotarev’s article [Che26] for the Mathematische Annalen. We know this from Chebotarev’s reminiscence [Che50], where
26

The work of Frobenius was motivated by a programmatic article written by Kronecker
in 1880.
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Chebotarev reported that he attended the meeting of the DMV in Danzig in
1925, which took place from September 11–17. There he met Emmy Noether,
who told him that the manuscript he had submitted to the Mathematische
Annalen (it was received on September 5, 1924) had at first been given to
herself for refereeing, but that she declined and that Artin had taken over
the job.27 Artin did not attend the meeting of the DMV in Danzig.
After the publication of the article it was reviewed in the “Jahrbuch über
die Fortschritte der Mathematik”; there it is remarked that the article is
contained in vol. 95 (1925) of the Mathematische Annalen. On the other hand,
the year of publication of vol. 95 is given as 1926 in the literature. Since each
volume of the Mathematische Annalen consisted of several issues, we assume
that the issue containing Chebotarev’s article was already published in 1925,
and the last issue in 1926. In any case, by the time Artin wrote his letter in
February 1926, Chebotarev’s article had already appeared, since otherwise
Artin would not have asked Hasse whether he had already read it.

Emil Artin and Emmy Noether (photo by Natasha Artin Brunswick). c Tom Artin

As a referee, Artin had suggested the publication of this manuscript. This
seems to contradict Artin’s remark that he was unable to understand the
article. It seems that Artin had supported publication without having checked
27

Chebotarev also remarked that he met a couple of other mathematicians in Danzig;
in particular he had talked to Hensel, who wanted to know everything about D. A. Grave,
the leading mathematician in Kiev. Chebotarev had studied under Grave, and in 1912
Grave had sent one of his best students, namely Ostrowski, to Hensel in Marburg since
Ostrowski’s prospects in Russia looked rather dim as he was Jewish. Chebotarev also met
Hasse in Danzig; he described him as a 27-year old student of Hensel who already was full
professor in Halle.
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the details, since he is now asking Hasse whether he could confirm the validity
of the results. Of course it is also possible that Emmy Noether had erred when
she said that Artin was the referee for Chebotarev’s manuscript.
When Artin writes that “we postponed the study of this article until next
semester”, then “we” probably stands for Artin and Schreier. We know that
Artin was in close scientific contact with Otto Schreier in Hamburg until his
untimely death in 1929. And already in 1926, in the same year Artin wrote
this letter, Schreier’s article [Sch26b] on his simplification of Chebotarev’s
proof of his density theorem appeared. In his reminiscences [Che50], Chebotarev writes:28
Soon after my article appeared in the Mathematische Annalen I received the proofs of a manuscript of a young mathematician from
Hamburg, Schreier, “On an article by Chebotarev”. In his letter,
Schreier wrote that his article was the outcome of his talk in a seminar in Hamburg and has the aim at simplifying the proof and making
it accessible to a wider audience.
This confirms that Artin and Schreier jointly worked through Chebotarev’s
article in a seminar, as it was announced in Artin’s letter. Another participant
of this seminar must have been van der Waerden, who wrote in [vdW75] that
he went to Hamburg in the summer of 1926.
Chebotarev remarks in his autobiography that he had obtained the density
theorem already in 1922. He showed it to B. N. Delone in Moskow, who was enthusiastic about it. Chebotarev submitted the first version of his manuscript
to Crelle in 1922, but the letter apparently did not arrive there. Had the
mail service between Russia and Germany been more reliable in these years,
Chebotarev’s article could have been published in 1922 or 1923 – and perhaps
Artin could have given a proof of his reciprocity law already in his article on
L-series in 1923! In 1924, Chebotarev sent a new version of his article to
the Mathematische Annalen, where the manuscript was refereed and then
published in 1925/26.
It is easy to see why Artin was so interested in Chebotarev’s article. In
1923, in his article on L-series [Art23b], Artin had given a “proof” of Chebotarev’s density theorem.29 This “proof”, however, was not complete since
it was based on Artin’s reciprocity law, which then was still open. In his article on L-series, Artin only could deduce the density theorem from his (yet
unproved) general reciprocity law. This was quite appropriate. Already in
his letter no.1, where he informed Hasse about his construction of the new
L-series, Artin had remarked that these accomplish for arbitrary fields what
the usual L-series do for Abelian fields. In the abelian case, the usual L-series,
28

The Russian text was translated by Mrs. K. Hansen-Matyssek, as were other quotations
from [Che50].
29 See 5.6. Back then, Artin had called this result a “conjecture of Frobenius” , referring
to the classical article [Fro96].
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coupled with Dirichlet’s method, give the proof of the density theorems for
prime ideals in ray classes. It was Artin’s desire in his article to show that
his new L-series lead, with the same classical method, to the conjectures of
Frobenius on the density of prime ideals in general normal extensions, as soon
as the transition from ray classes to elements of the Galois group was secured
by Artin’s reciprocity law.
As we can see from his letter, Artin hoped to finish his proof of the general
reciprocity law using ideas from Chebotarev’s article. He succeeded in doing
so within a year and a half, and his proof in July 1927 did indeed use a
method also employed by Chebotarev, which Artin had to modify suitably;
see 9.2.
Right from the start Artin was so convinced of the validity of his reciprocity
law that he formulated it as a theorem in his article on L-series [Art23b], and
not as a conjecture, as it may have been appropriate since he did not have
a proof. This occasionally led to confusion since some readers thought that
Artin had proved his reciprocity law already in his article on L-series.
In fact, this is what Chebotarev reports in his autobiographical note
[Che50]. We have already remarked that in 1925, Chebotarev had attended
the meeting of the DMV in Danzig; afterwards he visited several German Universities. In Berlin he met I. Schur, who apparently told him that his density
theorem had already been proved by Artin. In Göttingen he met Ostrowski,
who told him the same. In Göttingen, however, Chebotarev had access to the
library, where he found a copy of the Hamburger Abhandlungen with Artin’s
article on L-series. He convinced himself that Artin had formulated his density theorem, but did not prove it because the proof of Artin’s reciprocity
law was not yet secured.
We have remarked above that Artin’s proof of Chebotarev’s density theorem has to be considered as a particularly natural one once Artin’s reciprocity
law had been proved in 1927. In fact, Artin’s proof is an extension of the original ideas that Dirichlet had developed for proving the theorem on primes
in arithmetic progression. A few years later, Deuring [Deu35b] succeeded in
simplifying the proof by realizing that the problem can be reduced to cyclic
extensions30 by using the decomposition law, without having to use the formalism of Artin’s L-series. In the cyclic case, Deuring used Artin’s reciprocity
law in order to move from the substitutions of the Galois group to the ray
classes of the field extension.
Chebotarev’s accomplishment is the fact that he could prove his density
theorem without using class field theory. In this sense, his proof offers a
“simpler” approach to the density theorem (see S. Patterson’s remark quoted
30

This was rediscovered by MacCluer [Mac69].
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in 9.2 (p. 127). A combination of his idea with that of Deuring can be found
in the book [FJ86] by Fried & Jarden.31

31

In [FJ86] it is remarked that Chebotarev’s proof contains “a small piece of Artin’s
Reciprocity Law for cyclotomic extensions”. This is correct, but one has to bear in mind
that Artin’s Reciprocity Law for cyclotomic extensions was well-known in the 19th century
(compare Emmy Noether’s remark on Dedekind’s proof of the irreducibility of cyclotomic
polynomials in [Ded32, vol. II, p. 388] and the remarks on p. 76). Apparently, this was also
Artin’s opinion; see 5.6, p. 76.
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Hamburg, September 10, 1926
Dear Mr. Hasse!
Thank you very much for your letter. The approach you have chosen is
the one that I have used (unfortunately) in the special cases 22 , 23 , 32 . For `2
this becomes too technical. For this reason I have preferred using a method
of Eisenstein (the well-known Crelle article):
I set τa = 1 − λan . Then τa+b − λa τb = τa . This implies the following three
congruences:
τa+b ≡ λa τb (mod τa ); τa+b ≡ τa (mod τb ); τa ≡ −λa τb (mod τa+b ),
hence we find

  a   
 a
τa+b
λ
τb
τb
λ
=
=
, since
=1;
τa
τa
τa
τa
τa

  

  a 


τa+b
τa
τa
λ
τb
−1
moreover
=
and
=
.
τb
τb
τa+b
τa+b
τa+b
τa+b
If we abbreviate the inversion factor by

(a, b) =

τa
τb



τb
τa


−1
,

then we find:

−1


−1
τa+b
τb
τa+b
= (a + b, b)
τa
τa+b
τa
  −a  

−1

λ
−1
τa+b
τa
= (a + b, b)
τa+b
τa+b
τa+b
τa

−a 

λ
−1
= (a + b, b)(a, a + b)
.
τa+b
τa+b
 a+b 
λ
Since
= 1, we can also write
τa+b


(a, b) =

τa+b
τb


(a, b) = (a, a + b)(a + b, b)

λ

b 

τa+b

−1
τa+b

Let ` be odd. Then we have more simply

(a, b) = (a, a + b)(a + b, b)

λ
τa+b

Now let n = 2. Setting a = 1, b = `2 − 1 we find
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2

2

2



2

(1, ` − 1) = (1, ` )(` , ` − 1)

Now we have

λa
τa




=1=

λ
τa

λ
τ`2

−1
.

a
.


Thus if a is coprime to `, then

λ
τa


= 1. Now apply the same formula to

the factor
(`2 , `2 −1) = (`2 , 2`2 −1)(2`2 −1, `2 −1)



−1

λ


, where

τ2`2 −1

2

Since τ2`2 −1 = 1 − λ2` −1 is certainly primary because of λ2`
it follows that (`2 , `2 − 1) = 1. Thus
 −1
λ
(1, `2 − 1) = (1, `2 )
τ
`2
 
λ
2
2
= (1, ` )(1, ` − 1)−1 .
τ`2

λ



τ2`2 −1
2

−1

=1.

= `2 λ1 λ`−1 ,

which implies

Now we have:

(1, a) =

1−λ
1 − λa



1 − λa
1−λ

−1


=

ζ
1 − λa



N (1 − λa ) − 1
`2
=ζ
.

Thus
2



λ
τ`2



2

N (1 − λ` ) − 1 N (1 − λ` −1 ) − 1
−
`2
`2
=ζ
2

N (1 − λ` ) − N (1 − λ`
`2
=ζ
2

2

2

−1

)
.

In these formulas the exponents λ` and λ` −1 are high enough to allow
terminating the representation by symmetric functions of these powers at
the third term. If we express the basic functions by sums of powers and omit
superfluous terms, what remains is the beginning of the desired logarithmic
expansion, which can then be shown to suffice. I don’t think that I have to
explain this in detail.
I will arrive on Tuesday by train at 1302 h as you have assumed. Until then
with cordial greetings and regards to your wife
Your Artin
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Comments on letter no. 7, dated Sept. 10, 1926

7.1 Eisenstein’s Method
This letter deals with the second supplementary law to the reciprocity law
for `n -th power residues, where ` is an odd prime number. The calculations
take place in the field of `n -th roots of unity. In earlier letters dating from the
year 1923, the case n = 1 was discussed. The results that Artin and Hasse
had obtained then were published in their joint article [AH25] in 1925. Now
they attack the case n > 1, and start with n = 2.
We do not know which approach Hasse had suggested, and which Artin
said he had used too. The new method used by Artin goes back to an old
article by Eisenstein. Artin talks about Eisenstein’s well-known Crelle article.
Eisenstein had published 37 articles in Crelle’s Journal. Artin clearly meant
[Eis50b] published in 1850, which had appeared in vol. 39 and was titled
“Über ein einfaches Mittel zur Auffindung der höheren Reciprocitätsgesetze
und der mit ihnen zu verbindenden Ergänzungssätze” (On a simple method
for finding the higher reciprocity laws and the related supplementary laws).
Artin and Hasse had already referred to this article in their joint work [AH25]
on the second supplementary law for prime exponents m = `. Thus Artin
could simply refer to “the well-known Crelle article by Eisenstein” since he
had told Hasse about it already before June 30, 1923, probably already in
March 1923 at Hasse’s talk in Hamburg. Artin’s inversion method described
in 5.3 also was extracted essentially from Eisenstein’s article.
The fact that Artin emphasized the “Crelle” article probably is due to the
fact that Eisenstein published, also in 1850, a second fundamental article on
the reciprocity law containing Eisenstein’s reciprocity law. This article was
not published in Crelle’s Journal, but appeared in the reports of the Berlin
Academy [Eis50a].
In his article Eisenstein had shown how to derive explicit formulas for the
reciprocity law of power residues “by a peculiar induction”, as he said – using
the single assumption that the reciprocity law has certain basic properties.
Eisenstein only treated the case of `-th power residues, where ` is an odd
prime number, and he makes clear that although this is not the most general
case, it is a case of great generality that shows the unlimited applicability of the
method. This remark suggests that Eisenstein knew that his method would
also work for the reciprocity law of `n -th power residues. Artin now carries
this out for the case `2 .
 β −1
see p. 36. It is clearly defined for coprime
For the inversion factor α
β
α
values of α and β (which are, of course, coprime to `). But already Eisenstein
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observed that the definition may be extended to arbitrary values α, β 6= 0 in
the following manner.
Set λ = 1 − ζ.1 Then λ is a generator of the unique prime l in Q(ζ) lying
above `. Eisenstein’s basic assumption was that the inversion factor has the
form ζ L , where L = f (α, β) is, as we would say today, an l-adically continuous
function of α and β with values in Z/`n Z.2 This allows Eisenstein to define
the inversion factor even when α and β are not coprime: in this case we
simply replace α and β by coprime values α0 , β 0 in Q(ζ) that are l-adically
close to α and β.
 
, which is defined
Today we would define ζ L via the Hilbert symbol α,β
l
for arbitrary elements α, β from the l-adic completion Q` (ζ). See p. 36.
The elements τa = 1 − λa used by Artin generate the group of principal
units of Q` (ζ) as a pro-finite group. This explains why Artin is interested,

in connection with the second supplementary law, in the symbols τλa . For

a 6≡ 0 mod ` it turns out that τλa = 1. Thus Artin immediately turns to the
 
computation of τλ2 .
`

Artin denotes the inversion factor of τa and τb by (a, b). This symbol is
not defined directly since τa and τb need not be coprime, hence one has to
use the interpretation above as a Hilbert symbol. Artin does not mention
this explicitly, apparently because he assumes that Hasse is familiar with
the details. Eisenstein gives the following interpretation of (a, b) in [Eis50b]:
replace τa and τb by coprime elements of the form 1 − ka λa and 1 − kb λb ,
where ka , kb ≡ 1 mod λN with sufficiently large exponent N .
The calculations for the case n = 2 in Artin’s letter follow those of Eisenstein for n = 1 rather closely, except for a single additional step in Eisenstein’s
“peculiar induction”. We
 do not know why Artin does not explicitly write
down the value of τλ2 he has computed, namely ζ. Did he assume that
`
Hasse already knew this?

Apparently Artin conjectured that τλ`n = ζ not only for `2 but for arbitrary odd prime powers `n (and = ζ −1 for ` = 2), since a year later, in his
letter no. 17 dated Oct. 27, 1927,
Artin remarks that Hasse’s calculations have

refuted his conjecture τλ`n = ζ ±1 . At that time, Artin and Hasse worked
on their second joint article on the second supplementary law [AH28], which
appeared in 1928.

1 At first, Artin denotes the `n -th roots of unity by ζ , but then uses ζ in his calculations
n
up to the point where he says that he now puts n = 2.
2 Continuity has to be interpreted in the multiplicative sense. More precisely: we have
f (α, β) = 0 whenever α, β ≡ 1 mod lN for sufficiently large values of N .
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Hamburg, July 17, 1927
Dear Mr. Hasse!
It’s been a while1 since I last wrote to you. Therefore I would like to notify
you of something that will surely be of interest to you. This semester I gave a
two-hour lecture course on class field theory and finally proved the “general
reciprocity law” in the version that I have given it in my article on L-series:2
Let k be an arbitrary base field, and K a class field for k associated to
the ray H. Let the ideal classes of k be defined modulo H. Let G denote the
Galois group of K/k and σ . . . its substitutions. To a prime ideal p from k
we attach in the well-known way a substitution σ: for all integers A in K we
demand (N p norm in k with respect to R):
AN p ≡ σA (mod p)
(here p is assumed to be coprime to the relative discriminant).
The reciprocity law now reads:
1.) The prime ideals p of a whole class in k and only these are associated to
the same substitution. Thus the classes of k correspond bijectively to the
substitutions of G.
2.) The product of two classes corresponds to the product of the substitutions.
Thus the map induces the isomorphism between classes and the Galois
group.
The proof is quite simple and uses a method of Chebotarev,3 but not the
analytic methods. This is what I have conjectured for a long time.4
This immediately implies the following property of the Jacobi symbol for
m-th power residues5 (if k contains the m-th roots of unity):
µ
only depends on the class of a.
a
√
The classes are those for which k(m µ) is the class field. This deduction can
already be found in the article on L-series and has led me to call the preceding
formulation the general reciprocity law in the first place. When m is a prime,
already Takagi has called this the essential content of the reciprocity law.6
1
2
3
4
5
6

10 months, actually.
For details on this article see 5.6.
See 9.2.
See Letter no. 6.
See 8.2.
Cf. 8.2.
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Conversely, however, this theorem does not at all imply the general reciprocity
law.
Now everything in the L-series article is finally proved.
Of course one now has to try and derive Hilbert’s version of the reciprocity
law from the general law in the case where the m-th roots of unity belong to
k.7 Some superficial considerations have convinced me that this does not fail,
that there will be no principal difficulty, and that it is just a little bit boring.
I hope to be able to think it over during the holidays. Mainly, however, the
law is needed only in the formulation above.
I guess you already have reprints of my earlier papers. They dealt with
other things.
As soon as I get the proof sheets I will send them to you. Since I found the
proof just a couple of days ago, this will take some time. I also believe that
this allows approaching the principal ideal theorem, and I already have some
ideas. I have not yet succeeded completely and I am beginning to fear that
this is because the result is incorrect. But then one would have to construct
a counterexample. But I still harbor some hopes that it will work.8
How are you? I have heard that you are about to write a new report on
Takagi for the Annalen. This would be very nice.9
By the way, will you come to Hamburg for the Hilbert week? 10 A whole
lot of people will come here, Caratheodory, Weyl, Bohr, E. Schmidt, Toeplitz
with lots of students . . . It would be nice if you could come, too, and we
could talk shop a little bit. As you know, I can’t do that in writing. How long
will you stay in Halle during the holidays, and when will you come back?
Perhaps I could visit you while passing through Halle. I will, however, only
pass through towards the end of August, and will return at the beginning of
October.11
With cordial greetings and regards to your wife,

Your Artin

7

Cf. 10.3.
For the principal ideal theorem see 13.1.
9 Cf. 8.3.
10 The Hilbert week in Hamburg took place at the end of Juli 1927, in connection with
Hilbert’s 65th birthday. Hasse did not attend the meeting; cf. Letter no. 12 dated July 29,
1927.
11 Artin visited Hasse in Halle on September 13, 1927. See 17.3.
8
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Comments on Letter no. 8 dated July 17, 1927
Letter no. 8 is a remarkable historical document. A few days after Artin
had found the proof of his ground-breaking “general reciprocity law” he communicated it to Hasse. In his report, Hasse [Has30a] called this result “Artin’s
reciprocity law”, and this name stuck. It is the crowning achievement of class
field theory and fundamentally changed the way we look at algebraic number
theory.
With letter no. 8, an extensive exchange of ideas between Artin and Hasse
begins. Indeed this could be called a second “bombardment of letters”, the
first one being the Letters no. 1–5 according to Artin (Letter no. 5). See
also Hasse’s letter of March 20, 1953. Whereas the correspondence in 1923
(Letters no. 1–5) essentially had a single mathematical topic, namely the
second supplementary law, now the effects of Artin’s reciprocity law in class
field theory as well as its possible applications will be discussed.

8.1 Artin’s Course in 1927
Artin writes that he found the proof of his reciprocity law during his course
on class field theory in the summer semester of 1927. It would be nice if we
could determine who attended these lectures.
Quite likely Otto Schreier was among those who attended these lectures.
Artin had close scientific contact with him, and they had read Chebotarev’s
article together (see 6.5). Similarly, Artin’s student Käte Hey may have
participated; in 1927, she finished her Ph.D. under Artin’s supervision with
her thesis12 on zeta functions of algebras [Hey29]. We may also assume that
Hans Petersson, who had received his Ph.D. in 1925 under Hecke’s supervision, attended Artin’s lectures since he was interested in algebraic number
theory. (Artin reports in letter no. 26 that Petersson gave a lecture series on
class field theory in the summer semester of 1929.)
It is not certain whether van der Waerden attended the lectures. In his
reminiscences (“On the sources of my book Moderne Algebra”) [vdW75] he
writes that he went to Hamburg in summer 1926, and continues: “I met Artin
and Schreier nearly every day for two or three semesters.” If he did spend
three semesters there, then he certainly would have attended Artin’s lectures
on class field theory in summer 1927.
12

See Lorenz [Lo04, Lo08].

110

8.2 Comments

8.2 The Jacobi Symbol

The Jacobi symbol µa mentioned in Artin’s letter is the m-th power residue
symbol with respect to a fixed exponent m, where we assume that the base
field contains the m-th roots of unity. We have given the classical definition
of the power residue symbol already on p. 33, namely as the m-th root of
unity defined by the congruence
µ
N p−1
≡ µ m mod p .
(2.1)
p

Here p is a prime ideal coprime to m and µ. The symbol µa is extended
multiplicatively to all ideals coprime to µm.
As a simple consequence of his general reciprocity law Artin observes the
following fact, which he
 calls – in the next letter no. 9 as well as in several
later letters – the “ µ
-fact”:
a

The Jacobi symbol µa only depends on the ray class of a with respect
√
to the field k( m µ), which is to be interpreted as a class field over k.
This can actually be seen immediately by writing down the definition (2.1)
using the Frobenius automorphism σp in the form
 
√
σp m µ
µ
= m
(2.2)
√ ;
p
µ

√
Artin’s reciprocity law for k( m µ)|k tells us that σp and therefore µp only
depends on the ray class of p. The same formula (2.2) holds (because of
multiplicativity) for an arbitrary divisor a coprime to µ and m instead of p.

Already Takagi, Artin writes, called this “ µa -fact” the essential content of
the reciprocity law, and this made Artin choose the name “general reciprocity
law” for his isomorphism.
Takagi’s statement that Artin referred to can be found in Takagi’s second article [Tak22] on class field theory, which had the title “Über das
Reziprozitätsgesetz in einem beliebigen algebraischen Zahlkörper” (On the
reciprocity law in an arbitrary algebraic number field), at the end of the
third paragraph of the introduction. Already in his article [Art23b] on Lseries, Artin had referred to this statement.
In that article, Takagi covered only the
 case of prime exponents m = `. In
this case he succeeded in proving the “ µa -fact” using Eisenstein’s reciprocity
law, from which he derived the general reciprocity law (2) for Jacobi symbols
(see p. 34). Artin’s generalization consisted in allowing the exponent m to be
an arbitrary positive integer.

In Artin’s letter, only the part of Takagi’s statement concerning the “ µa fact” is generalized. Artin does not say how he intends to derive from this fact
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the general reciprocity law (2) for m-th power Jacobi symbols in arbitrary
number fields containing m-th roots of unity. A natural idea perhaps was
first generalizing Eisenstein’s reciprocity law to the case of arbitrary m-th
powers13 , since the corresponding result was a necessary ingredient
 for prime
exponents m. In any case it is clear that Artin mentions the “ µa -fact” since
in his opinion it is the key for deriving the general reciprocity law for Jacobi
symbols.
As we can see from the next few letters, Hasse showed Artin that the
general reciprocity law for Jacobi
symbols for arbitrary exponents can be

easily deduced from the “ µa -fact”. Hasse’s proof is based on an idea of
Furtwängler, who had used it shortly before in the case of exponents m = `2
(cf. 9.4.) Artin used this method in his article [Art27a], where he credits both
Furtwängler and Hasse.
It is occasionally said that Artin’s reciprocity law contains “all known
reciprocity laws” for Jacobi symbols. It should be remarked, however, that the
m-th power reciprocity laws for nonprime exponents m were not yet known
before; they could be proved only after Artin’s reciprocity law had been
established. Artin’s letters show that both Hasse and Furtwängler provided
essential contributions.

A few Historical Remarks

Actually already Furtwängler was aware of the fact that the “ µa -fact” is
the fundamental reason why the reciprocity law holds. In the Introduction to
[Fur13], where he proved the quadratic reciprocity law in number fields, he
writes
In this article I have followed the proof in the case of odd prime
exponent ` by interpreting the general reciprocity law as a special case
of the theorem claiming the invariance of the power residue character
for equivalent√ideals. In fact if ω is a singular primary number, i.e.,
if the field k( ω ) is contained in the class field of k, then we have
ω ω
=
a1
a2
whenever a1 and a2 denote equivalent ideals.

√
The earliest occurence of the “ µa -fact” for unramified extensions k( n µ ) in
Furtwängler’s work can be found in [Fur03, p. 303]:
13

As we will discuss below, Artin probably was not familiar with Western’s article [Wes08]
from 1908, in which such a generalization was already presented. See the last paragraph of
9.4, p. 134.
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Thus the ideal class to which an ideal j belongs is completely characterized by the residue character of ω modulo j.
The special case of number fields with class number 2 had already been
discussed by Hilbert [Hil02], who showed that ( ωp ) = 1 if and only if p is

principal. Although Hilbert used this “ µa -fact” (he and Furtwängler used ω
instead of µ) in his proof of the quadratic reciprocity law for number fields
with class number 2, he failed to state its fundamental character.

A very special case of the “ µa -fact” for ramified cubic extensions was
proved in a somewhat disguised form by Dedekind [Ded99, p. 205]: he showed
that the cubic character of an integer m modulo primes p ≡ 1 mod 3 is determined by the representations of p by binary quadratic forms√with discriminant −27m2 . The proof consists essentially in showing that k( 3 m ) is a cubic
class field over the field k of cube roots of unity. Dedekind had obtained this
result in the early 1870s, but published it only
√ in 1899 because he could not
prove the more general conjecture with Q( 3 m ) replaced by an arbitrary cubic number field. Takagi knew Dedekind’s article, and in fact he generalized
Dedekind’s main theorem to arbitrary solvable extensions in [Tak20a], using
his newly developed class field theory.
Even Kronecker [Kro80] remarked that the reciprocity law in Legendre’s
form involving the inversion factor was not the “right” one, and pointed out
that already Euler had observed
 – in the case of quadratic reciprocity – what
Artin later would call the “ µa -fact”:
Very early Euler had made the observation that the prime divisors
of quadratic forms with discriminant D are contained in certain linear forms mD + α, but only in 1783 he formulated this observation,
which was highly important for the development of number theory,
in the remarkable way which gave rise to the name reciprocity law.†
The elegance of the correlation, which was – rightly – emphasized,
pushed the meaning and the aim of Euler’s original observation to
the background. When I recently found a specific new law by applying the arithmetic theory of singular modules to the power residues of
complex numbers I was reminded of this first formulation with which
Euler had published the essential content of the quadratic reciprocity
law; and since this law in the theory of power residues is particularly
important not only because of its analogy with the historical point of
departure but also because it suggests a new phase of the development
of reciprocity laws, I would like to present this observation briefly to
the Academy today.
†

Compare my remarks in the Monatsbericht April 1875, p. 268. [Werke II, p.
3–4].

The fact that Euler’s version of the quadratic reciprocity law is very close
to the special case of Artin’s reciprocity law for quadratic number fields was
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also pointed out by Edwards [Edw83, p. 291]. Kronecker’s “specific new law”
provides another example of the “ µa -fact” similar to Dedekind’s example,
and also formulated with the help of the theory of binary quadratic forms
instead√of ideals: he showed that the cubic residuacity of the fundamental unit
ε of Q( 93 ) modulo primes p ≡ 1 mod 3 depended only on the representation
of p by the binary quadratic forms with discriminant −31.

8.3 Hasse’s Plans for the Annalen
Artin asks in his letter whether Hasse intended to write a “new report on
Takagi for the Annalen”. In fact it seems that there were plans floating around
that Hasse should publish a complete presentation of Takagi’s class field
theory in the Mathematische Annalen. Apparently Artin had heard about
this plan and supported it. This plan was never realized, however.
It seems that this plan goes back to an idea of Hilbert, who wanted to
publish Takagi’s articles [Tak20a, Tak22] on class field theory in the Mathematische Annalen in order to make them accessible to a wider audience. In
Hilbert’s papers we have found a letter from Takagi to Hilbert dated August
28, 1926, in which we can read
I gladly agree to your benevolent suggestion, which honors me greatly,
to reprint my memoirs on the relative abelian number fields and on the
reciprocity law in the Mathematische Annalen [. . . ]. Although it would
be desirable to add improvements to both content and presentation I
would like to restrict the redaction to a few changes that do not require
a lot of time; I will go through the articles and hope to be able to send
the reprints with my comments as soon as possible to Göttingen [. . . ].
It would be nice if a German mathematician would be willing to make
the necessary linguistic corrections as well as the proofreading before
publication [. . . ].
Apparently Hilbert had talked a “German mathematician” (probably it was
Bessel-Hagen) into editing Takagi’s article. In any case Bessel-Hagen wrote
a postcard dated August 17, 1926 from Göttingen to Hilbert, who then was
on vacation in St. Moritz:
The issue of the Jahresberichte of the D.M.V. that has appeared a
few days ago contains a report by Hasse on class field theory which is
written with perfect clarity, which unwraps the structure of the theory
by presenting its skeleton containing only the main ideas of the proofs
in such a wonderful way that reading it is a true pleasure, and which
has truly removed all problems of accessing the theory [. . . ].
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Thus we may conclude that Bessel-Hagen was informed by Hilbert about his
plans concerning the reprint of Takagi’s work in the Mathematische Annalen,
and that Bessel-Hagen wanted to point out to Hilbert the new situation
that arose from the appearance of Hasse’s class field theory report [Has26a].
Observe that Bessel-Hagen’s postcard was dated Aug. 17, and Takagi’s letter
was written 11 days later on Aug. 28. Since letters from Germany to Japan
at that time certainly required more than 11 days (there was no air mail yet),
Hilbert must have written to Takagi before he learned about Hasse’s report
from Bessel-Hagen.
It seems that Hilbert then dropped his plans of simply reprinting Takagi’s
articles; he now wanted a new presentation containing all the proofs. Observe
that in Part I of Hasse’s class field theory report [Has26a] that had appeared
in 1926, the proofs, as Bessel-Hagen had written to Hilbert, were not given
in detail. Hasse originally did not plan to present the details of the proofs;
his goal, as he wrote in the introduction to [Has26a], rather was
to give a survey of this highly elegant but unfortunately only little
known theory of relative abelian number fields, as well as on some related problems that still are unsolved, with the intention of making the
typical questions, the basic ideas and the main results of this theory
accessible to a wider audience and thus to recruit new friends for it,
as well as in order to provide those who would like to become familiar
with the details of the theory with a practical map that spares them
any detours in the study of the original articles.
We have found in Hasse’s papers a letter from Hilbert dated November 1,
1926, in which he writes
Your offer to write a manuscript for the Annalen bearing the title
“Takagi’s theory of Abelian number fields, edited by Hasse” I gladly
accept – also in the name of the readers of the Annalen and of all
number theorists, which you do an important service with this publication [. . . ] I have just written a letter to Takagi, but I am sure that
he will approve.
Hasse replies two days later, on November 3, 1926. He refers to an extensive
conversation with Bessel-Hagen on a possible report on Takagi for the Mathematische Annalen. This suggests that Bessel-Hagen was involved in this plan.
Hasse explains his ideas and justifies why a new systematic presentation of
the theory is desirable. Then he asks:
Do you not impose any limit on the length of the publication, that
is, do you insist on a complete presentation no matter the size of the
memoir? Or is there a certain extent that must not be exceeded?
Another two days later, on November 5, Hilbert replies:

8.

17.07.1927, Letter from Artin to Hasse

115

I do not doubt that we should accept your first proposal, and that we
have to publish in the Annalen a complete presentation of Takagi’s
theory edited and corrected by you; in fact I would like to ask you not
to shorten the text at the expense of its clarity and comprehensibility; in this case, a couple of pages do not matter. I would desire a
presentation allowing the reader – when he is, for example, familiar
with the material in my report – to understand your exposition easily and learn the basic ideas without effort, without having to look at
other articles by you, by Takagi or by others. I am convinced that the
resulting issue (or double issue) [of the Mathematische Annalen] will
be a feather in the cap of the Annalen [. . . ]
Hasse did, however, not want to edit the report personally. In his letter he
wrote:
As I already told Mr. Bessel-Hagen, I am gladly willing to support
this plan in that I will give my complete set of notes on which I have
based my report for the D.M.V., to Mr. Bessel-Hagen so that he can
complete the manuscript. Due to the wealth of other work (continuation of my Takagi report for the D.M.V. (reciprocity laws), articles on
complex multiplication (foundation using the ℘-function), an algebra
book for the Göschen collection and more) I can unfortunately not
do more than that, that is, I cannot promise to write the manuscript
myself, but I will gladly carefully proofread the manuscript written by
Mr. Bessel-Hagen [. . . ]
That this plan was ultimately not carried out may have had to do with the
fact that Bessel-Hagen was often sick and thus could not complete the task
he was supposed to do. Perhaps there were other reasons, too. By 1927,
in any case, when Bessel-Hagen – with Hasse’s support – moved to Halle,
there was no mention of the class field theory project for the Annalen in the
correspondence between Bessel-Hagen and Hasse. In the application to the
faculty at Halle concerning Bessel-Hagen’s habilitation there, Hasse writes:
Mr. Bessel-Hagen is praised as a personality of an impressive understanding and a high scientific culture, who gives excellently thoughtout lectures.
Hasse apparently hoped that Bessel-Hagen, whom he valued both as a person
as well as because of his extensive education, would assist him in his lectures
on analysis.
From Letter no. 10 dated July 21, 1927 we learn that Artin was not yet
informed about this development: he refers to the news that Bessel-Hagen
will move from Göttingen to Halle and criticizes the plan that Bessel-Hagen
should edit Hasse’s report on Takagi for the Mathematische Annalen.
Bessel-Hagen soon – in 1928 – moved on to Bonn, where he stayed until his
death in 1945. His move to Bonn was arranged by Toeplitz, who had come
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to Bonn from Kiel in 1928 and wanted to have an assistant in Bonn who
would fit in with his own interests in historical and pedagogical questions. In
addition, Bessel-Hagen received a fixed income as a lecturer in Bonn, which
had not been the case in Halle.
Instead of writing a report for the Annalen Hasse eventually decided to
publish the proofs for Part I of his report; they appeared as Part Ia in the
Jahresberichte of the DMV [Has27a], after “suggestions from various sides”,
as he writes.
Part II [Has30a], which appeared in 1930, contains the reciprocity laws
on the basis of Artin’s reciprocity law. In subsequent letters we will see that
Artin was being continually informed by Hasse on the progress of his work
on Part II, and that he actively took part in shaping it.

9 19.07.1927, Letter from Artin to Hasse

Hamburg, July 19, 1927
Dear Mr. Hasse!
Thank you very much for your very quick answer, which is somewhat
embarrassing1 for me. It was incredibly interesting to me. I therefore sat
down immediately to write up my proof, and now I send you all the details.2
Now I will answer your letter point by point:
1.) I have proved,
 only using class field theory but not Takagi’s reciprocity
law, that µa (m) only depends on the class of a.3 Here a is an arbitrary
√
prime ideal coprime to the relative discriminant
of m µ, but it does not

need to be coprime to m as long as µa is defined as a symbol of the class.
In addition, m is allowed to be an arbitrary integer: m = `ν11 `2ν2 . . . `νrr .

2.) You say that the claim for µp (m) is trivial.4 What do you mean by this?

It does follow from my reciprocity law, and even in general for µa (m) .
But it does not yet
 follow from class field theory, which only gives you the
theorem that µp (m) = 1 if and only if p is in the principal class. In the

other classes we have µp (m) 6= 1, but this is all we know. If m is a prime
number, then this is Takagi’s reciprocity law5 , and for general m it follows
from mine.
3.) I am particularly anxious to see Furtwängler’s proof 6 . Is it possible to
understand it without having to read the whole article?
May
I make the


β
immodest request of writing me how to derive α
=
for
primary α
β
α

µ
from the
-fact?
In
my
seminar
I
have
given
my
reciprocity
law
and also
 a
µ
the a story. I hope that it is possible to do this very briefly so that I can
develop it in the seminar. I have the impression that for understanding
Furtwängler’s proof I have to read the whole thing, and I cannot bring
myself
 toβ do this at the moment. May I therefore ask you for the proof of
α
β = α ?
1

We do not know the reason for Artin’s apology. Perhaps he is referring to the fact that
Hasse replied immediately (as usual), whereas Artin in general wasn’t as quick with his
answers.
2 Apparently Hasse had asked for details of the proof. Artin’s proof can be found in the
attachment to this letter.

3 This is the “ µ -fact” that Artin mentioned in his preceding letter. See 8.2.
a
4

This refers to the “

µ
a



-fact” in the special case where a = p is a prime ideal.

5

Artin means Takagi’s second article [Tak22], in particular the main result formulated on
its first page.
6

See 9.4.
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4.) It would make me very happy if you could use my proof.7 I believe that
it is a lot simpler than the previous
proofs, which it does not assume, and

that it contains more: the µa -fact can be derived immediately from my
reciprocity law, but conversely this does not imply my reciprocity law. I
believe, by the way, that in a somewhat condensed form my proof may
be given in at most 2–3 pages. The special cases discussed in the L-series
article8 are now superfluous. Theorem 2 there9 is now proved in general,
therefore all subsequent theorems, in particular the theorem on Frobenius,
which meanwhile was proved by Chebotarev (although in a less precise
form).10
May I apologize to you for my bad handwriting? I am hurrying in order to
be done quickly. May I hope to receive your answer concerning Furtwängler
soon enough for me to cover the material before the end of the semester in
my seminar?
With many greetings and regards to your wife,
Your Artin

Can you also prove

Y  µ, ν 
w

w

= 1?

That would be very nice! 11

7

Apparently Hasse had asked whether he could use Artin’s proof for Part II of his class
field theory report; see 10.5.
8 Artin is talking about [Art23b]; see 5.6.
9 This is Artin’s reciprocity law.
10

This refers to Chebotarev’s density theorem, which confirms a conjecture by Frobenius.
See 6.5. When Artin writes that Chebotarev’s density theorem is “less precise” then he
probably refers to the fact that Artin had used the natural density, whereas Chebotarev
stated his result using the Dirichlet density. Any set of primes with a natural density also
has a Dirichlet density (and both of them are equal), but the converse need not hold.
11 Hasse indeed could prove the product formula for the Hilbert symbol. To this end,
however, he first had to give a proper definition of the Hilbert symbol: see 10.3.
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Attachment 9 (to the Letter dated 19. 7. 1927)
1) Let k be a given base field, K a relative abelian extension with group G.
If p is a prime ideal not dividing the relative discriminant of K/k and if P
denotes a prime divisor of p in K, then there is a unique substitution σ in G
such that for all integers A in K we have:12

(1)

AN p ≡ σA (mod P) ,

where N always denotes the absolute norm of k with respect to R, the field
of rational numbers. If we replace P by its conjugate τ P, then σ has to be
replaced by τ στ −1 . Since G is abelian, (1) holds, when σ is fixed, for all
primes P dividing p, hence is valid modulo p. Thus for all integers A in K
we have:
(2)

AN p ≡ σA (mod p).

The substitution σ and the prime ideal p will be called associated to each
other. It is well-known that σ generates the decomposition group of p, but
conversely σ is not characterized by this since with σ also certain powers of
σ are generators. If the prime divisors P of p have relative degree f , then σ
has order f since this is the order of the decomposition group.
Let g denote a subgroup of G, and let K0 be the subfield of K corresponding to g. The Galois group of K0 then is the factor group G/g. Since (2) holds
for all elements of K, it must hold in particular for all elements in K0 . But
then 13 g(A0 ) = A0 shows that we can write σg instead of14 σ. Thus if p is
associated to σ in K, then it is associated to σg in K0 . In the special case
f = 1, this implies
In K0 , the prime ideal p splits into prime ideals of relative degree 1 if the
substitution associated to p in K belongs to g.
From now on let K 0 denote an abelian extension of k disjoint from K, and
let G0 denote its Galois group. The Galois group of the compositum KK 0 is
the direct product G · G0 . 15 If p is associated to σσ 0 in KK 0 , and if we form
the equation (2) in KK 0 , where A still is an element of K, then σ 0 (A) = A
implies that p is associated to σ in K, and similarly, that p is associated to
σ 0 in K 0 .
12

The equations in this attachment are numbered as in Artin’s original. They must not
be confused with the numeration used in other parts of this book.
13 Apparently Artin denotes by A an arbitrary integer from K .
0
0
14 In the original, Artin erroneously wrote g instead of σ.
15 Today this is denoted by G × G0 . The condition that K 0 be disjoint from K with respect
to k means that K ∩ K 0 = k.
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Let ζ be a primitive m-th root of unity, and set K = k(ζ). If p (coprime
to m) in K is associated to σ, then we have in particular ζ N p ≡ σζ (mod p),
hence σζ = ζ N p and therefore σ = (ζ → ζ N p ). If p splits into primes of degree
1 in K, then we must have σ = 1, that is, N p ≡ 1 (mod m). Therefore K is
the ray class field for the ray
Na ≡ 1

(mod m),

and an ideal class with respect to this ray contains all ideals prime to m
congruent to norms mod m. You see that σ = (ζ → ζ N p ) is a bijective map
from the classes to the substitutions. If σp = (ζ → ζ N p ) and σq = (ζ → ζ N q ),
then σq σp = (ζ → (ζ N q )N p ) = (ζ → ζ N (pq) ), which shows that the product of
the classes corresponds to the product of the substitutions, and we obtain an
isomorphism. Thus the reciprocity law is valid for fully cyclotomic extensions.
Substitutions and classes will be denoted in this case by the same letter.
Let K0 be a subfield of the cyclotomic extension K = k(ζ), and let g be
its Galois group. The factor group corresponding to the substitutions from
g will also be denoted by g. The prime ideals associated to g in any of the
two senses and only these split into prime ideals of degree 1 in K0 . Therefore
K0 is the class field for the group g. If p in K is associated to σ, then it is
associated in K0 to σg. The element σg may also be interpreted as a coset of
the factor group g and then is the coset containing p. Thus we again obtain
a bijection between classes and the Galois group. Since it is an isomorphism
in K, it is also an isomorphism in K0 (factor groups).
Our results so far may be stated as follows: the reciprocity law holds for
all class fields of k with respect to class groups that are defined by residue
classes of the (absolute) norms of ideals of k, because these are exactly the
relative cyclotomic extensions, as the proof above shows.
From now on assume again that K is an arbitrary relative Abelian extension of k and a class field for a class group that we will simply call the class
group for K.
Lemma 1. Assume that p1 and p2 lie in the same class with respect to K,
and that p1 is associated to σ. Assume moreover that we can find a cyclotomic
extension K 0 [of k] with the following properties:
1.) K and K 0 have intersection k.
2.) p1 and p2 lie in the same class with respect to K 0 ; since we know that the
reciprocity law holds for K 0 we may use the same letters for the substitutions of K 0 as for the ideal classes with respect to K 0 .
3.) If f denotes the order of σ and g the order of σ 0 , then f divides g.
Claim: p2 is associated to σ in K.
Proof. In the compositum KK 0 , the prime ideal p1 is associated to σσ 0 . Now
KK 0 is a class field for the intersection [of the ideal groups for K and K 0 ],
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i.e., for the class group that results from “intersecting” the classes for K with
those for K 0 . Since p1 and p2 lie in the same class both for K as well as for
K 0 , they lie in the same class for KK 0 , and so have the same decomposition
law in KK 0 as well as in all of its subextensions.
Now let K0 be the subfield of KK 0 belonging to the cyclic subgroup g
generated by (σσ 0 ). Then p1 is associated in KK 0 16 to σσ 0 , which is contained
in g. Thus p1 splits into primes of degree 1 in K0 . Since p2 has the same
decomposition as p1 , it also splits into primes of degree 1 in K0 . According
to a theorem proved above it therefore is associated to a substitution from
g, say to (σσ 0 )ν . Since everything is Abelian, we can write σ ν σ 0ν . According
to another theorem proved above, p2 is associated in K 0 to σ 0ν . It is part of
our assumptions that p2 is associated in K 0 (in K 0 , the reciprocity law holds)
to σ 0 . Thus we must have ν ≡ 1 (mod g), and in particular ν ≡ 1 (mod f ).
Therefore p2 is associated in KK 0 to σσ 0 , hence is associated in K to σ. q.e.d.
Now we need a lemma that can be formulated completely within the field
of rational numbers.
Lemma 2. Let f be a given natural number, and let p1 and p2 denote two
equal or distinct primes > 0. Then there exist infinitely many primes such
that p1 /p2 is an f -th power residue mod q in R, and that for no ν with
1 ≤ ν ≤ f − 1 the power pν1 is an f -th power residue. In some cases it is
sufficient to show that these numbers are not 2f -th (instead of f -th) power
residues, but we will always only demand that 1 ≤ ν ≤ f − 1.
Proof. 1.) For f = 1, we can choose q to be any prime number different from
p1 and p2 .
2.) f > 1. Let ζ denote a primitive f -th root of unity. If f is even and if one
of the primes p1 or p2 divides
a primitive
2f -th root of
p f , then let ζ denote p

unity. We set k1 = R ζ, f p1 /p2 and k1 = R ζ, 2f p1 /p2 according as we
are in the first or the second of the two cases just mentioned. If d is a prime
√
divisor of f , then d p1 is contained in k1 if and only if p1 = (p1 /p2 )ν λd0 ,
q
where λ0 is an element of k0 = R(ζ). Thus d pν2 /pν−1
is an element of k0 ,
1
q

hence R d pν2 /pν−1
is abelian as a subfield of k0 , in particular it is Galois.
1
This is only possible if d = 2 and if in addition p1 or p2 divides f . In any
case we have found that
√
k2 = k1 ( f p1 )

√
or k2 = k1 ( 2f p1 )

is cyclic with respect to k1 and with relative degree f .
According to class field theory there exist infinitely many prime ideals q of
degree 1 in k1 that remain inert in k2 . If q is the prime divisible by q, then pν1
is not an f -th (or 2f -th) power residue mod q, as can be seen immediately,
16

Artin writes K instead of KK 0 .
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p
since q does not split in any intermediate extension k1 ( f pν1 ). Now q has
degree 1 in k1 . Since k1 is Galois, q splits in k1 into
p degree
p primeideals with

1, and the same holds for the subextension R f p1 /p2 or R 2f p1 /p2 ,
respectively. But this means that p1 /p2 is an f -th or 2f -th power residue
mod q.
I would not mind writing down this proof with more details if it should be
too terse. But since you are at home in the theory, I think this will suffice.
Lemma 3. If f , p1 and p2 are given, then there exist infinitely many q such
that the group of coprime residues mod q contains a subgroup g with the
property: p1 and p2 lie in the same coset modulo g, and the order of this
class is divisible by f .
Proof. Let q denote a prime as in Lemma 2. Choose g = group of f -th power
residues mod q.
Theorem 1. If K is a relative abelian extension of k, then all prime ideals
p in the same class for K are associated to a single substitution.
Proof. 1.) Let p1 and p2 be two prime ideals of degree 1 in the same class
with respect to K. Set N p1 = p1 and N p2 = p2 , and determine q according to
Lemma 3 in such a way that the relative cyclotomic extension K 0 belonging
to this class group is disjoint from K. Then K 0 satisfies the assumptions of
Lemma 1, and p1 and p2 are associated to the same substitution. (f is the
order of σ, where σ is associated to p1 .)
2.) Let p be an arbitrary prime ideal, p the prime numbers divisible by
p, and N p = pa . Assume that p is associated to σ, and that σ has order
f . Apply Lemma 3 to p1 = p2 = p, but with f replaced by af . Then pa is
contained in a coset with order divisible by f . Let K 0 be the corresponding
class field disjoint from K. Then p lies in some ideal class for KK 0 . This ideal
class contains a prime ideal p1 of degree 1. Then p1 lies in the same class as
p as well as in the same class with respect to K as well as to K 0 , so we may
apply Lemma 1. All prime ideals in the same class are associated by 1) to
the same substitution.
Thus we may say that σ is associated to the ideal class K. At the end of
the proof it will become clear that different ideal classes are associated to
different σ. We now show:
Theorem 2. Let K1 and K2 denote ideal classes for K. If K1 is associated
to σ1 and K2 to σ2 , then K1 K2 is associated to σ1 σ2 .
Proof. Denote by f1 and f2 the orders of σ1 and σ2 . There exist infinitely
many prime numbers q1 ≡ 1 (mod f1 ) and q2 ≡ 1 (mod f2 ). Choose m =
2πi
q1 q2 in such a way that the field R(ζ) (ζ = e m ) is disjoint from both k and
K. Then k(ζ) has relative degree ϕ(m), hence is a class field for the ϕ(m)
residue classes of ideal norms, so there are ideal norms in each residue class
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modulo m. Let K 0 = k(ζ). If h denotes the relative degree of K, then KK 0
has relative degree h · ϕ(m). Thus each residue class splits into h other classes
by intersecting the classes for K with those for K 0 . Each residue class mod
m therefore contains ideal norms from every class.
Now let γ1 be a primitive root17 mod q1 and γ1 ≡ 1 (mod q2 ). Similarly
for γ2 . Then γ1 and γ2 generate the residue class group mod m.
Choose a prime ideal p1 in K1 belonging to γ1 (so it satisfies N p1 ≡ γ1
(mod m)) and a p2 from K2 belonging to γ2 . Finally choose a prime ideal
p3 from K1 K2 belonging to γ1 γ2 . The substitutions of K 0 may be denoted
as the residue classes. In KK 0 we consider the subfield K0 attached to the
subgroup generated by σ1 γ1 and σ2 γ2 : [it consists of elements of the form]
(σ1 γ1 )ν (σ2 γ2 )µ . Our p1 is associated in KK 0 to σ1 γ1 and p2 to σ2 γ2 , thus
it splits into prime ideals of degree 1 in K0 . The classes for KK 0 containing
p1 and p2 thus belong to the ray with respect to which K0 is a class field.
By choice of p2 the prime ideal p3 also belongs to this ray, and so also splits
into prime ideals of degree 1 in K0 . Therefore p3 is associated in KK 0 to
(σ1 γ1 )ν (σ2 γ2 )µ = σ1ν σ2µ · γ1ν γ2µ . Thus in K 0 it is associated to γ1ν γ2µ . But since
it is associated in K 0 to γ1 γ2 , and since the elements γ1 , γ2 are a basis for the
residue class group modulo m, we must have ν ≡ 1 (mod q1 − 1) and µ ≡ 1
(mod q2 − 1). Since q1 ≡ 1 (mod f1 ) and q2 ≡ 1 (mod f2 ) this implies ν ≡ 1
(mod f1 ) and µ ≡ 1 (mod f2 ). Now p3 is associated in K to σ1ν σ2µ , that is,
to σ1 σ2 . The ideal p3 is contained in K1 K2 , and by Theorem 1 K1 K2 belongs
to σ1 σ2 .
q.e.d.
Theorem 3. If K1 and K2 belong to σ, then K1 = K2 .
Proof. 1.) If K−1
belongs to τ , then by Theorem 2 the class K2 · K−1
=1
2
2
belongs to στ . Now the prime ideals in the principal class and only these split
into primes of degree 1 in K, hence στ = 1 and thus τ = σ −1 .
−1
2.) K1 · K−1
= 1, hence it is the principal class by 1).
2 belongs to σ · σ
Thus the full isomorphism is proved.
Now I specialize: Let k be a field containing the m-th roots of unity (m
arbitrary).
√
Consider K = k( m µ) (We may assume that there is no smaller root with
this property).
Let K be class field for a certain class group. If p is associated to σ, then
√
for all A, and in particular for all A = m µ, we must have

√

m

17

Np

µ

√
≡ σ( m µ)

(mod p).

Below, Artin will identify the residue class γ1 mod m with the corresponding substitution of the Galois group of K 0 |k. In the published version, Artin switched to the notation
σ10 .
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This yields µ

2. 1927
N p−1
m

√
√
≡ ζ i (mod p) if ζ i m µ = σ( m µ). Thus we find
µ √ 
√
m
µ .
σ= mµ→
p

Since it has been proved now that σ only depends on the class, the symbol
( µp ) only depends on the class of p.
Now let a = pν11 pν22 · · · pνrr , and
 µ   µ ν1  µ ν2
 µ νr
=
···
.
a
p1
p2
pr
If p1 , p2 , . . . , pr lie in the classes K1 , K2 , . . . , Kr ,, then ( µa ) is the symbol
associated to the class Kν11 K2ν2 · · · Kνrr = K because of the multiplicativity of
the σ. Therefore ( µa ) is associated to the class containing a. This shows:
µ
only depends on the class containing a.
a
q.e.d.
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Comments on Letter no. 9

9.1 The Proof
In Letter no. 8 dated Sept. 17, 1927, Artin had only communicated his results
and wrote that he would send Hasse the proof sheets of the paper that he
planned to submit soon, but that he could not do this immediately since he
had only found the proof of his reciprocity law a few days ago. But already two
days later, in Letter no. 9, Artin sends the complete proof of his reciprocity
law containing all details in an attachment. From this we may conclude that
Hasse had asked him to send him the proof as soon as possible.
The proof sketched in the attachment is an almost finished version of
Artin’s publication [Art27a] – except for an addition which Artin included in
his manuscript afterwards, and which goes back to Hasse (see 9.4).18
This is perhaps a good place for quoting the following statement that
Takagi made shortly after learning about Artin’s proof. It shows up in a
review of Artin’s article, at the end of which Takagi writes19 :
For me, this article by Artin is one of the most beautiful results obtained in recent years in algebraic number theory.

9.2 The Method of Abelian Crossing
According to his own testimony, Artin discovered the missing link for his
proof in Chebotarev’s article [Che26], which had appeared in 1925/26. This
is what Artin had already conjectured in his Letter no. 6 dated February
10, 1926, and he had confirmed it in Letter no. 8 without giving further
explanations. In the current letter no. 9, in which Artin gives the details of
the proof in an attachment, it becomes clear what he meant. Artin does
not use the density theorem proved in Chebotarev’s article, he employs the
method that Chebotarev had used for proving his density theorem, and which
now is applied, suitably modified, in Artin’s article.
18

Perhaps it is not superfluous to point out that Artin gave a complete proof of his reciprocity law in [Art27a]. For, in [FS07] we can read the incorrect claim that “He announced
a proof of his general Reciprocity Law in 1927 and published his complete result in 1930
”.
19 We are indebted to the late S. Iyanaga for having translated Takagi’s article, which
appeared in Bull. Math. Phys. Soc. Japan I-2 (1927), from Japanese.
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Chebotarev’s method is “abelian crossing”20 . This method is based on
the observation that the general reciprocity law can be verified in a fast and
simple way for cyclotomic extensions. In fact we have already remarked on
p. 76 that Artin’s reciprocity law for cyclotomic extensions was known to
Dedekind. This observation is exploited in the following way: the decomposition law for any given abelian extension K|k is compared with that of a second
cyclotomic extension K 0 |k linearly disjoint from K|k. The Galois group of the
compositum KK 0 is the direct product of the Galois group of K|k and that of
K 0 |k. Using functorial properties of the Frobenius substitution it is possible
to transfer the reciprocity law from K 0 |k to K|k.
In other words: the method of abelian crossing consists in transferring
properties of a suitably chosen cyclotomic extension K 0 |k to a given abelian
extension K|k.
This is indeed a remarkable method. In this connection, Stevenhagen and
Lenstra remark in their article [SL96]:
Chebotarev’s technique is still a crucial ingredient of all known proofs
of Artin’s Reciprocity Law.
This is correct; even when Hasse proved Artin’s reciprocity law using the theory of algebras in [Has33a], “Chebotarev’s method” appears as the theorem
that every division algebra is split already by suitable cyclotomic fields.
The authors continue with the remark that
it is widely felt that it works for no good reason [. . . ];
Lenstra, in an email from September 2012, explained this comment as follows:
Compare it to the many proofs of the quadratic reciprocity law: while
each of them constitutes a perfectly valid verification of the “law”,
none of them satisfies the psychological desire of telling you “why”
the result is true – and that is maybe why people keep giving proofs.
And it is probably not very far from the truth to say that none of the
existing proofs can be modified so as to prove other results of interest
– the quadratic reciprocity law is all you get, and you “learn” nothing.
Class field theory has several proofs that are similarly unenlightening.
20

The German expression is “Durchkreuzung”, which was introduced in Part II of Hasse’s
class field theory report [Has30a]; Arnold Scholz later studied the group theoretical background and talked about “abelsche Durchkreuzung”. In English, we only have found the
term “abelian crossing”, which was used in Brauer’s obituary [Bra67, p. 33] as well as by
Tan [Tan84].
We have thought long about how to translate this term, and eventually decided to use
the classical term “abelian crossing” instead of choosing “abelian twist”, which would have
emphasized the analogy with the notion of e.g. quadratic twists in the theory of elliptic
curves. Artin had used the word “überschneiden”, both in his letter and in his article.
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In this connection we would also like to point out that while there are
dozens of ideas for proving quadratic reciprocity, and several different proofs
of the theorem of Kronecker-Weber discussed below, the number of different
proofs of Artin’s reciprocity law is very small, too small perhaps for such a
fundamental result. It is to be hoped that new proofs will shed a new light on
the existing proofs, and in particular on Chebotarev’s technique of abelian
crossings.

Abelian Crossing and the Theorem of
Kronecker-Weber
The germ of the technique of abelian crossing, by the way, had been applied
long before Chebotarev, namely by Hilbert in 1896. For his proof of the
theorem of Kronecker-Weber, which says that every abelian extension of the
field Q of rational numbers is a cyclotomic extension, Hilbert used “abelian
crossing”, as Patterson21 remarked:
One remark on the theorem of Chebotarev. It is rather curious that
all the techniques had been available already in 1896. Chebotarev combined the ideas of Frobenius with the method developed by Hilbert for
proving the theorem of Kronecker-Weber. Both articles
were published
√
in 1896. In the proof, properties of K ⊗Q Q( n 1) are investigated.
Since 1885 we know Dedekind’s theorem according to which this ring
is a sum of fields (Artinian rings!) [. . . ]
Hilbert compares a given abelian extension K|Q, which may be assumed
to be a cyclic extension of prime power degree, with suitably constructed
cyclotomic fields Z. These cyclotomic fields are constructed in such a way
that by comparing the ramification of primes in K and Z one may conclude
that K is already cyclotomic.
Chebotarev was familiar with Hilbert’s proof; in fact he had given a
new proof of the theorem of Kronecker-Weber in [Che23b], where he used
Hilbert’s technique of abelian crossing in combination with his own “monodromy theorem”, according to which the elements of the inertia subgroups
of all prime ideals generate the Galois group of any normal extension of the
rationals; Chebotarev thought of his monodromy theorem as a generalization
of Minkowski’s theorem that the discriminant of every number field different
from Q is 6= 1. Chebotarev also was familiar with Frobenius’s work on density
theorems; in fact in [Che23a] he had strengthened “Kummer’s density theorem”, Satz 152 in Hilbert’s Bericht, and in this article Chebotarev referred
to [Fro96].
21

Private communication.
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Like Chebotarev, Artin of course also knew both the article by Frobenius as
well as Hilbert’s proof. Thus Artin could have given a proof of his reciprocity
law already in 1923, in his article on L-series, by combining the ideas of
Frobenius and Hilbert, and did not need to wait for Chebotarev.22 As so
often in situations such as this one, it takes some courage to believe that
existing techniques suffice for proving a certain result. Chebotarev had this
courage, and now, in 1927, Artin could use Chebotarev’s idea and apply it
to his conjecture on the general reciprocity law.
We would also like to point out a certain similarity between the proofs
of the Theorem of Kronecker-Weber and that of the general reciprocity law.
The first proofs of the Theorem of Kronecker-Weber were all based on Gauss
sums (or Lagrange resolvents, as they were called back then). Hilbert’s proof
introduced the idea of abelian crossings (taking subfields of composita with
cyclotomic extensions) for comparing the ramification in abelian extensions
with that in cyclotomic extensions. Delone23 [De1922] succeeded in proving
the Theorem of Kronecker-Weber using Eisenstein’s reciprocity law and a
theorem of Bauer which says that we have K1 ⊆ K2 for normal number fields
K1 and K2 if and only if, with finitely many exceptions, all primes splitting
completely in K2 also split completely in K1 . Finally Shafarevich [Sha51b]
showed how to derive the global Kronecker-Weber theorem from its local
analogue.
The early proofs of the higher reciprocity laws by Jacobi and Eisenstein
were also based on Gauss sums, but generalizing this approach only gave
Eisenstein’s reciprocity law. The other ingredient for proving the reciprocity
law for `-th powers was a generalization of Gauss’s genus theory, in particular the two fundamental inequalities of class field theory. But even with
the existence of class fields secured, Eisenstein’s reciprocity law remained an
indispensible tool until Artin’s reciprocity law was proved with the help of
abelian crossings. Afterwards Hasse showed how to derive Artin’s reciprocity
law from its local analogue, but except for the translation into the cohomological language, no fundamentally different proofs of Artin’s reciprocity
law turned up. It remains an interesting problem to investigate how much of
Artin’s reciprocity law may be proved with these classical tools (Gauss sums,
Stickelberger’s ideal, Eisenstein’s reciprocity law).
22

This does not mean that Chebotarev’s contribution is trivial. Whereas in Hilbert’s
case it was sufficient to look at the ramification in composita of abelian and cyclotomic
extensions, Chebotarev had to study the decomposition of primes in such extensions, which
is a lot more delicate.
23 Delone is occasionally also spelled Delaunay.
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9.3 The Lemma
The applicability of Chebotarev’s method of abelian crossing is based on the
fact that the cyclotomic auxiliary extension K 0 /k can be chosen in such a
way that the desired transfer of the reciprocity law from K 0 /k to K/k becomes possible. This in turn depends on a number theoretic lemma on the
existence24 of prime numbers p whose f -th power residue characters for a
given f have certain properties (Lemma 3 in Artin’s letter no. 9; see p. 122).
This Lemma may be seen as the decisive new idea of Artin. In fact it cannot be found in Chebotarev’s article, nor in Schreier’s [Sch26b]25 already
referred to. In these articles, the method of abelian crossing is applied, but
the conditions for the choice of suitable cyclotomic extensions are different
(of course they were studying a different problem there). By isolating this
lemma Artin’s exposition becomes particularly clear and transparent; again
we can see Artin’s talent for simplifications. In the published version, this
lemma precedes the actual proof of the reciprocity law.
In every proof of Artin’s reciprocity law known today, this lemma appears
in some form. This remark applies both to the exposition in Part II of Hasse’s
report on class field theory [Has30a] as well as to the article [Has33a] published later in the Annalen, which he dedicated to Emmy Noether’s 50th
birthday on March 23, 1932, and in which he derived, among other results,
Artin’s reciprocity law with non-commutative methods. There Hasse compares his version of the lemma with that from Artin’s article and observes
that the situation in his case is somewhat simpler than in Artin’s case. He
remarks, however, that Artin meanwhile also found a proof using the simplified version of the lemma (cf. Artin’s letter no. 19 from April 11, 1928.)
In any case the proofs given by Hasse as well as by Artin depend on certain
density theorems in algebraic number theory which could be proved only by
analytic means (Dirichlet’s L-series).
This begged the question whether the lemma may be proved by elementary
means without using results from algebraic or analytic number theory. There
is a whole series of articles dealing with this problem, which were published
within just a few years by authors who then were in close scientific contact.
It is therefore not possible and probably also not appropriate to discuss ques24

The existence of prime numbers with specific properties also played a role in various
proofs of the quadratic reciprocity law. Legendre could not convincingly prove the existence
of his auxiliary primes in his attempted proof of the reciprocity law in 1898; it is quite
remarkable that Artin’s proof can be used for closing this gap. Gauss’s first proof of the
quadratic reciprocity law via induction used auxiliary primes whose existence he secured
by an ingenious elementary proof. Kummer later gave proofs of the quadratic reciprocity
law modeled after his proof of the reciprocity law of `-th powers for regular prime numbers
`; the existence of the auxiliary primes necessary in his proofs was secured by Dirichlet’s
methods. Similar remarks apply to the proofs of the reciprocity law of `-th power residues
by Hilbert (` = 2), Furtwängler and Takagi. See [Lem12a].
25 For this article, see p. 98.
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tions of priority in this connection. At first, Hasse gave such an elementary
proof in 1932, in his Marburg lectures [Has33c] on class field theory. Then
such a proof was published in Chevalley’s thesis [Che33b] in 1933. This proof
was simplified considerably by Iyanaga [Iya33]. Finally van der Waerden, at
Hasse’s suggestion, studied the problem and gave a particularly simple proof
of the most general version of this lemma, which was published in 1934 in
Crelle’s Journal [vdW34].26

9.4 Furtwängler’s Trick
When Artin wrote in the first sentence of his letter that Hasse’s answer was
“incredibly interesting” to him, he probably meant in particular details about
a method by Furtwängler that Hasse had sent him, and about which Artin
said in point 3. of his letter that he was “particularly anxious to see” it. Artin
asks Hasse about Furtwängler’s proof since he hasn’t had the time to read
his article in detail. At the end of the letter he tells Hasse that the matter is
urgent since he would like to present the proof in his lecture course.
The article in question apparently is the one published in 1927 in the anniversary volume of Crelle’s Journal, with the title “Über die Reziprozitätsgesetze für Primzahlpotenzexponenten” (On the reciprocity laws for prime
power exponents) [Fur26]. There Furtwängler proved the general reciprocity
law (2) (p. 34) for the exponent m = `2 , where ` is
 an odd
 prime number.
β
=
At the end of this article we find the “proof of α
β
α from the known

µ
a -fact” which Artin would like to see.
In this connection, the following remarks are in order.
Furtwängler’s articles were not easy to read for those who were not familiar
with Hilbert’s work on relative quadratic extensions; Artin, in his letter,
also makes a corresponding remark. In the preface of the article in question,
Furtwängler writes that the “limited amount of space made it necessary to
give a terse presentation”. In addition, he writes, that the theory of power
residues for the exponent `2 “may serve as a paradigm for the power residues
for the exponent `n ”; but there are no further explanations in this direction.
In his proof of the general reciprocity law, Furtwängler used (and proved)
the generalization of Eisenstein’s reciprocity law for the exponent `2 . This is
the classical approach: already Kummer observed that “the reciprocity law
provided by cyclotomy” was a necessary tool for proving the reciprocity law
for `-th powers (and regular primes `), and Hilbert later also remarked that
26

Hasse, by the way, had already earlier (in a letter from November 20, 1932) tried
to arouse the interest of his friend Davenport in Cambridge in this question, apparently
without success. A year later, on October 15, 1933, Hasse tells Davenport that van der
Waerden has solved this problem and sketches his solution.
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Eisenstein’s reciprocity law is an “indispensable tool” for proving the general
reciprocity law27 for `-th powers in the case of regular primes `.
This situation made Hasse write an article on Eisenstein’s reciprocity law
for arbitrary exponents m. In the preface he writes:
I hope to act according to his [Furtwängler’s] and his readers’ wishes
when I expand his sketch of Eisenstein’s reciprocity law for exponent
`2 into a detailed exposition, and at the same time treat the most
general case, namely that of arbitrary exponents m, by adding a few
other considerations.
Hasse’s article appeared in 1927, in the Mathematische Annalen [Has27b] 28 ,
although Hasse had finished it already in September 1926, long before he
received (now, in July 1927) the news from Artin on the proof of his general
reciprocity law. Hasse had asked Furtwängler whether he would approve of
this publication. Furtwängler replied on September 23, 1926:
Of course I do not mind at all that you publish your proof of the
generalized Eisenstein reciprocity law. I have completely finished my
own investigations of the higher reciprocity laws for the exponent `2
about 10 years ago, but I have kept back the manuscript. By quite
general considerations back then I had seen that there are no principal
difficulties that would prevent the generalization to exponents `n . I
can’t say anymore than that. This winter I will give a seminar on
class fields and reciprocity laws, and I hope to make progress in these
generalizations.
Apparently it had been both Furtwängler’s and Hasse’s goal to derive the
general reciprocity law for `n -th power residues by generalizing Eisenstein’s
reciprocity law; Furtwängler had succeeded in proving Eisenstein’s reciprocity
law for the exponent `2 , and did not see any principal obstacles for generalizing this to arbitrary prime power exponents.
This observation makes it clear that Hasse was familiar with
 Furtwängler’s
µ
ideas and methods when he received Artin’s
letter
on
the
“
a -fact”, i.e., the

fact that the power residue symbol µa only depends on √
the ideal class of the
denominator a in the class group A/H associated to k( m α) . Hasse immediately saw that this would yield a very simple proof of the general reciprocity
law (2): Furtwängler’s trick, which he had used for exponent `2 , may be
generalized to arbitrary m, and then the long-winded argument involving

Eisenstein’s reciprocity law may be avoided by invoking Artin’s “ µa -fact”.
Furtwängler’s
trick is easily explained: the base field k is extended to
p

K = k( m αβ −1 ), where the claim
follows immediately
from Artin’s “ µa √
√
fact”. In fact, the extension K( m α) = K( m β) is unramified over K since
27

See p. 37.

28

We have mentioned this article already in 6.3.
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α was assumed to be primary (this assumption holds in any extension of the
base field k, in particular
in K). Therefore the ray class group associated to
√
m
α)/K
the extension
K(
√is a quotient of the usual ideal class group. The
√
ideals ( m α ) = A and ( m β ) = B in K are equivalent in the usual sense.
β
α
Thus Artin’s observation implies B
= A
. The claim then follows by
descending to k by taking norms.

Furtwängler could not use Artin’s “ µa -fact” and had to rely on Eisenstein’s reciprocity law for exponent `2 , which he had to prove first. Thus he
could apply his trick only in the case of exponent
`2 . Hasse realized that

µ
Furtwängler’s trick coupled with Artin’s “ a -fact” works for arbitrary exponents m, and he informed Artin about it in his reply. Therefore, Hasse
writes, it becomes possible to derive the reciprocity law for arbitrary exponents m in a simple manner from Artin’s results. This is what Artin had
found “incredibly interesting”.
Hasse immediately answered Artin’s request because already two days
later, in the next letter no. 10, Artin thanks Hasse “for the truly wonderful proof by Furtwängler” and asks whether he could include this proof in his
article. Apparently Hasse gave his consent, and so the proof can now be found
in Artin’s publication [Art27a, p. 362–363]. In the original manuscript, which
is essentially the attachment to the present letter by Artin, this part had not
yet been included. In his letter no. 11 from July 26 Artin remarks that he has
finished the manuscript and sent it to the printer. Furtwängler and Hasse are
credited for their respective contributions to this article. Furtwängler’s trick,
by the way, already had been used in his earlier article [Fur09] from 1909, in
the case of prime exponents and in connection with Eisenstein’s reciprocity
law. This article is also among the references given in Artin’s article.
Remark 1. As can be seen from the discussion of “Furtwängler’s trick”
above, this method only uses the √
special case of Artin’s reciprocity law for
unramified abelian extensions K( m α) of number fields K containing the mth roots of unity. For such extensions Artin’s reciprocity law had already been
formulated at the beginning of the 20th century in an article by Bernstein

[Ber04], although without proofs. In particular, this article contains the “ µa fact” for Kummer extensions as above. Although Bernstein perhaps believed
that he could prove this result, he never published a proof; in addition, his
statement of the reciprocity law is only correct in the case where the base
field contains the necessary roots of unity. If Bernstein actually had a valid
approach, then the fact that “Furtwängler’s trick” was known since 1909
would imply that the reciprocity laws for m-th powers could have been proved
already in 1909 without using Eisenstein’s reciprocity law29 .
Remark 2. Another result already suggesting the existence of a canonical
isomorphism between the class group and the Galois group of the corresponding class field may be found in Hecke’s work on modular functions in
29

For more on Bernstein’s article, see [Lem12d].

9.

19.07.1927, Letter from Artin to Hasse

133

two variables. In [Hec13, § 9], Hecke considers certain class fields of dihedral
extensions K and observes that to each substitution, which transforms one
root of the class equation H = 0 into another, there corresponds a unique
ideal class in K; the correspondence between ideal classes and the substitutions in the Galois group is constructed from the fundamental congruence in
his theory of modular functions, which implicitly (but not explicitly) involves
the associated Frobenius automorphism.

Remark 3. The “ µa -fact” was also spelled out clearly in Fueter’s report
[Fue11] on complex multiplication
to the DMV. In footnote 2) on p. 26, he
√
considers extensions K = k( l ω ) of number fields k containing the l-th roots
of unity and writes
For all prime ideals p that lie in the same class of the ray attached
to the extension K/k, the symbol ( ωp ) has the same value.
We also remark that “Furtwängler’s trick” is explained on p. 45 of Fueter’s
report.
Remark
 4. When Furtwängler learned from Hasse that Artin could derive
the “ µa -fact” in a simple way from Artin’s reciprocity law, he replied (letter
from July 29, 1927):
Dear Mister Hasse! Thank you very much for your friendly communication, which was new to me. The theorem itself is known, and I
could give a proof, but only using Eisenstein’s reciprocity law. Thus
if Mr. Artin has a short proof of this theorem without having to use
Eisenstein’s reciprocity law, this would be a great advance and would
be very welcome, since it simplifies the theory considerably [. . . ]”.
Here we can see again the difference between the classical approach by
Kummer, Hilbert, Furtwängler and Takagi on one hand and that of Artin
on the other. Whereas
√ the first authors reduce everything to Eisenstein’s
reciprocity law in Q( ` 1 ), Artin directly derives
 the classical reciprocity law
(2) from his new reciprocity law and the “ µa -fact”, for arbitrary exponents
m and arbitrary number fields k containing the m-th roots of unity.
In the letter from July 29, 1927, Furtwängler continues:
Originally I had the intention of preparing my investigations for publication during the summer holidays. To this end I have given a complete proof of the general version of Eisenstein’s reciprocity law by
considering the cases that have remained open in your article30 [. . . ].
But now I will probably wait until Artin’s publication has appeared.
Furtwängler never published these results. Perhaps one of the reasons was
the fact that Eisenstein’s reciprocity law no longer was the “indispensable
30

These cases left open by Hasse were those for which m ≡ 0 mod 8.
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tool” (as Hilbert had formulated it) for proving higher reciprocity laws, which
now could be derived from Artin’s general reciprocity law using Furtwängler’s
trick. Another reason may have been that meanwhile it had turned out that
Eisenstein’s reciprocity law for arbitrary prime powers m = `n had already
been proved by Western [Wes08] in 1908. This article is not mentioned in
the correspondence between Artin and Hasse nor in that of Furtwängler and
Hasse, and so probably was not yet known to them. Only in Part II [Has30a]
of his report on class field theory does Hasse refer to Western’s article in
this connection; thus he had learned about the existence of Western’s work
by then, perhaps by reading Fueter’s article [Fue11], where Western’s article
was referred to.

10 21.07.1927, Letter from Artin to Hasse

Hamburg, July 21, 1927
Dear Mr. Hasse!
Thank you very much for the truly wonderful proof by Furtwängler.1
This shows again that the “true” formulation of the reciprocity law is the
σ-formulation, which is what I have always believed. I assume that you now
agree? 2 Please allow me to ask a few questions and make a few remarks:
1.) In order for the last argument to be completely exact, shouldn’t
 




 
α
α
α
α
α
β
p
=
=
=
=
=
β k
NK/k (B) k
B K
A K
A K
B m α/β K
read more precisely as follows? Let C be an ideal in the same class in K
as B, i.e., C ∼ B∼ 
A. If 
C iscoprime to A and B, then we also have
α
α
α
β
β
=
=
=
; the symbol
, for example, is not
B
C
C
A
A
defined since A divides α (α = An ).3
2.) On the contrary
be very grateful to you if you would prove the
Q α,β  I would
4
=
1.
You
are much more familiar with the norm residue
equation
p
p

symbol than I am, thus you will be able to achieve this with lesseffort than
I would need. I am convinced that by fully exploiting the “ αa -theorem”
the desired equation may be proved without toomuch trouble. The main
difficulty probably is the following theorem: α,β
is norm residue symbol,
p

α,β
i.e., p = +1 if and only if α is norm residue modulo each power of p
√
in k( m β). Or is this easy to see? I am very anxious to see your proof.
3.) Please excuse the following stupid remark. In the definition of primary it
is sufficient to say: . . . and α  0 if m = 2. Because for m > 2 the field k
1

See 9.4.
See 10.1.
3 This argument is used in the application of “Furtwängler’s trick”; see 9.4 on p. 131.
The very same argument
can be found p
in Artin’s article. The problem here is about the

α
definition of A
in the field K = k( m αβ −1 ). In his article, Artin defines the Jacobi
symbol using Eqn. (2.1), which only makes sense if the denominator p is coprime to m and
to the numerator µ. This requires inserting the divisor C in Artin’s argument. Hasse, on
the other hand, immediately uses Eqn. (2.2) (p. 110), and this equation holds whenever
√
the denominator p is coprime to the conductor of K( m µ); this is the case here since the
extension is unramified. – In a later letter Artin explicitly writes that he finds Hasse’s
definition to be the correct one (see Letter no. 15 from Aug. 19, 1927; apparently Hasse
had asked Artin in connection with Artin’s remark 1. which definition he preferred.)
4 See 10.3.
2
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is totally complex (since it contains the roots of unity). You could just as
well say: . . . and α  0.5
4.) Would it be alright with you if I would include a brief sketch of Furtwängler’s proof for the sake of completeness in the publication (in the Hamburg
party organ6 )? I would prefer this for the sake of comprehensibility. This
as well as the supplementary law αλ = 1 for hyperprimary α, which
immediately follows from the “ αa -theorem”7 . Everything else would be
reserved for your publications. I believe that repetition would not do any
harm but, on the contrary, would be desirable.8
 β −1
now hold in arbitrary fields and,
5.) Do your strong theorems on α
β
α
in particular, for cyclotomic fields with arbitrary m? Of course with modifications. You certainly will have thought about it already.9
6.) A wholly stupid question. The σ-formulation of the reciprocity law is valid
in arbitrary fields without any roots of unity. Is it possible now to define
in arbitrary fields some kind of norm residue symbol? Here’s what I think:
0
0
0 10
let k be the field
√ in question, k = k(ζ). Let α be an element from k
0 m 0
such that k ( α ) contains a cyclic extension k0 of k with degree m. We
0
are looking for a symbol β,α
, where β is an element from k, α0 from k 0
p
0
of this type, such that β,α
= 1 if β is norm residue mod pλ in k0 , and
p
Q β,α0 
= 1. Probably this won’t work. But why? 11
such that
p
p

On the one hand I am sorry that you now have to rewrite the whole
report.12 I believe, however, that it will be worth the trouble since all these
things such as Eisenstein’s reciprocity law are not needed anymore, and since
the space gained by their omission can be used for giving a detailed exposition,
which would be highly desired. I assume that you will give complete proofs
in Part II?
Please excuse an indiscreet question. Hecke told me that Bessel-Hagen will
move to Halle or has already done so, and that he is to write a report on class
5

This remark by Artin apparently made Hasse point out, in a footnote of [Has27e], that
the condition α  0 only has to be considered if m = 2. At the time of this letter Hasse was
about to finish writing the manuscript for [Has27e]; this article in particular contains an
application of “Furtwängler’s trick”. For the definition of “primary” and “hyperprimary”,
see p. 34.
6 Here Artin means the journal “Abhandlungen aus dem Mathematischen Seminar der
Hamburgischen Universität”, in short “Hamburger Abhandlungen”.
7

This supplementary law didn’t make it into Artin’s publication [Art27a]. See Letter
no. 11.
8

See 10.2.
See 10.4.
10 Artin underlines k 0 several times.
11 It does work, but it took a while before Hasse found the answer. See 26.1.
12 Artin means Part II of Hasse’s report on class field theory. See 10.5.
9
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field theory for the Annalen. In a completely objective way: Do you think this
is a good idea? Wouldn’t it be in the interest of the topic if you would take
care of it? May I ask you to treat this from a purely objective and in no way
personal point of view. This difficult theory demands a mature personality
who is familiar with the problems through his own work.13
More on the principal ideal theorem later.14
With many greetings and a regard to your wife,
Your Artin

13
14

See 8.3.
See Letter no. 13 from Aug. 2, 1927, as well as 13.1.
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Comments on Letter no. 10

10.1 The σ-Formulation
In Artin’s notation, σ always denotes an element of the Galois group G
of the abelian extension in question. For Artin, the “σ-formulation” of the
reciprocity law is the group theoretic interpretation of the classical reciprocity
law for m-th power residue symbols as a group theoretic result, namely as an
isomorphism between ray class groups and Galois groups. This is, in Artin’s
words, the “true” formulation of the reciprocity law.
Artin asks whether Hasse “now agrees with him”. We do not know exactly
what Hasse’s answer was. But Artin’s question is interesting because it suggests that Hasse had not shared Artin’s opinion before. We think that the
situation was as follows.
Artin follows the postulate of Kronecker and later of Hilbert according to
which the arithmetical properties of a Galois number field are reflected in the
structure of the Galois group and the discriminant, in analogy with the case
of function fields, where the properties of a Riemann surface can be explained
in terms of the structure of the Galois group and the ramified places, which
is an idea going back to Riemann.15 By following this postulate, Hilbert developed the theory of Galois extensions of number fields (known today as
Hilbert’s theory of ramification) and consequently built his “Zahlbericht” on
this idea. Even Hilbert’s emphasis of the absolute (Hilbert) class field as an
unramified extension determined only by its Galois group follows this principle, as Hilbert remarked repeatedly. Similarly, Hilbert’s 21st problem on the
existence of a system of Fuchsian differential equations for given singularities and monodromy group is an example of this principle. Following Hilbert,
Artin feels that his σ-formulation, which introduces the Galois group into the
picture, is the “true” formulation.
In other words: in Artin’s opinion, the classical results on reciprocity laws
for power residues are special cases and precursors, which find their “true”
formulation in Artin’s reciprocity law.
Hasse, on the other hand, thought of the explicit determination of the
inversion factor (see (6), p. 36) as the “true” reciprocity law. He accepted
Artin’s reciprocity law as a result of the highest importance, as he later
wrote in [Has30a], and as the culmination of class field theory. But for Hasse
it was not a reciprocity law in the true sense of the word. In fact a large
piece of Part II of his report on class field theory [Has30a] was devoted to the
15

Kronecker’s postulate also had been an important reason for introducing p-adic numbers
for the exact determination of the discriminant.
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derivation of explicit formulas for the inversion factor from Artin’s reciprocity
law; this is not at all trivial and required quite some effort.
Perhaps Hasse would have had fewer problems accepting Artin’s point
of view if Artin had called his result not a “reciprocity law”, but, say, the
“Isomorphism Theorem” of class field theory. But the difference between
Artin’s and Hasse’s point of view perhaps was not only notational, but had
its deeper root in their attitude concerning mathematics and, in particular,
number theory. Artin’s goal was discovering the fundamental structures that
govern number theory, and regarded the explicit calculations (in which he
was actively engaged, as this correspondence shows) only as indicators and
signposts. Hasse, on the other hand, recognized the importance of structural
laws (which he studied himself) for a deeper understanding, but he considered the ability for explicit calculations and the algorithmic description of
mathematical facts to be an essential part of this understanding. Hasse explained his convictions in detail in his letter to Hermann Weyl, which we
have quoted in Sect. 5.7 on p. 79.
Hasse held this opinion until his last years, and he expressed it clearly in
various conversations with one of us (Frei). Already Gauss, he said, found it
important to determine the inversion factor explicitly, and Gauss put a lot of
effort into his computations in this direction. In this sense Hasse later praised
the corresponding work of Shafarevich in the years 1948–1950 and regarded
his articles on this problem as very important.16 In a similar vein, Hasse
repeatedly mentioned the work of his student Helmut Brückner on explicit
reciprocity laws.17
In this connection we should also mention Hasse’s book “Über die Klassenzahl abelscher Zahlkörper ” (On the Class Number of Abelian Number Fields)
[Has52b]. With this book Hasse initiated a new branch of mathematical research: the explicit determination of arithmetical invariants of abelian number fields. Hasse explained his point of view in the preface of [Has52b] very
clearly and eloquently. This book, which was written in 1945 during a stay
in an English military hospital while he was in captivity, may be seen as a
highlight in Hasse’s research, as the masterpiece of his mathematical work.

10.2 Extension of the Jacobi Symbol
While Artin was writing up his article on the reciprocity law, Hasse was
working on the manuscript [Has27e] on the consequences of Artin’s reciprocity
law for the reciprocity law of power residues. Hasse’s paper appeared in 1927,
the same year as Artin’s paper on the reciprocity law appeared. While Artin’s
16
17

Cf. Section 14.2, in particular the last paragraph of 14.2.
See the bibliography.
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paper was published in the Hamburger Abhandlungen where he was one of the
editors, Hasse’s paper appeared in Crelle’s Journal where he was an editor.
“Jahrbuch über die Fortschritte der Mathematik”, this article was reviewed
immediately after Artin’s [Art27a]; the review mentions that
Hasse’s article is a direct continuation of the article by Artin reviewed
above.
The correspondence shows that this was the intention of both authors. In
point 4.) of the letter at hand Artin and Hasse agree on which results will be
published in which article. Artin asks whether he may include Furtwängler’s
proof in his article (which he did).18 And at the end of point 4.) he writes:
Everything else would be reserved for your publications. I believe that
repetition would not only not do any harm but, on the contrary, would
be desirable.
With “everything
else” Artin probably meant the theorems on the Jacobi

symbol αb as far as they go beyond the general reciprocity law (2) (p. 34),

and, in addition, the discussion of the Hilbert symbol α,β
and its properties.
p
In point 2.) of this letter Artin says explicitly that Hasse should take over
the discussion of the Hilbert symbol, in particular the proof of the product
formula.
For this reason, Hasse’s article [Has27e] consists of two parts: the first
part deals with the Jacobi symbol, more exactly with
 Hasse’s extension of it,
and the second part with the Hilbert symbol α,β
p . This second part will be
discussed in the next Sect. 10.3.

Let us remark once more that the Jacobi symbol αb is the power residue
symbol with respect to an arbitrary exponent m. The case of prime exponents
m = ` had already been dealt with in the work of Furtwängler and Takagi.
For arbitrary exponent m, on the other hand, the results were new since they
had been made accessible only by Artin’s reciprocity law.
In the introduction
to [Has27e], Hasse refers to Artin’s article, in particular

to the “ αb -fact” (see 8.2), and he writes
In this article I derive [. . . ] the following two results from Artin’s law,
and then he lists first the classical reciprocity law for the Jacobi symbol, and
second the product formula for the Hilbert symbol.19
The classical reciprocity law for the Jacobi symbol as formulated on p. 34
reads:
   
α
β
(2.3)
=
.
β
α
18

This is about Furtwängler’s trick; see 9.4.

19

See 10.3.
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Hasse discusses this equation again, although Artin had written in his letter
that he would include this formula in his article. At first sight this is a repetition in the sense of point 4.) of Artin’s letter, where Artin had remarked
that repetitions would not hurt but would rather be desirable.
Looking more closely at this equation it turns out, however, that Hasse’s
formula (2.3) is more than a repetition, but is in fact a generalization of
Artin’s. In fact, Artin assumes, as was customary in the classical literature,
that α and β are coprime as well as coprime to m, and that at least one
of them is primary with respect to m. Hasse succeeded in weakening these
conditions; he could prove Equation (2.3) by only assuming that
(2.4)

α, β 6= 0 are arbitrary elements from k, with the single condition
p
√
that the conductors of k( m α) and k( m β) be coprime.

To this end, Hasse first has to extend the definition of the power residue
symbol in order to make sure that both sides in (2.3) are well-defined.
Hasse’s
main idea is to base the definition of the power residue symbol

α
not on Eqn. (2.1) but rather use the Frobenius substitution, that is,
p
√
Eqn (2.2). This definition makes sense as soon as
p is unramified in k( m α),
√
that is, if it does not divide the conductor of k( m α)20 – whether p divides m
or not. Artin comments this idea in Letter
no. 15 as follows: “I find it right
 σp (m√α)
α
that you would like to define p = m√α .”

The symbol √αb is then extended to all divisors b of k coprime to the
conductor of k( m α) via multiplicativity of the denominator of the symbol –
and here b is allowed to have factors in common with m or α.

If the divisors b and b0 differ by an m-th power of a divisor, then αb =
α
leads to another extension of the domain of the Jacobi
b0 . This observation

√
symbol αb : If there is a divisor b0 coprime to the conductor of k( m α)
differing
only by an m-th power of an ideal from b, then we can set αb =

√
α
m
α) or not.
b0 , whether b is coprime to the conductor of k(
In this extension of the domain of the Jacobi
symbol,√both sides of (2.3)
√
are defined as soon as the conductors of k( m α) and k( m β) are coprime.
Before Hasse can prove the reciprocity law (2.3) for this extended Jacobi
symbol under the condition (2.4), he has to derive the functorial properties
of the extended Jacobi symbol.
This is accomplished with great care in his

article [Has27e]. The “ αb -fact” for the extended symbol also follows directly
from Artin’s reciprocity law, and from this the reciprocity law (2.3) under
(2.4) using “Furtwängler’s trick”. In this connection, Artin writes in letter
no. 12:
20

In this case α is called “primary for p”, or, more exactly, “m-primary for p.
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Let me first congratulate you on your beautiful new formulation of the
reciprocity law. I also think that it is the true and most symmetric
formulation. It contains many special cases!
The term “symmetric” apparently is a reference to the fact that the condition
(2.4) is symmetric in α and β – in contrast to the classical reciprocity law
(2), where either α or β had to be assumed to be primary. And when Artin
calls Hasse’s formulation the “true” one, this has to be understood in the
same sense as when he had talked about the “true formulation” of his own
reciprocity law in Letter no. 10. With that remark he meant to say that
the arithmetical laws are reflected in the group theoretical properties of the
Frobenius map; and Hasse also had used the Frobenius substitution of the
Galois group for defining the generalized power residue symbol. See 10.1.
The “many special cases” mentioned by Artin include the supplementary
laws since α and β are allowed to contain prime divisors of the exponent. An
example is the formula for αλ , which Artin had announced in point 4.) of
this letter, but did not include in his article for lack of space, as he writes in
his next letter no. 11.
In the notation of Hasse and Artin, λ denotes an element in k divisible only
√
by primes dividing the exponent m; in particular, the conductor of k( m λ)
21
is only divisible by primes

√ dividing m. If α is primary , i.e., if m is coprime
to the conductor of k( m α), then (2.3), (2.4) imply that αλ = αλ . If, in
addition, α is hyperprimary,
√ that is, if the prime divisors l of m (and thus
of λ) split completely in k( m α), then
 the associated Frobenius substitutions
are trivial (σl = 1), and we find αλ = 1. Thus we see that the relation
(2.5)

λ
α

=1

for hyperprimary α

announced by Artin is indeed a special case of Hasse’s extension of the reciprocity law.
Perhaps this was another reason why Artin did not include this formula in
his article? On the other hand Artin learned of Hasse’s result probably only
eight days later, since he only mentions it in his letter no. 12 from July 29,
1927, and congratulates Hasse on it.
In the next letter no. 11, by the way, Artin mentions, apart from (2.5),
also the formula
α  β 
(2.6)
=
,
β
m
which he says he did not include in his article. It seems as if Hasse had
suggested including this equation, and not only (2.5). An equation of this
type does not appear in the work of Artin or Hasse, and cannot be found
21

For the definition see p. 34.
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in Hasse’s report on class field theory. It is contained, however, in Takagi’s
article [Tak22] on reciprocity laws: see p. 202 of his Collected Papers (Takagi
writes µ instead of α and ν instead of β.) Here m denotes the ideal which is
the part of α coprime to the exponent m, and β is an element coprime to α
and m which is assumed to be hyperprimary for m. Takagi uses (2.6) in his
proof of (2.5).
Apparently Hasse had suggested that Artin include Takagi’s formula for
arbitrary exponents m in his article and that he should derive (2.5) from
it. In fact (2.5) may be interpreted as a special case of (2.6). On the other
hand, (2.6) is contained in Hasse’s extended reciprocity equation (2.3), (2.4).
A detailed discussion of these facts can be found in Part II of Hasse’s report
[Has30a, § 12].
Hasse’s article [Has27e] contains another important result on the Jacobi
symbol generalized by Hasse: the characterization of αl by congruence conditions, if only in the case of prime exponents m = `. This will be discussed
in 14.2; see in particular Eqn. (2.12).
√
Remark. In the case m = 2, the conductor of k( α) may contain real places.
A real place is contained in the conductor if and only if α < 0 with respect
to the real embedding associated to the real place. In Hasse’s Theorem (2.3)
the condition (2.4) on the conductor demands that we do not have α < 0 and
β < 0 for any real place. This has to be taken into consideration whenever
one deals with the quadratic residue symbol. In order to bring home our
point let us give the following example taken from a letter from Furtwängler
to Hasse. Apparently Hasse had informed him on his extended reciprocity
law (2.3), (2.4), but Furtwängler had overlooked the role played by the real
places, and had worked with the discriminant instead of the conductor. On
July 29, 1927, he wrote to Hasse:


β
The law α
= α
in case when the relative discriminants of
β m √
m
√
m
m
k( α) and k( β) are coprime to each other does not seem to be
correct
this formulation for even m. In Q, for example, we have
 in −5
−3
=
6
−5 2
−3 2 despite the fact that 20 and 3 are coprime.


−5
Indeed we have −3
−5 2 = −1 and −3 2 = 1. Perhaps this misunderstanding
by Furtwängler was the reason why Hasse added a footnote in [Has27e] where
he explicitly remarks that one has to look at the conductor and not at the
discriminant.

10.3 The Hilbert Symbol
Already in Letter no. 8 Artin had mentioned that now Hilbert’s version of
the reciprocity law should be derived from the general reciprocity law, and
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at the end of no. 9 he asks Hasse whether he could prove the product formula
for the Hilbert symbol.
Hilbert always had seen his product formula as the heart of the reciprocity
law. Implicitly, this product formula already occurs in Gauss’s theory of genus
characters which Gauss had used for giving the second proof of the quadratic
reciprocity law. For Hilbert, the product formula, which, as he said, “expresses the reciprocity law in its simplest and most complete form”, was the
analogue of Cauchy’s theorem according to which the complex integral along
a closed curve around all singularities in the complex plane (or on a Riemann surface) vanishes. Hilbert always had cherished the idea that for every
important theorem in complex analysis there should be an analogous result
in number theory, and he was also guided by this idea when he sketched his
general theory of class fields.
From this point of view Hasse had already looked at the Hilbert symbol
in several early articles, in the special case of prime exponent m = `.22 This
was of course known to Artin, and so he writes in point 2.) of his letter that
he is not as familiar with the norm residue symbol as Hasse, and thus would
be grateful if Hasse would derive the product formula for the Hilbert symbol.
This is what Hasse accomplishes in the second part of his article [Has27e].
Now the situation is different from that in Hasse’s earlier articles in the
case of prime exponents. In those articles, the validity of the product formula
had already been secured by the work of Furtwängler and Takagi, and the
by local properties.
problem was to characterize the Hilbert symbol α,β
p
Now, in the case of arbitrary exponents, the problem is defining Hilbert’s
norm residue symbol in a suitable way and to derive the product formula from
Artin’s reciprocity law. As Artin predicted in his letter, the main difficulty
is the proof that the symbol has the norm property.
It should be possible, Hasse observed in [Has27e], to define the local symbol
by its formal properties alone. In fact, let kp denote the p-adic completion
of the number field k, which we assume contains the m-th roots of unity.23
×
Then ( α,β
p ) is a bimultiplicative anti-symmetric symbol on kp with values in
the group of m-th roots of unity, and it has the property that
(2.7)

 α, β 
p

=1

⇐⇒

p
α is norm from kp ( m β)|kp .

These formal properties, however, are not sufficient to define the symbol.
Thus Hasse followed the method used in the case of prime exponent m = `,
for which he needed to invoke Artin’s reciprocity law.

For the primes p not dividing m, the symbol α,β
is defined along the
p
lines of Eqn. (5) on p. 35.
22

Cf. [Has24d, Has24c, Has25f, Has25c].
Hasse writes w instead of p, apparently following Hilbert’s notation in his Zahlbericht
and his articles on the reciprocity law in quadratic extensions.

23
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For the divisors l of m, Hasse proceeds as follows. Let α, β ∈ k. Choose
α0 , β 0 ∈ k that are l-adically close to α, β 24 , and, for every divisor l0 6= l of
m, l0 -adically close to 1. If the Hilbert symbol can be given a meaningful
definition at all, then it should be continuous in the sense that
 α0 , β 0 
l

=

 α, β 
l

and

 α0 , β 0 
l0

= 1 for l0 6= l .

In addition, the product formula should hold for α0 , β 0 , which yields25
(2.8)

 α, β 
l

=

Y  α0 , β 0 −1
p- m

p

.

Hasse uses Equation (2.8)as the definition of the left side. He then has
to show that this makes α,β
well-defined. To this end he needs the general
l
reciprocity law for the Jacobi symbol. The product formula for the Hilbert
symbol is essentially built into the definition. The functorial properties of
the Hilbert symbol follow quite easily. The proof of the norm property of the
symbol, however, requires a major effort as predicted by Artin, even if the
proof is quite direct and there are no particular difficulties.
As the discussion above shows, the product formula for the Hilbert symbol
is essentially just a reformulation of the general reciprocity law. In fact the
product formula does not
 yield any new information since the definition of
the Hilbert symbol α,β
for a ramified prime divisor l | m depends on the
l
prime divisors p - m. The situation for arbitrary exponents m is therefore the
same as for prime exponents. In connection with the product formula for the
Hilbert symbol, Takagi writes
this is a consideration of a more formal nature, and the proof is
quickly accomplished by employing the results obtained above [. . . ],
namely the general reciprocity law. Perhaps Artin had the same point of view
when he said in letter no. 8 that the derivation of Hilbert’s reciprocity law is
“just a little bit boring”.
In any case Hasse’s ideas leading up to the product formula for the Hilbert
symbol were further developed in his theory of the norm residue symbol and
led to the discovery of local class field theory (see 26.1) and finally, stimulated
by Emmy Noether, to a purely local definition of the norm residue symbol
in [Has33a], and from there via the Local-Global Principle to a new proof
of Artin’s reciprocity law, which is not boring at all. Since Artin writes “I
24 Here “close” is meant in the multiplicative sense: the quotient should satisfy α/β ≡
1 mod lN with sufficiently large N . If N is large enough, this quotient is an m-th power in
the completion kl .
25 For m = 2, the real primes also have to be taken into account.
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am very anxious to see your proof” then he wasn’t disappointed by these
developments even if they took a little bit longer.

10.4 The Inversion Factor
Artin asks in point 5.) of his letter whether Hasse now can determine the
 β −1
in nontrivial cases. In the light of (2.3) and (2.4)
inversion factor α
β
α
√
√
this concerns those cases in which the conductors of k( m α) and k( m β) are
not coprime (and
√ the
√ the symbols both are defined, i.e., β is coprime to
conductor of k( m α), and similarly α is coprime to the conductor of k( m β)).
Hasse had worked on this problem in the case m = ` in earlier articles, for
example in [Has25d] from 1925. Then only the case of prime exponents ` had
been accessible (see 5.5). Artin wants to know now whether and how these
earlier investigations can be extended to the case of higher exponents `n in
the light of his new reciprocity law.
Indeed Hasse immediately started working out explicit formulas for arbitrary exponents. In his diary there is an entry from Oct. 4, 1927, with the
title “On the explicit reciprocity law in the field of `n -th roots of unity”. This
entry comprises 19 pages and is a precursor of the manuscript [Has29] (“On
the explicit reciprocity law”) which appeared in the Hamburger Abhandlungen in 1929.26 There Hasse refers to an earlier article covering the case of
prime exponent m = `. In the present article, as Hasse says in [Has29], he
will not generalize the proof there but rather employ completely new methods. In fact Hasse builds upon the first article on the explicit reciprocity law
in cyclotomic fields, namely Eisenstein’s, as Hasse said, unfortunately little
known memoir [Eis50b] in Crelle’s Journal 1850. Hasse thanks Artin for calling his attention to this article, and for pointing out Eisenstein’s idea. This
article by Eisenstein already showed up earlier in the correspondence; see 5.3
and 7.1.
Hasse’s idea in this new article is to reduce the determination of the inversion factor to the second supplementary law for the exponent `n , which Artin
and he had derived in their joint work [AH28] – this is the reverse order as
that used in [AH25], where the principal aim was to derive the second supplementary law from the general reciprocity law (in the case of prime exponents
`; see 5.4.)
Hasse did not succeed in finding a final and satisfactory formula for the
determination of the inversion factor for arbitrary exponents; see also Letter
no. 17 from Oct. 27, 1927, in particular 17.2 and 17.4.
26

Artin received the manuscript of this publication already in October 1928. Cf. Letter
no. 19 from Nov. 4, 1928.
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In Part II of his report on class field theory, Hasse dedicated a whole
chapter to the topic of “explicit formulas for the reciprocity law”, and there
we can read
It seems desirable to find an explicit formula for the inversion factor
in which α and β only show up modulo m? [. . . ] We are still waiting
for a final solution of this problem [. . . ] ”
(Here m? is a certain ideal, which is a multiple of m and can be given explicitly.
If m = 2, the signs at the real places have to be taken into account.)
We may add the remark that such a formula has not yet been found, despite
many interesting partial results. Perhaps there is no universal explicit formula
giving the inversion factor in all cases in a satisfactory way? See also 17.4.

10.5 Part II of Hasse’s Report on Class Field Theory
When Artin says that he is sorry that Hasse now has to “rewrite his whole
report”, he is talking about Part II of Hasse’s report on class field theory.
In 1927, Hasse was writing Part II of his report on class field theory. Parts
I and Ia had appeared in the Jahresberichte of the DMV in 1926 and 1927,
and now Part II was being prepared. While Part I covered Takagi’s class field
theory and Part Ia the corresponding proofs, Part II was planned to cover the
classical reciprocity laws. Hasse was almost done when he received Artin’s
news about the proof of the general reciprocity law. Hasse wanted to include
Artin’s proof in Part II, and he had asked Artin for his consent in this matter
(see Letter no. 9.)
Artin’s remark in this letter shows that Hasse now had decided to rewrite
his report completely.
In fact, Hasse now had based Part II of his report completely on Artin’s
reciprocity. The introduction thus begins with the following words:
“Since the publication of the first part of this report, the theory of
relative Abelian number fields made a progress of the highest importance, which concerns in particular this second part of the report.
In fact Artin succeeded in giving the general proof of the group theoretical formulation of the reciprocity law, which I will call Artin’s
reciprocity law in the following, and which he had conjectured and
partially proved already in 1923.”
The whole of Part II now is published as the first, and, by the way, the most
complete exposition to this day, of Artin’s reciprocity law and its various
consequences for the theory of the norm residue symbol and the power residue
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symbol. This report is a beautiful confirmation of Artin’s prediction that “it
will be worth the trouble”. Here is the table of contents of this report:
1.
2.
3.
4.

Artin’s reciprocity law.
The product formula for Hilbert’s norm residue symbol.
The reciprocity law for power residues.
Applications of Artin’s reciprocity law:
a. Chebotarev’s density theorem
b. Artin L-functions.
c. Principal Ideal Theorem in class field theory.

All these topics show up in the correspondence between Artin and Hasse.
When Artin asks whether Hasse will give all the proofs in his report he
has Part I [Has26a] of Hasse’s report in mind which did not contain the
proofs, and where only the inner structure of Takagi’s class field theory was
presented. Only after “suggestions from various sides” did Hasse give the
proofs in Part Ia [Has27a]. 27 Perhaps Artin had been among those who had
forwarded such questions? In the present case, his question seems to be a
suggestion to include all the proofs in Part II, which Hasse then did.

27

See 8.3.

11 26.07.1927, Letter from Artin to Hasse

Hamburg, July 26, 1927
Dear Mr. Hasse!
Thank you very much for your kind letter which has interested me enormously. I have written down the manuscript already and sent it to the printer.
Next week you will receive the proof sheets.1 At the end of the article I wrote
that you have told me that you can prove Hilbert’s formulation. I hope that
this is alright for you; if not, I still can make a few changes in the corrected
version. I would also like to give a reference for your proof; do you already
know where you will publish it? 2
You will also
 not βbe angry with me when I do not follow your suggestion

λ
3
of showing α
β = m , and I will prove neither this result nor α = 1.
Originally I had planned that the whole thing should have about 10 pages.
Since this would have exceeded the available space in the current volume you
can see that I had to be very terse since I had written already 15 pages (=
about 12 pages in print). The reason for this was that I wanted to present
everything
 in βareadable and sufficiently detailed way. Thus I decided to give
only α
β = α .
May I ask you now a few questions:4 for `n -primary it is sufficient to take
the modulus (1 − ζ)` , where ζ is a primitive `-th root of unity, that is, with
a modulus not depending on n. For `n -hyperprimary, on the other hand, one
has to climb a lot. Do you have the exact powers of the l i that are sufficient?
This cannot be difficult (using known results on Kummer extensions), but I
haven’t thought it through yet. Does this require determining the conductor
√
of k( `n µ) if µ is divisible by l1 ? I assume that this will produce the largest
power?
As a curiosity which you will of course be familiar with
√ I would like to
give the formulas for the biquadratic reciprocity law in R( −1) in an explicit
form:5


a + 2bi
c + 2di




×

c + 2di
a + 2bi

−1

bd +
= (−1)

1

a−1
c−1
d+
b
2
2
.

These are the proof sheets of Artin’s article [Art27a] containing the proof of the reciprocity law, of which Artin had sent Hasse a sketch in attachment 9. See p. 119 ff.
2 Apparently this was not yet clear, since Artin’s article does not give a precise reference.
Hasse’s article [Has27e] appeared in the same year 1927 in Crelle’s Journal. See 10.3.
3 See 10.2, in particular p. 142 f.
4 See 11.1.
5 See 11.2.
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2. Supplementary Law


1+i
a + 2bi



b(a − 3b) a2 − 1
−
2
8
.
=i

Here I assume only that a is odd in a + 2bi. The second supplementary law
may be proved in the well-known way.6
Now for something else, which I enjoyed a lot and which I presented yesterday in Hecke’s seminar. The result seems to be new, although the proof is
trivial.
A completely childish conjecture of every beginner is the following: if k is
a subfield of K, then the class number of k divides that of K. I now would
like to show that this is “almost” always correct; in fact:7
Theorem. If K/k (where K is an arbitrary, not necessarily normal extension
of k)does not admit an abelian and simultaneously unramified subextension,
then the group of ideal classes of K contains a subgroup (the group of classes
whose norms to k are principal) whose factor group is isomorphic to the ideal
class group in k.
Proof. Let Ω be the absolute class field of k. Its intersection with K is k by
assumption. For the well-known theorem in Galois theory, according to which
the degree of the compositum of fields is the product of the degrees if the
fields are disjoint, it is sufficient to assume that one of the two extensions is
normal. This is almost trivial. Now the class field is even abelian. Therefore
the compositum ΩK = Ω1 has the same degree over K and the same group
as Ω with respect to k. Since Ω is unramified over k, the same holds for
KΩ over K. You may easily convince yourself that this is true (for example
a “general” number from Ω is in particular a number in Ω1 whose relative
discriminant with respect to K has value 1). “General” number = basis form.
Thus Ω1 is a class field with respect to K, and is in fact unramified. Thus
there is an ideal group isomorphic to the ideal class group of k in K. This
finishes the proof. You will easily see that the principal class consists of the
classes mentioned above. In general, the ideal class k in k has to be associated
to the complex of those classes K in K whose norms fall into k. The essential
point is the existence of such classes K, and this is dealt with just as easily.
I value this theorem because it confirms (except for the formulation) Kummer’s conjecture and its generalization by Hilbert in his Zahlbericht, p. 378,
lines 3–7 from top:
Theorem. Let k1 and k2 be number fields contained in the field of `n -th
roots of unity (` a prime number, n arbitrary). If k1 is a subfield of k2 , then
6

This refers to Artin’s “inversion method”; see 5.3.

7

See 11.3.
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the class number of k1 divides that of k2 . More exactly, the class group in k2
contains a subgroup isomorphic to that of k1 (thus an isomorphic quotient
group (well-known theorem on abelian groups)).
For the proof you only have to show that a subfield k1 contained in R(ζ)
2πi 
ζ = e `n does not admit an unramified extension contained in R(ζ). But
this is trivial. In fact, ` is a power of a prime ideal of degree 1 in R(ζ) and
thus in every subfield. If l is the prime dividing ` in k1 , then l is a power in
each extension contained in R(ζ), and thus divides the relative discriminant.
The theorem is incorrect for composite m:√the field R(ζ5 , i) of 20-th roots
of unity8 has class number 1, its subfield R( −5) class number 2.
You see that even a trivial use of class field theory still may yield beautiful
theorems.
I still haven’t found the time to look at the principal ideal theorem, which
I am very sorry about because I think that the method used for it is much
more important than the theorem itself. This theorem is unfortunately not
yet proved. Nevertheless we (Mr. Schreier is working with me as a group
theorist) have verified it for so many types of groups that we can already say
that it is hopeless to look for a counterexample. The class number of the base
field would have to exceed 100, and this is hopeless.9
Thus I ask you to be patient. May I ask you to give many greetings to
your wife. Unfortunately you were not yet married when we exchanged letters
concerning the reciprocity laws the last time, so she wouldn’t be surprised
about the enthusiasm.10
Many greetings,
Your Artin
√
Artin actually wrote R( −5, i) instead; this
√ is the biquadratic subextension contained
in R(ζ20 ). Perhaps Artin √
intended to call R( −5, i) a subfield of the field of 20-th roots
of unity. The fact that R( −5, i) has class number 1 follows easily from “Dirichlet’s class
number formula” as proved e.g. by Hilbert, and can can also be found in Hilbert’s article
[Hil99] on relative quadratic extensions as Example 2 in § 27.
9 For the principal ideal theorem see Letter no. 13 from Aug. 2, 1927, and the comments
on it.
10 In the last ten days there were five letters from Artin to Hasse and probably at least as
many from Hasse to Artin, which makes it understandable that Mrs. Hasse was “surprised
about the enthusiasm”. Artin refers to the period in the summer of 1923 when the correspondence between Artin and Hasse also was particularly intensive; see letters no. 1–5.
There is, however, a small discrepancy concerning the dates involved. Helmut Hasse and
Clara Ohle were married on May 20, 1923. The first letter by Artin written to Hasse is
dated July 9, 1923. Thus Hasse was married then. May we deduce from Artin’s remark
that there was an even earlier exchange of letters which are not preserved? In any case
there must have been a lively exchange of ideas already earlier, since Artin and Hasse met
several times in the wake of Hasse’s lecture in Hamburg on March 1, 1923; in fact Hasse
regularly attended the seminar in Hamburg from March until May. At these occasions
Artin and Hasse had already talked about how to prove Artin’s reciprocity law, as Hasse
later reported. – Artin himself, by the way, was not yet married when he wrote this letter.
8
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Comments on Letter no. 11 from July 26, 1927

11.1 Primary and Hyperprimary Numbers
In order to understand Artin’s question concerning primary and hyperprimary numbers we have to explain the terminology used by Artin and Hasse.
Let k be a number field containing the m-th roots of unity. Let ` denote a
prime number dividing m, and `n its exact power dividing m. ζ denotes a
primitive `-th root of unity and λ = 1−ζ a generator of the prime divisor of `
in the field of `-th roots of unity. Artin asks which exponent t is needed in order to conclude from a congruence α ≡ 1√mod λt that α is primary for `, i.e.,
that ` is coprime to the conductor of k( m α) .11 Similarly for the corresponding problem when “primary” is replaced by “hyperprimary”; this means√
that
every prime divisor of ` splits completely in the Kummer extension k( m α).
(Artin denotes the prime divisors of ` in k with the letter li .) Questions of
this kind are important for explicit reciprocity laws.
√
n
Perhaps Artin only had thought about the case m = `n and k = Q( ` 1).
In any case his claim that the modulus (1 − ζ)` (that is, t = `) is sufficient is
incorrect. Artin apparently realized this quite soon, as his next letter no. 12
n
from July 29, 1927 shows. There he conjectures that (1 − ζ)` suffices. In
general, this is probably also false. The exact exponents were later given by
Hasse in Part II of his report on class field theory [Has30a, § 9, Thm. X, XI].
See also Letter no. 14 from Aug. 6, 1927 and 14.2.

11.2 On the Biquadratic Reciprocity Law
Although Artin remarks that the formulas he presents are known, he does
not provide any references. Perhaps he only meant that the formulas may be
derived easily from Eisenstein’s articles. As we have already observed, Artin
was familiar with Eisenstein’s articles on the reciprocity law and repeatedly
referred to them; in fact he pointed them out to Hasse several times. For not
necessarily primary numbers Artin’s inversion factor is not contained in the
work of Eisenstein or in Hilbert’s Zahlbericht.
Perhaps these or similar formulas may be found in articles by Bohniček
published between 1904 and 1911, in which he studied biquadratic reciprocity
and explicitly determined quartic Hilbert symbols in Z[i]. These articles
were written in Croatian and are listed, but not completely reviewed in the
11

See p. 34.
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“Jahrbuch für die Fortschritte der Mathematik”. Artin’s letter is mentioned
in [Lem00, Ex. 6.17], together with a reference to p. 200 in vol X of Gauss’s
Werke. There Artin’s formula for the second supplementary law can be found
in Gauss’s second memoir [Gau89, art. 63] on biquadratic reciprocity.
On the other hand it seems that Artin did not know that this formula
already occurred in Gauss. We do not know whether Artin had read Gauss
at all; cf. [Fre04].
When Artin calls these formulas a “curiosity” then he probably means
that they only refer to the case of biquadratic reciprocity in Q(i) and do
not generalize easily. Artin and Hasse were planning a joint article [AH28]
on the reciprocity law for `n -th power residues (see 17.2). As Artin often
did, he considered a simple special case, here ` = n = 2, to see what would
happen. The classical version of the biquadratic reciprocity law is only valid
for primary elements, that is, if α, β ≡ 1 mod (1 + i)3 ; Artin’s more general
law follows in a few lines from the classical version and the first supplementary
law.
We do not know whether or how Hasse reacted to this communication. In
this connection, the entry dated January 1, 1928 in Hasse’s diary is interesting. Its title reads
“ Derivation of Gauss’s biquadratic reciprocity law (second supplementary law) from the general law.”
Here Hasse refers to the joint article [AH28] with Artin, which had not yet
appeared, but which had been submitted to the Hamburger Abhandlungen in
1927 and was scheduled to be published in 1928. In this entry, Hasse derives
the second supplementary law of the classical biquadratic reciprocity law from
the general results in [AH28], namely from the general second supplementary
law for `n -th power residues he had obtained together with Artin. By setting
`n = 4 and taking the base field k = Q(i) he is able to derive the value of
the 4-th power residue symbol p2 4 for a prime p ≡ 1 mod 4 and so obtains
Gauss’s Theorem12 :
2 is a fourth power modulo p if and only if p is represented by the
form p = x2 + 64y 2 .
In some sense, this complements Artin’s result in this letter. Whereas Artin
says he likes the explicit formulas in the special case `n = 4, Hasse wants to
interpret the classical results as special cases of the general law for arbitrary
prime powers `n .
We do not know whether Hasse communicated this entry to Artin. Later,
in 1958, Hasse [Has58] investigated, in a longish memoir, the 2n -th power
residue character ( p2 ) in the field of 2n -th roots of unity, and used among
12

This result had already been conjectured in Euler’s Tractatus, a planned textbook of
which parts were published after Gauss had provided proofs.
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other results the second supplementary law he had obtained together with
Artin; see 17.2.

11.3 Class Number Divisibility
When Artin talks about a “childish conjecture” in connection with the problem of divisibility of class numbers then he perhaps is thinking about his own
youth, when he also may have come up with this conjecture. When learning
algebraic number theory from Hilbert’s Zahlbericht, however, it is impossible
to overlook Hilbert’s Theorem 94, according to which for every unramified
cyclic extension K|k of prime degree ` there is an ideal class with order ` in k
that becomes principal in K. Basically all simple examples for such extensions
that come to mind may serve as counterexamples√to the “childish conjecture”;
√
√
in particular this holds for the example k = Q( −5 ) and K = Q( −1, 5 )
used by Artin. His correspondence with this teacher Herglotz also shows that
he knew this problem in 1922 or earlier, and that he had begun to study this
topic seriously.
We can understand Artin’s remark that he enjoyed his new theorem, which
he presented in Hecke’s seminar, since the proof based on class field theory
is very simple and does not involve the machinery of zeta functions and Lfunctions. In addition, the theorem includes the case of icosahedral extensions
since the icosahedral group is simple and does not possess any nontrivial
normal subgroups with abelian factor group.
Artin never published this theorem although he regarded it as “new”. One
reason for this may be that the proof is so simple and almost obvious; Artin
mentions that it is a “trivial use of class field theory”. On the other hand it
is possible that Hasse told him in his answer that the theorem is not new,
and that this was the reason why Artin did not consider a publication. In the
following we will explain the situation in detail.

Furtwängler, Chebotarev, Hasse
Artin observes in his letter that his theorem, applied to subfields of the field of
`n -th roots of unity (for prime numbers `) “immediately confirm a conjecture
by Kummer” and refers to Hilbert’s Zahlbericht..13 There Hilbert refers to
Kummer’s article [Kum50], where the “conjecture” shows up as a theorem,
whose proof, as Hilbert remarks, is not correct.
13

The page number provided by Artin refers to the original publication; in Hilbert’s
“Gesammelte Abhandlungen” it is p. 238.
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A correct proof of Kummer’s claim was given in 1908 by Furtwängler, who
generalized the result from cyclotomic fields of odd prime conductor to that
of arbitrary prime power conductor. For two subfields k ⊂ K of the field of
`n -th roots of unity Furtwängler proves that the class number hk divides the
class number hK , which coincides with the result that Artin deduces from his
Theorem. Artin’s counterexample to the more general statement, the field of
20-th roots of unity, is the same as that given by Furtwängler.
Since Artin does not mention Furtwängler in his letter we may assume that
he did not yet know about Furtwängler’s article. Hasse, on the other hand,
was familiar with Furtwängler’s work. In his diary there is an entry from
Oct. 10, 1925, with the title “The ideal class groups of relative abelian fields.
Generalization of a theorem of Furtwängler.” Hasse’s generalization refers to
the fact that he is considering arbitrary abelian extensions of number fields,
and not necessarily subfields of `n -th roots of unity, and he assumes that
the Hilbert class field of k √
is disjoint from K. (This assumption is always
n
satisfied for subfields of Q( ` 1).) Thus we see that Artin generalized Hasse’s
result again by dropping the condition that K|k be abelian. As so often in
mathematics, a proof becomes simpler once the problem has been embedded
into a more general situation.
Apparently Hasse had looked through his diary after having received
Artin’s letter, since at the end of this entry we find the remark “See Artin’s
letter from July 26, 1927”. Thus we may assume that Hasse in his answer to
Artin not only pointed out Furtwängler’s theorem but also his own generalization from his diary. This would explain that Artin, in one of the subsequent
letters (no. 14 from Aug. 6, 1927), writes: “It was clear that this had to be
known.”
The interpretation of this line has cost us some effort because the sentence
quoted from Letter no. 14 is not isolated; the full quotation reads as follows:
“I also thank you for sending me the article by Chebotarev. I have
attached it to this letter. It was clear that this had to be known.”
At first sight it looks as if Artin refers to a result of Chebotarev. We are
convinced, however, that this interpretation does not hold water and that
“known” probably refers to Furtwängler’s theorem from 1908, which was
generalized by Hasse in his diary and then by Artin. The following considerations support this belief.
At first we have to find out which article by Chebotarev Hasse had sent to
Artin. Certainly this wasn’t the famous article [Che26] from the Mathematische Annalen, which contained his density theorem: Artin knew this article
(see letter no. 6 from February 10, 1926), and would not have had to borrow
it from Hasse. Checking the publications of Chebotarev leaves only the article
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[Che24].14 In this article, questions on class numbers are dealt with. Let K
be a subfield of the field of `n -th roots of unity (` prime), and let n denote the
degree of K. Let p be a prime dividing the class number h of K and assume
that K is minimal with class number divisible by p. Then Chebotarev shows
that
(2.9)

p ≡ 1 mod n

if p divides h exactly once, or, more generally, if the p-class group is cyclic,
or even more generally, if the class group contains a subgroup of index p that
is fixed by the automorphisms of K. At first there seems to be no connection
with Furtwängler’s theorem from above. But in the proof, Chebotarev uses
Furtwängler’s theorem and gives a new proof of it.
We think it very likely that Hasse, in his answer to Artin, also pointed out
the existence of Chebotarev’s article in which a new proof of Furtwängler’s
result can be found.
Chebotarev’s article [Che24] was published in a rather obscure journal that
was then newly founded, namely in vol. 1 of the “Reports of the scientific
research institute in Odessa”. Thus it was not surprising that Artin didn’t
know this article and that he had to ask Hasse to let him see it. When he
sent it back Artin wrote (in Letter no. 14) “It was clear that this had to be
known”, meaning Furtwängler’s theorem that Chebotarev had rediscovered.
But how had Hasse learned about this rather unknown article of Chebotarev? We have already mentioned in Sect. 6.5, footnote 27, that Hasse and
Chebotarev met in September 1925 at the meeting of the DMV in Danzig.15
Although Chebotarev did not give a lecture on a number theoretic topic there,
we may assume that he and Hasse talked to each other about their number
theoretic interests. In particular Hasse will have learned about Chebotarev’s
Odessa article at this occasion. Perhaps he even received a preprint of this
article from Chebotarev. In any case there is an entry in Hasse’s diary from
Oct. 9, 1925, that is, three weeks after he had met Chebotarev, with the title
“An article by Chebotarev.” There Hasse gave a precise and clear presentation of Chebotarev’s result (2.9). The date of this entry is one day before the
date of the entry on Furtwängler’s theorem already mentioned above. It is
clear that both entries belong together and were motivated by his meeting
with Chebotarev in Danzig.16
Perhaps Hasse suggested that Chebotarev should generalize his result to
arbitrary and not necessarily cyclotomic extensions already in Danzig. In
any case Hasse was highly interested in Chebotarev’s subsequent publication
14

It was Tauno Metsänkylä who pointed out this article to us. We refer to his article
[Met07], in which he describes Chebotarev’s result from a historical point of view. We
thank T. Metsänkylä for letting us see his manuscript before publication.
15 Artin did not attend this meeting.
16 More entries from the same day also reflect problems going back to the Danzig meeting.

11.

26.07.1927, Letter from Artin to Hasse

157

[Che29], in which he gave such a generalization, and Hasse accepted this
article for Crelle’s Journal. This may be inferred from the correspondence
Hasse-Chebotarev, which is preserved from 1928 on. Chebotarev remarks in
his reminiscences:
Subsequently17 I corresponded a lot with Hasse, and I am very grateful
for his interest and his careful redaction of my article.

Publications
We have already mentioned that Artin never published his theorem presented
in this letter. Later, in 1931, Artin’s result and its proof were published in the
Comptes Rendus by Chevalley [Che31] (meeting on February 2, 1931). Almost
simultaneously the theorem appeared in an article by Herbrand [Her32]. This
article was published only in 1932, but it is dated February 1931, and so
was written in the same month as the Comptes Rendus note by Chevalley.
Herbrand and Chevalley were friends, but the publications show that both
of them discovered this theorem independently.18
Since both Chevalley and Herbrand in those years were in close contact
with Artin and Hasse one may think that the theorem in question was motivated by conversations with Artin or Hasse. Since these are not mentioned by
Herbrand or Chevalley, we have to assume that they discovered the theorem
independently. Neither Chebotarev nor Furtwängler are cited. In fact Herbrand (just as Artin) apparently did not know Furtwängler’s article [Fur08]
from 1908 since he writes in [Her32]:
“We begin by proving the theorem not yet demonstrated on the divisibility of the class number of k(ζ) by that of its subfields.”
In a little known memoir [Var30], J. Värmon proved that the class number
of a cyclic extension of the rationals is divisible by the class numbers of its
subfields, and investigated the problem for general abelian extensions. Artin’s
theorem was rediscovered once more shortly afterwards by Otto Grün, as
can be inferred from Grün’s letter to Hasse from December 6, 1932. Hasse
immediately tells Grün that the theorem was known. The investigation of
the divisibility of class numbers led Grün finally to his well-known group
theoretical transfer theorems; see [Roq05a] and [Lem11].

17

That is, after the meeting in Danzig.
Herbrand died while climbing in the Alps on July 27, 1931. Herbrand’s article [Her32]
was edited by Chevalley.
18

12 29.07.1927, Letter from Artin to Hasse

Hamburg, July 29, 1927
Dear Mr. Hasse!
I have so many things to do in connection with the Hilbert week that I
cannot answer your questions in detail. May I ask you to be patient until
Monday. At first my best congratulations to your beautiful new formulation
of the reciprocity law. I also think that it is the true and the most symmetric
formulation. It contains many special cases! 1
Then the thing with `n -primary. This was a completely stupid error in
n
my calculations which I need not explain any further. But (1 − ζ)` with
2πi
(ζ = e ` ) suffices. Or did I make another error? Perhaps already less is
sufficient.2 You have to excuse me, but I am so tired that I cannot think it
through properly.
What you say about class field theory is very interesting, and I have
planned to think more about it in summer. My preliminary opinion is the
following.3
1.) It is not possible in principle to essentially simplify the existence proof in
the case `, since this part is sufficiently clear.
2.) It is extremely important and absolutely necessary – and probably also
possible – to prove the Converse Theorem4 for ` in a simpler and clearer
way. Without genera and without ambiguous ideal classes and units etc.
3.) The parts following the existence proof are so simple and clear (except for
the Genus Theorem) for `, in particular Takagi’s “generalization”, that we
can do without simplifications for now. I have to make an exception for
the genus theorem for `n , which must be done without induction.
4.) If we have all these theorems, then the genus theorems follow as “trivialities”, as I am convinced for certain reasons. I will write you more about
this later.5
5.) Please regard my renunciation of simplifications in certain parts as preliminary. It is certainly possible and desirable to simplify the other parts,
too. But it seems to me that the most urgent parts are the preparations
for the Converse Theorem for ` and the genus theorem. The λ- and Λβ
Artin is talking about the formula ( α
) = (α
) under the very general conditions formuβ
lated by Hasse. We have discussed this already in 10.2.
2 See 11.1.
3 See 12.1.
1

4
5

See p. 38.
See the next letter no. 13.
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ixation6 is “nonsense” and may be improved by l-adic methods in these
places in a formal, but not in an essential way. Similarly in a few places
(generalization of genera) the Π- and π-ixation.7
Certainly there is no other way for now. But I am convinced that it can
be done differently. Do you share my opinion on the whole?
With many greetings to your wife and the request to excuse my many
letters,
Your Artin

6

In the German original, Artin coins the expression “Ge-ixe”, which is meant to be a
derogatory term for mindless and technical calculations.
7

In Letter no. 14 we can find a more detailed explanation of what Artin means with
“ixation”.
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Comments on Letter no. 12 from July 29, 1927

12.1 The Structure of Class Field Theory
We do not know exactly what Hasse had written to Artin concerning class
field theory. From Artin’s points 1.)–5.) we may infer that Hasse probably
had sketched some kind of plan for a future development of class field theory
and had asked Artin about his opinion. This time the topic is not reciprocity
laws for the Jacobi symbol or the Hilbert symbol, but the foundation of class
field theory as sketched by Hasse in Part I of his report. Hasse is thinking
about where simplifications may be expected since the proofs of class field
theory as given by Takagi lack a clear structure and often are conceived as
roundabout. We may assume that Hasse already in 1927 had the opinion he
made explicit in Part II of his report [Has30a], namely that the proofs of class
field theory
“in their current state are little suited for making readers want to
study this theory, which is so smooth in its results.
It is true that Part I of Hasse’s report was generally seen as a welcome
and very readable introduction to class field theory. But the structure of the
proofs was little satisfying for Hasse, and this is why he now asks Artin for
his opinion. Hasse, by the way, returned to the topic of “abstract class field
theory” in a later letter; see 15.2. Only much later, after many contributions
by Artin, Hasse and Herbrand, class field theory received a form that was
“satisfactory” from the point of view of Artin and Hasse by the work of
Chevalley [Che36].8

The Main Theorems of Class Field Theory
Artin’s comments refer to theorems that were presented in Part I of Hasse’s
report [Has26a] on class field theory. The Existence Theorem of class field
theory states that for every ray class group H of a number field k there exists
an associated abelian extension. The essential part is the special case where
the index of H is a prime number `, and where k contains the `-th roots of
unity. In this case, the proof consists in counting the number of `-ray class
groups and comparing it with the number of abelian extensions and is, as
Artin says, rather clear. Even today the proof is essentially the same.
8

See Hasse’s review of Chevalley’s article [Che36] in the Jahrbuch für die Fortschritte der
Mathematik, vol. 62.
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This proof is, however, not constructive. Hasse later gave an explicit construction of cyclic class fields in an article [Has33b] that appeared in 1933 in
the Mathematische Annalen.
In order to give the proof of the Existence Theorem in the manner outlined
above it is however mandatory to have proved the Converse Theorem for
prime degree `, namely that every cyclic extension of k with degree ` is a class
field for a suitable ray class group of order `. This proof is the heart of class
field theory, and could be proved at first only using methods from analytic
number theory. Here Artin demands a simplification. The breakthrough was
achieved a few years later by Chevalley and Herbrand. See Letter no. 38 from
June 16, 1931, in which Artin writes enthusiastically about the results that
had been obtained by Chevalley and Herbrand and mentions that he himself
had also been involved. (See 38.3.)
As predicted by Artin, the genus theory has more or less been eliminated
from the foundation of class field theory, and is nowadays obtained as a
consequence of class field theory. See also Artin’s remark 6.) in his next letter
no. 13 from Aug. 2, 1927, where he says that all the genus theorems can be
proved group theoretically. Instead of “group theoretically” we would today
say “cohomologically”: the genus theorems are in fact essentially equivalent
to the vanishing of certain Galois cohomology groups H 1 (see [Lem07]).

Axiomatization: F. K. Schmidt
Perhaps Hasse’s question concerning a simplification of the proofs in class
field theory was related with his desire to find an axiomatization of class field
theory. The following fact taken from Hasse’s correspondence indicate that
he was occupied at the time with the problem of axiomatizing class field
theory.9
On Dec. 6, 1926, F. K. Schmidt wrote in a letter to Hasse:
I did not plan the axiomatization of class field theory, which you have
mentioned, in this generality [. . . ] It would of course be very nice if
the other finiteness conditions could be formulated in such a way that
they characterize all fields for which every abelian extension can be
interpreted as a class field, in a similar way as Mrs. Noether characterized all fields with the usual classical ideal theory by the ascending
and descending chain conditions.
9

It should be remarked that axiomatizing class field theory was not a matter close to
Hasse’s heart. The axiomatization later given by Artin and Tate [AT68] was not properly
valued by Hasse since it was based on cohomology, which Hasse viewed as a loss for class
field theory: he was convinced that algebras contain a lot more arithmetical information
than the factor systems alone.
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Although we do not know what kind of approach Hasse had in mind for such
an axiomatization, this letter shows that he was thinking about it. It is interesting to note that F. K. Schmidt refers to Emmy Noether’s article “Abstrakter Aufbau der Idealtheorie in algebraischen Zahl- und Funktionenkörpern”
[Noe26] (Abstract development of ideal theory in algebraic number and function fields); this article had then just appeared, but its content seemed to
be familiar to interested mathematicians already before publication. In fact,
Emmy Noether had given a lecture on this topic at the meeting of the DMV
in Innsbruck (1924). Even if F. K. Schmidt did not plan to axiomatize class
field theory, he had at least planned to transfer class field theory to the case
of algebraic function fields over finite fields. He carried out this program to a
certain degree, and afterwards his work was completed by Hasse and Witt.10
It was probably this transfer to function fields that made Hasse think about
the axiomatization of class field theory.

Emmy Noether
A few days later, on Dec. 11, 1926, Emmy Noether wrote to Hasse:
If one could axiomatically see sharply into class field theory, that
would be very nice! Where has F. K. Schmidt’s work been published?
A little later, in a letter from January 3, 1927, she sketches the principles on which she thought an axiomatization of class field theory may be
built.11 Apparently Hasse had told her that F. K. Schmidt was working on
transferring class field theory to function fields, and that he (Hasse) would try
to axiomatize class field theory comprising both number fields and function
fields.

Hasse-Scholz
At the time of this letter, in July 1927, Hasse was corresponding with Arnold
Scholz; they were working on a joint article on the foundations of class
field theory. This article [HS28] was published in 1928 in the Mathematische Zeitschrift, and carried the title ur Klassenkörpertheorie auf Takagischer
Grundlage (On class field theory on Takagi’s basis); it was received by the
publisher on Sept. 17, 1927. In their article they do not deal with axiomatics
but rather with investigating the mutual dependence of several fundamental
results in class field theory. These observations did not yield a simplification
10

See [Roq01].

11

For the correspondence between Emmy Noether and Hasse see [LR06].
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of the systematic development of class field theory at the time, but provided
some kind of “propaedeutics” of class field theory, as the authors remarked.
Quite possibly Hasse had written to Artin that he was corresponding with
Scholz on their joint work on the foundation of class field theory, and that
he communicated some of their results.
In the article by Hasse and Scholz, Artin’s reciprocity law is not mentioned
although Hasse had meanwhile learned about it, as we know. This may be
explained by the fact that the discussion between Hasse and Scholz on the
content of their joint article had begun already in April 1927, as we may
infer from their correspondence. In April 1927, however, Artin’s reciprocity
was not yet proved. Scholz, a young Ph.D. student of Schur from Berlin (who
had not yet received his Ph.D. in 1927) had studied Takagi’s class field theory
with the help of Part I and Ia of Hasse’s report [Has26a, Has27a]. The article
by Hasse and Scholz thus builds on the theory as it was available before
Artin’s reciprocity law. The classical theorems of class field theory which
Artin mentioned in his letter also occur in the article by Hasse and Scholz.

13 02.08.1927, Letter from Artin to Hasse

Hamburg, Aug. 2, 1927
Dear Mr. Hasse! 1
Today I would like to inform you about my results on the principal ideal
theorem. Even if it cannot be proved yet I think that the method of proof is a
lot more important than the theorem itself because this method may also be
applied in a certain sense to arbitrary Galois extensions. But since for now I
am struggling to obtain the principal ideal theorem I will stick to unramified
extensions. In order to make everything clear I have to provide a few details.2
Thus let k denote the base field, K1 the first class field (in the absolute
sense), K2 the class field of K1 . Let G denote the Galois group of K2 /k. The
fact that K2 /k is Galois is seen immediately. K2 is also unramified over k.
Since K1 is the maximal unramified relative Abelian extension of k, the field
K1 “belongs” to the “smallest” subgroup of G with abelian factor group, that
is, to the commutator group C of G. I claim that the group G contains all
the information on ideal theoretic questions concerning ideal classes in any
subextension Ω between k and K1 that we are interested in.3
1.) A few trivial things: Let Ω belong to the group g. Since Ω < K1 , the
group g must contain the commutator subgroup C. The Galois group of
K2 /Ω is g. Let Ω1 be the class field of Ω. Since the compositum of Ω1 and
K1 is abelian and unramified over K1 , and so is contained in K2 , the field
Ω1 certainly is a subfield of K2 , and in fact the maximal subfield abelian
over Ω. Thus, as before, Ω1 belongs to the commutator subgroup c of g.
The Galois group of Ω1 /Ω is the factor group of c with respect to g. This
group allows us to read off the structure of the ideal classes of Ω. So far,
everything is trivial.
2.) If p is a prime ideal in k and if K is some Galois extension of k with
group G, and if moreover P is a prime divisor of p in K, then P belongs
to a substitution σ of G.4 The prime ideal τ P belongs to τ στ −1 , hence
each p corresponds to a class of conjugate elements. I will briefly say that
p belongs to σ in K/k instead of saying more precisely that some prime
divisor of p in K belongs to σ. Here fixing both K and k is essential. I have
to remark expressis verbis that it does not matter whether we are working
with σ or with τ στ −1 . Moreover we do in general not have a map to ideal
classes, This happens only if G is abelian. But if G is abelian, then we have
1

Apparently Artin wrote this letter without having waited for Hasse’s answer to his
preceding letter no. 12 from Sept. 29, 1927 written three days before.
2 For the principal ideal theorem see 13.1.
3 Artin underlines K several times.
1
4

Artin assumes that p is unramified in K. Then σ is the Frobenius automorphism of P.
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a map to ideal classes. In this case I will denote the ideal classes with the
same letter as the substitutions. In the abelian case, and of course only
then, we can attach to all ideals (not necessarily prime) a substitution =
class.
3.) I refer to the calculation in the article on L-series in the proof of Theorem 1,
which only needs to be read until p. 94. I only need this calculation in the
case where g is a normal subgroup of G with abelian factor group, so
that every larger group is also normal. On p 94, line 4 from bottom, the
elements are given with which the decomposition into cosets of G modulo
g may be achieved. Since g is normal, we can use them from the left. For
this reason (Ω is normal over k) all the `i are equal to each other, say = `.
Here ` is the relative degree of the prime divisors of p in Ω with respect
to k. Thus if p = q1 q2 · · · qr in Ω, then we deduce from everything (again
because of normality) that qi = τi q1 and that G = τ1 ḡ + τ2 ḡ + . . . + τr ḡ
is the decomposition of G into cosets modulo ḡ, where ḡ is the group
generated by g and σ. The degree ` is the smallest power of σ contained
in g. The calculation also shows that qi in K/Ω belongs to τi σ ` τi−1 . In the
τi , only the generators of the coset are essential. Because if we replace τi
by τi γ = γ 0 τi , where γ and therefore also γ 0 belongs to g, then in K/Ω
only the element τi στi−1 , but not the class of the substitution is changed.
The change τi → τi σ ν does not do any harm.
Now for the applications.
4.) The same notation as in 1.) and before:
Let p be a prime ideal of the base field belonging to σ. In which ideal
classes lie its factors qi in the intermediate field Ω ?
The prime ideal qi belongs to τi σ ` τi−1 in K/Ω. We only may talk about
ideal classes when we deal with the substitutions in Ω1 /Ω, that is, with
the cosets g modulo the commutator subgroup c. Since qi in K/Ω belongs
to τi σ ` τi−1 , it belongs in Ω1 /Ω to the coset τi σ ` τi−1 · c.
Thus qi lies in the ideal class τi σ ` τi−1 · c in Ω.
In which ideal class of Ω is p contained? According to the reciprocity law
we may simply multiply:
!
r
Y
` −1
·c .
In Ω,
p lies in the ideal class
τi σ τi
i=1

In particular p is principal in Ω if p is in c (c is the identity of the factor
group g/c).
5.) Let an ideal class in k be given. Written as a substitution it is an element
of the factor group G/C, say σ · C. Some prime ideal p in this class belongs
in K2 /k to an element of σC, and we may assume that it belongs to σ (to
each substitution there belong by Chebotarev or myself – see L-series –
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actually prime ideals5 ). In Ω, p lies in



r
Q
i=1

τi σ ` τi−1


· c. It is easily seen

also group theoretically that the result does not depend on the choice of
the element in σC. This is clear ideal theoretically, since ideals equivalent
in k are also equivalent in Ω. Thus we have the following rule:
In order to see in which class σC from k falls in Ω, we determine the
smallest integer ` for which σ ` lies in g. Let ḡ be the group generated by
σ and g:
ḡ = g + σg + σ 2 g + . . . + σ `−1 g .
Decompose G with respect to ḡ:
G = τ1 ḡ + τ2 ḡ + . . . + τr ḡ .
 r

Q
` −1
Then in Ω the class σC die becomes the class
τi σ τi
· c, where c is
i=1

the commutator subgroup of g.
6.) K1 belongs to C, the commutator subgroup of C is 1 since C is abelian (K2
is a class field of K1 ).
f1−1

Let g =

P

f2−1

P

fs−1

...

ν1 =0 ν2 =0

P

νs =0

σ1ν1 σ2ν2 . . . σsνs · C, where the σi C are the gen-

erating basis classes of the ideal classes in k. It is sufficient to show that
each basis class, say σs C, in K1 becomes principal. By our rule we have
fs−1
P νs
` = fs , g = C, ḡ =
σs C, hence the τi all are elements of the form
νs =0

v

s−1
σ1ν1 σ2ν2 . . . σs−1
. Thus we have to prove the following:

Y

ν

−ν

s−1 fs
σ1ν1 σ2ν2 . . . σs−1
σs σs−1s−1 . . . σ1−ν1 = 1 .

0≤ν1 ≤f1−1
...
0≤νs−1 ≤fs−1−1

This is a purely group theoretic formulation. The theorem has to be proved
for all groups G with abelian commutator subgroup.
Now this is a very difficult matter. I would only like to remark the following: the theorem holds
1.) for all groups G with order p, p2 , p3 , p4 , p5 , where p is a prime number.
2.) if G/g is cyclic.
5

Here Artin refers to Chebotarev’s density theorem [Che26], for which he had given a
proof in his article on L-series [Art23b] – under the assumption of his reciprocity law,
which meanwhile had been proved in [Art27a].

13.

02.08.1927, Letter from Artin to Hasse

167

3.) if G/C is generated by two elements of order ` (case Furtwängler).6 Thus
all cases known so far may be proved in a purely group theoretical way.
4.) if C is in the center, i.e., if every ideal class of the class field is ambiguous,
then the theorem also holds. Furtwängler has proved that this may happen.
The fact that the principal ideal theorem in this case may also be proved
with my method is remarkable since there are no chances of proving this
case from the point of view of genus theory.
5.) if only the identity of C belongs to the center of G, that is, if there is
only one ambiguous ideal class in the class field, then the theorem is ideal
theoretically obvious7 and also group theoretically correct.
6.) All the genus theorems may be proved group theoretically with my method.
Thus my remark in the last letter.8
You will easily convince yourself why I conclude from belonging to the
center to being an ambiguous class. In fact, if c is a class in K1 , and if you
apply the substitution σ in G to c, then you obtain the class σcσ −1 .
As you can see, all ideal theoretical questions may be formulated group
theoretically. If one conjectures, as I do, that every group with abelian commutator group occurs as the Galois group of the second class field of a suitable
number field, then the preceding condition is necessary for the general truth
of the principal ideal theorem.
Since the proof is so difficult (you always have to exploit very sharply the
fact that C is the commutator subgroup – it is not sufficient to assume a
normal subgroup with abelian factor group (this is seen by looking at the
case where G is abelian)), I had first conjectured that the theorem must be
incorrect. Now, after all the partial results, I believe in it again.
If you plan to occupy yourself with the theorem I recommend using the
sharp group theoretical methods in the dissertation of Schreier, in which all
groups of our type are discussed as special cases. See Hamburger Abhandl.
vol. IV, p. 321 on the extension of groups, in particular Theorem 1 and
Theorem 2 on p. 325 and 326. With their help we have obtained most of the
results above.
Of course I am gladly willing to explain anything that might be unclear
in the application of the method. How do you like it?
6
7

This refers to Furtwängler’s article [Fur16] from 1916. Here ` ≥ 2 is a prime number.

If the only ambiguous ideal class in the Hilbert class field is the principal class, then
all ideals from the base field must capitulate, since ideals coming from the base field are
necessarily ambiguous.
8 See point 4.) in Letter no. 12 from July 29, 1927.

168

2. 1927

Did you receive the proof sheets? Unfortunately they are teeming with
typographical errors.9 Yesterday I found the time to read your proofs on the
norm residue symbol in detail. I think they are a beautiful piece of art. 10
With regards to your wife and cordial greetings
Your Artin

Emil Artin (photo by Natasha Artin Brunswick). c Tom Artin

9

Artin is talking about the proof sheets of his article on the general reciprocity law
[Art27a], which he promised he would send to Hasse.
10 Artin refers to Hasse’s article [Has27e] on the norm residue symbol based on Artin’s
reciprocity law. Perhaps Hasse had already sent the proof sheets to Artin. See 10.2.
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Comments on Letter no. 13

13.1 On the Principal Ideal Theorem
The principal ideal theorem in class field theory says that every ideal a of a
number field k becomes principal in the Hilbert class field K of k; we also
say that the ideal a “capitulates” in K.
Already two weeks earlier when Artin told Hasse about his success in
finding a proof of the general reciprocity law he immediately pointed out
possible applications of the reciprocity law to the proof of the principal ideal
theorem, which had been conjectured by Hilbert, and in fact was the only
conjecture by Hilbert on class fields that was still open; see Letter no. 8 from
July 17, 1927. At this time Artin still thought it possible that the principal
ideal theorem may be incorrect since his attempts at proving it all failed. In
any case Artin was convinced already then that if there is a proof, then it
has to be a group theoretical proof in which number theory plays no role at
all. In fact his reciprocity law allowed him to give the principal ideal theorem
a purely group theoretical formulation.

Transfer
In the letter at hand, Artin makes this precise. Today we formulate the group
theoretical equivalent of the principal ideal theorem as follows.
The transfer map from a 2-stage finite metabelian group G into its
commutator group is trivial.
This is the content of the boxed formula in Artin’s letter.
The group theoretical concept of the transfer map did not yet exist at the
end of the 1920s. This notion was developed only afterwards, motivated by
the research on the principal ideal theorem of class field theory. The name
“Verlagerung” was coined by Hasse in Part II of his report on class field
theory, and then was translated into English as “transfer”.
Later it turned out that certain calculations of transfer maps already had
occurred in an article [Sch02] by I. Schur published in 1902; Schur did not
give this map a name, and does not speak of a homomorphism, but rather
remarked that it is “some kind of representation”. Thus we have to credit
Schur with the discovery11 of the transfer map. It seems that neither Artin
11

During the 1970s it was observed that Gauss’s Lemma in the theory of quadratic residues
also is an example of a transfer map. See [Lem12c] and the references given there.
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nor Hasse knew this article by Schur; it is never mentioned in the correspondence, and is not listed in the publication [Art29]. Even Schreier probably
wasn’t aware of Schur’s article since otherwise he would have pointed out its
existence to Artin. Thus we may assume that Schur’s considerations12 were
then not generally known among group theorists. Thus the transfer map was
rediscovered independently by Artin and Schreier. The fact that the transfer
is a homomorphism was formulated and proved in the group theoretical context only by Hasse in Part II of his report [Has30a] on class field theory. In
this letter and in Artin’s article [Art29], the fact that the transfer map is a
homomorphism is regarded as obvious from an arithmetical point of view.
Only in 1934 did Iyanaga observe in [Iya34] that the transfer map can
already be found in the work of I. Schur. Since this article was written under
Artin’s influence we may assume that, by 1934, Artin had learned about the
existence of Schur’s article.
Artin’s calculations in this letter yield a group theoretical interpretation of
the embedding of the ideal class group of a number field to the Galois group
of its second Hilbert class field. Via Artin’s reciprocity law this embedding
is reflected in the transfer map of a 2-stage metabelian finite group into
its commutator subgroup. This is the content of the left side of the framed
formula in this letter. The formula itself says that this transfer map vanishes,
which in turn means that every ideal of the base field capitulates (becomes
principal) in the Hilbert class field.

Attempts at a Proof
Artin explains in his letter that he has verified the truth of the principal ideal
theorem for several families of groups. It is remarkable that he managed to
go through all of these types of groups within just two weeks. In this work he
was supported by Otto Schreier. Artin and Schreier had always collaborated
during their time in Hamburg. Part II of Schreier’s thesis (Vienna 1923,
supervised by Furtwängler), to which Artin referred in his letter, contains a
series of calculations in 2-stage metabelian groups that are relevant for the
problems at hand.
The exposition given by Artin in his letter to Hasse is almost the same as
that in the published paper [Art29] in the Hamburger Abhandlungen (1929),
titled “Ideal Classes in Extensions and General Reciprocity Law”. This article
is dated November 1928. Thus Artin left his manuscript from August 1927,
the date of the letter at hand, unpublished for more than a year. This clearly
suggests that Artin was trying hard to prove his group theoretical principal
ideal theorem. In fact, two weeks later, on Aug. 19, 1927, in Letter no. 15),
12

Schur’s article dealt with representation theory of groups, a topic that became much
more central during the 1930s.
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Artin writes in a desperate mood: “it only remains to do the last and at first
sight simplest step, but one does not make any progress at all”.

Furtwängler’s Proof
Furtwängler in Vienna knew Artin’s considerations described in the present
letter. We do not know whether Artin had written him directly, or whether
he learned about the problem through his contact with his former student
Schreier. On this basis he succeeded in 1928 in giving the proof. As anticipated
by Artin, Furtwängler proved the purely group theoretical statement without
referring at all to the class field theoretic origin. Only after Furtwängler had
succeeded in giving the proof did Artin publish his own considerations. Both
articles, Artin’s [Art29] as well as Furtwängler’s [Fur29], appeared in 1929
in the same volume of the Hamburger Abhandlungen. Both manuscripts had
been completed already in November 1928; this may be inferred from Letter
no. 19 of November 4, 1928, in which13 Artin writes that he will send Hasse
the “proof sheets of Furtwängler’s article”.
Hasse immediately recognized the significance of Furtwängler’s proof. A
little later, on November 26, he writes in a letter to Mordell
[. . . ] Perhaps it is not without interest for you to learn that very
recently Furtwängler, on the basis of Artin’s article, completely proved
the principal ideal theorem of class field theory (compare my report,
p. 45) by reducing it to a question in the theory of finite groups.
Here Hasse refers to Part I of his report on class field theory from 1926, where
he had listed the principal ideal theorem as one of the unsolved problems in
class field theory.
Hasse included Furtwängler’s proof in Part II of his report on class field
theory. Apparently this had not been his intention at the beginning: in Letter
no. 20 from November 14, 1928, Artin urges Hasse to include the proof in his
report – if necessary by space considerations then only for the case of three
“base classes”, i.e. if the group in question has three generators modulo the
commutator subgroup. This case, as Artin writes, shows the ideas completely
and would be short enough. Perhaps Hasse had hesitated since Furtwängler’s
proof was not as transparent as Hasse wished, and because it was quite long
(the proof in [Fur29] takes up 22 pages). Artin’s suggestion made Hasse include Furtwängler’s proof after all, but only so far as to show “the skeleton
of the proof in a clear way”, as Hasse writes in [Has30a], and in particularly
only for three base classes.
13

We also see that Furtwängler’s original manuscript had contained an error that was
corrected by Artin and Schreier.
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The preliminary group theoretical remarks, in which Hasse shows that the
transfer map is a homomorphism, are interesting. This property is not verified
in Furtwängler’s article since there the homomorphism property follows from
the number theoretic interpretation of the transfer: the transfer of the ideal
class group of a number field to that of an extension is a homomorphism for
trivial reasons. Thus it was Hasse who first verified the fundamental fact that
the transfer is a homomorphism in a purely group theoretic way – without
knowing, however, that this had been done by Schur already in 1902, in the
article [Sch02] already cited above.
In his presentation of Furtwängler’s proof Hasse tried to replace Furtwängler’s matrices by more modern concepts from linear algebra such as
operator groups and representations. He writes that he was following, among
others, the example of Emmy Noether’s article [Noe29] on hypercomplex
numbers and representation theory. Hasse is not able to stick to this line
of thought until the end; eventually he has to work explicitly with matrices
and determinants as Furtwängler had done. With hindsight we can see the
reason for this: Hasse worked, like Furtwängler, with a basis of the factor
group modulo commutators, and these bases lead to matrix representations.
At this point Hasse restricts his exposition, following Artin’s suggestion, to
the case of three basis elements, since then only 3 × 3-matrices appear. Then
Hasse writes
The general proof by induction requires some very extended considerations and calculations. But the difficulties are of a purely combinatorial nature. [. . . ] It would be desirable [. . . ] to give a proof that is
free of complicated formal calculations.
Such a proof was indeed found in subsequent years.

The Further Development
Not only did Hasse think that Furtwängler’s proof was too roundabout and
not as clear as would be desirable. In [Tau81], Olga Taussky recalled a seminar
in Göttingen (1931) by Emmy Noether:
Once the proof of Furtwängler of the Hauptidealsatz came up, Emmy
Noether repeated what almost everybody said, namely that it was an
unattractive proof.
She reports that she passionately defended the cause of her academic teacher
Furtwängler. This was, of course, not necessary since Furtwängler was a
widely respected mathematician whose results had contributed significantly
to number theory in general, and to class field theory in particular. Thus
his proof of the principal ideal theorem was recognized and acknowledged by
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the mathematical community as a great accomplishment. Nevertheless, striving for simplification is an important motivation for progress in mathematics
(and not only there). Hasse often remarked that good mathematical proofs
should be “lucid14 ”; this would help to better understand the result. This
was also his point of view in the case of Furtwängler’s proof. People started
looking for simplifications and for lucid proofs.
The first simplification is due to Magnus.15 His article [Mag34] on the
principal ideal theorem appeared in 1934 in Crelle’s Journal. In the Jahrbuch
review by Bernhard Neumann we can read:
The author proves the theorem in a considerably simplified form by using the methods provided by O. Schreier [Sch26a] and K. Reidemeister
[Rei26] for investigating groups presented by generators and defining
relations.
In the same year, Iyanaga’s article [Iya34] appeared in the Hamburger Abhandlungen. In the Jahrbuch review, Arnold Scholz wrote
After the recent simplification of the proof of Furtwängler’s principal
ideal theorem by Magnus here comes another simplification, which
makes the proof a lot clearer [. . . ]
In the preface Iyanaga writes that the largest part of the article was developed
together with Artin; thus we may assume that some essential ideas for the
simplification are due to Artin. The heart of the new proof is Artin’s theorem
on the existence of a splitting group: if U is an abelian normal subgroup of
the group G, then there is a group G containing G which contains a normal
subgroup U such that GU = G and G∩U = U , and that G splits over U . This
reduces the problem to split group extensions, and in this case the formulas
for the transfer become very simple.
As a side remark we observe that Emmy Noether tried to simplify
Iyanaga’s proof still further. On October 31, 1934, she wrote from Bryn Mawr
to Hasse:
At the occasion of a lecture at the New York meeting I have thought
about a somewhat more essential thing: In the proof of the principal
ideal theorem by Artin-Iyanaga the whole § 3 may be omitted, with
the exception of three lines on the last page [. . . ]
Later it turned out that she had overlooked something, which Hasse pointed
out to her in his answer.
The proof by Iyanaga and Artin was included in the textbook on group
theory [Zas37] published by Zassenhaus in 1937, which made it very well
14

In German: “durchsichtig”.
Wilhelm Magnus was a student of Max Dehn in Frankfurt. He received his Ph.D. in
1931 with a group theoretic thesis on free groups with one relation.
15
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known. This proof holds not only for finite groups but under the more general
assumption that the quotient by the commutator subgroup is finite and that
the commutator subgroup is finitely generated. Witt [Wit36] showed that
these assumptions are necessary.
A further simplification was finally given by Witt [Wit54] at the ICM 1954
in Amsterdam. Witt linearized the problem and transformed the transfer map
into an equivalent additive homomorphism. This “linearization” provided an
impetus for adding the transfer map to the toolkit of homological algebra;
see Cartan-Eilenberg [CE56].

Generalization
At the beginning of his letter Artin writes that his method may be applied
“in a certain sense to arbitrary Galois extensions”. What does Artin mean
by this?
Perhaps Artin was already aiming at the generalization later (1931) provided by Iyanaga [Iya31]. Iyanaga proved a “generalized principal ideal theorem”, which we will now explain.
Instead of the Hilbert class field consider the ray class field K|k for a given
conductor f. We are looking for a modulus F in K with the property that all
ideals in the base field k lie in the ray of K modulo F. The construction of F is
accomplished via genus theory, which is why F is called the “genus modulus”.
It is shown that the class field belonging to F is 2-stage metabelian, and that
group theoretically we are in the same situation as in the case of the usual
principal ideal theorem. Thus Furtwängler’s proof may be applied, and this
yields the desired result. (The later simplifications described in the preceding
section were not yet known in 1931.)
Another line of investigation is the “capitulation problem”. Given a subfield K of the Hilbert class field of a number field k, the problem is to determine the ideals in k that become principal in K. This will be discussed in
the letters no. 20–22; we also refer to our comments there.

14 06.08.1927, Letter from Artin to Hasse

Hamburg, August 6, 1927
Dear Mr. Hasse!
Apparently you are holding my use of the term λ-ixation against me. I most
certainly did not mean to make disparaging remarks on the l-adics, which I
know are indispensable for the treatment of reciprocity laws. I only was annoyed about the λ- and Λ-ixation in Takagi’s discussion of the norm residues,
and the long and boring calculations with sums of powers, the “climbing” to
higher exponents and all the other beautiful things. I think that here you
will agree with me. The same thing happens again in genus theory. As for
the λ-ixation in the investigation of the rank I ask you to observe that it
is only a “small-λ”-ixation and not very long; by far not as ugly as for the
norm residues. As for the relative units1 , my particular anger comes from
the fact that I got tangled up twice in my lectures at this point and could
do it properly only the third time round. My particular curse is directed at
the symbol [ξ], whose particular malice shows up – of course – in the case
` = 2. Don’t you know a simple remedy at least in this case? Here one has
to “climb” terribly.
Yesterday and today I have,
 by the way, λ-ixated all the time. Without
success. Your remarks on µl in the case `n have tempted me.2 Of course
3
I knew that the “usual” definition does not work for p = l, in the
 article I
µ
did not discuss this because there (tacitly – since until now p has almost
always been treated this way) p was assumed to be coprime to m. In my
first or second letter to you I think I have touched upon the case p = l, but
did not yet work out which number
is required. Your result and in particular

the beautiful formula for µl is new, right? Perhaps it is also useful to you,
if perhaps not new, if I report to you my “experiences” with µl . I only
attempted the case `2 . If we cannot pull it through here, then we certainly
cannot succeed in general. As you do, I am writing ζ1 = `-th root of unity;
λ1 = 1 − ζ1 . The modulus `2 λ1 for `2 -primary given by you is the right
2
one only4 in the following sense: if µ ≡ x` (mod `2 λ1 ), then µ certainly is
`2 -primary. Now you write that the modulus `2 λ1 would be necessary also
for ` 6= 2. I only can give the following meaning to this: for no smaller
modulus the given congruence implies that µ is `2 -primary in general. But I
1

See 14.1.
See 14.2.
3 This is about Artin’s article [Art27a] containing the proof of Artin’s reciprocity law.
4 In his letter, Artin writes “nun in dem Sinn”; it seems to us that Artin actually intended
to write “nur in dem Sinn”, which is how we have translated it.
2
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do not believe that this congruence (resp. the corresponding congruence for
the prime divisor l – for simplicity I will stick to λ1 ) is necessary.
2

In fact if µ ≡ x` (mod `2 λ1 ), then in particular µ is certainly `-hyper√
primary.5 Thus l splits in k( ` µ), hence this condition does not include the
√
2
case where l is inert in k( ` µ). In the conviction that this case needs to be
studied first I started working on it. In this case there must exist an element
√
√
x in k such that µ ≡ x` (mod `λ1 ), and an element y in k( ` µ) with ` µ ≡ y `
6
(mod `λ1 ). Of course x may be normalized to 1, but not so y since this
√
element lies in k( ` µ). For this reason it is impossible – at least for me – to
climb down to the modulus `2 λ1 ; I did not succeed at all in climbing down.
After many futile attempts I let it rest.
Then I tried to find the “right number” and started with very bad expressions (as I found out afterwards) of the form
√
√
`2 µ − 1
`2 µ − 1
and
.
λ1
λ2
This did not really work. Then I thought about it with some more respect
and discovered that I was looking at an “old friend”. I always considered
√
the “sharpest case” when l is inert in k( `2 µ). Then the residue class field
√
2
modulo l in k( ` µ) is cyclic of degree `2 over the residue class field in k; and
it is exactly cyclic extensions of degree `2 of fields with characteristic ` (there
are no nontrivial `-th roots in this case) that Mr. Schreier and myself have
studied in the note “Eine Kennzeichnung der reell abgeschlossenen Körper”
(A characterization of real closed fields) in the preceding volume of the party
organ, that is, vol. 5, page 225. I would like to remark that the part which
is relevant here does not depend on the theory of real closed fields, and thus
may be read independently. We had to compute for quite a long time before
we found everything and have seen how difficult the whole thing is. There
we have determined all cyclic extensions of this kind and have determined
the equations satisfied by these numbers. Thus we do not yet know – applied
to the case at hand – the number we are looking for. We only know that it
satisfies a congruence of degree `2 (which you cannot find explicitly in the
article), since if l is inert, then the number must be a generator of the field
mod l. So far I could not do anything with this. But I am convinced that it
has to work with l-adics. I would like to remark that the congruences given
in the article definitely are the simplest. For example you cannot omit ξ p−1
(I am using the notation of the article) or replace it by a smaller power. I
only emphasize this in order to save you work in calculations, which we have
done and which were in vain. Because we – of course – have also started with
√
Artin underlines ` several times in order to emphasize that the divisor l splits in k( ` µ),
√
but not necessarily in k( `2 µ).

5

6

Artin could assume the decomposition law of primes in cyclic Kummer extensions as
well-known.
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the smallest powers of ξ and have convinced ourselves
that it only works with
√
` µ−1
the highest powers. By the way, the number λ1 = ξ happens to be the ξ
since it satisfies the congruence7
ξ` +
Since

`
λ`−1
1

`
µ−1
ξ≡
λ`1
λ`−1
1

(mod l) .

≡ −1 (mod l) 8 , ξ satisfies the congruence ξ ` − ξ ≡
µ−1
.
λ`1

hence the a occurring in our article has the value
looking for, let us call it η, satisfies the congruence
η ` − η ≡ ϕ(ξ)

µ−1
λ`1

(mod l),

The number you are

(mod l) ,

where ϕ(ξ) is a polynomial of degree (` − 1) in ξ =
solution of degree ` − 1 of the difference equation

√
` µ−1
λ1 ,


`−1
µ−1
ϕ(x + 1) − ϕ(x) ≡ x +
− x`−1
λ`1

namely a suitable

(mod l).

Perhaps finding η is easier if you observe that a suitable generating substitution of the Galois group acts as follows:
σ(ξ) ≡ ξ + 1 ; σ(η) ≡ η + ξ `−1 ; (σ ` (η) ≡ η − 1) .
√
The problem now is to express η in terms of `2 µ . To this end it is sufficient
that the application of σ transforms η by the substitution given above.
I hope you can do something with this!
With cordial greetings,
Your Artin
I also thank you for being so kind and sending me the article by Chebotarev. I have attached it. It was clear that this had to be known already9 .
Did you receive the proof sheets? 10 I do not ask because I want to burden
you with proofreading but since I would have to send you a copy otherwise.
Please do not feel obliged to bother yourself. I will soon receive the final
proofs. Do you want a copy?

7

In the following, Artin works modulo l, the prime divisor of ` in the field k – although
he has announced above that he will work “for the sake of simplicity” with λ1 .
8 Artin erroneously writes λ` instead of λ`−1 in the denominator.
9 See 11.3.
10 Artin means the proof sheets of his article on the general reciprocity law. Artin had
announced in Letter no. 8 from July 17, 1927, that he will send them to Hasse.

178

14.1 Comments

Comments on Letter no. 14, dated August 6, 1927
With the expression “λ-ixation” Artin refers to his letter no. 12 from July
29, 1927. There he also talks about a Π− and π-ixation; here he uses a
different notation. By λ-ixation Artin clearly means computations with λadic power series in fields containing the `-th roots of unity. Here λ = 1 − ζ,
where ζ is a primitive `-th root of unity (this is the standard notation used
in particular by Hasse and Artin). In the field of `n -th roots of unity one
similarly sets Λ = 1 − ζ`n . Apparently Artin is angry about the roundabout
calculations with λ and Λ in Takagi, but emphasizes that this does not mean
that he has fundamental objections against the use of Hensel’s l-adics. In fact,
Artin had learned the advantages of working with `-adic power series from
Hasse; see Letter no. 4, where Artin writes: “I am slowly making progress in
`-adics. Now I am already taking logarithms! ”

14.1 Relative Units
Artin’s remark on “relative units” refers to Hilbert’s Zahlbericht [Hil97, §
55]. There Hilbert introduced relative units for cyclic extensions K|k of odd
prime degree, and even the symbol [ξ] can already be found there; Hilbert
uses it to denote those units of the field K whose `-th powers lie in the base
field11 k. Hilbert used relative units for showing, in modern terms, that the
cohomology group H 1 (G, E) of the units is nontrivial, which was the key
step in his proof of Theorem 94 on the capitulation of ideal classes in cyclic
unramified extensions. A similar result can be found in Takagi’s class field
theory, in connection with the “principal unit genus”. The relevant calculation are given in Part Ia of Hasse’s report [Has27a, § 12] on class field theory,
in a slightly simplified form; nevertheless a look at the rather technical calculations (Artin’s “ixation”) shows that Artin’s anger is justified. It is quite
easy to get tangled up in the calculations, in particular if the lectures are
given without manuscript.12
Later, in 1931, Artin [Art32b] gave a quite simple proof of the existence of
relative units; by then it had been observed that relative units in the sense
of Herbrand were sufficient to obtain the relevant results on units. For the
application of Herbrand’s Lemma it was sufficient to know the existence of a
subgroup of finite index in the unit group for which the action of the Galois
11

Cyclic Kummer extensions generated by units seem to play a special role in many
places; see, for example, the arithmetic proof of the class number formula for biquadratic
extensions [Lem95].
12 We know that Artin, in his later years, held his lectures without manuscript. We do not
know whether this had been the case already in 1927.
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group could be given explicitly. Herbrand’s idea had the additional advantage
of working equally well for arbitrary Galois extensions K|k. In the case of
normal extensions of the rationals this definition and the corresponding existence proof goes back to Minkowski [Min00]; today, the main references are
Herbrand’s articles [Her30, Her31b], and in fact Artin remarks in [Art32b]
that his intention was to give a simpler proof of Herbrand’s theorem. Artin’s
motivation for the article [Art32b] was the fact that all the calculations in
class field theory which required the existence of relative units were simplified considerably by the articles of Chevalley and Herbrand, in particular by
the consequent use of what today is called “Herbrand’s Lemma”. See Artin’s
letter no. 38 from June 16, 1931, where he writes
I am enthusiastic about the new incredible simplifications of class
field theory due to Herbrand and Chevalley. Now almost all technical
calculations can be done without.
Artin’s enthusiasm is understandable by keeping in mind his anger on “these
horrible calculations” that he expresses in this letter. See also 39.1.

14.2 Artin–Schreier and the Beautiful Formula
The formula in question has to do with the power residue symbol for prime
power exponent m = `n . Assume that the base field k contains the m-th
roots of unity, and that the prime ideal p is unramified in the extension
√
K = k( m µ). Then Hasse has defined the extended power residue symbol
µ
p by the following formula (see 10.2):

(2.10)

 
√
σp m µ
µ
= m
√ ;
p
µ

where
 σp is the Frobenius automorphism for p. If p does not divide m, then
α
p may also be characterized by Euler’s classical congruence (see (1), p. 33):

(2.11)

 
|p|−1
µ
≡ µ m mod p .
p

This is the formula given in most expositions of the classical reciprocity
laws. It is not valid, however, if p is a prime divisor of `. Artin and Hasse
always denote the prime divisors of ` in the field k by l. In connection with
the second supplementary law one would like to find a congruence modulo

a suitable power of l that characterizes the power residue symbol µl in a

180

14.2 Comments

√
similar way – always under the assumption that l is unramified in k( m µ),
i.e., that µ is primary for l.
In the case n = 1 (thus m = `), Hasse had found such a formula in
[Has27e]13 , namely

(2.12)

µ
l


≡ 1 − λ1 S l

µ−1
`λ1


mod lλ1 ,

where14
ζ1 is a primitive `-th root of unity,
λ1 = 1 − ζ1 ,
S l is the absolute trace in the residue class field modulo l .
Here we assume that µ ≡ 1 mod `λ1 , which is not an essential restriction.
In fact, µ is primary for m = ` if and only if µ satisfies the congruence
µ ≡ 1 mod `λ1 up to an `-th power.
Artin says in his letter that he has already thought about such a formula,
but that he did not yet determine which number must be used. This “number”
now is, according to Hasse, ξ = µ−1
`λ1 . Artin calls the formula (2.12) “nice” and
asks whether it is new.15 In Artin’s letter, the formula is not given explicitly,
as he refers to Hasse’s preceding letter which we do not know. Apparently
Hasse had given this formula there; perhaps Hasse already had finished the
manuscript for his article [Has27e] and had sent Artin a copy or the proof
sheets.
As Hasse shows in the Crelle article cited above, the formula (2.12) may
also be written in the form
µ
Sl ( µ−1 )
(2.13)
= ζ1 `λ1 .
l
Perhaps it was this version that Artin called a “nice formula”?
The equations (2.12) and (2.13) are valid, as we have observed, for prime
exponents m = `. In his letter, Artin discusses an approach for m = `2 .
We may assume that Hasse had asked whether Artin had an idea how to
generalize this to prime power exponents m = `n with arbitrary n, and that
this was Artin’s answer.
13

We have discussed this article already in 10.2.
This is Artin’s notation in his letter. In Hasse’s Crelle article just mentioned we find
ζ0 , λ0 , e0 instead of ζ1 , λ1 , e1 . – In the corresponding formula in Hasse’s article there is a
typographical error in that the congruence modulus is given as le0 −1 instead of le0 +1 = lλ0
(in Hasse’s notation). In Part II of Hasse’s report on class field theory, this formula is given
correctly.
14

15

It probably was new.
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√
In his discussion Artin assumes not only that l is unramified in k( `2 µ),
√
but also that l is inert in k( `2 µ); this means that the inertia degree attains
the maximal possible value `2 , and that the Frobenius substitution σl has
order `2 . Artin calls this the “sharpest case”.
It is particularly remarkable that Artin brings up a result he had obtained recently together with Otto Schreier in a completely different situation,
namely what we now know as Artin-Schreier extensions of cyclic extensions
with degree ` of fields with characteristic `. This result is contained in the
article “Eine Kennzeichnung der reell abgeschlossenen Körper” (A characterization of real closed fields) [AS27], which Artin says had just appeared in
the “party organ”, the Hamburger Abhandlungen. Artin observes that the
number
√
` µ − 1
ξ=
λ1
√
in the field k( ` µ) yields an Artin-Schreier generator of its residue class field
and writes down the corresponding congruence explicitly:
ξ` − ξ ≡

µ−1
mod l .
λ`1

This congruence can also be found in Hasse’s article [Has27e], but Hasse
does not mention the connection with the theory of Artin-Schreier which he
probably did not know then.
Artin’s approach in the present letter starts with the fact that in the
article with Schreier just mentioned they had also covered cyclic extensions
of degree `2 in characteristic `. In fact, Artin and Schreier had shown that in
characteristic `, any cyclic extension of degree ` can be embedded in a cyclic
extension of degree `2 , and they gave the conditions for the corresponding
Artin-Schreier generator η of the extension with degree `2 . The article by
Artin and Schreier had just appeared when Artin wrote the letter, and since
Artin could not assume that Hasse was already familiar with its content he
explained the situation in some detail in this letter.
Artin talks about the “number you are looking for”. Apparently Hasse
wanted to find a number η that does for m = `2 what the ξ above does
for m = `. Artin describes a congruence property of η modulo l based on
the results of his joint article with Schreier. But he does not give an explicit
expression for such an η, and hopes that Hasse knows how to make something
of it.
As a side remark we learn that Artin and Schreier had been computing
a lot in connection with the problem of cyclic extensions of fields in prime
characteristic, a problem that looks quite simple and polished in the published
form. Artin talks about their many “calculations, which we have done and
which were in vain”.
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The Further Development
It seems that Artin’s idea was not investigated further, neither by Hasse
nor by Artin himself. One reason may have been that the generation of the
cyclic extensions with degree `n of a field with characteristic ` was not known
in detail for n ≥ 2. A few years later, Albert (who exchanged letters with
Hasse) gave a construction of such extensions. On February 6, 1934, he wrote
to Hasse:16
Dear Professor Hasse, I am happy to be able to write to you of my
success in generalizing the Artin-Schreier results [. . . ].
Albert published his results in 1934 in the Bulletin of the AMS [Alb34]. A
little later, H. L. Schmid developed, in his investigation [Sch36] (suggested by
Hasse) on the reciprocity law in algebraic function fields, a variant of Albert’s
construction which gave essentially the same but was formally simpler. This
construction by H. L. Schmid was then reinterpreted by Witt as what we
know as the “theory of Witt vectors” [Wit37]. The results by H. L. Schmid
and Witt were presented in 1936 in the Göttingen Arbeitsgemeinschaft for
Algebra and Number Theory; they appeared in 1937 in Crelle’s Journal.
When Hasse learned about Witt vectors in this Arbeitsgemeinschaft he
immediately used it for attacking the still unsolved problem given in the
present letter. In the same volume of Crelle’s Journal containing Witt’s article, Hasse [Has37] published his solution in which he generalized (2.13) to
arbitrary prime power exponents `n . The generalization has a similar form
as (2.13), but instead of the number ξ = µ−1
`λ1 one has to take a Witt vector
ξ whose first n coefficients generate the residue class field, and which may
be interpreted according to Witt as an `-adic integer over the residue class
field of k. To this end, Hasse first had to define the powers of l-adic principal
units with Witt vectors as exponents. In this sense Artin’s suspicion that it
“has to work with l-adics” was vindicated.
In the same article [Has37] Hasse succeeds in solving the problem mentioned by Artin concerning the description of primary numbers µ for l. Artin
2
correctly remarks that the congruence µ ≡ x` (mod `2 λ1 ) given by Hasse is
2
sufficient but not necessary for µ to be ` -primary for l, i.e., for l to be un√
ramified in k( `2 µ). The problem of determining the `n -primary numbers for
n ≥ 2 is mentioned by Artin in one of the subsequent letters (namely in no. 16
from September 4, 1927), but it was solved only in Hasse’s article [Has37]
with the title “Die Gruppe der pn -primären Zahlen für einen Primteiler p von
p” (The group of pn -primary numbers for a prime divisor p of p).
16

We do not know whether Albert investigated this problem at the suggestion of Hasse,
or whether he did so independently. We only know the letters from Albert to Hasse, not
those in the other direction.
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In the case n = 1, this result was well-known since Witt vectors of length
1 simply are elements of the field. In Part Ia of his report on class field theory
Hasse refers to Hecke’s book [Hec23] on algebraic numbers.
We see that these highly interesting developments have their origin in
the present letter by Artin, where he pointed out the connection with the
Artin-Schreier generators in the case of prime characteristic. Later, in 1949,
I. R. Shafarevich17 [Sha51a] took up the problem again and completed, in a
certain sense, Hasse’s investigations. His article appeared in 1951 in Russian in the Doklady Akad. Nauk. SSSR; a detailed exposition in German
was given by Hasse [Has51a] in the same year. Also in the same year 1951,
Martin Kneser [Kne51] gave a simplified presentation; see the corresponding
Zentralblatt review by Witt. An English translation of Shafarevich’s article
was provided in 1956 by Emma Lehmer [Sha56].

17

In [Has51a], Hasse uses the transliteration “Šafarevič”. Occasionally, his name was also
spelled “Schafarewitsch”.

15 19.08.1927, Letter from Artin to Hasse

Hamburg, August 19, 1927
Dear Mr. Hasse!
I have not answered for such a long time1 because I have occupied myself
with the problems at hand. To my greatest annoyance I have found nothing,
n
absolutely nothing. Nothing
 on the principal ideal theorem, nothing on ` α,β
primary, nothing on l . I believe I will have to abandon these things for
a little while. As for the principal ideal theorem, it seems to me that it is
necessary to deeply investigate groups with abelian factor group. Schreier’s
methods do not suffice completely; in any case I am too dumb to see it. I am
sure you can imagine my situation. There you have the theorem right before
your nose, and only the last, at first sight simplest step has to be taken, but
you are getting nowhere.2
What I think about the class field tower? I think it is not a group theoretic
problem. In fact I believe that group theoretically, arbitrarily high (infinite)
towers are possible. Here’s how I mean it. Let g1 be the group of the first class
field and g2 that of the second etc. Then gi−1 must be the factor group of
the “(i − 1)-th commutator group” of gi . Now I believe that there are infinite
sequences g1 , g2 , . . . with this property. Only the particular arithmetic nature
of the base field will give the decision. I continue to believe that the best idea
for a proof would be improving the Minkowski bounds. How to achieve this
is a separate question.3
Of course I know about the difficulties concerning class field theory that
you have mentioned in your next to last letter. Here the new idea must
accomplish it. After all it was at first not clear either how to simplify the
proofs of the reciprocity laws. As for abstract class field theory I would like
to make a few remarks that will surely interest you.4
To any Galois field adjoin the variable t and denote the field obtained this
way by R. This is the field of my dissertation. Of course the whole class field
theory holds here, but with modifications: first, there are infinite primes that
come in with the “signs” of the highest power of t in the case of quadratic
1

13 days have passed since the last letter from August 6.

2

With hindsight we realize that Artin’s feelings were justified; the solution of the principal
ideal theorem did indeed lie “right before his nose”. A few months later Furtwängler found
the proof using the methods by Artin and Schreier. We have discussed this already in 13.1.
On the other hand, Furtwängler’s proof was by no means simple or straightforward; the
proof of the principal ideal theorem was really “difficult”, as Artin had already observed
in Letter no. 13 from August 2.
3 See 15.1.
4 See 15.2.
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extensions. Similarly there are also cubic ones etc. What is particularly remarkable is the fact that there is already an infinite class field tower over
R (unramified). In fact in order to obtain all abelian extensions one has to
consider not only the “signs” and the residue classes but also the degree for
defining the classes. You see what the infinite unramified extension is: that
of the Galois field. For example, the quadratic extension of the Galois field
is class field over R associated to the ray of functions with even degree. Similarly there are arbitrarily many examples in which e.g. the coefficient of the
second highest power of t plays a role. You see that what is simpler on one
side (` is an element of the field) is being complicated again by the fact that
the characteristic is `.
Thank you very much for your parcel.5 I plan to read it carefully. I fully
agree with your formalization and do not find it ugly at all. May I ask you
one question in this connection. As far as I can see your proof of the “decomposition law” is only valid if k contains the root of unity. Or did I miss
something? It would be a pity if this gap would remain just because you
would like to save a page. Wouldn’t you like to fill it?
Is it possible now to prove Eisenstein’s reciprocity law quickly?
As for your approaches to `n -primariness I think that you will succeed.
Unfortunately I haven’t obtained anything.
 It would be particularly nice if
.
one could give a decent definition of α,β
l


NA
I am also at a loss concerning the σ-formulation of A
a K =
a k . But
you won’t need this transfer at all, and I cannot believe that it has any meaning except that of a lemma in the proof of the reciprocity law. In addition,
the proofs for it were not particularly nice.
Now I would like to ask a few questions. As you know, one of my goals is
to gain access to non-abelian extensions. It is mainly for this reason that I
have busied myself with the arithmetic of hypercomplex numbers, because I
believe that they will be needed.
For relative abelian extensions we are in the following situation: I denote
the substitution attached to a prime ideal p according to your suggestion by
σp . It is the analogue of the Legendre-Symbol. The analogue of the JacobiSymbol is σa = σp1 σp2 . . . σpr , where a = p1 p2 · · · pr . Then we have σab =
σa σb , and σa only depends on the class of a.
This is different for non-abelian extensions. According to the reciprocity
law for abelian extensions it is reasonable to believe that the substitutions
are again the analogue of the division into classes. But here, a prime ideal is
associated to a class Cp of substitutions of the Galois group.
is the Jacobi symbol in this case? Observe that in the abelian case
P What
σa
yields
an L-series if σa is replaced by a character of the class group.
s
Na
One may expect something similar in the non-abelian case. But there one
5

See 15.3.
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does not know the series expansion of L(s, χ) but only that of log L(s, χ). We
have
X χ(pn )
,
log L(s, χ) =
n N pns
pn
where Cpn denotes the class of n-th powers of the substitutions in Cp ist.
Since the characters are composed in the same way as the classes it seems
reasonable to set
Cpn
P
X Ca(1)
ns
e pn n N p =
.
N as
This yields, when we separate the prime ideal powers belonging to different
prime ideals on the left side:
∞
P

Y

e

n=1

p

Cpn
X Ca(1)
n N pns =
N as

which shows that
(1)

Ca

(1)

(1)

1

2

(1)

= Cpν1 Cpν2 · · · Cpνrr
(1)

if a = pν11 · · · pνrr is the prime ideal decomposition of a. Here Cpn is yet to be
determined. For every p we have to set
∞
P

e

n=1

Cpn
(1)
∞
X
Cpn
n N pns =
,
N pns
n=0

which implies
(1)

Cp

(1)

Cp2

(1)

Cp3

(1)

Cp4

= Cp ;
1
1
= Cp2 + Cp Cp ;
2
2
1
1
= Cp3 + Cp Cp2 +
3
2
1
1
= Cp4 + Cp Cp3 +
4
3

1
Cp Cp Cp ;
6
1
1
1
Cp2 Cp2 + Cp Cp Cp2 + Cp Cp Cp Cp .
8
4
24

As you can see these are rather cumbersome expressions.
I forgot to say a few things: Cpn now denotes the sum of the elements
of this class in the hypercomplex number system whose basis units are the
group elements. With classes we can work commutatively. Thus e.g. Cp · Cp2 is
an aggregate of group elements obtained by formal multiplication and which
is composed linearly of classes.
Of course I’m not getting anywhere. One would have to see which meaning
the Jacobi symbol has in the abelian case, and this is why I would like to ask
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you. The case of prime ideal powers is sufficient. Are you able, perhaps using
p-adics, to give a direct definition of σpn ?
Such a definition could perhaps be generalized, and then one would not
(1)
need explicit expressions for Ca .
(1)

You will be horrified by the Cpn and say that they are worthless. No!
Exactly these expressions or similar ones occur in the theory of hypercomplex
numbers and I am convinced that they can be recovered there. Of course I
only have a rather foggy idea about the “how”. I somehow believe that a
non-abelian extension yields some kind of class field for certain hypercomplex
numbers.
I fully agree with your definition6
p
 
σp (m α)
α
√
=
.
m
p
α
Today I received the reprints and I attach one copy for Dr. Rauter.7 Do
you happen to know Chebotarev’s address? I would like to send him a copy,
too.8
I will depart around September 8–10. Will you already be back until then?
With cordial greetings and regards to your wife as well as the best wishes
for recovery,
Your Artin

6
7

See 14.2, as well as Letter no. 10 from July 21,1927, footnote 3.

Apparently this is about a reprint of Artin’s article containing the proof of the general
reciprocity law. Herbert Rauter was a teacher at the gymnasium in the East Prussian
town Tilsit, and had received his Ph.D. in 1926 under the supervision of Hasse in Halle.
His thesis dealt with the local-global principle for quadratic forms over the rational function
field Fp (x). See [Roq02b].
8 In 1928, Chebotarev had moved from Odessa to Kazan. Hasse exchanged letters with
him and certainly could communicate Chebotarev’s new address to Artin.
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Comments on Letter no. 15, dated Aug. 19, 1927

15.1 On the Class Field Tower
The Problem
Apparently Hasse had asked for Artin’s opinion on the class field tower problem. This problem had been presented in Part II of Hasse’s report [Has26a]
as an unsolved problem in class field theory. Let k = k0 be a number field,
and for j ≥ 1 let kj denote the Hilbert class field of kj−1 . Then we have the
class field tower
k = k0 ⊆ k1 ⊆ k2 ⊆ k3 ⊆ · · · ,
and the question is whether this tower always terminates. If it does then k
can be embedded in a number field with class number 1; this would be, as
Hasse writes, a result complementing the principal ideal theorem.
In his report Hasse writes that this problem is due to Furtwängler, and he
refers to an oral communication by Artin in this connection. In a letter to
Hasse from June 23, 1926, however, Furtwängler writes:
I would like to add a short remark concerning your beautiful report.
The claim in Mr. Artin’s communication concerning the class field
tower is probably based on a misunderstanding; the question comes
from Dr. Schreier, with whom I have often talked about these things.
Thus the problem of the finiteness of the class field tower apparently is
due to Schreier, or was developed in conversations between Schreier and
Furtwängler.
It is remarkable that Artin does not view the class field tower problem
as a group theoretical problem, whereas he was convinced that the principal
ideal theorem may be reduced to a purely group theoretical problem; see
Letter no. 13 from August 2. Artin was right in both cases: on the one hand
Furtwängler proved the principal ideal theorem in 1928 using the group theoretical theorem based on the method of transfer going back to Artin and
Schreier (see 13.1). On the other hand it could eventually be shown that the
infinite sequences of groups g1 , g2 , . . . described in Artin’s letter actually exist, and that the finiteness of the class field tower depends on the particular
arithmetic structure of the base field.
The idea concerning “improvement of the Minkowski bounds” mentioned
by Artin can already be found in Part I of Hasse’s report on class field
theory. According to Minkowski, the absolute value |d| of the discriminant of
a number field satisfies the inequality
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π 2 n
4e
,
2πn e1/6n



(2.14)

|d| >

where n is the degree of the number field. If this estimate could be improved
by replacing the n-th power on the right by a function diverging to +∞,
say by (log n)n or (log log n)n . . ., then its application to a number field with
sufficiently large degree in the class field tower would show that the class
field tower always terminates. This is Artin’s idea, which Hasse explains in
his report [Has26a].
As we can infer from this letter, Artin still thinks that this is the most
promising idea for proving the finiteness of the class field tower. If the
Minkowski bounds for general number fields could be improved in the manner described above, then the class field tower of any number field would
have to be finite (although it may be arbitrarily large). If this was Artin’s
opinion, then his remark concerning the “particular arithmetic nature of the
base field” necessarily would refer to the distinction between number fields
and function fields; for function fields, Artin observed that infinite class field
towers (in fact infinite unramified abelian extensions) do exist.
A different interpretation would be that Artin held the belief that the
Minkowski bound could be substantially improved only for number fields of
a “particular arithmetic nature”. This interpretation is suggested by the fact
that Artin’s remark on function fields was made in a completely different
context. In this connection let us mention two recent results that shed some
light on possible improvements of the Minkowski bound for certain families
of number fields. These results will be stated in terms of the root discriminant of number fields; the root discriminant rd(K) of a number field K with
discriminant disc K and degree n = (K : Q) is defined as the n-th root of
the absolute value of the discriminant: rd(K) = |disc K|1/n . The root discriminant has the nice property of being constant in unramified extensions.
Minkowski’s bounds only show that, for number fields K, the root discriminant is bounded from below by a constant: rd(K) > c. Artin’s improvement
of the Minkowski bound would result in rd(K) > c · logm n for some integer
m ≥ 1, where logm x is defined by log1 x = log x and logm+1 x = log logm x.
Ankeny [Ank51] proved that the root discriminants of normal number fields
K whose Galois group G has level m (these are groups with the property
that the m-th derived group is the first trivial group) satisfy log rd(K) >
c logm (K : Q) for a suitable constant c. Although this is exactly the type
of improvement that Artin had had in mind, it is useless for showing the
finiteness of class field towers since the Galois groups involved do not have
bounded stage. Ankeny’s bounds are best possible for m = 1 (look at the fields
of p-th roots of unity) and m = 2 (as was shown by Scholz); see [Lem08] for
more on this problem.
We could also imagine that the Minkowski bounds may be improved only
for number fields with small class number, as suggested by the work of Golod
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and Shafarevich. Such an improvement would be rather surprising since it
would imply that if K has a small class number, then so do all of its unramified
extensions. This is not true at all; in fact Maire [Mai00] has given an example
of a number field with class number 1 and an infinite unramified extension
(which is necessarily unsolvable).
In the following we will give a brief survey on the further development of
the class field tower problem.

Arnold Scholz 1928
We have mentioned Arnold Scholz already in 12.1. Scholz (1904–1942) had
studied in Berlin and was a student of I. Schur there. Already as a young
student he entered into a vivid correspondence with Hasse, which ended with
Scholz’s premature death in 1942. Hasse’s posthumous papers contain more
than 100 letters mainly from Scholz to Hasse, and they’re filled to the brim
with mathematics.
In October 1928, Scholz told Hasse
in a letter that he can construct
number fields with arbitrarily large
class field towers. Hasse immediately
passed this information on to Artin,
as we can see from Artin’s letter
no. 20 from Nov. 14, 1928, in which
he thanks Hasse for it. For the details of Scholz’s construction which
appeared in 1929 in Crelle’s Journal,
we refer to 20.1. Thus Artin knew in
the autumn of 1928 that there exist arbitrarily large class field towers, even for base fields with prime
degree `. But the question whether
class field towers may be infinite remained open.

Arnold Scholz. c The Mathematisches
Forschungsinstitut Oberwolfach gGmbH
(MFO)

Artin 1934
Hasse’s diary contains an entry dated “February 1934” with the title “Konstruktion von Körpern mit beliebig hohem Klassenkörperturm (nach Artin)”
(Construction of fields with arbitrary high class field towers (following Artin).
In the first week of February 1934, Hasse had been invited by Artin to give
a series of lectures in Hamburg on his new proof of the Riemann conjecture
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for elliptic function fields with finite fields of constants (see Letter no. 49).
The entry mentioned above is apparently based on a conversation with Artin
during that week. It shows that Artin still was thinking about the finiteness
of class field towers in 1934.
Artin’s construction is so simple that we can present the corresponding entry in Hasse’s diary verbatim, in particular since it never has been published9
and remained completely unknown.
To every given finite group G there is an algebraic number field k with
a normal extension K|k and Galois group G. Let p1 ,. . . ,pn the prime
divisors of the discriminant of K|k. Then the associated fields KPi
are metacyclic. Now we can find an extension k|k disjoint from K|k
in such a way that its localizations at the places pi are the fields Kpi .
Then Kk|k is unramified with Galois group G. In this way, arbitrarily
large class field towers can be constructed.
The last sentence clearly means that by choosing a suitable group G, the class
field tower of k can become arbitrarily large. In fact, if G is a metabelian group
with stage n, then Kk is contained in the n-th class field of k.
The extension k in Artin’s construction can be found in a very simple
manner by using Hensel’s Lemma: let fi (X) denote a polynomial whose roots
generate KPi over kpi ; its degree is ni = [KPi : kpi ]. Let n denote the lowest
common multiple of the ni . Now approximate the polynomials fi (X)n/ni
simultaneously by a polynomial g(X) ∈ k[X] with degree n. Then we let k
denote the field generated by a root of g; if g is sufficiently close pi -adically to
the fi (X)n/ni , then g splits over kpi into the n/ni -th power of a polynomial
that is irreducible over kpi , and which generates the same extension KPi as
fi (X).
Artin’s construction of unramified extensions is not only of interest for the
class field tower problem. In fact a class field tower only yields extensions
with metacyclic Galois groups, whereas Artin showed that every finite group
occurs as the Galois group of an unramified extension of number fields. We
know from a later letter (see no. 37 from May 6, 1931) that Artin found this
very astonishing. Until then Artin had not believed that there would exist
any unramified extensions that are not metacyclic.

Taussky’s Problem
Subsequently there were several attempts at solving Artin’s group tower problem in a purely group theoretical way, which required constructing, for a given
finite abelian group g1 , an infinite sequence of groups g1 , g2 , . . . in such a way
that gi−1 is the factor group of the (i − 1)-th commutator subgroup of gi .
9

By now, Hasse’s diary has appeared in print; see [LR12].
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We will call such a sequence a “group tower”. The condition that g1 be given
arbitrarily is stronger than in Artin’s question because Artin only asked for
infinite group towers, not for infinite group towers with given factor commutator group. The large class field towers constructed by Scholz (see 15.1)
are not relevant here since the factor commutator groups in his construction
(isomorphic to the ideal class groups of the base field) grow with the height
of the tower.
The problem becomes feasible by considering p-towers; these are class field
towers in which the groups gj are p-groups, where p denotes a prime number.
In a similar way, p-class field towers are defined.
In 1935, Magnus published an article [Mag35] in which he presented a
new method for studying groups defined by generators and relations. As
a byproduct he observed that for p = 3, arbitrarily large 3-group towers
exist whose fist term g1 is an abelian group of type (3, 3, 3), i.e., the direct
product of three groups of order 3. This result, although it was purely group
theoretic, was immediately seen as relevant for the investigation of class field
towers: this was emphasized both in the Zentralblatt review by Olga Taussky
as well as in that for the “Jahrbuch für die Fortschritte der Mathematik”
(yearbook for the advances of mathematics) by Arnold Scholz. It does not
seem obvious, however, how to construct general infinite group towers with
Magnus’s method.
In 1958, Olga Taussky-Todd [Tau58] published the following research problem: for a given abelian p-group G, find estimates for the height of group
towers that start with G as the commutator factor group. Taussky had mentioned this problem already in a letter to Hasse from July 27, 1933:
In order to have infinite class field towers there must first exist infinite group towers. By this I mean the following question: Is there an
abelian group that is a factor group modulo its commutator group of
a group with arbitrary high stage I don’t think that such groups are
known.
Serre [Ser70] showed in 1970 that there always exist infinite towers of groups
of this kind, except for the cases already known to Taussky, namely cyclic
groups G or Klein’s four group Z/2Z ⊕ Z/2Z, which had shown up in a class
field theory context already in articles by Furtwängler [Fur16] and Taussky
[Tau37]. This answered the question by Artin and Taussky from the viewpoint
of group theory.
In the context of pro-p groups, Serre’s construction is simple and clear: if
we are not in one of the exceptional cases, then G = A × B can be written as
a direct product of two nontrivial abelian p-groups A and B, where at least
one of the groups, say A, has order |A| > 2, and where |B| ≥ 2. Let A ? B
be the free product of A and B in the category of p-groups. The kernel R
of the natural homomorphism A ? B → A × B equals the commutator group
of A ? B and is generated by the commutators [a, b] with a ∈ A, b ∈ B and
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a, b 6= 1. In fact R is the free pro-p group on these generators. The number
of generators is > 1, hence the descending commutator series is infinite.

Golod-Shafarevich.
In 1964, Golod and Shafarevich published their article [GS64] in which they
proved that infinite class field towers exist. This came as quite a surprise, not
because it was expected that class field towers are finite, but because no one
had seen a possible line of attack. This article confirmed Artin’s expectation
offered in the present letter that “only the particular arithmetic nature of the
base field will give the decision”. In fact Golod and Shafarevich show that the
class field tower is infinite whenever the rank of the ideal class is sufficiently
large.
More exactly the article deals with p-class field towers for a given prime
number p. Assume that k is a number field with degree n. Let dp denote the prank of its ideal class group. It follows from the theorem of Golod-Shafarevich
that the p-class field tower of k is infinite as soon as
√
(2.15)
dp ≥ 2 + 2 n + 1.
(In this connection see also [Roq67] and [RZ69].) This arithmetic condition
is the consequence of a condition from the theory of prop-p groups, which
may be briefly explained as follows.
According to class field theory, dp is the rank of the Galois group of the
Hilbert p-class field, which in turn is the quotient group modulo the commub of the complete p-class field tower. Thus dp is
tator of the Galois group G
b i.e., the minimal number of generators
also the rank of the pro-p group G,
b
of G. Let rp denote the minimal possible number of relations between these
generators, i.e., the rank of the relation subgroup. According to Golod and
b is infinite if the group theoretical inequality
Shafarevich, the pro-p group G
(2.16)

√
dp > 2 rp

holds. Thus in a finite p-group there must be many relations, more than
allowed by the given inequality.
The derivation of (2.15) from (2.16) is achieved by estimating the number
rp of relations in terms of arithmetic invariants of the field k, in particular
the unit rank. This estimate is based on the cohomological interpretation of
class field theory, which had been developed by Artin and Tate [AT68] at the
beginning of the 1950s in Artin’s seminar in Princeton. These methods were
not yet available in 1927. Still it is interesting to observe that Artin already
then pushed ahead the methods of cohomological algebra, which were about
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to be created in the 1930s, as may be seen from later letters by Artin to
Hasse.
For quadratic number fields (n = 2) the condition (2.15) yields dp > 5.
By refining these methods Koch and Venkov [KV75] could show that, for
quadratic number fields and odd primes p, the condition dp > 2 is sufficient for
making the p-class field tower infinite. This is interesting because already in
1934, Arnold Scholz and Olga Taussky [ST34] had given examples of complex
quadratic number fields with 3-class group of rank 2 and finite 3-class field
tower. If p = 2, then we have to consider the 2-rank d2 of the 2-class group of a
quadratic number field. Gauss’s genus theory easily provides us with number
fields whose 2-class group has large rank (which depends on the number of
primes dividing the discriminant); it is then very easy to write down numerical
examples of quadratic number fields with infinite
√ 2-class field tower. Golod
and Shafarevich, for example, gave the field Q( −30030 ). Using additional
arithmetic properties of quadratic fields, numerically smaller examples can
be found.
For the further development see [Koc70] and [Win01].

15.2 Class Field Theory for Function Fields
Here we are dealing again with the foundations of class field theory, with ideas
on abstract axiomatics and the interest in the analogies between number fields
and function fields. The “next to last letter” by Hasse, which Artin mentions,
is perhaps the one in which Hasse answered Letter no. 12 from July 29, 1927;
see 12.1.
The simplest possible function field is the rational function field, and one
may expect that a class field theory for function fields can be described most
easily in this case. Artin observes that there is an infinite cyclic unramified
extension of the rational function field Fq (t), namely the maximal constant
field extension Fq∞ (t), where Fq∞ is the union of all Fqn for n ∈ N. This means
that there must be a fundamental difference between a class field theory for
global fields with characteristic p and that for number fields.
It is interesting that Artin calls the field R = Fq (t) the “field of my dissertation” since in his thesis he had only considered the case of the rational
function field Fp (t) over the prime field Fp . When he now admits an arbitrary
finite field Fq as his field of constants, then this agrees with a comment that
he had written shortly after he received his Ph.D. in a letter10 from November
13, 1921, to his academic teacher Herglotz:
10

This letter is contained in Artin’s posthumous papers which can now be found in the
library of the University of Göttingen.
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At first we have to remark that the theory holds verbatim for arbitrary Galois fields, where p denotes not only a prime number but the
corresponding prime power, whose exponent plays no particular role.
This is rather obvious and nothing new.
We can see from the letter at hand that Artin still thinks of the extension to
arbitrary finite fields as a triviality.
In addition it seems remarkable that Artin regards it as more or less clear
that here, over the field R = Fq (t), “the whole class field theory” holds.
We have a hard time believing that Artin means that the class field theory
of global fields of prime characteristic has been fully secured. This would
have required the theory of the zeta function of an arbitrary global field of
prime characteristic, plus the theory of L-series with residue class characters
– including several index calculations that Artin had before dismissed as
“λ-ixation” (see Letter no. 14 from Aug. 6, 1927.)
This whole theory had actually been developed in 1927 by F. K. Schmidt11
in his habilitation thesis in Erlangen, but it appeared in print only much later,
in 1930. Artin does not mention F. K. Schmidt in his letter, and we have found
nothing to support the claim that Artin had been aware of Schmidt’s work at
the time this letter was written. We know from the correspondence between
Hasse and F. K. Schmidt that Hasse was informed about Schmidt’s results.
If Hasse had told Artin in one of his letters about Schmidt’s results then
Artin probably would have referred to him and would not have said that it
is understood that class field theory holds in this case.
In addition, F. K. Schmidt was able to develop his theory only for abelian
extensions of degree 6≡ 0 mod p, where p denotes the characteristic of the base
field. Taking cyclic extensions of degree p into account requires the theory
of Artin-Schreier extensions.. The theory of such extensions was discovered
in 1927, but there are no signs suggesting that Artin immediately wanted to
apply it to class field theory. This was done later, in 1934, by Hasse in his
article [Has34c] published in Crelle’s Journal.
It seems much more likely to us that Artin’s remark is to be understood
as a kind of vision, without any claim to have carried out the details, and
based on Artin’s experience from his thesis, where he transferred a large
part of classical number theory from quadratic number fields to quadratic
extensions of function fields. In his answer to Hasse, Artin only wanted to
point out that there are some fundamental differences between number fields
and class fields: function fields over finite fields admit an infinite abelian
unramified extensions, whereas all unramified abelian extensions of number
fields are finite.
11

For F. K. Schmidt see [Roq01].

196

15.3 Comments

15.3 The Concept for Part II of Hasse’s Report
We do not know what exactly Hasse had sent to Artin, and for which he
thanked Hasse. It seems to be clear from the context that Hasse had sent him
a preliminary sketch of Part II of his report [Has30a] on class field theory.
After all this sketch was based completely on Artin’s reciprocity law.
We may infer from this as well as from other letters by Artin that he had
been following the writing of Part II of Hasse’s report closely, and that he
freely gave his comments on various aspects of it. Hasse, on the other hand,
continuously kept him up to date.

The Decomposition Theorem
The “decomposition theorem” mentioned by Artin can be found in § 11
of Part II of Hasse’s report on class field theory. It is concerned with the
Hilbert symbol β,pα for two elements α, β in some number field k:12 . Strictly
speaking there are two decomposition theorems for the Hilbert symbol:


β1 β2 , α
p




=

 

β1 , α
β2 , α
·
,
p
p



β , α1 α2
p




=

β, α1
p

 

β, α2
·
.
p

These results imply that the Hilbert symbol is multiplicative in both variables. Hasse calls the first equation the front decomposition theorem13 since
it refers to the first variable β. Similarly he calls the second equation the rear
decomposition theorem14 . Of course these two decomposition theorems are
equivalent because of the “anti-commutativity”


β ,α
p




=

α,β
p

−1

of the Hilbert symbol. In Hasse’s approach in Part II of his report on class
field theory, the proof of the anti-commutativity uses both decomposition
theorems, which therefore have to be proved separately.
The Hilbert symbol for the exponent m is defined in fields containing the
m-th roots of unity, and this is where Artin’s question is directed: is it possible
to prove the decomposition theorem for Hilbert symbols even if the base field
does not contain the m-th roots of unity? At first sight this does not seem
12

In his report, Hasse always writes

letters, Artin also writes
13
14


µ ,ν
w

Vorderer Zerlegungssatz.
Hinterer Zerlegungssatz.

β, α
p



, whereas Artin here prefers

α, β
p

following Hilbert in his Zahlbericht [Hil97].



. In other
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to make any sense because the Hilbert symbol is not defined in this case. To
understand the question one has to use Hasse’s new definition of the Hilbert
symbol.

Hasse defines the Hilbert symbol using the norm residue symbol β p,K ,
which he introduces with the help of Artin’s reciprocity law. Here K is an
arbitrary abelian extension of k, and β ∈ k × . We will discuss this in 26.1.15
The values of this norm residue symbol lie in the Galois group of K|k. When
Artin says that he agrees with Hasse’s “formalization”, he refers to the fact
that Hasse’s definition of the norm residue symbol is purely formal without any reference to norms, and that the functorial properties are based on
this definition; the norm
property is proved only afterwards by showing that

the map β → β p,K is an isomorphism of the p-local norm group onto the
decomposition group of p.

In the definition of the norm residue symbol β p,K it is not assumed that k
contains the m-th roots of unity. Artin’s question probably refers to this case
and he writes that the formulas equivalent to the “decomposition theorem”
are missing from Hasse’s exposition. In the final version of Part II of Hasse’s
report these formulas show up in § 6:

 

 
 
 

β1 β2 , K
β1 , K
β2 , K
β , K 1 K2
β , K1
β , K2
=
,
=
×
,
p
p
p
p
p
p
where K1 K2 denotes a compositum of abelian extensions of k.16 There, the
decomposition theorem for the Hilbert symbol is based directly on these equations for the norm residue symbol. In fact, Hasse’s definition of the Hilbert
symbol for exponent m reads as follows:



√ 
β ,α
β , k( m α)
(2.17)
:=
.
p
p
√
Here it is assumed that p is unramified in k( m α), i.e., that α is m-primary
for p.
We think it unlikely that Hasse did not mention this approach in his letter
to Artin. We therefore assume that Artin must have overlooked something,
as Artin already suggested as a possibility in his letter. It is also conceivable,
however, that Hasse had used a different approach to the decomposition theorem for the Hilbert symbol in the early stages of his report, perhaps by
generalizing the methods of his early article [Has25c] from 1925 in the case
m = `. But if such an approach existed at all, we do not know it.
15

Letter no. 26 was written in May 1929. If our interpretation is correct, we may deduce
that Hasse had obtained the results discussed there already now, in August 1927.
16 Here the Galois group G of K K has to be viewed as a subgroup of the direct product
1 2


1
2
G1 × G2 , and in this sense the “product” of the automorphisms β ,K
and β ,K
has
p
p
to be interpreted. We have tried to emphasize this by using the symbol ×, which Hasse
did not use. If K1 and K2 are linearly disjoint over k, then G = G1 × G2 .
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15.3 Comments

Eisenstein’s Reciprocity Law
Artin asks whether Eisenstein’s reciprocity law may now be proved “quickly”.
We do not know how Hasse answered this question, but in § 16 of Part II
of his report on class field theory he derives Eisenstein’s reciprocity law for
odd prime exponents ` in the field of `-th roots of unity. But this derivation
can hardly be called “quick” since it depends on the product formula for the
Hilbert symbol, and the necessary calculations are of the same type as those
that were used already before Artin’s reciprocity law became available.
Hasse’s ideas concerning `n -primariness that Artin mentions in his letter
have probably been
 incorporated into § 14 of Part II of Hasse’s report. The
definition of α l, β in § 11 of Hasse’s report is probably not what Artin would
have called “decent”17 since there the definition corresponding to (2.17) is
accomplished by invoking the norm residue symbol, which in turn is defined
using Artin’s reciprocity law. Only later, in spring 1932, Hasse succeeded in
giving a purely local definition, which he published in the article [Has33a]
dedicated to Emmy Noether’s 50th birthday on March 23, 1932. The dedication to Emmy Noether was justified by the fact that for several years she had
been pleading for a purely local theory of norm residues using the theory of
algebras, which Hasse finally could achieve.18
The formula


 
NA
A
=
(2.18)
a K
a k
for the m-th power residue symbol mentioned by Artin refers to an extension
K of k. It is assumed that k contains the m-th roots of unity. The symbol
on the left side is the Jacobi symbol in K, the one on the right the Jacobi
symbol in k. Finally N A denotes the norm of A ∈ K × down to k. This formula
appears in § 14,2 of Part II of Hasse’s report. When Artin talks about the “σformulation”, he means a corresponding formula for the norm residue symbol,
which can be found in § 6,3 of Part II of the report. It seems that Hasse had
not found the proof of these formulas and their connection at the time the
present letter was written, and that he had asked Artin about it. It is a bit
troublesome to prove that if the left-hand side in (2.18) is defined, then so
is the right-hand side. To this end Hasse needed a criterion on primariness.
Perhaps this is the reason why Artin writes that he is “at a loss” since this
criterion was not yet known at the time this letter was written.
17
18

In Artin’s and Hasse’s usual terminology, l denotes a prime divisor of `.
See [Roq05b], as well as [LR06].
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15.4 Non-abelian Extensions
Artin calls it “one of his goals to gain access to non-abelian extensions”.
In fact it seems that he now has come an important step closer to this goal
because the proof of the reciprocity law also put Artin’s theory of his L-series
in his article from 1923 on firm grounds. Artin’s L-series refer to an arbitrary
Galois extension (not necessarily abelian) and had been constructed with the
goal in mind that Artin now formulates explicitly.19
Artin’s remark that he studied the arithmetic of algebras with this goal
in mind seems interesting to us. Here he is referring to his articles [Art28b]
and [Art28c] on algebras. Both articles gained an extraordinary significance
that transcended the borders of class field theory. The first article [Art28b]
contains the theory of what are nowadays called Artinian rings, whereas
[Art28c] discusses the ideal theory of maximal orders; in particular it presents
Brandt’s theory of groupoids on a solid basis, as a kind of non-commutative
counterpart of the ideal theory in maximal orders of number fields in the
sense of Dedekind and Emmy Noether. 20
In these articles Artin never let on that his ultimate goal was the investigation of non-abelian extensions. These articles were published in 1928
but bear the dates “January 1927” and “February 1927”, respectively. This
means that they were submitted even before the present letter was written,
and even before Artin had found the proof of his reciprocity law. We do not
know whether Hasse at this point knew these articles. We tend to think so,
however, since Artin does not discuss the content of these articles in his letter
and apparently assumes that Hasse is familiar with them. Perhaps Artin had
sent Hasse a copy of his manuscript, or the proof sheets.
Artin’s letter deals with the question of the analogue of the Jacobi symbol
in non-abelian
extensions. In the abelian case, the Frobenius automorphism

K
p of an unramified prime ideal is uniquely determined as an element of the
Galois group G, and as in his article [Art27a], Artin denotes it by σp . In the
non-abelian case, however, the Frobenius automorphism is only determined
up to conjugates in G; more precisely, to each prime ideal p of the base field
we can associate a conjugacy class in G,
Cp .21 In
 which Artin denotes
Q νby
K
i
the abelian case, the Jacobi-Symbol a for an ideal a = i pi is defined
multiplicatively (assuming that all p are unramified in K), and Artin writes
σa . But what, asks Artin, is the analogous object Ca in the non-abelian case?
19

See [Fre04].
These two articles by Artin motivated Hasse to give a theory of the arithmetic of algebras
based on local fields, following Hensel’s ideas for number fields; see 35.2. This led to the
local definition of the norm residue symbol based on the theory of algebras as well as to
the Local-Global principle for simple algebras.
20

Hasse, in [Has30a], had introduced the symbol K
and called it the “Artin symbol”.
p
Perhaps Hasse had chosen this terminology in reference to Artin’s exposition in the present
letter. This notation did not prevail, however.
21
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15.4 Comments

Here Artin is following up on his formulas for the L-series from his article
[Art23b]. The equations he writes down are indeed “rather cumbersome”, as
he writes.
If one interprets the center of the group ring of G (which is generated
additively by the conjugacy classes) as the dual of the character ring of G,
then the maps Cp 7→ Cpν can be viewed as the duals of the so-called Adams
operators χ 7→ χ(ν) . Perhaps there exist formulas in the theory of Adams
operators that are dual to those of Artin. But it does not seem worth the
effort to study this question, which was not taken up again by Artin, nor by
anyone else.

16 04.09.1927, Letter from Artin to Hasse

Hamburg, September 4, 1927

1

Dear Mr. Hasse!
I am seriously worried that you have to reorganize all your plans because
of me and I would like to ask you not to do it but rather write me if it does
not suit you. My current and final plan concerning my travels has changed a
little bit. I will depart on Tuesday, September 13, probably in the morning,
and will arrive around 12:30 in Halle. I will let you know the exact time. It
would depend on your plans whether I may monopolize you for one day or for
two. But I ask you not to postpone anything because of me. Of course your
matters have priority, and if it does not suit you now then perhaps something
can be arranged on my return journey. May I ask you to write me whether
the date suits you, and please excuse my continuous postponement of the
date. Now it is fixed. I also thank you very much for the friendly invitation. 2
During the last few days I couldn’t do anything, but eight days ago I
started doing heavy calculations.
 I was so annoyed about all the things concerning `n -primariness and αl that I decided to compute special cases.3
I looked at the cases 4, 8, 9 in the fields of the corresponding roots of unity.
Here are the results:
n
If ζn = e2πi/` , i.e., ζn−1 = ζn` etc., and if λn = 1 − ζn , then the second
supplementary law holds in the known slightly generalized version.
For α ≡ 1 (mod λn ) in the field R(ζn ) we have




λn
α



log α
−S ζn n
` λn

= ζn


.

`n

It holds as remarked above for 22 , 23 and 32 . Of course I cannot prove it in
general.
In the case `2 , however, I can at least show in general that


λ2
2
1 − λ`2



 log(1 − λ`2 ) 
2
−S ζ2
2λ
`
2
.
=ζ
2

1

Artin writes 1928, but the content of this letter clearly shows that it was written in 1927.
According to Hasse’s diary, Artin visited Hasse on September 13, 1927. This date has
become historical since it was probably on this day that Artin first formulated his famous
conjecture on primitive roots; see 17.3.
2

3

Artin is talking about the second supplementary law for the exponent m = `n ; see 16.1.
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Since the elements (1−λan ) for a < `n with exponents a coprime to ` together
n
with (1 − λ`n ) form a multiplicative basis (substitute for Takagi’s basis), it
follows that in the case `2 the formula above holds for the last basis element
2
(1 − λ`2 ). Since


λn
=1
1 − λan `n
whenever a is coprime to ` it remains to prove that


log(1 − λa2 )
S ζ2
≡ 0 (mod `2 )
`2 λ2
for (a, `) = 1. Once this is shown the general formula follows. But I cannot
do this (except for 4,8,9).
3

For `3 I cannot even show that the formula holds for (1 − λ`3 ).
I am now firmly convinced that this is the second supplementary law in
cyclotomic fields, and I am extraordinarily astonished at the simplicity of
this formula. If α is primary,
then it follows from your formulation of the

reciprocity law 4 that λαn is given by the same formula.
Computing more cases such as 27, 25, 49, 16 etc. without having a general
method exceeds my patience since it would require computing S(λin ) for too
large values of i, and this is already very boring for 8 and 9. I hope that you
can think of something.5
For the reciprocity law itself there surely exists a formula similar to the
one you have found, but I have not yet derived it. I am certain that it will
not be more complicated in any way, and this is very astonishing.
But I know what `n -primary is for 4, 8, 9. I have tried to find a common
formula for the three cases and only found the following, which I am convinced
is not the general one since I already doubt its invariance under substitutions
of the field. But I will give it in this form if only for the sake of abbreviation.
For `n = 4, 8 and 9 the element α is `n -primary if for α ≡ 1 (mod λn ))
we have
log α ≡ a(`λ1 + `2 λ2 + . . . + `n λn ) + `n log ξ

(mod `n λ1 ).

Here a is some rational number and ξ ≡ 1 mod λn ) some element of the
cyclotomic field.
I am convinced, however, that this is not true in general since it is invariant
only for 4, 8, 9. But perhaps you can now think of the correct generalization.
n
The term `n log ξ of course comes from the contribution ξ ` in α and must
not be neglected for n > 1. Perhaps it is possible to use it for giving the first
bracket the “right” form.
4
5

See (2.3),(2.4) in 10.2.
Hasse succeeded in proving this formula in general. This led to their joint article [AH28].
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I have seen in my great number of attempts how difficult these things are
using the known
`-adic methods. It is a shame that one cannot do anything
√
n
decent with ` α since the series does not always converge. Similarly that
there is no formula for always getting α from log α since again elog α does not
always converge.6
I am not able to do anything in this connection with Hensel’s article. But
you are more familiar with it. 7
With many greetings and regards to your wife,
Your Artin
It seems to me as if in general, for primary µ, one would have


µ−1
µ
Sl
`λ1
=ζ
?
l `n

6

8

These problems could be overcome only in 1936 by Hasse with the introduction of a
generalized notion of powers in local fields. The corresponding results can be found in his
article “Die Gruppe der pn -primären Zahlen für einen Primteiler p von p” (The group of
pn -primary numbers for a prime divisor p of p), which was published in 1937 in Crelle’s
Journal; see also 14.2.
7 Artin probably means the article [Hen16] titled “Die multiplikative Darstellung der algebraischen Zahlen für den Bereich eines Primteilers” (The multiplicative representation of
algebraic numbers in the domain of a prime divisor), which had been published in Crelle’s
Journal in 1926.

8 This is not true in general, since the formula for µ involves Hasse’s generalized notion
l
of powers; cf. footnote 6.
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16.1 Comments

Comments on Letter no. 16, dated September 4, 1927

16.1 The Second Supplementary Law
In the present letter we see Artin at work, more precisely: we can watch
him computing. He conjectures, apparently based on numerical evidence, the
validity of the framed formula for the `n -th power residue symbol.9 The
formula in question
is the second supplementary law. Artin is working in the
√
n
field k = Q( ` 1) of `n -th roots of unity; there λn generates the (unique)
prime ideal l of `. Artin assumes
that α ≡ 1 mod λn ; this does not imply
√
n
that l is unramified in k( ` α), i.e., that α is `n -primary for l. But if α is
`n -primary, then Artin observes that, according to “Hasse’s formulation of
the reciprocity law for `n -th power residues” 10 we have
α
l

=

α
λ

=

λ
α

.

For this reason the framed formula in this letter yields, for the field of `n th roots of unity, an explicit formula for the symbol αl , which Artin had
discussed in Letter no. 14 dated August 6, 1927. (There Artin wrote µ instead
of α.) See 14.2.
In the case of exponent `, the framed formula already occurs in Artin’s
and Hasse’s joint article published in 1923. The problem now is generalizing
this formula for exponent `2 and, more generally, for arbitrary prime power
exponents `n .
Artin succeeds in proving this formula in a few special cases. He tells Hasse
everything he knows about it in the hope that Hasse can think of something,
because Artin lacks the patience for dealing with more cases, and since he is
convinced that this is the second supplementary law in cyclotomic fields. In
the next letter no. 17 from Oct. 27, 1927 we will see that Hasse is indeed able
to deliver a proof. The formula can now be found in the joint article [AH28]
by Artin and Hasse. In addition the formula not only holds for cyclotomic
fields, but for any number field k containing the `n -th roots of unity.

9 Artin’s notation is explained in his letter, except for S, which denotes the absolute trace
in the base field, the field of `n -th roots of unity. R is the field of rational numbers, and
R(ζn ) the field of `n -th roots of unity.
10

See (2.3),(2.4) in 10.2.

17 27.10.1927, Letter from Artin to Hasse
Hamburg, October 27, 1927
Dear Mr. Hasse!
Unfortunately I only arrived1 the day before yesterday, and I only have
found your letter now. Thank you very much. I would not know what to
change in the manuscript. I have discovered that a few remarks which I
intended to write you already have found their way into the manuscript,
making it superfluous to
 do anything about them. New and amusing is your
λ
, since it is a counterexample to my conjecture = ζ ±1 .
last calculation 1−λ
n
`
The article will appear in the next issue, which will be printed soon. 2
Now I have to answer your last letter to Reichenberg.3 I found your remarks very interesting, in particular because they show that one may possibly succeed. One should work through the whole prime number theory with
π(x) < ? instead of π(x) = A + O( ) and make the error bounds as tight
as possible. On the one hand this is more difficult because of the missing O,
which is a very useful tool; on the other hand it might be easier than I first
thought because I believed that one would have to determine the constant
in the O-term. It is, however, sufficient to have π(x) < , and this is a lot
easier. Unfortunately I do not have any Ph.D. student at the moment who is
interested in these kind of things. What about you?


I have also tried (in vain) to deal with α` and λαi . I assume that there
is no simple formula.
Now I come to your last letter. I have to say that I am amazed. First
that you pulled it through with this approach (I would not have dared to try
this), and second on the remarkable way the formula is built.4 So far I could
of course not yet think about it, you know how things are in the first few
days after the return, but I hope to get around to doing it in the next few
days. You will of course have made further progress by then. Because once
you have come so far, the rest should work out, too. I am already awaiting
your next letter full of suspense.
I told Hecke about the second supplementary law. He was quite astonished
that it works. I have to admit now that we were quite a bit lucky with the
whole thing.
1

See Sect. 17.1.
This is about the manuscript of the joint article [AH28] with the title “Die beiden
Ergänzungssätze zum Reziprozitätsgesetz der `n -ten Potenzreste im Körper der `n -ten
Einheitswurzeln” (The two supplementary laws for the reciprocity law of `n -th power
residues in the field of `n -th roots of unity); see 17.2.
3 See 17.3.
4 See 17.4.
2
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I have attached the promised proof concerning the units in fields. You will
remember. I hope you like the presentation. 5
Now I have to thank you again very much for the kind and great hospitality.
I was wallowing in memories the whole time in the boring Reichenberg.
I hope that I will soon be able to start working again so that I can tell
you something decent.
With regards to your wife and best greetings,
Your Artin

May I already congratulate you?

5
6

6

See 17.5.
Hasse’s daughter Jutta was born on October 23, 1927.
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Attachment (to the Letter dated Oct. 27, 1927)17
I start by giving a lemma due to Minkowski.
Lemma. Assume that the matrix (aik )i,k=1,...,r has the following properties:
r
P
aii > 0, but aik < 0 for i 6= k; moreover
aνk > 0 for each k. Then
ν=1

|aik | 6= 0.
Proof (by Furtwängler). Otherwise the system of equations

r
P

aik tk = 0 for

k=1

i = 1 ,. . . , r would have a nontrivial solution. We may assume that there
are positive numbers among the ti , say (because of the symmetry of the
assumptions) t1 , t2 , . . . , ts > 0 and all other ≤ 0.
By adding the first s equations we obtain
(1)

t1

s
X
i=1

ai1 + t2

s
X

ai2 + . . . + ts

i=1

What do we know about

s
X
i=1

s
P

ais + . . . + tr

s
X

air = 0 .

i=1

aik ? If we would take the sum up to r, then

i=1

by assumption it would be > 0. If the k ≤ s, then in the actual sum only
negative terms are missing, thus it is certainly > 0. But for k > s the sum
consists only of negative terms, hence it is < 0. Now we see that no term on
the left side of (1) is negative, and that the first s terms are even positive.
Contradiction!
q.e.d.
Now let k be our number field with degree n and integral basis ω1 , ω2 , . . . ,
ωn . Interpret the ωi as hypercomplex numbers and form, for arbitrary real
xi , the number
x = x1 ω1 + x2 ω2 + . . . + xn ωn .
To each number x we associate the point with the coordinates x1 , x2 , . . . ,
xn in Rn .
Now we temporarily extend the notion of a “principal ideal” by also taking
the principal ideal generated by x into account. We think of (x) as the set of
all multiples of x, i.e., of all xγ, where γ runs through all integral elements of
k. If x is integral itself or a nonintegral element of k, then (x) is a lattice whose
fundamental domain has volume |N x|. If x is arbitrary, then for reasons of
continuity the same conclusion holds (each vicinity of x contains elements of
the field); we only have to assume that N x 6= 0 in order to get a lattice.
Consider (we set ξ =p
ξ1 ω1 + . . . + ξn ωn , where ξ is again an arbitrary
number) the cube |ξi | ≤ n |N x|. Its volume is 2n |N x| hence it must contain
a lattice point of the ideal (x)pdifferent from the origin. Thus there is an
integral γ 6= 0 in k with |ξi | ≤ n |N x|, where we have set ξ = xγ.
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Now N ξ is a homogeneous polynomial of degree n in the ξi . Thus if C
denotes the maximum of |N ξ| for |ξi | ≤ 1, then C · hn is the maximum of
|N ξ| for |ξi | ≤ h. Thus we have:
There is a real number C depending only on k with the property that for an
arbitrary x there exists an integer γ such that, for ξ = xγ, we have
p
(2)
|ξi | ≤ n |N x| and |N ξ| ≤ C · |N x| .
This implies |N xγ| ≤ C · |N x|, i.e., |N γ| ≤ C .
Next we consider (γ still depends on x) the principal ideals (γ) generated
by all possible values of γ. Since they have bounded norm, there only exist
finitely many, say (µ1 ), (µ2 ), . . . , (µκ ). We know now that for given a there
is always one among our µi and a unit ε such that the inequalities (2) hold
for ξ = xεµi .
Let ξ = ξ1 ω1 + ξ2 ω2 + . . . + ξn ωn and η = ξµ−1
= xε. In this multii
plication by µ−1
(one out of our κ fixed numbers µ1 , . . . , µκ ) the ξi are
i
replaced by suitable linear combinations ηi . Since the number of µi is finite,
the coefficients
of these linear combinations are bounded, and since we
p have
p
|ξi | ≤ n |N x| the ηi satisfy at least an estimate of the form |ηi | ≤ D · n |N x|,
where D is an absolute constant:
Theorem 1. There exists a constant D only depending on k such that for
every x with N x 6= 0 there exists a unit ε with
p
|ηi | ≤ D · n |N x| ,
where we have set η = xε = η1 ω1 + . . . + ηn ωn .
Applied to “general numbers” x with |N x| = 1 this means that each
such number may be moved to some fixed region with finite volume through
multiplication by a suitable unit.
You also see that this theorem holds verbatim for skew fields.
From this theorem we now can easily deduce the usual existence theorems
for units in number fields.
Now assume that the fields are ordered in the usual fashion: first r1 real,
then r2 complex fields, and then the conjugate complex fields. Now form
(1)

(3)

(1)

(1)

x(1) = ω1 x1 + ω2 x2 + . . . + ωn xn
(2)
(2)
(2)
x(2) = ω1 x1 + ω2 x2 + . . . + ωn xn
......................................
(n)
(n)
(n)
x(n) = ω1 x1 + ω2 x2 + . . . + ωn xn .

Here we interpret the x(1) , . . . as actual and not as hypercomplex numbers.
This amounts to thinking of x as the system of its conjugates. The left-hand
sides in (3) may be assigned arbitrarily but real if only we take the same real
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number for complex conjugates. Thus there are r + 1 possibilities for the left
sides (r = r1 + r2 − 1).
Now we choose r out of these r + 1 numbers “very big” and determine
the (r + 1)-th in such a way that |N x| = |x(1) | · · · |x(n) | = 1. For this x
there is a unit ε such that the coordinates of xε have absolute value less than
D (|N x| = 1). If the coordinates of xε are bounded, then the conjugates
x(i) ε(i) have “moderate” sizes since they are linear forms of the coordinates.
Therefore ε(i) must have made those conjugates x(i) smaller which we have
chosen “very big”. For these we must have |ε(i) | < 1. The remaining conjugate
(or the remaining two – if complex conjugates) |ε(i) | must now be > 1 for
|N ε| = 1 to hold. This last conjugate may be chosen freely among the first
r + 1:
Theorem 2. For an arbitrary i between 1 and r + 1 there is a unit εi with
the following property:
(κ)

|εi | < 1

(i)

if κ 6= i, κ ≤ r + 1; but |εi | > 1 .

In this way we obtain r + 1 units ε1 , ε2 , . . . , εr+1 . Among these we only
keep the first r.
If ε is an arbitrary unit, then we set
(
1 if ki is real,
(i)
`i (ε) = di log |ε
wo di =
2 if ki is imaginary.
Here 1 ≤ i ≤ r + 1. If we know the logarithms, then we also know |ε(i) |, in
fact for all i ≤ r.7 If units have the same logarithms, then their quotient has
logarithm 0. But then |ε(i) | = 1, hence ε is a root of unity, which is easily
proved as usual.
Thus the logarithms determine the unit up to a root of unity. Since
r+1
P
`i (ε) = log |N ε| = log 1 = 0 it is sufficient to know the first r logarithms.
i=1

Consider an r-dimensional space and attach to any unit ε the vector with
the components xi = `i (ε). These vectors form an additive group. Bounded
xi mean bounded logarithms (even the r+1-th because of the relation), hence
bounded absolute values of the conjugates. Since the numbers are integral elements of the field, there are only finitely many. Thus there are only finitely
many in any region with finite volume. Therefore our vectors form a module without accumulation points, hence a lattice. It remains to show that it
has dimension r, i.e., that there are r linearly independent vectors. This is
accomplished by the ε1 , ε2 , . . . , εr since `i (εκ ) < 0 for i 6= κ and `i (εi ) > 0.
7

Artin erroneously writes i ≤ n.
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r
P

`ν (εi ) = log |N ε| − `r+1 (εi ) = −`r+1 (εi ) > 0 since

ν=1

`r+1 (εi ) < 0 for i 6= r + 1. The Lemma now shows that |`i (εκ )| =
6 0.
q.e.d.
All of this may be understood quite easily and in a better way than the
proofs known so far. You will easily see how to circumvent the hypercomplex
cliff in the lectures, which is not difficult.
Of course it is also clear that ultimately no logarithms are required, but
avoiding them would be artificial and out of place at least in this proof.
In my opinion, Theorem 1 is already the essential existence statement, because it goes without saying that in the number field case the exact structure
must be added in order to obtain the usual theorems.
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Comments on Letter no. 17, dated October 27, 1927
In this letter, Artin replies to three letters by Hasse:
1. The letter that he has found, as Artin writes, only now after his return
to Hamburg. It concerns the manuscript of their joint article on the two
supplementary laws. Hasse had typed the manuscript and now he has sent
it to Artin, who will have it published in the Hamburger Abhandlungen.
This will be discussed in 17.2.
2. Hasse’s “last letter to Reichenberg”. Artin’s answer can be found in the
second paragraph of Artin’s letter. It deals with Artin’s conjecture on
primitive roots, which we will discuss in 17.3.
3. Hasse’s “last letter” sent not to Reichenberg but directly to Hamburg.
Artin’s answer can be found in the fourth paragraph of his letter. We will
give a possible interpretation in 17.4.

17.1 Reichenberg
As Artin had announced in the preceding letter no. 16 dated Sept. 4, 1927,
he had visited Hasse on September 13,1927 in Halle. There he stayed for a
few days and then continued his journey to Reichenberg in Bohemia.
Reichenberg8 was the town in which Artin had grown up. Artin’s father
had died on July 20, 1906, apparently in a psychiatric asylum; Artin’s mother
soon moved to Reichenberg, then part of the Austrian empire, today Liberec
in the Czech Republic. Except for a year in France during 1912/13, Artin
spent his youth there until he started studying at the University of Vienna
in the winter semester of 1916. From February 1917 until November 1918,
Artin served in the Austrian army. He returned to Vienna for a semester and
then changed to the University of Leipzig, which, as observed in [BS08], is
closer to Reichenberg than Vienna.
Artin’s mother and his stepfather were still living in Reichenberg in the
1920s.

17.2 Joint Article on the Supplementary Laws
We have discussed the topic of the supplementary laws for `n -th power
residues in detail in earlier letters. Hasse had taken over the preparation
8

For pictures of Reichenberg see Mačák [Mac07, p. 4, 5].
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of the manuscript of their joint article [AH28], and Artin now acknowledges
the receipt of Hasse’s letter.
n
Let ζn = e2πi/` be the normalized primitive `n -th root of unity, and
λn = 1−ζn the generator of the prime ideal above ` in the field k of `n -th roots
of unity.
Artin and Hasse are trying to evaluate
the power residue symbols


ζn
λn
(the
first
supplementary
law)
and
(the
second
supplementary law)
α
α
for elements α ≡ 1 mod λn in k. Setting these symbols equal to ζnL , the
problem is giving an explicit expression for L in both cases (if ` = 2 we
assume that n ≥ 2.)
In the case of the second supplementary law they find


ζn
1
log α ,
(2.19)
L = n Sn −
`
λn
where log α denotes the `-adic logarithm, and Sn the trace from k. This is
the same formula that Artin had presented in his preceding letter no. 16 from
Sept. 4, 1927, but which he could not prove in general. We may assume that
Artin had talked with Hasse about this formula when he visited him in Halle
on September 13, 1927, and that the proof followed from the discussion there.
The proof is far from being trivial and requires new techniques. The basic
idea is the following: For α ≡ 1 mod `n λ1 λn , the formula is trivial since then
α is hyperprimary and both sides are equal to 1.9 Therefore it is sufficient to
prove the formula for all basis elements of the group of residue classes modulo
`n λ1 λn that are ≡ 1 mod λn . Such a basis had been given by Hensel in his
fundamental article published in Crelle’s Journal in 1926. The basis elements
are ηa = 1 − λan for suitable values of a with 1 ≤ a ≤ `n , namely for (a, `) = 1
or a = `n . Already Artin had tried working with these basis elements, but
did not succeed as he wrote in his letter no. 16 from Sept. 4, 1927.10 For this
article, another basis is used which consists of the elements τa whose `-adic
logarithm has the expansion
(2.20)

log τa = −

ν
∞
X
λa`

n

ν=0

`ν

.

These are often called “pure logarithms” since the denominators are powers
of `. Using these elements is decisive for completing the calculations. Nevertheless the calculations are nontrivial and quite cumbersome; in the published
version they take up 10 pages.
Since Artin does not address this question in his letter we may assume
that he had been informed about this choice of the basis τa beforehand. In
9

“Hyperprimary” means that the prime divisor of ` splits completely in the Kummer
√
n
extension generated by ` α; see p. 34.
10 In his letter, Artin wrote τ instead of η . We are using Hasse’s notation; the symbol
a
a
τa is used by Hasse for denoting something else; see (2.20).
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his last letter he had been working with a different basis, and it seems likely
that Artin and Hasse decided during their conversations in Halle to choose
the basis τa .
The relation (2.20) may be written in the form log τa = g(λan ), where
g(x) = −

(2.21)

ν
∞
X
x`

ν=0

`ν

.

This power series later would play a role in the theory of Witt vectors and
the theory of algebras in characteristic `; its inverse function is today called
the “Artin-Hasse exponential series”.11
n
Artin remarks in particular that
 he found Hasse’s way of computing the ` λn
“amusing”.
This
calculation
can
be
found
at
th power residue symbol 1−λ
`n
n
the end of the article. Apparently Artin had not seen the formula before since
he writes that he had conjectured the result ζn±1 . This, however, happens
only for n = 2 and n = 3, ` = 2. It seems that Artin had not tested his
conjecture numerically for higher exponents. The formula found by Hasse is
a consequence
rather lengthy calculation mentioned above. It has the
 of the
λn
form 1−λ
= ζnLn with
`n
n

(2.22)

 d n e−1 
X 1 X
2
µ−1 m`
Ln =
(−1)
,
n
d
2
m
µ` e−1
m
1≤µ≤m

where m runs through the numbers in the interval 1 ≤ m ≤ n − d n−1
` e
coprime to `. The brackets on the right denote the corresponding binomial
coefficient. See also 17.4.

17.3 Artin’s Conjecture on Primitive Roots
The second paragraph of the letter seems to be incomprehensible at first sight.
Using Hasse’s diary it is, however, possible to give a convincing interpretation.
We remark that in the preceding letter no. 16 from Sept. 4, 1927, Artin had
told Hasse that he had changed his plans concerning the journey, and that
he intended visiting Hasse on September 13 in Halle. In Hasse’s diary there
are two entries dated September 13, 1927, and with the remark “according to
oral communications by Artin”. This shows that Artin visited Hasse in Halle
on Sept. 13, when he was on his way to Reichenberg.
One of these two entries in Hasse’s diary carries the title
The density of the prime numbers p for which a is a primitive root.
11

See e.g. [Die57].
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This shows that it had been in Halle, on September 13, 1927, where Artin
had first announced his famous conjecture on primitive roots, and Hasse’s
diary is the document in which this conjecture was first formulated. Thus
September 13, 1927, may be seen as the “birthday” of Artin’s conjecture on
primitive roots.
Artin’s conjecture on primitive roots claims: If a ∈ Z is not a square and
if a 6= −1, then there exist infinitely many prime numbers p for which a is a
primitive root modulo p. More precisely, the set of such primes has a density.
For integers a that are not powers of a smaller number, Artin conjectured
that this density is given by

Y
1
,
d=
1−
q(q − 1)
q
where the product is over all prime numbers q. This number d is nowadays
called the “Artin constant”, and was computed numerically to many decimal
5
.
places. Hasse observed in his diary that 41 < d < 12
It would of course be interesting to know in which connection Artin came
across this conjecture and which question motivated him to think about primitive roots. A few clues can be taken from Hasse’s diary and his list of publications; we will return to this problem at another occasion.
A little later, on September 28, 1927, Hasse returns to Artin’s conjecture
on primitive roots in his diary12 and remarks the following: Let π(x) denote
the number of primes p ≤ x, and πq√
(x) the number of those primes p ≤ x that
split completely in the field Q(ζq , q a); then Artin’s conjecture on primitive
roots would follow from the statement that
c
πq (x)
<
π(x)
q(q − 1)

for all

q, x,

where the constant c does not depend on q or x.
This is what Hasse probably had written in his letter to Reichenberg, and
to which Artin replied in the present letter. Artin writes that one should
plough through the whole prime number theory with π(x) < ? and make the
estimates as tight as possible.
Artin suggests giving the problem to a Ph.D. student and asks whether
Hasse has a suitable candidate. A few years later, Hasse found such a student,
and gave Herbert Bilharz the problem of working on Artin’s conjecture on
primitive roots. It turned out that Bilharz ran into considerable problems; in
addition, Hasse learned through Davenport that a young Hungarian mathematician, Paul Erdös, was studying this problem and had already made
12

In the meantime, Hasse had been attending the meeting of the DMV in Bad Kissingen,
which took place from September 18–24. Artin was not there; in fact he rarely attended
meetings of the DMV.
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remarkable progress. Thus Hasse changed the topic of Bilharz’s thesis and
told him to study the corresponding problem for function fields over finite
fields of constants. Eventually, and with considerable help from Hasse, Bilharz succeeded in proving the analogue of Artin’s conjecture on primitive
roots for function fields – under the assumption of the Riemann conjecture
for function fields, which had not yet been proved in general; this was later
done by A. Weil [Wei48]. Bilharz’s article was published in 1937 in the Mathematische Annalen [Bil37].13 Actually, in 1936 Davenport verified the validity
of Bilharz’s theorem even without having to fall back on the Riemann conjecture for function fields. But Davenport’s paper appeared in 1939 only, in
the Acta Matematica.
The approach chosen by Erdös did not lead anywhere. In a letter to Hasse
from April 14, 1935, he writes
I have thought about my proof. It is based on a theorem that, as far
as I can see, is a consequence of the generalized Riemann hypothesis.
For deciding this question I am not familiar enough with the analytic
theory of ideals. Davenport thinks that the theorem is probably true,
but he was not sure [. . . ].
Later Erdös never returned to this problem.
In Bilharz’s case of function fields a different approach to the densities
of the prime divisors is needed. This was clear right from the start since
the automorphism group of the fields of roots of unity in the case of prime
characteristic differs from that in characteristic 0. But even in the number
field case it turned out that the densities conjectured by Artin cannot be the
right ones and have to be modified in a few cases, for example when a is
a prime number ≡ 1 mod 4. Artin himself gave these modifications in 1953
in a letter to Emma Lehmer, after he had been informed by her that his
conjecture does not match up with her numerical calculations.14 See [Ste03].
Artin’s conjecture remained very difficult even after the expected densities
had been corrected. This is not the place for describing the history in detail.
In 1967, Hooley [Hoo67] succeeded in proving the conjecture assuming the
validity of the generalized Riemann conjecture, but without using the theorem
conjectured by Erdös. Later Heath-Brown [HB86] could partially prove the
conjecture for prime numbers by showing that there are at most two primes
for which Artin’s conjecture on primitive roots is incorrect.
For Artin’s conjecture on primitive roots we refer to [Mur88], for generalizations to [Len77], and for a comprehensive survey to [Mor12].
13

After having received his Ph.D. Bilharz worked at the Deutsche Luftfahrtforschungsanstalt Braunschweig (German Institute for Aviation Research Brunswick) until
1945; in 1952 he became professor of applied mathematics in Würzburg, where he died in
1956.
14 Artin’s letter to Emma Lehmer can be found in the posthumous papers of Lehmer at
the University of Berkeley. We thank Peter Moree for informing us about this letter.
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17.4 Explicit Formulas for the Reciprocity Law
Artin mentions a “last letter” from Hasse and a formula which is built in a
“remarkable way”, and which is difficult to derive, so difficult in fact that
Artin did not even dare to try. He adds that he is amazed that Hasse succeeded with this approach.
It is not clear which calculations Artin is writing about. One possible interpretation would be that he meant the calculations necessary for deriving the
formula (2.22) given above. Indeed (2.22) looks at first sight like a formula
that is built in a “remarkable way”. On the other hand, (2.22) is just an explicit expression for the formula (2.19), and formulas like this one containing
the `-adic logarithm were well-known to Artin from his work on reciprocity

λ
were
laws for power residues. In addition, Hasse’s calculations for 1−λ
`n
explicitly mentioned by Artin already in the first paragraph of his letter; in
between, in the second paragraph, he discusses a completely different topic.
It would be rather surprising if Artin had commented on this formula twice
in his letter.
For this reason we suggest the following interpretation, according to which
Artin is talking about Hasse’s sketch of his article [Has29], in which he derives
formulas for the inversion factor in the field Q(ζn ) of `n -th roots of unity, by
reducing it to the second supplementary law which he had already obtained
together with Artin (see 17.2). We have found this sketch in Hasse’s diary,
in two entries from October 3 and 4, 1927, that is, about three weeks before
Artin’s answer dated October 27, 1927. We therefore assume that Hasse had
communicated the content of his entries to Artin, and that Artin is referring
to this sketch in his reply. Perhaps Artin and Hasse had talked about the
problem of the inversion factor on September 13, when Artin had visited
Hasse in Halle.
Already in Letter no. 10 from Sept. 21, 1927, Artin had asked for formulas
concerning the inversion factor; there we have referred the reader to the
corresponding entry in Hasse’s diary and on the article [Has29]; see 10.4.
We will not discuss Hasse’s article in detail here and refer the reader to
the original [Has29], in particular to Equation (13) there, which indeed is
built in a remarkable way. Hasse was able to derive this formula by following
Eisenstein’s inversion method, which Artin had used in Letter no. 7 from
September 10, 1926; see 7.1. Looking closely at Hasse’s novel and extensive
calculations it becomes understandable that Artin now says that he is astonished that Hasse succeeded with this approach; he himself (Artin) would not
have dared to do it this way.
Artin adds the remark that Hasse surely has made further progress, and
that he is awaiting Hasse’s next letter with suspense. Artin’s next letter,
however, was written 10 months later, and neither there nor anywhere else
does he mention Hasse’s article, except for a short note in Letter no. 19 from
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Nov. 4,1928, in which Artin acknowledges the receipt of Hasse’s manuscript
and promises a quick publication in the Hamburger Abhandlungen. We may
conclude from this that Hasse did not progress much beyond the results
described here, and that he decided after a year to publish the results as they
were.
Hasse did not include the results of this article in Part II of his report on
class field theory, except in the case n = 1, where there is a smooth formula.
As for the general case n > 1 he remarks that there is no smooth formula so
far, but that at least “in this way we have control over the inversion factor
in the field of `n -th roots of unity for every given prime power exponent `n ”.

17.5 Minkowski and the Unit Theorem
As an attachment to his letter, Artin sends Hasse a presentation of the unit
theorem using Minkowski’s method. Apparently Hasse had asked him to do
so, probably because he wanted to present the material in a lecture. In fact
Artin mentions that, in a lecture a few things had to be presented in a different
way, and that the whole thing may be understood quite easily. Artin’s proof
does not contain any new ideas, but the proof is arranged in a way that makes
the proof more compact and easier to follow when compared with the proofs
known at the time, and at one place Artin mentions that this is better than
in the proofs known so far.
Quite likely Hasse was interested in Artin’s proof because he wanted to
use it for his planned monograph on algebraic number theory. We know that
Hasse had planned a textbook on number theory consisting of two volumes,
the first of which would be dedicated to an introduction to algebraic number
theory based on Hensel’s theory of p-adic numbers, and that the second
volume was to contain a presentation of class field theory. The first volume
was finished in 1938, but appeared only in 1949 with the title “Zahlentheorie”
(Number Theory) [Has49a] in the Akademie-Verlag Berlin; the book was
published in several editions, and was translated into English and Russian.
The planned second volume on class field theory was never written, mainly
because class field theory had seen a dramatic development in the 1930s,
not the least under the hands of Hasse himself, who had opened up novel
approaches.
The presentation of the unit theorem in Hasse’s “Zahlentheorie” contains
the same ideas as those that Artin developed in this letter, but bears witness
to Hasse’s own style which differs from Artin’s.
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Hamburg, August 5, 1928
Dear Mr. Hasse!
Attached is your list. In the absence of the address I did not send to the
underlined names, that is to Birkeland, Dickson, Rédei, Rychlı́k, Strassmann,
A. Scholz, Tornier, Tschebotareff, Värmon, Wilton, H. Wolff, Wusterhausen,
Wiman, Walfisz. 1
I have, by the way, dispatched the reprints quite some time ago, and I only
forgot to return the list to you. I also have sent you half of the remaining
reprints. I guess you must have received them by now. They were addressed
to the seminar in Halle.
Apart from those on your list a few others who have passed through here,
for example Radon, Delone etc., have received reprints.
How is the report on the r[eciprocity] l[aws] doing? I do not envy you for
all the work you will have to do. 2
There is little mathematical news to report on my side. A few days ago
Schreier found a generalization of the Theorem of Jordan-Hölder on composition series for groups that is valid for arbitrary finite or infinite groups,
without any assumption on the groups. This will probably interest you:
A series of normal subgroups of a group G is a chain of (finite) subgroups:
G, G1 , G2 , . . . , Gn = 1 starting with G and ending with 1, and where Gν+1
is a normal subgroup of Gν . (Here the condition that Gν+1 is the maximal
normal subgroup of Gν is dropped, because such a maximal normal subgroup
need not exist.) Such a chain of course exists always, e.g. G ,1. It is clear
what a refinement of such a chain means; between two groups a third one is
inserted. The theorem is the following:
“Given two chains of a group G there exist refinements in which the factor
groups of successive groups are isomorphic up to order.”
This theorem contains all known results on composition series. In fact,
if G has at least one composition series (with maximality condition), then
this series cannot be refined, and for all composition series the Theorem of
Jordan-Hölder holds.
1

Hasse had sent Artin a list with names of mathematicians that should receive reprints
of their joint work [AH28] on the second supplementary law. The article had appeared
in the Hamburger Abhandlungen, of which Artin was one of the editors. The article was
mentioned in the Letters no. 16 and no. 17; since then, almost 10 months have passed. –
See also the list of further names at the end of this letter.
2

Artin is talking about part II of Hasse’s report on class field theory. See 10.5.
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The same holds for principal series and characteristic series. The condition
that the chain must be finite must, however, not be omitted. In this case there
are counterexamples (infinite cyclic group).
This is certainly the “true” formulation of the Theorem of Jordan-Hölder.3
Did you make progress in the r[eciprocity] l[aws]? Your method looks
promising. My own timid attempts on this have all failed lately.
Similarly, the group theoretic part of the principal ideal theorem is still
resisting all efforts.4
Do you intend to attend the “Naturforschertagung” in Hamburg? 5 I hope
so! May I then ask you to be my guest, if you make do with my bachelor
apartment and the little troubles connected with it.
May I ask to give my humble regards to your wife? With cordial greetings,

Your Artin
I also sent reprints to
P. Alexandroff
F. Bernstein
Bochner
R. Brauer
Carathéodory
Lichtenstein
Mordell
Littlewood

3
4
5

See 18.1.
For more on the principal ideal theorem see 13.1.
See 18.2.
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Comments on Letter no. 18 dated August 05, 1928

18.1 The Theorem of Jordan-Hölder-Schreier
The Theorem of Jordan-Hölder was refined several times during its development. In 1870, C. Jordan proved in his “Traité des substitutions et des
équations algébriques” that any two composition series of a finite group have
the same length, and that the orders of the simple factor groups in each series
coincide up to a permutation. This theorem was refined in 1889 by O. Hölder
in an article [Höl89] published in the Mathematische Annalen: Hölder proved
that not only the group orders but even the isomorphism classes of the factor
groups coincide. Instead of the finiteness of the group it suffices to assume
the finiteness of the composition series; the proof is essentially the same. The
third stage in the development of this result took place in 1928 and goes back
to Schreier; as we have seen in the letter, Artin informed Hasse about the new
result. Now it is not assumed anymore that the composition series have finite
length, and two arbitrary finite normal series are compared. Schreier published his result in the same year in the Hamburger Abhandlungen [Sch28].
Artin was very pleased about this result and praised it as the “true” theorem of Jordan-Hölder. Actually there is one more refinement of the theorem,
which appeared in an article titled “Zum Satz von Jordan-Hölder-Schreier”
(On the Theorem of Jordan-Hölder-Schreier” in the Hamburger Abhandlungen of 1934: there Zassenhaus, a Ph.D. student of Artin, showed that there
are fixed formulas for the constructions of the refinements of the two given
normal series. Zassenhaus included this theorem in his textbook [Zas37] on
group theory (based on lectures by Artin), which made this theorem well
known. It is valid not only for groups but also for operator groups, modules,
ideals, and in general for categories with suitable properties. This (so far)
last refinement of the theorem today is a standard result known as the Theorem of “Jordan-Hölder-Schreier-Zassenhaus”. Occasionally it is also called
the “butterfly lemma” because the diagram illustrating Zassenhaus’s formulas is reminiscent of the form of a butterfly.

18.2 The Hamburg Meeting 1928
In September 1928, Hamburg hosted the meeting of the “Gesellschaft der
Naturforscher und Ärzte” (Society of Natural Scientists and Doctors). As
was common at the time, the yearly meeting of the “Deutsche MathematikerVereinigung” (German Union of Mathematicians), the DMV, was held simul-
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taneously, from September 16 until 23. Hasse’s name does not appear on the
list of talks at this meeting, thus he probably did not give a lecture there.
But he certainly did attend the meeting, since he belonged to the “regulars”,
as Emmy Noether called him once (in a letter to Hasse dated Aug. 9, 1931),
that is, he was a regular participant of the meetings of the DMV. In addition,
Hasse’s diary [LR12] contains several entries from the beginning of October,
that is, shortly after the Hamburg meeting, with the remark “according to
oral communications by Artin”, and some others “according to Schreier”.
From these remarks we may conclude that Hasse had met both Artin and
Schreier there.6
We could not verify, however, whether Hasse complied with Artin’s invitation into his “bachelor apartment”.

18.3 Hasse’s Diary Entry
One of the entries in Hasse’s diary mentioned above is dated October 16, 1928,
and deals with a topic that was also discussed in Artin’s letters. It is titled
“On the explicit reciprocity law of `-th power residues in the fields of `-th
roots of unity”, and Hasse remarked “Worked out at a suggestion by Artin”.
Thus we may assume that this suggestion was made during a conversation
at the Hamburg meeting.
The entry deals with the inversion factor of the reciprocity law. Artin had
asked about it in item 5) of the letter no. 10 dated July 21, 1927. (See 10.4.)
In the field
 of `-th roots of unity, the inversion factor is given by the Hilbert
symbol α,λβ , and in his diary Hasse gives a formula for it in the case where
α is coprime to λ and β ≡ 1 mod λ2 . Hasse had given such formulas already
in an earlier publication [Has25d]. Artin’s suggestion allowed him to simplify
and simultaneously generalize them. Since Hasse did not include this formula
in his report [Has29] on class field theory it is perhaps appropriate to give it
here. Hasse considers the following situation:
`
ζ
λ
S

is an odd prime number;
is a primitive `-th root of unity;
= 1 − ζ is a generator of the prime divisor of ` in Q(ζ);
is the absolute trace in Q(ζ);

The formula in question reads:


α,β
(3.1)
= ζ [α ,β] ,
where
λ
6

[α , β] ≡


1  α0
S ζ·
· log β mod `
`
α

Cf. footnote 6 of the next letter no. 19 dated November 4, 1928.
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if α is coprime to λ and β ≡ 1 mod λ2 . Here log denotes the λ-adic logarithm.
Here the emphasis is on the fact that there is no congruence condition on
0
α, only that it be coprime to λ. If α ≡ 1 mod λ, then αα may be replaced
by log α, but this is allowed only in this case since the λ-adic logarithm is
not defined otherwise. The element α0 is defined as the formal derivative of α
with respect to ζ in a representation α = ϕ(ζ) as a polynomial with λ-integral
0
coefficients. If α is coprime to λ, then the value αα is uniquely determined
modulo λ` , hence is independent of the choice of the representation in the
form α = ϕ(λ).
It seems that Hasse was so pleased by the simple form of this equation
and the elegant idea for proving it that he included the details in his diary.

19 04.11.1928, Letter from Artin to Hasse

Hamburg, November 4, 1928
Dear Mr. Hasse!
I have received your manuscript as well as your two letters, and unfortunately only now have found the time to reply. I hope you will not be offended
when I use a typewriter, but this is the last effort to cure my laziness when
it comes to writing letters, which mainly is due to my reluctance against the
act of writing. I hope that things will get better now; at least I do not feel
any reluctance against writing on the machine. I hope it will remain this way.
Your manuscript will soon get printed, and then you will receive the
proofs.1
I fully agree with your remarks concerning part II of your report, in particular concerning Chebotarev’s proof. His proof has the advantage that it is
relatively elementary compared with mine, and my proof has the advantage
that it proves a little bit more and that it employs the very techniques that
we are familiar with since Dirichlet. I would, like you, include both proofs.2
I find your presentation of the proofs of the reciprocity law to be very
beautiful; in my first version, which you do not know, I have formulated the
lemma in a similar way, but then I found that the proof is simpler for prime
numbers, and that this is sufficient if the lemma is applied twice. But your
version of the proof is even simpler. I would like to remark, however, that the
proof of the lemma does not require any class field theory. I do not remember
whether I have talked with you about it3 during your stay here.4 .
I did not hear anything from Scholz, and therefore do not know his results.
I would be very grateful to you if you could write me what this is all about.
5
Furtwängler wrote me, by the way, that he does not believe anymore in the
validity of his generalized principal ideal theorem, that is, in the principal
ideal theorem for suitable subextensions (I think you will remember this).6
1

This is about the manuscript of [Has29] with the title “Zum expliziten Reziprozitätsgesetz” (On the explicit reciprocity law), which was about to appear in 1929 in the Hamburger
Abhandlungen. See 10.4 and 17.4.
2

See 19.1.
This is about the number theoretic lemma that Artin had used in his proof of the general
reciprocity law, and which Hasse wanted to include, in a modified form, in part II of his
report on class field theory. For a discussion we refer to 9.3.
4 Hasse had attended the meeting of the DMV in Hamburg in September 1928 and had
met Artin there. See 18.2.
5 See 20.1.
6 Since Artin asks whether Hasse remembers this result we may perhaps deduce that Artin
had talked to Hasse about it during the meeting of the DMV in Hamburg in September
1928; see 18.2.
3
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In fact he has found a group theoretical counterexample; this does not mean
that the theorem must be false since we do not have the existence theorem.
But it is very likely that the result is false.7
As for the proofs of Furtwängler’s article: I will send you a copy tomorrow.
You know the main correction that has to be made. Mr. Schreier and I have
checked everything, and now it is fine.8
With best greetings and regards to your wife,
Your Artin

Emil Artin (photo by Natasha Artin Brunswick). c Tom Artin

7

For a discussion of the “generalized principal ideal theorem” see 21.1.
This remark refers to Furtwängler’s proof of the principal ideal theorem in [Fur29]. See
13.1. The article appeared in the Hamburger Abhandlungen, and Artin, as an editor, had
received the proofs. In these times, the proof sheets were sent to interested mathematicians
since there were no “preprints” then. Here we learn that Furtwängler’s original proof
contained a few slips that were corrected by Artin and Schreier.
8
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Comments on Letter no. 19 dated Nov. 4, 1928

19.1 On the Density Theorem
When Artin talks about “Chebotarev’s proof”, he clearly means the proof
of Chebotarev’s density theorem. Apparently Hasse had told him in which
form he would like to present this proof in part II of his report on class field
theory [Has30a]. And when Artin talks about “my proof” in this connection,
he means the proof of the density theorem given in his article on L-series
[Art23b] as a consequence of his general reciprocity law. In 1923, Artin had
not yet proved his general reciprocity law, but now that it was secured, so was
his earlier proof of the density theorem. Artin mentions that his proof gives
“a little bit more”. This remark probably concerns the estimate of the error
term. And the formulation “with the very techniques that we are familiar with
since Dirichlet” is directed at the tool of L-series. These L-series had been
defined and used by Dirichlet for proving the existence of infinitely many
primes in arithmetic progression. Artin, of course, used his new L-series,
which he had introduced in his article on L-series, and which are attached to
an arbitrary Galois (and not necessarily abelian) extension.
Hasse had apparently thought about including both proofs in part II of his
report: Chebotarev’s “relatively elementary” proof as well as Artin’s proof
based on class field theory. Eventually he decided to give only one proof,
namely essentially Artin’s. In [Has30a] he remarks in this connection:
In this report it is appropriate for me to base everything on class field
theory and Artin’s reciprocity law.
In § 24 of his report he compares his presentation of the proof with those by
Chebotarev [Che26] and that of Schreier [Sch26b].

20 14.11.1928, Letter from Artin to Hasse

Hamburg, November 14, 1928.
Dear Mr. Hasse!
Thank you very much for communicating Scholz’s results on the capitulation in subfields of the class field. I found them very interesting; of course I
can make only a few remarks.1 In particular I was interested in the result on
complex quadratic fields, for the following reason:
You write: “For a complex quadratic field, only a subgroup of order `
of the `-class group becomes principal in subextensions of degree `.” 2 Is
this proved or just a conjecture? I have really no idea how to draw any
conclusion on the Galois group of the second Hilbert class field from the fact
that the base field is complex quadratic. But perhaps the proofs use complex
multiplication. But then it would be interesting that complex multiplication
yields results that give information on the group of the second Hilbert class
field, since the theorem in question is not correct for arbitrary groups. The
other conjectures mentioned in this paragraph are also statements on the said
group, and I do not yet see how to obtain results like these without using
complex multiplication. In any case this is the first result in this direction.
Of course it is possible that it can be obtained in a very simple way and that
I just happen to be unable to see it. I would be very pleased to learn how
this theorem was found. Perhaps it already follows by using the fact that
the whole group must admit an extension to a non-abelian group of twice its
order? But I do not believe this, since in this case the result would also be
valid for real quadratic number fields.
Your manuscript3 was sent to the printer today. Thus you will soon obtain
the proofs. I have at the same time included an article by myself in the same
volume, with the title “Idealklassen in Oberkörpern und allgemeines Reziprozitätsgesetz” (Ideal classes in extensions and the general reciprocity law),
of which you already know the largest part.4 I have included a few other
things that have rounded off the material. It turns out that all questions on
arbitrarily given fields with completely arbitrary division into classes can be
discussed with the same means and some more. All of this follows of course
from the same approach and is essentially already given by it. But it was
nevertheless necessary to discuss these questions in full generality, since the
1
2

See 20.1.
Concerning the result on complex quadratic base fields see 20.1.

3

This is the same manuscript that was mentioned already in the preceding letter no. 19
dated Nov. 4, 1928. Cf. the footnote 1 there.
4 This is the manuscript of the article [Art29]. Artin had presented his ideas already in
an earlier letter, cf. letter no. 13 dated Aug. 2, 1927, in particular paragraph 13.1.
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one paragraph in Furtwängler5 just deals with the special case of the principal
ideal theorem. As soon as I have the proofs I will send you a copy.6
Now one thing concerning your report. It would be a pity if you could
not include Furtwängler’s proof. Perhaps I may suggest covering the special
case of three basis classes, which shows the idea completely and is simple and
short enough. Of course only in case you do decide not to include the whole
proof.7
With cordial greetings and regards to your wife,
Your Artin

5

Here Artin refers to Furtwängler’s article [Fur29] containing the proof of the principal
ideal theorem.
6 Artin’s article [Art29] appeared 1929 in the Hamburger Abhandlungen, immediately
following Furtwängler’s article [Fur29].
7 Hasse eventually decided to include Furtwängler’s proof into part II of his report [Has30a]
– but only to such a degree that “the structure of the proof is clearly visible”. The enormous
simplification of the proof by Artin and Iyanaga [Iya34] was not yet available when part II
of the report appeared. Cf. Letter no. 38 dated June 16, 1931, and 38.3.
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Comments on Letter no. 20 dated Nov. 14, 1928

20.1 Arnold Scholz
In the preceding letter no. 19, Artin had asked Hasse to tell him about the
results obtained by Arnold Scholz. We do not know exactly what Hasse communicated to Artin about the latest work by Scholz, but we assume that
it was about those results that can be found in the letters that Hasse had
obtained shortly before from Scholz, which were dated October 15 and 24,
1928. These letters deal with the following three topics.

The Class Field Tower Problem
Recall that Artin had made remarks concerning the class field tower problem
already more than a year ago, in his letter no. 15 dated Aug. 19, 1927. In this
letter Artin remarked that this problem was not a group theoretical question,
but that “it will be decided by the special arithmetical structure of the base
field”. Thus Artin’s opinion was that there may exist both finite as well as
infinite class field towers, and that this depends on the arithmetical structure
of the base field. See 15.1.
In his letter Scholz does not show that there are number fields with infinite
class field tower, but he succeeds in constructing fields K whose class field
tower is arbitrarily long, as we have observed already in 15.1. It is remarkable
that Scholz’s construction, although it does not solve the class field tower
problem, indeed is not of a group theoretical nature but is based on the
construction of fields with particular arithmetic properties – in agreement
with Artin’s opinion.
In fact Scholz does not consider the full class field tower but only the tower
of `-class fields for a fixed prime number `, which is the maximal unramified
abelian extension of `-power degree. The construction is as follows: Let Kp`
denote the cyclic subfield of degree ` inside the field of p-th roots of unity,
where p is a prime ≡ 1 mod `. Scholz gives `-th power residue conditions for
the prime numbers p1 , p2 , . . . , pn+1 that guarantee that the compositum
K = Kp`1 · · · Kp`n+1 has an `-class field tower of length at least n. The same,
Scholz writes, is valid for any cyclic subfield K ⊂ K in which all the primes
p1 , . . . , pn+1 are ramified, since the first `-class field of K is K.
Hasse accepted this article by Scholz [Sch29b] for publication in Crelle’s
Journal. For the further development of the class field tower problem see 15.1.
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The Capitulation Problem
In Scholz’s construction sketched above the primes pj had to satisfy certain
power residue conditions. If one imposes certain nonresidue conditions instead, then “it is to be conjectured”, as Scholz writes to Hasse, “that one
may obtain class field towers of small length”. In fact Scholz succeeds in
showing that the compositum K = Kp`1 Kp`2 Kp`3 has `-class number 1, that
is, an `-class field tower of length 0, if certain conditions are imposed on the
primes p1 , p2 , p3 .
From this he concludes that any cyclic subfield K ⊂ Kp`1 Kp`2 Kp`3 , in which
p1 , p2 and p3 are ramified, possesses the following properties:
The `-class field of K is K, and in every subfield K 0 ⊂ K cyclic over
K all `-ideal classes8 capitulate, i.e., become principal.9
Apparently Hasse had asked Scholz whether it was possible that the full
ideal class group of a number field already capitulates in a proper subfield of
the Hilbert class field, and he had wanted to see explicit examples. Scholz’s
construction sketched above answered Hasse’s question. In the case ` = 2, a
similar question had already been answered
√ by Furtwängler [Fur16]: already
in 1916, he had shown that the field Q( −21) had these properties. For this
reason, Hasse now asked in particular for a cubic example.
Scholz’s examples are valid for arbitrary primes ` > 2; for ` = 3, however,
Scholz found a cubic extension K whose 3-class group is noncyclic of order
9, and which capitulates completely in a cyclic extension of degree 3.
Scholz published his results at Hasse’s suggestion in Crelle’s Journal
[Sch29b]. Almost simultaneously, an article by Pollaczek [Pol29] was published which also contained examples for arbitrary ` > 2.
For the problem whether the complete ideal class group already capitulates
in a subfield of the Hilbert class field, see e.g. [Iwa89a], [Iwa89b].

Complex Quadratic Base Fields
When Artin comments on Scholz’s results by writing “of course I can make
only a few remarks”, he is probably referring to those of Scholz’s results
that we have discussed in the two preceding Sections 20.1 and 20.1. But
Artin does make some remarks on another topic, namely the theorem on the
capitulation of ideals in the case of a complex quadratic base field. Scholz’s
8

These are the ideal classes of `-power order.
The terminology “capitulation” for the fact that an ideal becomes principal in an extension is nowadays common; the word was coined by Arnold Scholz, as Kisilevsky remarks
in his obituary [Kis97] for Olga Taussky-Todd.
9
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theorem claims that in every cyclic unramified extension of odd prime degree
`, exactly ` ideal classes capitulate.
This result, like the one we have presented in the preceding Section 20.1,
deals with the capitulation of ideal classes in a subfield of the Hilbert class
field. But now the question is not whether in some subfield many or all ideals
of the base field capitulate, but rather how to find examples in which not
too many ideal classes capitulate. In the case at hand the number of ideal
classes that capitulate is bounded by the degree of the extension, under the
condition that the extension is cyclic of odd prime degree over the complex
quadratic number field.
Artin asks whether this is a conjecture or a theorem. This is because Artin
looks at this problem only from a group theoretical point of view; this is the
approach that he had sketched in his letter no. 13 dated Aug. 2, 1927. (See
13.1.)10 The group theoretical theorem that Artin has in mind deals with the
Galois group G of the second `-class field. This is a 2-stage metabelian `group. The assertion on the capitulation in a cyclic unramified `-extension of
the base field can be formulated using Artin’s approach in a group theoretical
way as follows:
If H ⊂ G is a subgroup with cyclic factor group G/H, then the kernel
of the transfer map V : Gab −→ H ab has order (G : H).
Here Gab denotes the maximal abelian factor group of G. This result does not
hold for all two-stage metabelian `-groups, and thus considerably restricts the
groups that occur as Galois groups of the second `-class field over complex
quadratic number fields.
Artin cannot imagine how to use the fact that the base field is complex
quadratic for proving such a group theoretical result, except possibly by using
the theory of complex multiplication.
In Scholz’s letter to Hasse from October 15, 1928, the theorem in question
is proved not group theoretically, but directly from the arithmetic structure
of the complex quadratic number field. Scholz writes:
If the base field K is a complex quadratic number field, then because
of the lack of units in K only a subgroup of order ` of the class group
of K becomes principal.
This answers Artin’s question: Scholz’s result is a consequence of the “lack
of units” (with infinite order). This is not related directly with the theory of
complex multiplication. Apparently Hasse explained this in another letter to
Artin, as we learn from Artin’s reaction in letter no. 22 from Nov. 19, 1928
(see 22.1).
10

In the letter at hand Artin remarks that he has worked out this idea and has submitted
the article; see footnote 4.
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In his letter to Hasse, Scholz
√ discusses the example of the complex
quadratic number field K = Q( −4027 ), whose 3-class group has type (3, 3).
This discussion was continued later in his joint article with Olga Taussky;
eventually these results were published in 1934 in [ST34].
Remark. The fact that the capitulation of ideal classes is connected with
the unit group E can already be seen from Hilbert’s Theorem 94; see Theorem 92, which shows, in modern terms, that H −1 (E) = E[N ]/E 1−σ (the
group of units with norm 1 modulo those of the form e1−σ , where σ generates the Galois group) is nontrivial for cyclic extensions of prime degree.
Iwasawa [Iwa56] showed that for any unramified extension K|k of number
fields, the group H 1 (G, E) is isomorphic to the group of ideal classes in k
that capitulate in K.

21 18.11.1928, Letter from Artin to Hasse

Hamburg, November 18, 1928.
Dear Mr. Hasse!
I would like to inform you briefly on a few things concerning the capitulation in subfields of the class field, if only negative results.1 Furtwängler wrote
and sent me the group in question. It is the following: three generators S1 ,
S2 , T . Here T is the commutator of S1 and S2 , it commutes with the other
two elements, and we have S14 = T , S22 = 1. Thus the factor group modulo
the commutator group has 8 elements and type (4, 2). This is a very simple
group of order 16, and I tried to find a complex quadratic number field for
which this group is realized. This is indeed possible, since
√ the first field with
class group of type (2, 4) has this property. It is k = R( −65 ). Its class field
of relative degree 8 has the desired property that in none of its subextensions
any class of order 4 becomes principal; this happens only in K itself. It can
also be shown that the second 2-class field of k has the Galois group given
above. It is also known that this second 2-class field is the Hilbert class field
for each relative quadratic subextension with the class number 8 and also of
the genus class field with class number 4. All these properties can be shown
by a few calculations, and are obtained almost for free by using the relative
quadratic subfields. It is of course not so important to have a counterexample, but perhaps the field will eventually be useful also for refuting analogous
conjectures. This is the reason why I wrote you.
In my last letter I asked you a question on complex quadratic fields.2 I
have just realized that the claim there, if it can be proved at all, can only
refer to ` 6= 2. Otherwise there would be counterexamples. I also have to say
that I doubt that this theorem holds unless it already has been proved. It
seems a little bit unlikely to me. But I will hear from you what’s the matter
with the theorem. Other than that no news.
With cordial greetings and regards to your wife,
Your Artin

1

For the following paragraph see 21.1.
See 20.1. Apparently Artin had written the present letter without waiting for Hasse’s
answer to his question in the preceding letter concerning complex quadratic base fields.
Hasse’s answer arrived on the following day, November 19, 1928, to which Artin replied
immediately; see Letter no. 22 dated Nov. 19, 1928.
2
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Comments on Letter no. 21 dated Nov. 18, 1928

21.1 Furtwängler’s Conjecture
Already in Letter no. 19 from Nov. 4, 1928, Artin had mentioned a generalized
principal ideal theorem that Furtwängler once had conjectured but which he
did not believe in anymore. But Artin does not explain this conjecture, he
only writes that it concerns the “principal ideal theorem in suitable subfields”.
Apparently Artin assumes that Hasse is familiar with the statement. Scholz,
in his letter to Hasse dated Oct. 10, 1928, also talks about “strengthening
of the principal ideal theorem” conjectured by Furtwängler without giving
a precise formulation. It seems that such a conjecture was familiar to those
working in class field theory at the time.
In part II of his report on class field theory [Has30c], Hasse mentions the
conjecture
that the capitulation in the Hilbert class field is prepared in subfields
in such a way that in every subfield of degree n a subgroup of the class
group of the base field with order n becomes principal.
Hasse then reports that Furtwängler was able to verify this conjecture in several special cases. Is this the generalized principal ideal theorem conjectured
by Furtwängler that Artin and Scholz were talking about?
The situation becomes clear by looking at a letter from Furtwängler to
Hasse from August 23, 1930. At this point Hasse had completed part II of
his report on class field theory, and he had sent proofs also to Furtwängler in
Vienna, asking him for his opinion. In his answer Furtwängler explains that
there are two different conjectures on the capitulation problem. Consider
an unramified3 abelian extension K|k with associated capitulation kernel C,
which is the group of all ideal classes in k that become principal in K. The
first of Furtwängler’s conjectures claims4 “that the order of C is at least as big
as the degree, i.e., that |C| ≥ [K : k].” In this connection, Furtwängler writes
on August 23, 1930: “I still think that this conjecture is true”. Therefore this
version cannot be the one that Artin was talking about in his letter no. 19,
when he wrote that Furtwängler did not believe anymore in its truth.
This first conjecture by Furtwängler is now proved. If K|k is cyclic of prime
degree `, the conjecture boils down to Hilbert’s Theorem 94. Its generalization
to the noncyclic case has turned out to be quite difficult, and the proof
3

In the following, unramified means unramified everywhere, including the infinite primes.
If ramification at infinity is allowed, the class group has to be replaced by the narrow class
group.
4

Our notation differs from the one used by Furtwängler.
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was only given in 1991 by Suzuki [Suz91], in exactly the group theoretical
formulation that Artin had given in his article [Art29] (as well as in his letter
to Hasse from August 2, 1927):
Let G be a finite group, and H a subgroup containing the commutator
subgroup of G. The order of the kernel C of the transfer map V :
Gab −→ H ab is at least as big as the index (G : H), that is, we have
|C| ≥ (G : H).
It seems to have been forgotten that this conjecture is due to Furtwängler.
As Furtwängler himself wrote to Hasse, his second conjecture reads as
follows: he believes
that, at least in the cyclic case, the group C contains at least one
cyclic subgroup of order [K : k], i.e., that the exponent of C is at
least as big as the degree of the extension.
It was this second conjecture that Furtwängler could not maintain; in this
connection he writes to Hasse on August 23, 1930:
I thought that this conjecture is correct because I assumed that the
theory of relative units could be transferred to some degree from the
case of a prime number ` to the case of prime powers `e . But this is
not the case.5 I therefore tried to find a suitable group for refuting
this conjecture, to which Artin then found a suitable field.
The group that Furtwängler is talking about is the 2-stage metabelian group
occurring as the Galois group of the second Hilbert class field of a suitable number field. In the letter at hand Artin describes this group that
Furtwängler had found and communicated
to him. And he also describes
√
a suitable base field, namely Q( −65 ), which Artin had found.
Furtwängler returned to this topic in his article [Fur32], where he studied
the capitulation of an elementary abelian 2-class group, and his student Olga
Taussky discussed the case of odd prime numbers ` > 2 in [Tau32]. Definitive
results in this direction were, however, not obtained. See also 31.4.
The problem of capitulation of ideal classes in subfields of the Hilbert class
field has kept generations of mathematicians busy. A survey of the extensive
literature on this topic was given by Jaulent [Jau88] and Miyake [Miy89].
Kisilevsky’s obituary for Olga Taussky-Todd [Kis97] also contains historical
remarks on the capitulation problem.
5

Recall that already Artin, in his Letter no. 14 from Aug. 6, 1927, was annoyed about
Hilbert’s theory of relative units. See 14.1. – From today’s point of view the reason for the
failure of this conjecture by Furtwängler is easy to see: it lies with “Herbrand’s Lemma”,
which is used for computing certain unit indices in class field theory. This lemma deals
with the orders of the cohomology groups involved, and not with their structure.
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Remark. It is perhaps appropriate to quote the following lines from
Furtwängler’s letter to Hasse already referred to above, which show how
Hasse’s part II of his report was received by his contemporaries:
Finally let me express my joy about the beautiful and detailed report
that you have written with so much care. It is excellent and gives a
very clear and transparent overview on the current state of the theory.
It is to be hoped that the report will considerably enlarge the number of
people interested in this area, which I count among the most beautiful
in all of mathematics.

22 19.11.1928, Letter from Artin to Hasse

Hamburg, November 19, 1928.
Dear Mr. Hasse!
Well, there you are! I am working all the time with group theoretical
considerations and then completely forget the origin of the theory and the
results that have been obtained. Thank you very much for the clarification.1
As far as I can see, the assumption that the base field is relative quadratic is
used twice. The second time in the theorem that the number of ambiguous
ideal classes is the `n -th part of the class number of the base field. In general,
only the number of ambiguous complexes occurs, in other words, the number
of ambiguous ideal classes depends on the relative units.2
On the whole it turns out that, for complex quadratic base fields, the Galois
group of the second Hilbert class field is subject to certain restrictions. The
approach that I have sketched in my letter before the last also works, but
it does not yield the result that you have obtained. 3 The situation is the
following:4
The second Hilbert class field is a Galois extension also with respect to the
field of rational numbers. Its group with respect to the quadratic number field
thus must admit an embedding in a group with twice its order. Since the class
fields of odd degree cannot be abelian with respect to the rational numbers
(only the genus class fields are abelian), the group with double order must
contain the original group as its commutator subgroup. A given metabelian
group of odd order thus can only be the Galois group of a second Hilbert
class field if it can be embedded as the commutator subgroup in a group of
twice its order.
Mr. Schreier, whom I presented this problem (of course this also holds
for real quadratic number fields), has indeed found metabelian groups that
cannot be embedded in this way, and which therefore cannot occur as groups
of the second Hilbert class field. As of now, these are still very special groups,
and I hope that he will find out more about them. It would be very interesting
to know which restrictions follow from this assumption, and whether these
restrictions include those that you have found.
Now a few words on your last letter. I infer from it that you have the
intention of only briefly touching upon your own beautiful investigations in
your report. It would be a pity to neglect these beautiful things. I believe that
1
2
3
4

See 22.1.
See 22.2.
See 22.3.
See 22.4.
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when writing a report one should not take the question into consideration
whether other people would read some vanity into it. In fact the report will
only be truly good when one has woven one’s own children into it. In this
case, these are justifiable and very beautiful “children”. For this reason I hope
that you will not be a cruel father. Were you given only a limited amount
of space? Then one should approach the editors in order to get more space.
Perhaps I can support this cause in some way? If, except for the author,
also other people have the same opinion? I believe that you will be given the
space. Please excuse my interference in these matters. But I believe that the
report must be given as much space as you think you need, and that some
form of completeness is highly desired. It is bound to become some kind of
reference work. Your theorem on the ray class field is very beautiful. Thus it
is working after all! 5
With best wishes to the flourishing of this work and cordial greetings,
Your Artin

Perhaps you will be disappointed about my article6 . It only gives the general basic material on how to transfer the discussion of ideal classes into
group theory, that is, things that I have essentially told you about long ago.
Furtwängler’s discussion is too narrowly modeled on the principal ideal theorem. These things had to be done in general.

5

See 22.5.
This is again about the article [Art29] already mentioned in letter no. 20 from Nov. 14,
1928.
6
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Comments on Letter no. 22 from Nov. 19, 1928

22.1 Complex Quadratic Base Fields
In his penultimate letter no. 20 from Nov. 14, 1928, Artin had mentioned
Scholz’s result on the capitulation of ideal classes over complex quadratic
base fields and asked whether this was a conjecture or a theorem (cf. 20.1.)
In his last letter no. 21 written the day before he had doubted the validity
of this result. But now Hasse had sent him the proof. Artin’s astonishment
concerning the proof is based on the fact that so far he had been looking at
the situation from a purely group theoretical point of view. Now he sees from
Hasse’s letter that the proof using class field theory is very simple and based
on the fact that a complex quadratic
√ has a trivial unit group
√ number field
(with the exception of the fields Q( −1 ) and Q( −3 ), both of which have
class number 1 and therefore trivial capitulation), and that the units ±1 are
norms of units from any extension with odd degree.

22.2 Ambiguous ideal classes
An ideal class of a normal extension is called ambiguous if it is invariant
under the action of the Galois group. Artin’s comment on ambiguous ideal
classes is irrelevant for the present problem. In fact the statement mentioned
by Artin is valid for cyclic extensions of arbitrary base fields, and can be found
e.g. in part I of Hasse’s report on class field theory [Has26a, § 6, (C)], and its
proof is given in part Ib. The statement in question is an important step in
the proof of the “second inequality” of class field theory. This inequality was
then the heart of the proof of Takagi’s class field theory. Everyone who had
studied class field theory thus had seen this statement at some point.
Apparently it didn’t take Artin very long to realize this himself; perhaps
he remembered that he once had cursed the horrible “Ge-ixe” in connection
with the calculations needed for proving the theorem in question (see 14.1.)
Artin returns to this topic in his next letter no. 23 from Nov. 22, 1928, and
then again in his letter no. 24 from Dec. 3, 1928.
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22.3 Hasse’s Generalization
When Artin talks to Hasse about “the result that you have obtained” then
it cannot be Scholz’s theorem that we have formulated in 20.1 for complex
quadratic base fields, since this result, as Hasse had written to Artin, is due
to Scholz.
It seems likely that Hasse’s result is a generalization of Scholz’s theorem.
Hasse had observed that Scholz’s result is not only valid for prime degree `
but for prime power degree `n , under the assumption that ` > 2, a condition
that was not mentioned in Scholz’s letter, as Artin remarked in his letter
no. 21 from Nov. 18, 1928. Hasse included this generalization in part II of his
report on class field theory [Has30a], and remarked explicitly that the result
for n = 1 is due to Scholz.
It is quite likely that Hasse communicated this generalization to Artin in
the letter to which Artin replied with the present letter no. 22. In fact Hasse
had obtained this generalization already at the end of 1928, as is confirmed
by an entry in his diary [LR12] dated “December 1928”. This entry is titled
“On the principalization in subfields of the `-class field of complex quadratic
base fields”. There Hasse presents a detailed proof of his generalization of
Scholz’s theorem. The presentation is the same as that in part II of Hasse’s
report.
Thus Artin probably talked about this generalization when he mentioned
“the result that you have obtained”. In his next letter no. 23, Artin also writes
to Hasse about “your theorem”.
This result is closely connected with the theory of the genus class field
later developed by Hasse and Leopoldt. See [Fre79].

22.4 The group theoretic approach
Artin’s group theoretic approach to the problem of capitulation is based
on the considerations presented in his letter no. 13 from August 2, 1927,
and which he later published in [Art29]. Here the capitulation of ideals in
unramified abelian extensions is reduced to results about the transfer map
for the Galois group G of the second Hilbert class field.
For quadratic base fields Artin observed that this group G is the commutator subgroup with index 2 in some group extension. This embeddability
implies restrictions on the type of possible groups G. Artin mentioned that
Schreier had found examples of groups G that do not occur as Galois groups
of a second Hilbert class field over quadratic number fields. In the next letter
no. 23 from Nov. 22, 1928, Artin reports several other results that Schreier
meanwhile had obtained.
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The results by Scholz and Hasse, however, could not be obtained by this
method. This is not very surprising since Artin’s group theoretical approach
is valid both for real and complex quadratic number fields, and so it cannot
directly yield results that are valid only for complex quadratic fields. In his
letter no. 23, however, Artin conjectures that it should be possible to derive
“a condition stronger than and comprising these two”.
The situation has not been cleared up completely. See [Arr98].

22.5 On Part II of Hasse’s Report on Class Field
Theory
We do not know exactly what Artin could have meant when he suggested to
Hasse not to neglect his “own beautiful investigations” by treating them only
in passing. In Chapters 2–4 of Part II of his report, Hasse discusses in detail
the norm symbol with its many consequences, and in particular the explicit
reciprocity laws; these investigations are, to a large part, due to Hasse. Did
Hasse originally plan to treat these things only briefly, and did he include the
full version only after Artin asked him to?
This is hard to believe, since the whole structure of part II of Hasse’s report
is directly concerned with deriving various more or less explicit versions of
the reciprocity law from Artin’s reciprocity law, and so was geared towards
Hasse’s own interests and results. Hasse hardly needed Artin’s encouragement
in order to carry out this program.
The last sentence in this paragraph of Artin’s letter gives us a hint at what
he could have meant: “Your theorem on the ray class field is very beautiful.”
Now a “theorem on the ray class field” cannot be found in part II of Hasse’s
report. There is such a result, however, in Hasse’s article [Has27d] on complex multiplication, which had appeared shortly before in 1927. There Hasse
proves that, given a complex quadratic number field K and some integral
ideal m in K, the corresponding ray class field can be generated by suitable
“singular values” of complex functions, namely the modular function j(z)
and Weber’s τ -function τ (z) (the latter differs from Weierstrass’s ℘-function
only by an arithmetic factor.)
This is not the place to discuss Hasse’s “Theorem on the ray class field”
in detail. We are content with the following remark: In Part I of Hasse’s
report [Has26a], Hasse had explained how Weber and Takagi looked at the
theory of complex multiplication from a class field theoretical point of view.
Hasse realized that it had not yet been shown how to construct the ray class
fields with the help of elliptic functions of the first level.But Hasse already
announced an article in which this program would be carried out. This article
appeared in 1927 in the anniversary volume of Crelle’s Journal [Has27d].
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Artin had learned about the content of Hasse’s manuscript of this article
already quite early, at the beginning of 1926. In Letter no. 6 from February 10,
1926, Artin makes a few comments and congratulates Hasse on his “beautiful
exposition of complex multiplication”; cf. 6.1. Thus it seems to be evident
that Artin meant this article on complex multiplication when he talked about
Hasse’s “own beautiful investigations”. We can very well imagine that Hasse,
in his letter to Artin, had informed Artin in detail about his concept for
part II of his report, and that he had mentioned his intention not to include
his results on complex multiplication. This had motivated Artin to write his
letter in which he pleaded for inclusion of this material.7
Despite Artin’s encouragement Hasse decided not to include his new foundation of complex multiplication in part II of his report on class field theory.
He surely did not omit these results because he thought them unimportant,
or out of modesty, as Artin seems to have suspected, but because complex
multiplication did not fit in the concept of the report. The subtitle of the report was “Part II: Reciprocity Laws”. And although complex multiplication
may be seen as a particular and interesting chapter of class field theory, it is
not primarily a consequence of Artin’s reciprocity law.

7

Hasse later, in 1931, wrote a second article on the foundation of complex multiplication.

23 22.11.1928, Letter from Artin to Hasse

Hamburg, November 22, 1928.
Dear Mr. Hasse!
Of course I was talking nonsense in my last letter. I mean the problem
with the ambiguous classes. Of course this is valid for general base fields,
and I regretted sending the letter as soon as I threw it into the mailbox.
Well, things happen. Mr. Schreier has, by the way, confirmed the theorem on
ambiguous classes and that on the genera from a group theoretical point of
view. Here everything becomes trivial.1
Now I would like to inform you very quickly – and this is the actual reason
for today’s letter – about the latest results by Mr. Schreier on the group
of the second `-class field of a complex quadratic base field.2 It seems that
there are some powerful restrictions after all. Using your theorem that in a
cyclic subextension the number of ideal classes becoming principal is at most
equal to the degree, it can be shown that most metabelian `-groups cannot
occur as groups of the second `-class field. Taking the restriction into account
which I told you about in my last letter3 , and this is almost disjoint from the
restrictions coming from your theorem, only very few groups remain. Except
for the cyclic groups, for odd prime values of ` there are no such groups of
order `3 , `4 or `5 that may occur as the Galois group of the second `-class field.
Thus it would
√ be interesting to determine the degree of the second `-class
field of R( −4027). The relative degree with respect to the quadratic base
field must at least be 36 , hence the class number of the first class field is at
least 34 = 81. Thus the class number is a lot larger than that of the base field.
It is very nice to watch how most groups are excluded by your condition, and
that of the few remaining groups, most do not satisfy my condition. Take e.g.
an abelian but noncyclic group of order `n as the group of the second class
field. This implies that the first `-class field must have class number 1. Then
it is immediate that your condition is not satisfied, since in a suitable subfield
of the class field every ideal of the base field becomes principal (of course I
am talking about a suitable relative cyclic extension). On the other hand,
my condition of embeddability is satisfied. For the converse situation there
are already examples of order `3 . This seems to suggest that none of these
conditions is the true one, i.e., that there is a condition stronger than and
comprising these two. I have no idea what it will look like. I hope it will be
manageable. The two known conditions are very unwieldy and certainly not
1
2
3

See 22.2.
See 20.1 and 22.1.
See 22.4.
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√
the true ones. Did Scholz determine the group of ideal classes4 of R( −4027)?
If so, I would be grateful to you if you would let me know it.
Other than that there is no news for today. I believe I have changed a lot
for the better. The disadvantage is that apparently you have to put up with
a lot of nonsense in my letters.
May I ask you to give my best regards to your wife, and please receive
cordial greetings from your
Artin

√
Artin actually means the group of ideal classes in the 3-class field of k = R( −4027);
the field k has class group of type (3, 3), as Artin and Schreier knew.
√
Scholz determined the Galois group of the second 3-class field of k = Q( −4027 ) in
his joint article with Olga Taussky; they found that the 3-class group of the 3-class field of
k has type (3, 3, 3). In particular, the 3-class number of the class field of k is 27, contrary
to the results obtained by Schreier and Artin.
4

24 03.12.1928, Letter from Artin to Hasse

Hamburg, December 3, 1928.
Dear Mr. Hasse!
Thank you very much for your kind letter. Let me first say that there was
a little misunderstanding.1 Mister Schreier and I only wanted to convince
ourselves that in the case of the absolute class field the theorem on ambiguous
ideal classes is a trivial consequence of class field theory. This only concerns
the group theoretic formulation of the theorem, and this version is, as you
have also found, trivial. The same holds, of course, for the genera. From
your point of view you are right, of course. You will ask yourself why I am so
interested in this. It is because Furtwängler does not believe in the possibility
that for every group there exist second class fields. I then regarded it as
my “duty” to examine the known ideal theoretic theorems with regard to
their group theoretical significance and to find out whether or not there
results a restriction for the groups somewhere. Of course such a restriction
did not materialize. Furtwängler never explicitly claimed that he did not
believe it, by the way, but rather evaded direct questions on this topic. When
he communicated the group already known to you2 , he remarked that it is
not known whether this example is a counterexample for his theorem. This
skepticism made me so angry that I tried to find an example for this group.
This is the genesis of this example and of the ambiguous classes.3
Now I would like to ask you about something completely different, namely
about the theory of quadratic forms. You know that I am lecturing on these.
In the preparations for some later lectures I have realized that the known
proofs for the following theorem are awful: “Forms of the same genus can
always be transformed into each other by a unimodular substitution, in which
the denominators may be chosen prime to any given rational number”. Of
course I could not check the whole literature on this topic, but only Minkowski
and Bachmann. Minkowski does not give a proof at all, but refers to the proof
by Smith for ternary quadratic forms. This proof is given in Bachmann, and I
find it awful. It must not stay that way. I regret that Minkowski did not give
a proof for this important theorem. This makes me suspicious that perhaps
Minkowski’s proof is not beautiful and that he himself thought it was not a
nice proof. Now I have also consulted your articles in this area, or rather, I
1

Here Artin refers to his statement concerning ambiguous ideal classes, which he mentioned
in his last letter no. 23 from November 22, 1928. See also 22.2.
2

Cf. letter no. 21 from Nov. 18, 1928, as well as 21.1.
The question by Artin and Furtwängler, whether any metabelian 2-stage `-group occurs
as the Galois group of a second Hilbert class field, was solved in complete generality by
M. Ozaki [Oza09], who proved that every finite p-group is the Galois group of the maximal
unramified p-extension of a suitably chosen number field F . – See also 25.2.
3
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did this first. Unfortunately you do not prove the statement concerning the
denominators, which does not belong to the problem that you set out to solve.
Neither do I see how to derive the result from it. Of course the only problem
would be showing the theorem that forms of the same genus represent the
same numbers even when the denominators satisfy analogous restrictions.
Now you have extensively worked on the theory of quadratic forms in former
years and I still harbor the hope that you have found a proof that is simpler
than those that are known. It has got to work! May I ask you now to at least
sketch the proof if you have one or if you know where it can be found in the
literature. Does your result imply any kind of simplification of the question?
I would be very grateful to you if you could write me something about it.4
With best greetings and regards to your wife,
Your Artin

4

Hasse answered Artin’s questions in his next letter. See 25.1.

25 12.01.1929, Letter from Artin to Hasse

Hamburg, January 12, 1929.
Dear Mr. Hasse!
Thank you very much for your friendly efforts concerning the proof of
the theorem on quadratic forms, which I can use very well in my lectures.1
There remains just one unfortunate point, namely that you have to assume
the validity of the corresponding result for binary forms, and that this result
can only be proved by the theory of composition of binary quadratic forms.
There must be a simpler proof for this, too.
I was very interested in your report on the metabelian groups over complex
quadratic base fields. I immediately told Mr. Schreier about it and we have
then tried to make further progress, but we haven’t succeeded so far. But
this was before Christmas, and since my return I haven’t seen Mr. Schreier
yet since he has got the flu and is confined to his bed.2 Thus there is some
possibility that he made progress in the theory. I don’t believe this, however,
since these things are very difficult. I did not get anywhere myself during the
Christmas holidays.
I would have loved to visit you on my way back but I did not know whether
you were in Halle at all. We will certainly find another opportunity.3
With the best new year’s greetings, if somewhat belated, also to your wife,
Your Artin

1

See 25.1.
This is Artin’s last letter to Hasse in which he mentions his colleague and friend Otto
Schreier. Schreier passed away on June 2, 1929, at the age of 28 (Artin was 31).
3 Apparently Artin talks about his travel back from Reichenberg, where he had spent his
youth, to Hamburg. Artin had made this journey a few times already and then had visited
Hasse and his family in Halle. Cf. Letter no. 16 from September 4, 1927.
2
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Comments on Letter no. 25 from January 12, 1929

25.1 Quadratic Forms
Artin’s question concerns integral quadratic forms over the field of rational
numbers. In his preceding letter no. 24 from Dec. 3, 1928, he had asked Hasse
for a proof that he could use in his lectures on quadratic forms. The theorem Artin wants to prove claims that quadratic forms in the same genus are
equivalent with respect to unimodular substitutions in which the denominators occurring there – and this is the essential point – can be chosen coprime
to any given integer. Artin complains that the work of Minkowski does not
contain a proof, and he asks Hasse whether he knows a simple proof. Hasse
had studied the equivalence of quadratic forms over the rationals in his dissertation [Has23] (this played a central role in the genesis of the “Local-Global
Principle”). There Hasse worked with substitutions without any restriction
on the denominators that occurred. But, so Artin hopes, perhaps Hasse had
worked out a simple proof of Minkowski’s theorem in this connection.
In Hasse’s reply, this question is at least partially answered, and Artin
thanks Hasse for it here. An indication of what Hasse’s answer could have
looked like can be inferred from an entry in Hasse’s diary [LR12] with the
title “The fundamental theorem in genus theory of quadratic forms in n
variables” from December 1928. There Hasse formulates Minkowski’s theorem
mentioned by Artin, but he gives the proof only in certain special cases: the so
called “orders” (related to the elementary divisors of the coefficient matrix)
must be trivial. We may safely assume that Hasse expected that the general
case could be dealt with similarly.
Hasse’s proof is by induction on the number n of variables, and he remarks
that the claim for n = 2 follows “in a well-known way from the classical theory
of binary quadratic forms”. This is the place that Artin complains about in
his letter, and calls a “simpler proof” of this fact desirable. For more on the
development of genus theory of quadratic forms see [Fre79].
Artin was highly interested in quadratic forms, certainly influenced by his
contact with Hasse. Actually he had worked with quadratic forms with coefficients in function fields over finite fields in his own dissertation. Later he supervised the dissertation of Artin’s student O’Meara (Princeton 1953), which
was initiated and influenced by Artin, and led to the monograph [O’M63], in
which the influence of both Artin and Hasse is very pronounced.
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25.2 Metabelian Groups
We can infer from Hasse’s diary [LR12] which “report on metabelian groups”
Artin was referring to. In Hasse’s diary we find an entry titled “On the principalization in subfields of the `-class field of complex quadratic base fields”.
Quite likely it was the results in this entry which Hasse had communicated
to Artin.
The first part of this entry in Hasse’s diary deals with a complete proof of
Scholz’s result extended by Hasse; see 22.3. Hasse later included this proof
in Part II of his report on class field theory [Has30c]. The remaining part
of this entry is dedicated to a group theoretic version of this theorem; this
part apparently motivated Hasse to send his ideas to Artin. In fact Artin
had come up with the question on the group theoretic restrictions for 2-stage
metabelian `-groups to occur as the Galois group of the second Hilbert `-class
field of a complex quadratic number field.
The diary entry contains at least a partial answer in the simplest nontrivial
case where the Galois group of the first Hilbert class field has type (`, `).

26 10.05.1929, Letter from Artin to Hasse

Hamburg, May 10, 1929.

Dear Mr. Hasse!
You will already be very angry that I did not reply to your highly interesting letter. But I received your letter only last week in Hamburg, since it
inadvertently did not get sent to my holiday address. Which would have been
quite difficult anyway since I changed my location a number of times. At the
end I was in Copenhagen.
Now to the mathematical stuff. My most heartfelt congratulations to your
wonderful discovery on the norm residue symbol.1 This clearly is the true
connection, and only now can the whole theory be understood properly. Everything is so clear that there is nothing left to remark. Mr. Petersson lectures on class field theory this semester, and of course he will present your
new formulation and your new proofs. 2 He is delighted about the fact that
everything is so easy now. In order to get somewhere he will of course not
give the proofs of class field theory in detail but only sketch the methods. On
the other hand he will present the reciprocity laws, that is the applications,
in depth.
I did not occupy myself with number theory last semester but once more
with algebra, namely with the ideal theory in commutative domains that are
integrally closed, but in which the chain condition does not necessarily hold.
Then there are indeed satisfactory results. I believe that these things, which
by the way were first studied by van der Waerden, will allow important arithmetic applications. Perhaps not so much in field theory. If you are interested
I can write more about it. I also gave a lecture on it in Copenhagen.3
I assume that your report is about to be finished.4 Did you get enough
space?
With the most cordial greetings and regards to your wife,
Your Artin

1
2
3
4

See 26.1.
For more on Petersson see 27.1.
See 26.4.
Here, part II of Hasse’s report on class field theory is meant.
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Comments on Letter no.26 from May 10, 1929

26.1 Hasse’s Norm Residue Symbol
Artin’s “most heartfelt congratulations” refers to Hasse’s article “Neue
Begründung und Verallgemeinerung der Theorie des Normenrestsymbols”
(New foundation and generalization of the theory of norm residue symbols).
It appeared in 1930 in Crelle’s Journal [Has30e], but had already been submitted on March 7, 1929. Quite likely Hasse had sent the proof sheets to
Artin, as was customary at the times.
Crelle’s Journal published a second article by Hasse, “Die Normenresttheorie als Klassenkörpertheorie im Kleinen” (Norm residue theory as local class
field theory) [Has30c] in the same volume; this article was received just a few
days later, on March 16, 1929. It is a sequel to the article mentioned above.
Probably Hasse also sent the proof sheets of this second article to Artin. We
will discuss these in Section 26.2 below.
The problem solved by Hasse in [Has30e] had shown up two years ago, in
letter no. 10 from July 21, 1927. In point 6.) of this letter Artin had posed,
as he called it, a “wholly stupid question”, namely whether it is possible to
define some kind of norm residue symbol even for fields that do not contain
the necessary roots of unity. Hasse now answers this question positively. In
that letter, Artin had referred to the “σ-formulation” of his reciprocity law,
that is, on the formulation using the Galois group of an abelian extension;
this did not require any condition on the roots of unity. And Artin had asked
whether there is a similar formulation for the norm residue symbol.
In [Has30e] Hasse shows that this idea works, i.e., that a norm residue
symbol ( α,K
p ) may be defined for an arbitrary abelian extension K|k and
arbitrary α 6= 0 in k. This symbol is multiplicative in α and satisfies
(3.2)

 α, K 
p

=1

⇐⇒

α is norm from Kp |kp .

Here p is an arbitrary prime in k. The value group of the new norm residue
symbol ( α,K
p ) now is not a group of roots of unity but the Galois group of
Kp |kp , more exactly: the decomposition group of p in the Galois group of
K|k.
The norm residue symbol satisfies the product formula
(3.3)

Y  α, K 
p

p

= 1,
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where the 1 on the right side is the identity of the
√ Galois group of K|k.
If k contains the m-th roots of unity and K = k( m β), then this new norm
residue symbol essentially coincides with Hilbert’s norm residue symbol ( α,pβ )
discussed in Hasse’s earlier article [Has27e]. In fact, Kummer theory allows
one to identify the Galois group with a suitable group of roots of unity.
The definition of Hasse’s new norm residue symbol follows the pattern
of the definition of Hilbert’s norm residue symbol sketched in 10.3. Hasse
succeeds in finding a few simplifications, but the basic idea is the same in
both cases. If p does not divide the conductor of K|k and if pa is the exact
power of p dividing α, then
(3.4)

 α, K 
p

=

 K −a
p

,

where the symbol ( K
p ) on the right side denotes the Frobenius automorphism
of p. (Here we are using the notation for the Frobenius automorphism introduced by Hasse; Artin had always written σp instead.) In the other case
choose an α0 ∈ k which is p-adically close to α and q-adically close to 1 for all
other divisors q of the conductor of K|k. Write (α0 ) = pa a0 ; then the divisor
a0 is coprime to the conductor, and therefore the Frobenius symbol ( K
a0 ) is
defined; now set
(3.5)

 α, K 
p

=

K 
a0

.

For proving that the symbol ( α,K
p ) is well defined, Artin’s reciprocity law has
to be invoked; it also has to be used for proving that the new symbol has the
norm property (3.2).
Hasse’s construction of this symbol follows Artin’s idea of the “σ-formulation”. It is not very surprising that Artin comments this enthusiastically
and remarks that this is the “true” connection5 . From today’s point of view
this is only partially correct: in the 1920s, Hasse could define the local norm
residue symbol at a prime p not in completely local terms, but had to invoke
a global element, namely Artin’s reciprocity law.

26.2 Local Class Field theory
Hasse’s article [Has30c] appeared in the same volume 162 of Crelle’s Journal
as [Has30e], which we have just discussed. This is Hasse’s first article on
5

By “Verbindung”, which we have translated by “connection”, Artin certainly alludes
to the connection between the arithmetic of the base field and the Galois groups of the
abelian extensions.
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local class field theory. Hasse had discovered that the norm residue theory
developed by him in the preceding article [Has30e] may be interpreted as
local class field theory. The local reciprocity law in this interpretation admits
a σ-formulation analogous to the global one, and the map α → ( α,K
p ) yields
×
×
an isomorphism of the local norm factor group kp /N KP to the Galois group
of the abelian extension KP |kp .
This first version of local class field theory still suffered from a flaw: the
local norm residue symbol ( α,K
p ) could be defined in [Has30e] only with the
help of the global version of Artin’s reciprocity law. Thus local class field
theory was a consequence of global class field theory: in particular, local
extensions had to be realized as the p-adic completions of global extensions.
In [Has30e], Hasse could not yet prove that this is always possible; a proof
was provided in an article [Sch30] in the same volume of Crelle’s Journal
written by F. K. Schmidt, with whom Hasse had an extensive correspondence
in these years.
Hasse, however, was not content with this situation. He thought that local
class field theory should be developed ab ovo, and that global class field
theory should be based on it. In [Has30c], he wrote in this connection:
By this I hope to realize a considerable structural and material simplification of the proofs of global class field theory, which in its current
somewhat uneven form is little suited for making readers want to
study this theory, which is so smooth in its results.
As for smoothing the uneven proofs, Hasse continued to think about it; see in
particular Artin’s letters no. 12 from July 29, 1927, and no. 15 from August
19, 1927.

26.3 Further Developments
Hasse’s ideas on local class field theory and on the norm residue symbol
as well as on the approach to global via local class field theory were further
developed in his article [Has33a], which he dedicated to Emmy Noether’s 50th
birthday on March 23, 1932 – because it had been Emmy Noether who had
corresponded with him on these questions in a series of letters (see [LR06].)
As a matter of fact the actual subject of this article is the structure theory of
algebras over number fields. The connection with the norm residue symbol is
provided by the fact that the local invariants of these algebras can be defined
using the norm residue symbol – and that the local theory of norms now may
be developed directly, without a reference to the global theory. In his article,
Hasse presents this theory only for cyclic extensions since this is sufficient for
the applications to the theory of algebras. The formal extension to abelian
extensions appeared shortly afterwards in an article by Chevalley [Che33a].
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The correspondence between Chevalley and Hasse shows that both of them
discovered this fact independently, and that Hasse left the publication of
these results to the younger Chevalley.
The connection between class field theory and the theory of algebras is
a fascinating topic in the history of mathematics. Here we are content with
the statement that the whole development has one of its roots in the correspondence between Artin and Hasse in the year 1927, motivated by Artin’s
“wholly stupid question” in letter no. 10. More remarks concerning this development may be found in the correspondence between Hasse and Emmy
Noether; see [Roq05b] and [LR06].

26.4 Ideal Theory
Here Artin is referring to what today is called Artin’s and van der Waerden’s
theory of integrally closed domains. It had first been developed by van der
Waerden in two articles [vdW29b, vdW29a] in the Mathematische Annalen.
After Artin had familiarized himself with van der Waerden’s theory, he simplified the proofs and gave the theory a new foundation.6 This is what Artin
writes about in the letter at hand. Artin never published his new theory;
it was later included by van der Waerden in the second volume of his book
“Moderne Algebra” [vdW31]. In this connection we can read there:
The theory developed by the author was put into a beautiful form by
E. Artin and is being published here in this form for the first time.
The theory of Artin and van der Waerden deals with transferring the
classical theory of decomposition into prime ideals to arbitrary integrally
closed Noetherian domains. It was known that this is not possible in a literal
sense; Emmy Noether had cleared up the situation in her pathbreaking article
[Noe26], in which she had introduced what nowadays are called Dedekind
domains. Van der Waerden’s idea was to introduce the equivalence relation
of “quasi-equality” of ideals in such a way that the classical ideal theory
remains valid at least up to quasi-equality.
The modern definition of quasi-equality is due to Artin, who was able to
obtain a considerable simplification with this definition. In this connection it
turns out to be a good idea to consider not only the ideals a ⊆ R of a domain
but rather the “fractional ideals”, that is, R-modules a in the quotient field
of R with the property that a ⊆ x−1 R for a suitable nonzero x ∈ R. Artin
6

Van der Waerden writes in [vdW75] that Artin explained his simplified version to him
in a letter written in 1930. Perhaps van der Waerden got the exact date wrong since this
letter by Artin is dated May 10, 1929, and we may assume that Artin communicated his
new results not only to Hasse but to van der Waerden as well.
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then called two ideals a, b of an integral domain R to be quasi-equal (a ∼ b)
if a−1 = b−1 ; here a−1 is the fractional ideal of all elements x in the quotient
field of R for which we have xa ⊆ R.
In Artin’s version of the theory, the main result is the following group
theorem:
The classes of quasi-equal ideals 6= 0 form a group with respect to the
usual multiplication of ideals.
This is a simple consequence of the assumption that the underlying domain
R is integrally closed. In fact the proof is identical with that given by Emmy
Noether in [Noe26], in which Noether had the classical ideal theory in the
usual sense in mind and had used the additional axiom that every prime
ideal 6= 0 is maximal. In this case, the notion of quasi-equality coincides with
equality.
Artin mentions in his letter that his theory may be applied even in cases
where the chain condition does not hold, i.e., if the domain is not Noetherian.
He remarks that he had obtained “satisfactory results”, but does not provide
any details. In his answer Hasse apparently referred to van der Waerden’s
work, where the chain condition is assumed. And, he continues, there is hardly
a situation in applications where the chain condition is not satisfied. We can
find Artin’s reply in the next letter no. 27 from May 19, 1929. He observes that
some misunderstanding must have occurred since his (Artin’s) considerations
deal with van der Waerden’s theory. It’s just that Artin has found a new
foundation for it which does not require the chain condition.
The unique decomposition into prime ideals is replaced by the refinement
theorem:
If an integral ideal a admits two decompositions into factors up to
quasi-equality, then the two decompositions may be refined in such a
way that the factors coincide up to a permutation of the factors and
quasi-equality.
Van der Waerden included this theorem in part II of his Algebra [vdW31],
and credited Artin. If the domain is Noetherian, then it immediately implies
the theorem of unique factorization into prime ideals (up to quasi-equality).
In this connection we have to point out a detail concerning the definition
of integrally closed in domains R that sometimes is overlooked. We do not
know exactly which definition Artin had in mind when he wrote to Hasse,
but we assume that it is the same that van der Waerden used in his textbook.
Van der Waerden called an element a of the quotient field of R “integral”
over R if all powers an are contained in a finite R-module. If R is Noetherian,
this definition agrees with the one that is mostly used today, where integral
elements are roots of a monic polynomial with coefficients in R. Without
the assumption of the chain condition, these definitions do not necessarily
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coincide; examples are the valuation domains of rank > 1. For this reason we
have to understand the notion of integrality in the sense of van der Waerden7
when the chain condition is not assumed, since exactly this condition is used
in the proof of Artin’s theorem.
In connection with the refinement theorem we refer to Artin’s letter no. 18
from May 5, 1928, in which Artin mentions Schreier’s generalization of the
theorem of Jordan-Hölder. In this generalization Schreier at first did not
assume the finiteness of the composition series, but showed in general that
two principal series admit a common refinement (see 18.1.) Artin then had
written enthusiastically that this was the “true” formulation of the theorem
of Jordan-Hölder. We can imagine that he now was convinced that he had
found the “true” formulation of van der Waerden’s theory.
Remark. There is a letter from van der Waerden to Hasse dated May 29,
1928 (that is a year before Artin’s letter discussed here) in which he presents
his then new theory of integrally closed integral domains. He had attached a
detailed exposition to his letter. One of his aims, as van der Waerden wrote
to Hasse, had been
“to prepare, with a bit of luck, perhaps the beginning of a reconciliation
between Jung’s direction in the theory of algebraic surfaces and the
ideal theoretic approach.”
He asked Hasse
“to pass the manuscript on to Prof. Jung and to explain to him the
algebraic notions occurring there that are unknown to him.”
Hasse and Jung were colleagues at the University of Halle. Jung’s theory of
algebraic surfaces was based on foundations different from classical algebraic
geometry. Van der Waerden, one of whose aims was the “algebraization”
of algebraic geometry, that is, eliminating methods from complex analysis
and topology, wanted to bridge the gap between Jung’s essentially valuation
theoretic methods8 and Noether’s ideal theoretic methods. Jung’s “prime
divisors”, as van der Waerden observed, were essentially what he called the
“higher prime ideals” in his article.
The reconciliation that van der Waerden strove for failed to materialize,
and it seems that Jung’s theory is now forgotten.

7

Krull [Kru32] calls such domains “completely integrally closed” (“voll und ganz abgeschlossen”).
8 Jung presented his ideas later in his book [Jun51], which had, however, a very limited
influence on the development of algebraic geometry.

27 19.05.1929, Letter from Artin to Hasse
Hamburg, May 19, 1929.
Dear Mr. Hasse!
Thank you very much for your kind letter. I fully agree with your terminology and I am convinced that it will prove to be very advantageous in
proofs. I have communicated it to Mr. Petersohn1 , who will employ it in his
lectures.
Unfortunately I will leave tomorrow for the Whitsun holidays, so this letter
has to be brief. I will write you in more detail upon my return.
There was some misunderstanding with the new ideal theory.2 Of course I
don’t think that in applications we will ever meet a situation where the chain
condition does not hold. Thus van der Waerden’s theory will be sufficient for
all practical purposes. But I did mean van der Waerden’s theory: because I
have found a simpler proof differing fundamentally from van der Waerden’s,
and I do not require the chain condition. The main result is that two decompositions of an ideal have an identical subdecomposition. This contains the
unique decomposition as a special case. Actually the theory may after all be
applied in one case where the chain condition at least is not known to hold, in
the domain of relative integral functions. I can show that even here, van der
Waerden’s theory holds including the decomposition in prime ideals. Perhaps
this is important for the problem of relatively integral functions. But I will
write more about this next time.3
With the best regards, also to your wife, your
Artin

1
2
3

Hans Petersson is a student of Hecke. See 27.1.
See 26.4.
We could not find this more detailed exposition in Hasse’s papers.
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Comments on Letter no.27 from May 19, 1929

27.1 Petersson
In letter no. 26 from September 10, 1929 Artin had written that Hasse’s new
foundation of the theory of the norm residue symbol and local class field
theory would be presented in lectures by Petersson.
Hans Petersson was a student of Hecke in Hamburg; he had received his
Ph.D. in 1925, and his habilitation in 1929 in Hamburg. Hasse knew Petersson
very well since he had regularly attended the seminar in Hamburg while he
had been living in Kiel; see [Fre77]. Probably this was Petersson’s first course.
The fact that these lectures presented class field theory and the reciprocity
law suggests that many people in Hamburg were interested in these things.
Artin, Blaschke, Hecke and others had turned Hamburg into an attractive
place for many young mathematicians.
Apparently Hasse had made a few suggestions in his letter to Artin concerning the terminology that may be used in the lectures. Artin now thanks
Hasse for his suggestions and remarks that Petersson will use them in his
lectures.
In a letter to Hasse dated June 22, 1929, Petersson writes that he did not
get as far as he had planned originally:
“[. . . ] one grossly underestimates the time needed for presenting a
mathematical result in detail when one is trying to be comprehensible. It seems to Artin and myself that I will probably not get there
[. . . ]. Perhaps I will continue the lectures in privatissime until August in order to at least be able to present the reciprocity law for norm
residues in your generalized version.”
Hasse also had offered Petersson to send him the proof sheets of his article
on the norm residue symbol. But Petersson answered
[. . . ] I believe that I will have at best not enough time to explain these
things in such detail that it would become necessary to rob you of your
precious proof sheets.”
When Artin, by the way, writes Petersson’s name occasionally as “Petersohn”, this is not necessarily a slip of the pen. Petersson’s father called
himself “Petersohn” at first and later changed his name to Petersson. It seems
possible that Artin was aware of this and knew both spellings of the name.
Towards the end of the 1930s Hasse began to interest himself in Petersson’s
work. At that time, Hasse was working on the zeta functions of elliptic curves
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over Q, which later were called “Hasse-Weil zeta functions”. These functions
satisfy a functional equation, and in this connection Hasse became interested
in Petersson’s work on the construction of solutions of Riemann functional
equations.

Artin’s friend Otto Schreier passed4 away on June 2, 1929. Shortly before his death he
had been offered a professorship at the University of Rostock. (Photo by the Austrian
National Library). c Austrian National Library

4

We thank Itai Hermelin (Tel Aviv) for pointing out Schreier’s obituary notice in the Neue
Freie Presse from June 6, 1929; it may be found in the digital archives of the Austrian
National Library at
http://anno.onb.ac.at/cgi-content/anno?apm=0&aid=nfp&datum=19290606&seite=20

28 15.12.1929, Letter from Artin to Hasse

Hamburg, December 15, 1929.

Dear Mr. Hasse!
Thank you very much for the friendly greetings via Mr. Suetuna.1 On
Sunday I will drive to Reichenberg2 and will pass through Halle with my
wife.3 I would be very glad if I could talk to you again about the many
things that interest us. Do you have time? If so I would make a stop in Halle
for a day. It would only be possible on the way to Reichenberg since on our
way back we would like to visit my parents in law in Berlin.
Would you be so kind and tell me whether Sunday would be fine? 4 My
wife and I would be infinitely glad to see you again.
Currently I am working on continuous groups, albeit without success. It
just does not work out and I don’t know yet whether something will come of
it.5
With best greetings also from my wife and many regards to yours,
Your Artin

1

See 28.1.
Artin’s mother was living in Reichenberg; Artin grew up there and had been living there
until he entered university in 1917.
3 Artin had married his student Natalie Jasny on August 15, 1929. In September 1929,
Hasse, Artin and his wife had traveled together to Prague for the meeting of the DMV
there.
2

4
5

This is Sunday, December 22, 1929.
See 28.2.
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Comments on Letter no. 28 from December 15, 1929

28.1 Suetuna
Zyoiti Suetuna (1898–1970) had studied in Tokyo with Takagi. For four years,
from 1927 until 1931, he stayed in Germany. He spent the first two of these
years in Göttingen and worked with Landau and Emmy Noether. In 1929 he
went to Hamburg in order to work with Artin.
The extensive correspondence between Hasse and Suetuna (69 letters) begins in 1928. During 1929 there developed a cooperation on a new version
of the divisor problem in number theory. This problem is about the number
Tk (n) of ways that an integral ideal n in some number field Ω can be written
as a product of k ideal factors in some finite extension K of Ω, i.e., the number ofPfactorizations n = N1 · · · Nk . More exactly the problem deals with the
sum N (n)≤x Tk (n). The main interest is finding the arithmetic properties
of the generating function
Z(s) =

X Tk (n)
.
N (n)s
n

Hasse’s contribution to the joint work [HS31] consisted in the description of
the connection between this function and the Artin L-function of the Galois
closure of K|Ω.
Suetuna visited Hasse in Halle at the beginning of December 1929 in order
to complete the manuscript for this article. After his return he met Artin in
Hamburg and gave him Hasse’s regards; this is what Artin refers to in the
first sentence of his letter.

28.2 Continuous Groups
Artin’s letter does not provide us with a hint concerning the questions on continuous groups that he was working on. There do not exist any publications
by Artin on this topic.
Perhaps Artin’s “continuous groups” mean Lie groups; this is in line with
the fact that in 1931 or 1932, he gave several lectures in Göttingen on Lie
groups. In addition, Karin Reich [Rei11] quotes a letter from the physicist
W. Pauli to H. Weyl concerning Artin’s lectures on hypercomplex systems in
the winter semester 1927/28, which he had attended, and where he recalled
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“At the beginning of the lecture Artin declared that he could not cover
the continuous groups in his lectures since there was no algebraic
proof of the theorem of complete reducibility of the representations of
semisimple continuous groups. The only known proof by Weyl would
unfortunately use integrals over the group manifold.”
Artin, perhaps inspired by Otto Schreier, had always been interested in
topology, and in particular connections between topology and group theory.
In 1928, a year before this letter was written, Krull’s article on the Galois
groups of infinite Galois extensions had been published, in which Krull gave
these Galois groups a topological structure. It became clear that topology
would play an eminent role in algebra and number theory, in particular since
local fields and their valuation rings were already known to have a topological
structure; in fact just a few months before Artin wrote this letter, Hasse had
submitted his first article on class field theory “in the small” (March 16,
1929). The idea of how to incorporate topological methods in number theory
was later reinforced in Tate’s thesis [Tat67b] supervised by Artin, and in
A. Weil’s book “Basic Number Theory”, in which class field theory is derived
mainly using the theory of topological groups.
Artin’s occupation with topological ideas is also evident from the fact that
in 1946, he supervised a dissertation titled “On the Zeta Function for Ideles”
by Margaret S. Matchett at the university of Indiana.6 In the same year 1946,
he published his joint article [AW46] with Whaples on ideles and adeles (we
should bear in mind that Artin did not publish anything between 1933 and
1939). In addition, the first dissertation in the US supervised by Artin was
that of Gilbarg [Gil42], submitted at the University of Indiana in 1941, and
which had the title On the structure of the group of P-adic 1-units; this also
indicates that Artin had early on worked on problems in local fields.

6

This work seems not to have been published; it is mentioned, however, in Tate’s thesis
[Tat67b].
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29 23.08.1930, Letter from Artin to Hasse

Neuland1 , August 23, 1930
Dear Mr. Hasse!
Thank you very much for sending me the proofs, which I have read with
great delight.2 If there is anything to find fault with, it is the fact that I
fare a lot better than I should because it looks as if I have done more than I
actually did.
I was particularly delighted about your theory of norm residues3 . You are
β
completely right to say that this is also the “true” approach to ( α
β ) = ( α ),
because the claim “If α,K
p ) = 1, then α is norm residue” is not used anywhere
and since everything else is very simple. This theorem is also dispensable for
the rest.
Of course I could not find any mistakes or even serious errors, but this goes
without saying in a report written with such a high standard. Unfortunately,
the setting is lousy since it is teeming with misprints. You poor guy must
have an enormous work to do. Unfortunately I do not have time to do this,
otherwise I would gladly have helped you.
May I inform you about a misprint that is easily overlooked:
   

Page 4, Theorem IV K1PK2 = KP1 KP2 . There the typesetter mixed up
  K 
1
2
prime ideals on the right side, which should read e.g. K
q1
q2 .
Perhaps you have already noticed this. 4
Of course your report has tempted me to think about these things that I
have put aside for such a long time. When I’m back in Hamburg I will tackle
these things seriously again5 . Here I cannot do it since I do not have the
necessary literature. I assume I may keep the proofs?
Have you thought about the inversion factor recently? 6
I will stay here until August 28 and then will stay a few days in Hamburg.
Why don’t you visit us there again?
1

Apparently Neuland is a place where Artin is spending his holidays. Today called Novina,
it lies in the North of the Czech Republic and is a village with about 500 inhabitants not
very far from Reichenberg.
2 See 29.1.
3 See 29.2.
4 In the published version, the prime ideals in question are denoted by P and P instead
1
2
of q1 and q2 as suggested by Artin.
5 In the next letter no. 30 dated Sept. 18, 1930, it will become clear what Artin means
here.
6 See 29.3.
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With many greetings, also from my wife, and best regards to your wife,
Your Artin

From now on I can best be reached in Hamburg.
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Comments on Letter no. 29 from August 23, 1930

29.1 The Proof Sheets
The “proof sheets” for which Artin thanks Hasse are those for Part II of
Hasse’s report [Has30a] on class field theory.
For three years, Part II of Hasse’s report came up regularly in Artin’s letters – starting with Letter no. 10 from July 21, 1927, in which Artin expresses
his regret that Hasse had to start all over again. This had become necessary
in order to incorporate Artin’s general reciprocity law, which now became the
basis of all other reciprocity laws. Hasse always kept Artin informed concerning the progress of his work, the general concept, the proofs, the notation,
and on open problems. As we can see from the correspondence, Artin always
reacted with interest and vividly expressed his opinion on various problems.
Thus Hasse wrote Part II of his report on class field theory while he was
in close scientific contact with Artin. This was not a joint work in the strict
sense, since the conception as well as the actual writing was done exclusively
by Hasse. But Hasse valued Artin’s opinion on various questions.
Now Part II of the report is finished, and the manuscript has been sent to
the printer. It is not surprising at all that Hasse had sent the proof sheets
immediately to Artin to let him see the result.
When Artin writes that he fares “a lot better” than he should, this is more
than a pure polite phrase. In fact Part II of the report was the first book in
which Artin’s reciprocity law was presented (and named after Artin), and was
used as the basis for a systematic derivation of the classical reciprocity laws.
Artin knew very well that his general reciprocity law had to be considered
as the crowning achievement of a long development of class field theory, and
that, at the same time, it was the basis of all the explicit reciprocity laws
known at the time. His remarks, also in this correspondence with Hasse, are
unequivocal. See e.g. Letter no. 10 from July 21, 1927.

29.2 Norm Residues
The theory of norm residues is contained in Chapter 2 of Part II of Hasse’s
report [Has30a]. It is based on the article “Neue Begründung und Verallgemeinerung der Theorie des Normenrestsymbols” (New foundation and generalization of the theory of the norm residue symbol), which Hasse had completed in March 1929 (see 26.1).
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The development of this theory in Part II of the report consists of two
stages: First the proofs of the formal properties of the norm residue symbol
α, K|k
defined by Hasse for every abelian extension K|k and each prime p
p
of k. One of these properties is the product formula
Y  α, K|k 
= 1.
p
p
This is the “formal part”, of which Artin observes that it goes through in a
very simple way.
The second stage is the proof of the “norm theorem”, i.e., the fact that
α, K|k 
is trivial if and only if α is a norm in the local extension Kp |kp . This
p
theorem is, as Artin writes, “not used anywhere” and is “dispensable for the
rest”.
In Part II of his report, Hasse remarks that the product formula has a
“purely formal character” and serves as a “link in the chain from Artin’s
reciprocity law to the reciprocity law of power residues”. The norm theorem,
on the other hand, is an “independent theorem” that plays no particular
role in the theory of power residues. It is apparently this point of view that
Artin addresses in the present letter and about which he was “particularly
delighted”, in particular because the proof of the norm theorem, as presented
in [Has30a], is quite long and cumbersome. Artin had in this connection
already remarked in an earlier letter, no. 15 from Aug. 19, 1927, that he
completely agrees with Hasse’s formalization; see 15.3.
From today’s point of view we would perhaps view the situation differently
because at that time Hasse could define the local norm residue symbol only by
using Artin’s global reciprocity law, and the product formula indeed follows
quite simply in this approach. Today, on the other hand, it is possible to
define the norm residue symbol in a purely local way as described by Hasse
in [Has33a], and the norm theorem may therefore be proved directly in the
local situation. The product formula then becomes a central theorem of class
field theory, and now is the basis for the proof of Artin’s reciprocity law.

29.3 The Inversion Factor
 β −1
The explicit discussion of the inversion factor α
for the power residue
β
α
symbol can be found in part II of Hasse’s report on class field theory in the
case of prime exponents ` (in § 20/21).
In his article [Has29], which Artin accepted for publication in the Hamburger Abhandlungen, Hasse had investigated the inversion factor for prime
power exponents `n ; there he had been able to reduce the discussion to the
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second supplementary law, which he had studied in a joint article [AH28]
with Artin. But Hasse did not succeed in giving a satisfactory form of the
explicit reciprocity law (see 10.4).
This was perhaps the reason why Artin asks whether Hasse had kept on
thinking about the inversion factor for `n .

Hasse in the 1930s (photographer unknown).
c The Mathematisches Forschungsinstitut Oberwolfach gGmbH (MFO)

30 18.09.1930, Letter from Artin to Hasse

Berlin, Sept. 18, 1930
Dear Mr. Hasse!
Thank you very much for your letter. After a short stay in Hamburg I
went to Berlin1 and managed to work on a few things. I would like to tell
you something about my findings2 .
1.) I was annoyed about the theorem on page 73, line 10 from top, of your
report3 . Here you have the complete definition of L(s, χ):
Let p be a prime ideal, σ the associated substitution in K/k, which is not
uniquely determined, T the inertia group, and e its order. Set
χ(pν ) =

1X
χ(σ ν τ ) ,
e
τ ∈T

which is the mean of all possible values. Then
log L(s, χ) =

X χ(pν )
νN pνs
p,ν

is the complete definition also for divisors of the discriminant. L(s, χ) can be
written as usual as a product of the form
L(x, χ) =

Y
p

1
,
|E − N p−s Ap |

where Ap is a certain matrix attached to p (which may be 0) and only has
roots of units as characteristic roots.
All relations and theorems now hold exactly right from the start.
2.) I was even more annoyed by the remark on p. 72, paragraph after Theorem
XI4 . Thus I can also give you now the complete functional equation in which
only the “Gauss sum” W (χ) with absolute value 1 is not given directly.
The exact functional equation reads
M (1 − s, χ) = W (χ)M (s, χ)
1
2
3
4

where

|W (χ)| = 1 ,

Artin’s parents in law, the Jasnys, lived there. Artin had married in 1929.
See 30.1.
See 30.1.
See 30.1
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and where we have to set

M (s, χ) = Γ (s, χ, K/k)

dχ(1) Nk (f(χ, K/k)
π nχ(1)

 2s
L(s, χ, K/k) .

Here n denotes the degree, d the discriminant, and Nk the norm in the base
field k. Moreover we have
Y
Γ (s, χ, K/k) =
γ(s, χ, K/k, p∞,i ),
p∞,i

the product being over all ∞ prime ideals of k, and where


χ(1)


if pi is complex,
 Γ 2s Γ s+1
2
χ(1)+χ(σi )
χ(1)−χ(σi )
γ(s, χ, K/k, p∞,i ) = 




2
2


Γ s+1
if pi is real.
 Γ 2s
2
Here I have to explain σi . The symbol pi,∞ denotes a real valuation of k, a
prime divisor qi,∞ denotes an extension of this valuation to K. Let Ω denote
the maximal real subfield of K (this is the decomposition field of qi,∞ ). It
is easily seen that K has relative degree at most 2 over Ω. Let σi denote a
generator of the Galois group of Ω. (In particular we have σi2 = 1 or even
σi = 1). This is the σi . It is the decomposition group of pi,∞ .
It follows from the above that all exponents in Γ (s, χ) are positive integers,
which implies that L(s, χ) is regular and unramified for R(s) ≤ 0. In R(s) ≤ 0,
the function L(s, χ) has zeroes in 0, −1, −2, −3, . . . only, with an order that
may be given explicitly.
It remains to explain the symbol f(χ, K/k), which I call the conductor of
the character χ. I will give it explicitly in a moment.
You will be reminded of Hecke’s grössencharacters and of their relation to
the relative discriminant. Of course this is possible, but it is not necessary
since the f given below has all the desired properties.
3.) Now I reach the part that interests me even more than the preceding. It is
the generalization of the discriminant-conductor formula to arbitrary fields5 .
Let T denote the inertia group, Vi the i-th ramification group, e the order
of T, and pRi that of Vi . Finally let τ run through the group T, and τi through
Vi . The choice of T and Vi for a given p does not matter (it depends on the
chosen prime divisor in K; here K/k is Galois).
Now set
Y
R1
R2
1
f(χ, K/k) =
p e (eχ(1)−Σχ(τ )+p χ(1)−Σχ(τ1 )+p χ(1)−Σχ(τ2 )+...) ,
p from k
5

See 30.1.
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where the product is over all p in the base field k. This is the f(χ, K/k) in
the functional equation. It has the following properties:
a) It is an integral ideal in k. This is the deepest theorem and the one that
lifts everything above trivialities. It is immediately seen that the exponent
of p is at least 0. The difficult point is showing that it is integral. But I have
succeeded!
b) If K1 /k is Galois and K ⊂ K1 , and if χ can be defined already in K, then
f(χ, K/k) = f(χ, K1 /k) .
This is already not so simple.
c) If Ω is an intermediate field, ψ a character in K/Ω and χψ the induced
character, then we have
ψ(1)

f(χψ , K/k) = DΩ/k · NΩ/k (f(ψ, K/Ω)) .
Here DΩ/k is the relative discriminant (ψ(1) is in the exponent), NΩ/k the
symbol for the relative norm.
d) For the principal character we have f(ψ) = 16 . Setting ψ equal to the
principal character it follows that
Y
ψ(1)
DΩ/k = f(χψ , K/k) =
(f(χ, K/k))gi ,
χ

where the gi are those integers ≥ 0 that occur on p. 94 of the article on
L-series. This is the generalization of the conductor-discriminant formula I
was talking about7 .
e) If K is abelian, then f(χ, K/k) is the conductor from class field theory.
This is easy to see, and on this result depends a) and the deep argument
there.
f) If K is the smallest Galois extension in which f(χ, K/k) can be defined,
then the prime divisors of f are exactly the prime ideals in k that ramify in
K.
g) If k is the field of rational numbers, then f(χ) = 1 if and only if χ is the
principal character.
6

Artin writes f(χ), but clearly means ψ.
In the preceding formula we have ψ(1) = 1, thus the exponent may be omitted. The χ
run through the irreducible characters of the Galois group, and the gi are their degrees,
i.e., χ(1).
7
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h) If k is arbitrary, f a given ideal, N a bound for the degree of K/k, then
f is a conductor for at most finitely many relative extensions with degree at
most N , if we always take the smallest field in which f may be defined.
i) Conjugate algebraic characters have the same conductor.
This is for now the most important of what I have to say8 . Until a few
minutes ago I have computed a lot on the problem of `n -primary numbers,
but did not obtain anything. Weddle’s article is unfortunately not available
to me9 . I only managed to get `2 -primary done. A basis number for it is
2

1 − λ`2

−`

λ1 .

Thus for α being `2 -primary it is necessary and sufficient that

a
2
α ≡2 1 − λ2` −` λ1
(mod `2 λ1 )
`

for a suitable a.
But I couldn’t do anything with this. I have also determined the basis for
`3 -primary, but the expression is so complicated that you cannot see anything.
You will not hold the “introduction” to 1.) and 2.) against me. Of course
I was only joking.
You can reach me until September 25 in Berlin at the address
care of Jasny, Berlin-Wilmersdorf,
Sodenerstrasse 34
beim Mossestift.
Then until around October 8 in
Reichenberg, Czechoslovakia, Felgenhauerstrasse 20.
Unfortunately I have left your postcard with the new address in Hamburg.10
But you will occasionally drop in at the university.
With best regards also to your wife and from my wife,
Your Artin
8

Here Artin begins with a new topic not related to L-series. See 30.2.

9

See 30.3.
Hasse had recently moved to Marburg. Since Artin did not remember Hasse’s new
address (which he could have found on Hasse’s postcard he had forgotten in Hamburg), he
sent this letter to Marburg University.
10
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The new results very much support the conjecture that the L(s, χ) are
entire11 .

11

The question whether the Artin L-series (except for the principal character) are entire
is still open. Richard Brauer [Bra47a] could prove in 1947 only that they are meromorphic
functions.
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Artin’s Letter September 18, 1930 (photo by University Library Göttingen).
c The Mathematisches Forschungsinstitut Oberwolfach gGmbH (MFO)
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Comments on Letter no. 30 dated Sept. 18, 1930

30.1 L-series
In the preceding Letter no. 29 from August 23, 1930, Artin had written
that reading the proof sheets of Hasse’s report made him think about “these
things” which he had let rest for quite a while. Now, a month later, he informs
Hasse about the results of his considerations. We deduce from this letter that
Artin had been working on supplementing Artin’s article [Art23b] on L-series
for group characters from 1923. Artin had discussed this article in Letter no. 1
from September 9, 1923.
Artin’s theory of L-series in his article from 1923 suffered from a few
defects. First of all it was based on Artin’s reciprocity law, which had not yet
been proved in 1923, and this may have been the reason why Hasse did not
include Artin’s L-series in Part I of his report on class field theory. But now
Artin’s reciprocity law had been secured ([Art27a]), and Artin had written
in Letter no. 8 from July 17, 1927: “Thus everything in the L-series article
is finally proved.” Therefore Hasse included the theory of Artin’s L-series in
Part II of his report because, as he writes, they were
“a deep application of Artin’s reciprocity law to the theory of Galois
extensions”.
Thus Artin saw his own theory from 1923 presented on the proof sheets, and
this made him take up the topic again in order to complement it.

Definition
The subject of the first paragraph of Artin’s letter is the definition of Lseries. In fact the definition given in 1923 had the defect that it could be
given only in a preliminary form since the contributions from the ramified
primes remained indefinite and had to be omitted at first. The reason for this
was the fact that the Frobenius automorphism is uniquely determined only
for unramified primes.
Let K|k be a normal extension of number fields, let G denote its Galois
group, and let χ be a character of G. If p is a prime ideal in k unramified

∈ G,
in K and P a prime above p in K with Frobenius substitution K|k
P
K|k ν 
ν
then Artin sets χ(p ) = χ ( P ) . This value does not depend on the choice

of P above p since taking a different prime results in replacing K|k
by a
P
conjugate substitution in G, and the values of characters of conjugate group
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elements coincide. In the definition of the series log L(s, χ), the value χ(pν )
is used. This was Artin’s preliminary definition in his article from 1923; the
finitely many contributions corresponding to the ramified primes were still
missing.
In order to reach the final definition Artin reduced the problem in 1923 to
the abelian case. This was only possible up to finitely many Euler factors. In
the abelian case, the new Artin L-series could be identified with the classical
L-series by Weber via Artin’s reciprocity law (which was not proved in 1923,
however). For the classical L-series it was known (by the work of Hecke)
what the complete definition, including the ramified and the infinite places,
had to look like. From there Artin could return to his new L-series using the
functional equation and a “well-known argument due to Hecke”, which Artin
did not explain, and instead referred to Hecke’s article [Hec17b]. Hecke’s
argument uses results from complex analysis on analytic functions satisfying
a Riemann-type functional equation relating the values at s to those at 1 − s.
This was indeed a rather indirect procedure. Hasse had used this argument in Part II of his report, where he presented the “well-known argument
due to Hecke” in detail. Now, in the present letter, Artin is able to include
the ramified places in the definition right from the start. For these places,
the Frobenius substitution of P is not uniquely determined (only its inertia
ν
group is), and a similar remark holds for the powers ( K|k
P ) of the Frobenius
ν
substitution. For this reason Artin now defines χ(p ) as the arithmetic mean
ν
of χ on the coset of ( K|k
P ) . This definition allows use of the same formula
as before, but now including the ramified primes12 . Artin now is also able to
include the infinite places directly.
In particular it is important for Artin that this final definition does not
depend on class field theory. Artin adds the remark “All relations and theorems now hold exactly right away.” This means that they do not just hold
up to finitely many Euler factors as this was at first the case in [Art23b], but
that they hold almost “by definition”.
But what are these “relations and theorems” that Artin means when he
says that they hold “exactly”? Essentially these are the following two theorems.
The first theorem deals with extending the extension field K. If K is
contained in a field K 0 which is also normal over k, then the Galois group
G of K|k is a factor group of the group G0 of K 0 |k. Thus every character χ
of G may be interpreted as a character of G0 . More precisely: χ defines via
inflation from G to G0 a character of G0 , which usually is also denoted by
12

In [Has30a], Hasse uses the symbol
K|k 

 K|k 
P

for denoting the Frobenius automorphism. He

reserves
for denoting the conjugacy class of the Frobenius automorphism and calls
p
this the Artin symbol. This notation did not prevail. – Artin never used a particular symbol
and, as in the present letter, simply wrote σ. He calls σ the “associated substitution, which
may not be uniquely determined”.
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χ. The theorem tells us that the L-series L(s, χ) for K|k coincide with the
L-series for K 0 |k – and this time “exactly”, and not only up to finitely many
Euler factors.
The second theorem deals with replacing the base field k by a subfield.
If k contains a subfield k0 such that K is still normal over k0 , then the
Galois group G of K|k is a subgroup of the Galois group G0 of K|k0 . In this
situation, every character χ of G gives us by group theoretical induction a
character χ∗ of G0 13 . Now we have the Theorem of Induction, according to
which the L-series L(s, χ) for K|k coincides with L(s, χ∗ ) for K|k0 – again
“exactly”.
In his letter, Artin does not give any proofs, probably because he assumes
that Hasse can put them together easily. Proofs can be found in his publication [Art30].
Remark. Artin refers to the proof sheets of Part II of Hasse’s report on
class field theory; in paragraph 1.) of his letter he discusses sheet no. 7314 . We
do not know the sheets or their numbers; in general, such a sheet comprised
several pages. Since Artin talks about the definition of the L-series we suspect
that Artin is looking at the pages in Part II of the report on which the
final definition of L-series may be found. This definition is contained in the
paragraph on p. 159/160. At the end of this paragraph, on p. 160, we find
the remark
“To this day there is no explicit expression for the uniquely determined contributions of the divisors p of the discriminant to L(s, χ).”
We are almost certain that it is this statement which “annoyed” Artin15 .
When Artin, at the beginning of paragraph 1.) in his letter, uses the expression “I was a annoyed” and the even stronger formulation at the beginning of
paragraph 2.), he does not mean to criticize Hasse’s report. Artin is annoyed
that he had to leave “gaps” in his own work, and at the end of his letter
he admits that he “was only joking”. Artin’s letter is a first communication
of new ideas supplementing his theory of L-series. Since Hasse’s report was
already being printed, there was no chance of including Artin’s new ideas in
the report. This was unfortunate as Hasse wanted to have a report presenting
the state of the art, and it was a pity that Artin’s new addition to the theory
came into being too late. From this letter we learn how this could happen:
it was the galley proofs of Hasse’s report that made Artin think again about
these things.
Artin uses a different notation and writes ψχ instead of χ∗ .
The German expression is “Fahne”, which is used for a page of the galley proofs.
15 In [Roq00] we have conjectured that Artin was referring to Theorem IV on p. 152 of
Hasse’s report. But this would not match up with the page numbers of the proof sheets
given by Artin. Today it seems more likely to us that Artin was talking about the theorem
on p. 160.
13
14
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Artin published his new considerations in two articles [Art30] and [Art31],16
which since have become an important part of the theory of Artin L-series.

Functional Equation
In paragraph 2.) of his letter Artin discusses the functional equation of his
L-series. In his article [Art23b] he had derived the functional equation by
reducing the problem to the abelian case and a reference to Hecke. This
procedure yielded the functional equation only up to finitely many Euler
factors, and it required an additional argument due to Hecke for obtaining
the actual functional equation. Hasse gave this approach in Part II of his
report, but wrote the functional equation in a more systematic way:
M (s, χ) = W (χ)M (1 − s, χ),
where W (χ) is a complex number with absolute value 1, and where the function M (s, χ) is the product of L(s, χ), some Γ -factors, and a suitable exponential function. More precisely, Hasse writes
M (s, χ) = Γ

 s g0 (χ)
2


Γ

s+1
2

g1 (χ)

A(χ)s L(s, χ),

where the integral exponents g0 , g1 and the positive real number A cannot
be given explicitly. In this connection, Hasse remarks, with a reference to
[Art23b]:
“Artin gives a few comments on these constants, or rather the constants appearing in the functional equation written in a slightly different form, without determining them completely.”
It is this theorem that annoyed Artin “even more”, as he writes in his letter.
We deduce from Artin’s letter that he has succeeded in determining the constants (except W (χ)) completely because he now is able to find the functional
equation exactly, based on his new definition of the L-series, without using
Hecke’s argument.
This requires a careful description of the Γ -factors. In his letter, Artin
writes the Γ -factors as a product of contributions from the infinite places p∞ .
As far as we know, this was done here for the first time. Perhaps here we can
see the origin of the idea to systematically investigate the contributions also of
the finite places and to find a functional equation for each such factor? This
was later done in complete generality within the framework of Chevalley’s
16

See Letter no. 31 from Sept. 23, 1930.
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ideles by John Tate, one of Artin’s students, in his famous thesis written in
195017 .
At this point it seems appropriate to say something about the factor W (χ)
occurring in the functional equation. Artin does not say anything about them
except that |W (χ)| = 1. He calls W (χ) a “Gauss sum” but places quotation
marks around this name in order to indicate that in the abelian case, these
numbers W (χ) may be represented as suitably normalized Gauss sums. In this
sense, the numbers W (χ) in the general case may be seen as generalizations
of the classical Gauss sums even though we do not know how to represent
them by sums as in the abelian case. Today, the W (χ) are often called “Artin
root numbers”.
It seems remarkable that the problem of the local structure of these root
numbers is not mentioned explicitly in the correspondence between Artin and
Hasse, despite the fact that both of them must have realized the importance
of this problem. Many years later, in 1954, Hasse published [Has54], where
he gives an introduction to the theory of Artin’s L-series and then poses the
question of decomposing the root numbers into local components Wp (χ) in
such a way that the product formula
Y
Wp (χ)
W (χ) =
p

holds. Hasse defined the numbers Wp (χ) by reducing the problem to the
abelian case, in which the solution was known. The reduction to the abelian
case was accomplished using Brauer’s well-known theorem on induced characters from [Bra47a]. The number Wp (χ), however, still depended on the
way in which the character χ was written as an integral linear combination
of cyclic characters coming from subgroups. Hasse was not able to show that
the Wp (χ) are independent of this choice. Only much later investigations by
Dwork [Dwo56], Langlands18 , Deligne[Del73] and others settled the question.
17

For a long time, Tate’s thesis was available only as a set of copies; it was published
properly only in 1967 in [Tat67b]. As we have already remarked in 28.2, there was a
precursor to Tate’s thesis, namely the thesis of Margaret Matchett, written in 1946 in
Indiana.
18 Langlands’ manuscript is listed in [Del73] as “unpublished”. Another manuscript by
Langlands ([Lan04], written in Turkish) reveals that Cahit Arf pointed out Hasse’s article
[Has54] to Langlands during his stay in Ankara. This made Langlands think about the
solution of Hasse’s problem on Artin’s root numbers. (Cahit Arf received his Ph.D. in 1939
in Göttingen under Hasse’s supervision; in his thesis he proved what is now known as the
“Theorem of Hasse-Arf”; see 33.4.)
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Conductor
In thepfunctional equation for L(s, χ), as given by Artin in his letter, the
term Nk f(χ) occurs, where f(χ) is a certain ideal from k and where Nk f(χ)
denotes its absolute norm. Today, f(χ) is called the Artin conductor of the
Galois character χ. Paragraph 3.) of Artin’s letter gives the definition and
the basic properties of f(χ), which are required for the proof of the functional
equation. Artin writes that he found this more interesting than the preceding;
as we can see from subsequent letters, Hasse felt the same way.
Among the basic properties of the conductor f(χ) listed by Artin, the first
theorem denoted by a) is the deepest, as Artin wrote. Here one has to show
that the exponent of p is an integer. Artin writes “I have succeeded.” Since
Artin very rarely uses expressions like this one we may deduce that he had
a hard time finding the proof, and that he was proud of his result. This
integrality of the exponent will show up again in subsequent letters.
Let us look more closely at the exponents of p in question:
(4.1) fp (χ) =


1
eχ(1)−Σχ(τ )+pR1 χ(1)−Σχ(τ1 )+pR2 χ(1)−Σχ(τ2 )+. . .
e

The notation was explained by Artin in his letter. In order for the right-hand
side to make sense, the terms in the series have to be added pairwise. The
series then terminates after finitely many terms and represents a positive
rational number. Only the claim that this is an integer is nontrivial.
How did Artin arrive at this remarkable definition? He does not tell us
anything about it here, but in the next letter no. 31 from September 23,
1930, we can read:
“In the case of the conductor as well as that of the functional equation
I had to guess everything.”
We may assume that the guessing consisted in guaranteeing the validity of the
properties a)–i) formulated in his letter. The conductor is already determined
by these properties, as Artin shows in his publication [Art31]. More precisely:
the properties d) and i), together with the homomorphism property f(χ1 +
χ2 ) = f(χ1 )f(χ2 ), already suffice for uniquely characterizing f(χ) as a function
on the characters χ of the Galois group G of K|k and its subgroups. This
uniqueness theorem turns out to be important for Artin’s proof of a), the
integrality of the exponent (4.1), as presented in his article [Art31].
Today it has become customary to write the right-hand side of (4.1) as an
inner product (α, χ) over the inertia subgroup T, with the “Artin character”
α. This character is defined as follows:
α(τ ) = −i

if

τ ∈ Vi−1 \ Vi ,

whereas α(1) is defined in such a way that
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α(τ ) = 1 .

τ ∈T

With this definition of α, Eqn. (4.1) may be written as follows:
(4.2)

fp (χ) = (α, χ) =

1X
α(τ )χ(τ ) .
e
τ ∈T

By definition, α is constant on the conjugacy classes of the inertia subgroup,
hence is a “virtual character”. The fact, proved by Artin, that (α, χ) is a
positive integer for irreducible characters χ of T means that α really is the
character of a matrix representation of T, which is called the “Artin representation”. Thus fp (χ) is the multiplicity with which the irreducible representation belonging to χ occurs in the Artin representation.
Soon after Artin’s definition (4.1) of the conductor became known, attempts were made to find an explicit realization of the Artin representation.
Once such a representation was known, the integrality of fp (χ) would follow immediately. We have not found any hints suggesting that already Artin
himself looked for such a representation.
Serre [Ser60] has proved that the Artin representation may be realized
over every `-adic field Q` for prime numbers `, but not over Q. We still do
not know a canonical construction of a representation module19 .

Emmy Noether
We know that Emmy Noether studied this problem intensively. Already before 1930 she had published her article [Noe27] on differents and discriminants
in algebraic number fields and function fields. A year later she had completed
a second article on the different; Noether intended to rewrite this article,
which then appeared in 1950 posthumously in Crelle’s Journal [Noe50].
Hasse was in close contact with Emmy Noether. Since he knew that she
was interested in discriminants and conductors, he passed on the relevant
material in Artin’s letter no. 30 to Emmy Noether. On Oct. 10, 1930, she
replied:
“Thank you very much for Artin! These things really are amazingly
pretty! I am particularly interested in the formal foundations that they
contain; I have already thought about some hypercomplex things – so
far completely independent20 [. . . ].”
19

In the case of function fields, such a representation module was found by Laumon
[Lau91].
20 Apparently Noether means that her findings had been obtained independent from Artin.
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When Noether mentions the “formal foundations”, this has to be seen as
some form of discontent with Artin’s largely computational considerations;
Noether would prefer finding the conductors “formally” directly as ideals.
To this end she would like to use the theory of algebras, which she always
called “hypercomplex numbers”; it was one of Emmy Noether’s fundamental principles that the noncommutative theory of algebras was a powerful
tool for studying commutative objects such as number fields. It seems that
Noether was looking for an algebra that somehow is connected with the Artin
representation, and whose decomposition into modules would give Artin’s
conductors.
Emmy Noether did not succeed in clearing up these “formal foundations”
of Artin’s conductors in full generality, as she had apparently set out to
do. Only in the case of tame ramification did she make some progress. Her
solution of the problem can be found in her article [Noe32] in the Crelle
volume dedicated to Hensel, which became very well known through her proof
of the existence of local integral bases in the case of tame ramification21 . Her
main intent in this article, however, was the construction of Artin conductors
using methods from the theory of algebras. In fact she succeeded (in the case
of tame ramification) in finding a decomposition of the local discriminant into
a product of contributions by the individual group characters. She was not
able to prove, however, that these ideals coincide with the Artin conductors.
This was done only much later, in 1983, by Fröhlich [Frö83].

30.2 `n -primary
The problem of determining the exact conditions for a number to be `n primary has already been discussed by Artin and Hasse in earlier letters, but
without a final solution: see e.g. Letter no. 11 from Sept. 26,1927; no. 14 from
Aug. 6, 1927; and no. 16 from Sept. 4, 1927. Artin still does not reach a final
result, his formulas only deal with the case n = 2. In the next letter no. 31,
Artin gives a detailed explanation for this formula, apparently because Hasse
had asked him to do so.
For the further development see 14.2.

30.3 Weddle
Thomas Weddle (1817–1853) was an English mathematician whose name
shows up in Weddle’s rule and Weddle’s surface. Weddle’s rule is a numerical
21

See the exposition in [Roq00]. For Noether’s letters see [LR06].
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method for integration similar to Simpson’s rule, but more precise. Weddle’s
surface is a birational model of Kummer’s surface. Weddle’s article mentioned
by Artin must be his publication [Wed42] from 1842, in which he developed an
algorithm for the numerical solution of algebraic equations. Weddle observed
that Newton’s method for computing real approximations αn of the roots of
an algebraic equation suffered from the drawback that the approximations
n)
αn+1 = αn − ff0(α
(αn ) involved sums, which behave very badly when working
with logarithms. Weddle replaced the correction summand by a correction
factor, which allowed him to compute the logarithms of the approximations
much more easily. It is not very likely that Hasse had referred to Weddle’s
original article; in fact his method appeared in many of the algebra textbooks
published in the second half of the 19th century, and a detailed exposition
may also be found in [Pop62].

31 23.09.1930, Letter from Artin to Hasse

Berlin, Sept. 23,. 1930
Dear Mr. Hasse!
Thank you very much for your friendly letter. As for the publication in
Crelle I would suggest the following:1 I had already planned to separate the
investigations into two parts: 1.) Group theoretical structure of the discriminant of algebraic number fields. 2. ) On the theory of L-series with general
group characters. I would like to keep this division since I think that 1.) is of
general importance, independent from the application in 2.). I hope for a lot
of other results from extending the theory of the conductor. For example I
harbor a small hope for the class field tower. In an investigation on L-series
this would get lost completely. If I publish it separately, then perhaps it will
be noticed by a few people who would put aside the article with horror when
they read the title L-series.
Now I would like to suggest that I let 1.) be printed in your Crelle’s Journal,
but 2.) out of old devotion in Hamburg. This is quite fitting since Crelle also
has published your article on the conductor,2 and Hamburg, on the other
hand, the first article on L-series. Don’t you agree with the separation and
these points of view? I will be able to write the final manuscript only on
October 15, since I will not arrive in Hamburg a lot earlier than that and will
not have time to do it earlier.
At this occasion I would like to ask: did you know the formula for f(χ, K/k)
in the abelian case? If not, then it is at least a minor supplement to class
field theory3 .
Now let me ask you a big favor. As you may have heard, I have taken over
editing the Hilb collection at the Akademische Verlagsgesellschaft. I would
love to have a book of yours in there. Wouldn’t it be possible to write a book
on complex multiplication for this series? I have already negotiated with the
publisher. We will take any contribution of yours. I am mainly thinking of
complex multiplication, since there is no useful book in this area so far. But
we would gladly take anything else. How do you think about it? Please fulfill
my wish! I would not want to give you a deadline since I know how you have
been overburdened with the “report”. I would leave everything up to you4 .
Now I come to `2 -primary5 . I start with your formula
1
2
3
4
5

See
See
See
See
See

31.1.
31.2.
31.2.
31.3.
30.2.
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 η , η  Y  λ p0 a + q0 b
a b
=
λ
ηpa+qb
for odd `n , and rewrite it using our old τa -basis. This makes it simpler.
For

rewriting the expression you do not have to plug in the value of λη , you can
do everything directly. We obtain
b 
−a
∞ 
 τ , τ   λ b Y
λ
λ
a b
=
·
·
,
λ
τa+b
τa+`ν b
τa`ν +b
ν=1
which contains a lot fewer factors. This formula holds for arbitrary a and b.
In the case ` = 2 you need slight modifications. But let us keep ` odd.
If a and b are coprime to `, then point 8 of our article implies that
b
∞ 
τ , τ  Y
λ
a b
=
.
λ
τa+b
ν=1
If a = `n , on the other hand, then for b coprime to ` we get
b
∞ 
τ n, τ  Y
λ
`
b
=
.
λ
τ`n +`ν b
ν=1
In the first case we have a + b < 2`n , hence according to point 15 of our
article


`n
a+b
τ , τ 
b
n
a b
= ζa+b `
,
λ
which may be different from 1 only for values of a + b in the interval
`n ≤ a + b ≤ n`n − (n − 1)`n−1
that are divisible by `.
In the case n = 2 this means `2 ≤ a + b ≤ `2 + (` − 1)`, hence
τ , τ 
a b
1.) a + b = `2 , where
= ζ b,
λ
2.) a + b = `2 + k` with 1 ≤ k ≤ ` − 1,, where
 2



`
` + k`
`
`+k
τ , τ 
b
b
a b
`2
`
= ζ`+k
= ζ`+k
λ
according to Hilfssatz 2 of our article.

 (`+1)(`+2)...(`+k)
Here `+k
= `+k
= 1
≡ 1 (mod `) and ` + k ≡ k (mod `),
`
k
2
k

`
τa ,τb
b
k
hence
= ζ . (The exponent is of course integral mod `2 .) It remains
λ
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τ`2 ,τb 
.
λ

In the product, ν = 1 suffices, so that we find
 τ 2 , τ   λ b
b
`
=
.
λ
τ`2 +b`

Again it is sufficient to consider the case 1 ≤ b ≤ ` − 1, and we have

 2


`
` + b`
`2
`+b
τ 2, τ 
b
b
2
b
`
`2
`
= ζ ` + b`
= ζ`+b
= ζ` .
λ
This gives, in a different notation,
symbol; we have
τ 2, τ 
b
`
= ζ`
λ
τ , τ 2 
a ` −a
= ζ −a
λ
τ , τ 2

`a
a ` −a+k`
= ζ− k
λ

the following table for the norm residue

for b = 1, 2, . . . , ` − 1,
for (a, `) = 1, 1 ≤ a ≤ `2 − 1,
for k = 1, 2, . . . , ` − 1, (a, `) = 1,
qk` + 1 ≤ a ≤ `2 − 1

τ , τ 
a b
= 1 for the other τa , τb in our basis.
λ
A primary ξ may be written in the form
Y
ξ = τ`2
τaxa ,

and finally

(a,`)=1
1≤a≤`2 −1
2

where the xa are to be determined. Since we must have ξ ≡ 1 (mod λ`1 = λ` ),
all the xa must be divisible by `. Now we must have
 

 τ , τ x a
Y
τ 2 , τb 
ξ, τb
a b
·
= 1 for all τb of the basis.
= `
λ
λ
λ
(a,`)=1
1≤a≤`2 −1

For b = `2 , everything is valid according to the table since xa ≡ 0 (mod `) .
Assume therefore that b is coprime to `. Since the xa are divisible by `, it
follows from the table that only the factor with a = `2 − b remains in the
product. Now we have to distinguish the following cases:
1.) b = 1, 2, . . . ` − 1; then the equation reads
ζ `+bx`2 −b = 1,
hence
x`2 −b ≡ −

`
b

(mod `2 ) .
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2.) b ≥ ` + 1; then it reads
ζ bx`2 −b = 1, hence x`2 −b ≡ 0

(mod `2 ).

Thus we may set
−`

−`

−

`

`−1
1
2
ξ = τ`2 · τ`2 −1
τ`2 −2
· · · τ`2 −(`−1)
.

Since η2`2 is already primary, we may replace τ`2 by η`2 . Developing the
product and omitting everything beyond the primarity modulus we obtain
2
2
` 2
` 2
`
ξ ≡ 1 − λ` + λ` −1 + λ` −2 + · · · +
λ` −(`−1)
1
2
`+1

Here the fractions ν` may be interpreted modulo `2 . Now
 
`
` `−1 `−2
` − (ν − 1)
`
= ·
·
···
≡ (−1)ν−1
ν
1
2
(ν − 1)
ν
ν

(mod `2 λ1 ) .

(mod `2 )

for 1 ≤ ν ≤ ` − 1. Thus
 
 


2
` `2 −1
` `2 −2
`
`2
ξ ≡ 1−λ +
λ
−
λ
+ ... −
λ` −(`−1)
1
2
`−1
  
 
 



2
2
`
`
`
`
`
` −`
2
3
`−1
≡ 1−λ +λ
−
λ+
λ −
λ + ... +
λ
.
1
2
3
`−1
Or:

2

ξ ≡ 1 − λ` + λ`

2

−`


2
(1 − λ)` − 1 + λ` ≡ 1 − λ` −` λ1 ,

where λ1 = 1 − ζ1 = 1 − (1 − λ)` . Thus the element6
ξ = 1 − λ`

2

−`

λ1

is `2 -primary in the field of `2 -th roots of unity, hence `2 -primary in every
extension, and in particular `2 -primary for each prime divisor l of ` in each
extension of the cyclotomic field. Since it is 6≡ 1 (mod `λ1 l) , it is the desired
basis for the primary numbers.
There you have the proof. As you can see I just kept going. I did the same
in the case of `3 -primary. Result: a huge expression for ξ which doesn’t tell
me anything. It is therefore not worth the effort of writing it down. Perhaps
this is due to my clumsiness, and perhaps you now can guess the correct
expression. I believe that everything depends on guessing. In the case of the
conductor as well as that of the functional equation I had to guess everything,
too.
6

Artin had given this result already in his preceding letter no. 30 from Sept. 18, 1930.
Apparently Hasse had asked him to provide details. See also 30.2 and the references there.
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What are Weddle’s7 claims? I already wrote you that his article is not
accessible to me.
May I finally ask you to briefly tell me the results of Mrs. Taussky? This
interests me a lot8 .
Yes, you will be disappointed by the `2 -primary, but perhaps you will find
something useful in this letter.
May I ask you now to write to me at Reichenberg? Address: Artin, c/o
Dr. Hübner, Reichenberg Č.S.R., Felgenhauerstrasse 20.
In fact I will depart in the next few days.
With the best regards also to your wife and from my wife,

Your Artin

7
8

See 30.3.
See 31.4.
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Comments on Letter no. 31, dated Sept. 23, 1930

31.1 Two Publications
Hasse reacted quickly to Artin’s letter from Sept. 18, 1930. He sent his reply to
Berlin, where he knew Artin was staying with his parents in law. Clearly Hasse
had immediately seen the importance of Artin’s new results and offered him
to publish them in Crelle’s Journal. Artin answers that he wants to publish
his results in two parts, and that he only wants the first part published by
Crelle, whereas he wants to give the second part “out of old devotion” to the
Hamburger Abhandlungen9 .
Artin justifies the separation by the fact that the first part deals with
Artin conductors, which he thinks are of general interest, and which are
independent of the application to L-series. In particular, Artin harbors a little
hope for the class field tower10 . It seems that Artin dreamed of improving
the Minkowski bounds for the discriminant by deriving suitable estimates for
the Artin conductors. Recall that Artin had observed already earlier that a
suitable improvement of the Minkowski bounds would imply the finiteness of
the class field towers11 . But Artin’s hopes are “small”, and perhaps he now
is skeptical about the terminating of the class field towers. Perhaps these
doubts had grown after Arnold Scholz succeeded in showing the existence of
arbitrarily large class field towers; see 20.1.
It is remarkable that in the title “Group theoretical structure of the discriminant” the word “conductor” does not appear. Does this mean that Artin
saw the product decomposition of the discriminant as the main result of his
article? (See point 3.) d) in the preceding letter no. 30 from Sept. 18, 1930.)
Today we would rather emphasize the results on the conductor and interpret the discriminant–conductor theorem only as one out of many important
properties of the Artin conductor.
Here we have to observe that the conductors are the group theoretical
conductors associated to the characters χ of an arbitrary Galois group. In
the abelian case there also exist the arithmetic conductors known from class
field theory; these are associated to the characters of the ray class group
describing the abelian extension. By Artin’s reciprocity law, the ray class
characters may be identified with the group theoretical characters. Verifying
9

Since the Hamburger Abhandlungen could get printed faster than Crelle, the second
part appeared before the first, namely in the last issue of the year 1930; the first part was
published in the first issue of the year 1931.
10 For more on the problem of the class field tower in class field theory see 15.1.
11 This can be found in Part I § 11.3, of Hasse’s report, with a reference to an oral
communication by Artin.
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that the arithmetic conductors agree with the Artin conductors in the abelian
case is the essential component of the proof that the exponents in Artin’s
conductor in the case of general Galois groups are integers.

31.2 Hasse’s Article on the Conductor
Artin justifies the publication in Crelle’s Journal with the fact that Hasse’s
“own article on the conductor” had also appeared there. He is talking
about Hasse’s article [Has30d] titled “Führer, Diskriminante und Verzweigungskörper relativ-abelscher Zahlkörper” (Conductor, discriminant and ramification fields of relative-Abelian number fields). This article had just been
published in Crelle’s Journal. It seems that Artin did not know the content
of this article in detail since in his next letter no. 32 from Oct. 10, 1930, he
asks Hasse for a reprint. But the present letter shows that Artin at least was
informed about the existence of Hasse’s article.
In this article [Has30d], Hasse proves the conductor-discriminant formula
for arithmetic conductors, that is, for the conductors known from class field
theory. He writes:
“The conductor-discriminant formula is a deep fact [. . . ] Its proof
until now required extraordinarily complicated tools, such as the functional equation of Hecke’s L-series attached to grössencharacters. In
the following I will give a purely arithmetic proof [. . . ] It is based
essentially on the results of the theory of norm residues that I have
developed in two earlier articles.”
Here Hasse refers to the articles [Has30e, Has30c], both of which had appeared
in the same volume 162 of Crelle’s Journal as [Has30d].
For Artin’s theory of group theoretical conductors, Hasse’s article was of
a particular importance. In fact an essential part of Artin’s proofs is based
on the conductor-discriminant formula of class field theory. Originally, Artin
had to refer to the proof in Part I of Hasse’s report, which in 1926 could only
be accomplished using the functional equation for Hecke’s L-series attached
to grössencharacters. Now Artin learns about Hasse’s new article containing
an arithmetic proof of this formula. Therefore Artin included a reference to
Hasse’s article in the final version of his manuscript. In [Art31], he writes
in this connection after having pointed out the close connection between
discriminants and conductors of abelian extensions:
“The knowledge of the relative discriminants of all intermediate fields
implies the knowledge of the conductors of these fields, and vice versa.
This connection is due to the conductor-discriminant formula, which
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may be proved either using the functional equation of L-series or, as
Hasse has shown recently, with the theory of norm residues.”
In his letter, Artin asks whether his formula for f(χ, K|k) is known in the
abelian case. It seems that Hasse answered this question in the negative:
in the preface to his article [Art31] Artin writes that his conductor formula
would represent a new supplement to class field theory. On the other hand it
is not difficult to show that in the abelian case of irreducible 1-dimensional
characters, Artin’s formula (4.1) coincides with Hasse’s formula (4.3); see
32.1. Thus Hasse could also have given a positive answer to Artin’s question.

31.3 Book Projects
Artin was familiar with Hasse’s article [Has27d] on complex multiplication
and had high respect for it; see Letter no. 6 from February 10, 1926, and
6.1. Thus it seemed reasonable for Artin to turn to Hasse in order to recruit
him for writing a book on complex multiplication for the Hilb collection that
he had just taken over. Actually there already existed a book on complex
multiplication, namely Fueter’s lectures [Fue24]. This book had flaws; Hasse
himself had written a rather critical review [Has26b] of this book in the
Jahresbericht of the DMV. It was felt that there should be a complete and
precise presentation of complex multiplication, in particular now that Hasse
had given a similar report on class field theory.
Perhaps Artin had also asked Hecke for advice; in fact Hecke had already
written to Hasse on February 6, 1926, in order to talk him into writing a
book:
“The final rounding off of the theory of complex multiplication, which
had not yet been accomplished, is now achieved by your beautiful and
very convincing theory. I think that this is so important that you
should publish this work soon and completely in order to compensate
Fueter’s careless book.”
We have found no hints that would suggest that Hasse ever seriously
thought about writing a book on complex multiplication. When Artin, in the
next letter no. 32 from Oct. 10, 1930 thanks Hasse for his “half acceptance”,
it is at least clear that Hasse did not reject the idea immediately; perhaps
Hasse had seen his answer rather as “half a rejection”. Hasse actually already
had signed a contract with Springer-Verlag concerning a two-volume set of an
introduction to number theory, the first of which was to cover algebraic number theory on the basis of Hensel’s p-adic numbers; the second volume was to
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be devoted to class field theory12 . Perhaps Hasse had informed Artin in his
letter about his contract with Springer; this would explain Artin’s question
in his next letter no. 32 in which he asks for the “conditions with Springer”.
In the subsequent years, the book project “complex multiplication” did
not show up anymore in the correspondence between Artin and Hasse.
The “Hilb collection” mentioned by Artin was a book series with the title
“Mathematics in monographs and textbooks”, published by the Akademische
Verlagsanstalt Geest & Portig in Leipzig, a series that had been founded by
Emil Hilb (Würzburg). In this series, the textbook [Hau29] on algebra by
Hilb’s first Ph.D. student, Otto Haupt, had recently appeared, in which the
“modern algebra” in Emmy Noether’s sense was presented for the first time13 .
After Hilb’s death in 1929, Artin took over the edition of this series, as he
reports in his letter.

31.4 Olga Taussky
Olga Taussky (1806–1995) received her Ph.D. in 1929 under the supervision
of Furtwängler in Vienna. On August 24, 1930, she sent her thesis to Hasse,
together with the announcement that she had generalized the theorem proved
in her thesis. She did not say how she generalized the result, and only remarked that it concerned the question of capitulation of ideals in subfields of
the class field. She told Hasse that she would give a lecture about it on the
meeting of the DMV in Königsberg.
The meeting of the DMV in Königsberg took place from September 4–7,
1930. Taussky gave her lecture already on the first day. She reports about it
in [Tau81] as follows:
“I myself gave a short paper at this meeting. It concerned my thesis, written under Furtwängler, entitled “Über eine Verschärfung des
Hauptidealsatzes.” As soon as I had finished Emmy14 jumped up and
made a quite lengthy comment which, unfortunately, I was unable to
understand because of insufficient training. However, Hasse understood it and replied to it at some length, and there developed between
12

The first volume [Has49a] appeared, due to various delays, in 1949, and it was published
not by Springer-Verlag but rather by the Akademie-Verlag Berlin. The second volume never
was written; see also [Fre77].
13 Haupt reports in his reminiscences that he had learned modern algebra while he went on
walks together with Emmy Noether. Back then, Haupt was full professor in Erlangen, and
Emmy Noether visited her home town regularly. Van der Waerden’s “Moderne Algebra”
had not yet appeared, but received a lot more attention than Haupt’s book after it had
been published.
14 Emmy Noether.
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these two mathematicians some sort of duet which they enjoyed thoroughly.”
Hasse was impressed by Olga Taussky’s result and offered to publish her
work in Crelle’s Journal; the article [Tau32] appeared in 1932 in vol. 168.
Artin did not attend the meeting of the DMV in Königsberg. Apparently
Hasse informed him about the meeting, in particular about Taussky’s lecture,
perhaps even about his discussion with Emmy Noether in this connection.
Now Artin wants to know more. When he says that he is very much interested
in these results, it is certainly because of the problem Taussky had been
working on: the capitulation of ideals in subfields of the Hilbert class field.
Artin had shown interest in this question already in earlier letters; see Letters
no. 20–25 written between November 1928 and January 1929.
It seems that Hasse had written to Taussky and told her that Artin was
interested in her work. On October 6, 1930 Taussky replied:
“I thank you very much for drawing Prof. Artin’s attention to my
thesis. I will send him a copy immediately.”
What was the topic of Olga Taussky’s lecture in Königsberg? In [Tau31],
Taussky gave a report on her lecture. We quote instead from her article
[Tau32], where she wrote
“If the `-class group of an algebraic number field has type (`, `, . . . , `),
then there is a basis c1 , c2 , . . . , cn such that every ideal class ci becomes principal already in some unramified cyclic extension of degree
`.”
For ` = 2, Taussky remarks, this theorem had been proved by Furtwängler15 .
But:
“For arbitrary prime numbers `, this theorem does not hold in general.
But we will give sufficient criteria for this strengthened version of
the principal ideal theorem to hold. These conditions will occur as
properties of the 2-stage Galois group of the second Hilbert class field
with respect to the base field.”
This is clearly not a final result; it presents a family of 2-stage `-groups G
with the property that if K is a number field whose second Hilbert class field
has G as its Galois group, then the strengthened version of the principal ideal
theorem does not hold. We have already observed in 21.1 that Furtwängler
had mentioned this negative result in a letter to Hasse.
In addition, it was not clear then whether Taussky’s results apply to number fields, since it was not known whether the groups in Taussky’s article
15

Furtwängler’s article [Fur32] was published in 1932 in Crelle’s Journal, in the volume
celebrating Kurt Hensel’s 70th birthday.
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actually occur as Galois groups of unramified extensions of number fields.
This problem was solved only recently by Ozaki [Oza09].
As Artin writes, he was greatly interested in questions of this kind. This
can also be deduced from his other letters, which we have listed above. We
do not know why Artin did not respond to Hasse’s detailed report, and never
returned to it in his later correspondence with Hasse. Perhaps he missed the
support of his friend and colleague Otto Schreier, who had passed away in
1929? In any case Kisilevsky reports in [Kis97] that Artin years later still
called this question “hopeless”.
Artin’s principal aim had always been to find rules for normal non-abelian
extensions, in particular their decomposition laws. But in the case of the
capitulation problem he probably realized that existing methods were not
sufficient for making substantial progress.
It is true that the capitulation problem is still “hopeless”. The wealth
of articles on this problem show that there are few general rules guiding
the capitulation of ideal classes except in very special cases, and almost all
possible constellations do occur. In this connection we mention the article
by Heider and Schmithals [HS82], which played an important role in the
historical development, and where many numerical examples can be found.

32 10.10.1930, Letter from Artin to Hasse
Hamburg-Fuhlsbüttel 1
Kleekamp 3 I
Dear Mr. Hasse!
Thank you very much for your extremely interesting communication2 . You
really have made a huge step forward. Unfortunately I am so busy with
working out (if only mentally) the open things3 that I could not yet digest it
completely. In addition I can’t really get to work here. I will deal with these
things in more detail once I am back in Hamburg.
You are asking about the congruences for the vi . 4 I do not believe that
these congruences also hold in the general case of Galois extensions, but that
they will follow from other results. If you look at the denominator of f(χ), then
integrality means divisibility by e = e0 pR1 . I could deal with the divisibility by
e0 using a simple lemma, which implies – in the abelian case – the divisibility
of vi by e0 (at first, this lemma created the greatest difficulties)5 .
The unpleasant part is the divisibility by pR1 . In the abelian case this is
exactly what your congruence means. I have tried for a long time to show
this divisibility relation directly, but I am much too clumsy to do it even in
the abelian case. Now you have done it. I think that using your method of
proof I could perhaps succeed in verifying it directly. But I do not have a
reprint of your article on the conductor, neither here nor in Hamburg. May
I therefore ask you to kindly send me a copy to Hamburg so that I may try
to decide the question of divisibility directly? I can see that without the new
idea that must be contained in your article I will not succeed. In addition I
will probably need the article anyway because of the references.
Let me briefly show you the detour with which I have forced the divisibility
by pR1 . Let KV denote the first ramification field. It is immediately seen
that the exponent of p in f(χ, K/k) is “essentially” the same as that of pV in
f(χ, K/KV ), where pV denotes the prime divisor of p in KV . It is therefore
sufficient to prove the integrality of the exponent in the extension K/KV .
1

This letter is not dated. There are reasons to believe that it was written around October
10, 1930. The address at the top was entered by Hasse; apparently this was Artin’s address
in Hamburg at the time. The letter was written by Artin not in Hamburg, but probably in
his hometown Reichenberg, where he spent the last week of September. In the preceding
letter no. 31 from Sept. 23, 1930, Artin had given Hasse his address in Reichenberg and
asked him to send his letters there. Apparently Hasse has done so, and this is Artin’s reply.
Artin writes that he will be back in Hamburg on October 14.
2

See 32.1.
Here Artin means his theory of L-series and of the conductor, which he has described in
his preceding letter no. 30 from September 18, 1930.
4 See 32.1.
5 See 33.2.
3
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Thus we have reduced the claim to the case of a group with prime power
order. Since every representation of such a group is monomial, everything is
reduced to showing the claim in the abelian case, and now I am finished.
Of course I have tried to avoid this detour. As I already said, I did not
even succeed in the abelian case. Therefore I would like to know the proof of
your congruences.
Which assumptions from class field theory do I need? For the formal
part, none. For the integrality of the exponent either your congruences or
the conductor-discriminant formula, from which one can conversely derive it.
But for the fact that, in the abelian case, f is the actual conductor I need
the conductor-discriminant formula, thus, as you like, either your proof or
Hecke’s6 . It might happen that now there will result a few simplifications of
the conductor-discriminant formula. But this I can say only after having seen
your proof.
I have been very brief here since you will soon hold my manuscript in your
hands. I’d rather tell you a few things that I have added.
1.) For a given value of χ(1) (the degree of the representation), given base
field k, and given ideal a in k, the equation f(χ) = a has “only finitely many”
solutions. Thus there are only finitely many extensions in which f(χ) can
occur (here K is always minimal). The proof is very roundabout7 .
2.) As for the theory of L-series, if you form L-series with rational characters, that is, characters χ(σ) whose values are rational and which do not
need to be simple, then they contain the “components” of the zeta functions.
Conversely they may be expressed by zeta functions, hence the fact that they
can be extended may be proved without having to use the reciprocity law.
Thus everything here works without class field theory. Since the number of
rational characters is equal to the number of divisions in the group, we have
all the functions necessary for the Frobenius densities. As for the ζ relations,
we obtain the rather final result: the number of independent zeta functions
of the subfields is equal to the number of divisions of the group8 .
3.) I just remarked that the number of rational characters is equal to the
number of divisions. This result was new to me and I think that it was not
6

With “Hecke’s proof” of the conductor-discriminant formula, Artin means the proof
that Hasse had presented in Part I of his report [Has26a] on class field theory. This proof
exploits the functional equation of Hecke’s L-series for grössencharacters.
7 This theorem was given without proof in Artin’s article [Art31].
8

Here “independent” means the multiplicative independence. Nicolae [Nic01] has shown in
addition that the L-series of the irreducible characters are algebraically independent over
C.
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known9 . Similarly, the character fields of an arbitrary group can be determined exactly:
Let n denote the order of the group. We are looking for all residue classes
i (mod n) with the property that σ ∼ σ i for all σ in G (here ∼ means that
both elements belong to the same conjugacy class). These residue classes i
form a subgroup g of the group G of all residue classes (mod n) , that is,
the Galois group of the field of n-th roots of unity. To g there exists a certain
subfield k of the cyclotomic field, and this is exactly the character field10 .
Do you know these and similar theorems? I believe that they are new.
The conversion of your formula to the τa -basis is indeed formal. I don’t
think this is important enough to merit being written down. I can still give
it to you occasionally.
We will depart in the next few days and will arrive in Hamburg on October
14.
May I renew my request for a reprint and ask you to send it to Hamburg?
With many greetings also from my wife and best regards to your wife.

Cordially your
Artin

P.S. I forgot the most important thing, namely thanking you for half accepting the [book on] complex multiplication. It would really mean a lot to
me if we could get the book for the Hilb collection and we could for now
postpone the matter and see how it develops. In any case I would not like to
bother you with a contract. May I ask you for the conditions with Springer,
9

The result was not new. It may be found in the joint article by Frobenius and Schur
[FS06b] written in 1906. Apparently somebody (Hasse?) informed Artin about this publication since in the published version Artin refers to an article by Frobenius and Schur
published in 1906. But instead of referring to [FS06b], which contains the theorem in question, Artin erroneously refers to [FS06a]. Both articles appeared in the same volume of the
Sitzungsberichte der Preussischen Akademie der Wissenschaften.
10 This theorem is an immediate consequence of the preceding theorem and thus similarly
has to be considered as “not new”.
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and in which points you would wish something more favorable? Please be
convinced that I will do everything in order to satisfy your wishes11 .

11

See 31.3.
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Comments on Letter no. 32, dated Oct. 10, 1930

32.1 Hasse’s Communication
We do not know exactly what “extremely interesting” information Hasse had
communicated in his letter. We would expect that it involved a report on the
most important results in Hasse’s article on the conductor [Has30d], which
Artin had mentioned in the preceding letter no. 31 from Sept. 23,1930. Hasse
did not attach a reprint, since at the end of his letter Artin repeats his request.

The Congruences
Artin mentions the “congruences for the vi ”. In order to understand this
remark we have to discuss the content of Hasse’s article [Has30d], which Hasse
had explained to Artin in his letter. Hasse considers an abelian extension K|k
of number fields with Galois group G, and a prime p in k. The problem is the
determination of the p-contribution of the associated conductor. For i ≥ 0
let Vi denote the i-th ramification group12 of p. Let
T = V0 ⊃ Vv1 ) Vv2 ) · · · Vvn−1 ) Vvn ) 1
denote the series of distinct ramification groups, where the vi are chosen in
such a way that Vvi ) Vvi +1 . The indices pri = (Vvi : Vvi+1 ) are powers of p
for (i ≥ 1). This implies that pr1 +...+rn is the order of the ramification group.
The ramification index of p in K|k is e = e0 pr1 +...+rn , where e0 is coprime
to p, and in fact e0 is the index of the ramification group inside the inertia
group. In this situation, Hasse proves the following formula for the exponent
fp of the conductor of K|k:
(4.3)

fp (K|k) = 1 +

v1
v2 − v1
vn − vn−1
.
+
+ ··· +
e0
e0 pr1
e0 pr1 +···+rn−1

In addition, he shows that the following congruences hold:
(4.4)

v1 ≡ 0 mod e0
vi ≡ vi−1 mod e0 pr1 +···+ri−1

(1 ≤ i ≤ n) ;

they show that each term on the right-hand side of (4.3) is indeed an integer.
12

V0 =: T is the inertia group, V1 =: V is the full ramification group.
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Apparently Artin is talking about these congruences in his letter. It seems
that Hasse had told him that he has proved these congruences in [Has30d] in
the abelian case. Artin confirms in his letter that in the abelian case, these
congruences are equivalent to the integrality of the exponents (4.1) in his
conductor (see p. 284). Observe that in the abelian case, for every irreducible
character χ there is a cyclic extension Kχ of the base field k. Artin writes
that in this case, his conductor fp (χ) coincides with the conductor fp (Kχ |k)
of class field theory. This is shown easily by comparing the formulas (4.1)
and (4.3).
It seems that Hasse had asked whether the congruences (4.3) are valid for
arbitrary normal extensions. In this case it would follow immediately that
the exponents of Artin’s conductor (4.1) are integral in the general case. As
we can see from this letter, Artin does not believe that the congruences (4.4)
hold in general. In fact these congruences imply the theorem of Hasse-Arf,
and Fesenko [Fes95] has shown that the theorem of Hasse-Arf is in a certain
sense limited to abelian extensions.
Artin would like to see Hasse’s proof of the congruences (4.4) because
he hopes that it contains a new idea that would allow him to give a direct
proof of the integrality of (4.1). He writes “I think that using your method
of proof I could perhaps succeed in verifying it directly.” Thus Artin does
not yet know Hasse’s proof; therefore he asks him for more information. He
suspects that “without the new idea that must be contained in your article I
will not succeed.” See also Artin’s explanations in his next letter no. 33 from
November 7, 1930.

32.2 The detour
Artin is not really content with his own method for proving the integrality
of (4.1), and considers it to be a detour. He briefly sketches this method: the
first step is the reduction to the ramification group, which is a p-group. The
second step uses group theoretical induction for characters in order to reduce
everything to the abelian case, by applying Blichfeldt’s theorem proved in
[Bli04], according to which every irreducible13 representation of a p-group
results via induction from a representation of a proper subgroup14 . In the
abelian case, Artin writes, he is “finished”. Perhaps Artin wanted to suggest
that he cannot get any further without using class field theory. This becomes
clear in his next letter, where he writes that he did not succeed in finding the
desired simplification. In fact he had conjectured that Hasse’s proof of his
congruences (4.4) did not require class field theory, but could be done only
13

Artin does not mention the necessary condition of irreducibility in his letter.
Today, these two steps could be subsumed into a single step by using Brauer’s theorem
on induced characters [Bra47a].
14
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with group theory in a similar way as “Speiser” did15 . But this is not the
case.
The “detour” Artin is forced to take and which he would like to avoid
consists in using class field theory for the proof of the fundamental property
of his conductors f(χ). The main problem is the integrality of the exponent
(4.1), that is, the fact that f(χ) is an ideal of the base field. He conjectures
that this fact is independent from class field theory, in that it should be valid
for every (local) Galois extension.
This was confirmed several years later by Hasse’s student Cahit Arf in his
thesis [Arf39]. See 33.4.

15

In his next letter, Artin would refer to Speiser’s article [Spe19] published in 1919. See
33.2.

33 07.11.1930, Letter from Artin to Hasse
Hamburg, November 7, 1930
Dear Mr. Hasse!
Here you have the promised manuscript1 . As you can see I did not succeed
in finding the desired simplification. This is no wonder. I had been hoping
that you proved your congruences not using class field theory but directly,
say like Speiser. At least this made me look into Speiser’s beautiful article,
which I had not known and which I have to refer to, because my proof of
the divisibility by e0 is done in a way similar to how Speiser proved his
results2 . You will also see now why I do not believe in a general validity of the
congruences. But I have no idea how its generalization has to be formulated.
I hope that you do not think that I was being too imaginative with the
future prospects in the introduction, but in my opinion one should not always
keep quiet about one’s conjectures3 .
May I ask you in which issue the article shall appear? This is very interesting for me since the article on L-series is just being printed and I had to
leave off the volume when I referred to the article. Since I will get the proof
sheets in a few days I would be grateful if you could tell me the volume in
which it will appear4 .
Once more let me thank you very much for letting me see the article.
Unfortunately I could not find any simplification, but I am convinced that it
is just around the corner.
Blaschke has told me a lot about your journey from Jena together with
Courant. It is a pity that I could not be there5 .
For now with the best greetings also from my wife to your wife,
Your Artin

1
2

See 33.1.
See 33.2.

3

See 33.3.
Artin’s article appeared in vol. 164 of Crelle’s Journal. In [Art30], Artin erroneously
writes vol. 146.
4

5

From Oct. 26–28, 1930, there was a meeting of the Mathematical Society in Jena at
which Furtwängler was awarded the prize in the memory of Ernst Abbe (Ernst-AbbeGedächtnispreis) for his work in number theory (see Jahresber. DMV 41:45–46 ); this
medal was first awarded in 1924 to Felix Klein. There were lectures by Weyl, Koebe,
Bieberbach, Blaschke, and von Mises, as well as by Sommerfeld on physics and Goldschmidt
on chemistry. We learn from this letter that Courant and Hasse also were present at this
meeting.
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Comments on Letter no. 33, dated November 7, 1930

33.1 The Conductor Manuscript
This is about Artin’s manuscript for his article [Art31] on Artin’s new conductor f(χ). This article was to appear in Crelle’s Journal, as Artin had
announced in Letter no. 31 from September 23, 1930. Artin began writing
the manuscript only after his arrival in Hamburg on October 14, 1930, as
we can infer from his last letter no. 32. Thus it took Artin less than three
weeks to finish the manuscript. The article was received by Crelle’s Journal
on November 9, 1930.
Artin’s remark that he did not succeed in finding the simplification refers
to his corresponding remarks in the preceding letter no. 32; cf. 32.2. He was
looking for a proof of the integrality of the exponents in his conductor (see
Eqn. (4.1), p. 284), without using class field theory. At first he had thought
that Hasse’s proof of the congruences (4.4) (see p. 303) in the abelian case
was based on group theory, and that he could use Hasse’s ideas for a proof
in the non-abelian case. Now he has to observe that Hasse’s proof also uses
class field theory, namely Hasse’s recent theory of norm residues.
In this connection we recall that although Hasse’s theory of norm residues
is a local theory, it could only be proved using global class field theory at the
time of this letter. Only later did Hasse succeed in giving a purely local proof
of his theory of norm residues in [Has33a], thus giving a local foundation of
local class field theory. This article appeared in 1933 in the Mathematische
Annalen, but had been finished already in spring 1932 when he presented it
to Emmy Noether on her 50th birthday on March 23, 1932. See [LR06].

33.2 Speiser
Here Artin refers to Speiser’s article [Spe19] on the decomposition group,
which had appeared in 1919 in Crelle’s Journal. In this article, Speiser gave a
proof of the theorem of Kronecker-Weber using Hilbert’s idea of abelian crossings and a careful investigation of ramification groups. Nowadays Speiser’s
results are standard, and in fact most of the results presented as exercises
in [Mar77, Chap. 4] go back to [Spe19]. The divisibility by e0 mentioned by
Artin is what Artin had called a “simple lemma” in his preceding letter no. 32
from Oct. 10, 1930. This result is not explicitly formulated in Speiser’s article, but it follows from his calculations there. The proof consists in studying
the action of the inertia subgroup on the factor group Vvi /Vvi+1 .
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In the preceding letter no. 32 Speiser does not get mentioned. Now Artin
writes that he had not known Speiser’s “beautiful article” before. Thus it
seems as if Artin had learned about Speiser’s article from Hasse, who knew
it because it shows up in the list of references in [Has30d]; this article had
already appeared when this letter was written.
We remark that a very weak version of the congruences (4.4) shows up in
[Spe19] for arbitrary Galois groups:
vi ≡ vi−1 mod e0 p .
This is in general not sufficient for proving the integrality in (4.1). Perhaps
this is the reason why Artin writes that he does not believe in the general
validity of Hasse’s congruences (4.4) in the non-abelian case.

33.3 Future Prospects
Artin is worried that he has formulated a few careless and too “fabulous
future prospects” in the introduction to his article [Art31]. Let us look more
closely now at what he has said there.
“We may justifiably expect that our ideals6 also will play a distinguished role in the decomposition laws in the case of non-abelian
groups.”
The “decomposition laws” mentioned by Artin are the laws that govern the
decomposition of prime ideals of the base field in some extension. In the
abelian case, these decomposition laws are given by class field theory, more
precisely by Artin’s reciprocity law. Already in an earlier letter, namely no. 15
from August 19, 1927, Artin had written that it was one of his goals to come
closer to the non-abelian extensions (see 15.4). Here we can see that he is still
pursuing this goal, and we will be able to infer the same from later letters.
As for the decomposition laws, Artin remarks:
“I cannot say anything about this question”.
Thus he does not have any concrete idea, although in his letter to Hasse he
talked about “conjectures”.
“Perhaps we will be able to find the secret of the decomposition laws
by finding direct proofs for the results of this article.”
Here “direct” means proofs without class field theory.
6

These are Artin’s conductors.

33.

07.11.1930, Letter from Artin to Hasse

309

“I cannot believe that this7 really is necessary for it.”
Thus Artin repeats what he has already said in his letters, namely that he
is looking for proofs that can be done without class field theory. This was
achieved later, but whether Artin would have been content with these proofs
is not so clear; see 33.4.
Artin hopes for even more from the attempt to write the discriminant of
a normal extension of number fields as a group determinant:
“From such a representation one would be able to read off all theorems
in this article.”
It was Emmy Noether who picked up this suggestion. In the article [Noe32]
already cited at the end of 30.1 she showed the existence of a local normal
integral basis in the tamely ramified case. This implies that the discriminant
indeed may be written as a group determinant. More exactly: If {uσ } is a normal integral basis (where σ runs through the elements of the Galois group),
−1
then the discriminant is the square of the group determinant det(uστ ).
Artin’s hope that this would allow one to “read off all theorems in this article” was not fulfilled, however. Noether’s article presents a counterexample
due to Deuring.
It is therefore not clear what Artin could have meant when he says that
the discriminant perhaps can be written as a group determinant, because
according to Speiser [Spe16] a normal integral basis only exists in the case of
tame ramification. Perhaps Artin was thinking of a “group determinant” in
a different structure, not necessarily in the Galois extension itself?
There is one point in which, from today’s point of view, we completely
agree with Artin:
At the very least these considerations seem to show the importance
of the new notions for the future development of algebraic number
theory.”
In fact Artin’s L-series and the Artin conductors still play an eminent role
in algebraic number theory.

33.4 Without Class Field Theory
In this section we would like to give a survey of the attempts to realize Artin’s
idea of developing his theory of the conductor without using class field theory.
We have already mentioned Noether’s article [Noe32], which could take care
of only the tamely ramified case, however; see 30.1 and 33.3.
7

Class field theory for the proof of Artin’s results.
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Norm Residues
In 1934, Hasse’s article [Has34b] with the title “Theory of norm residues in
Galois extensions of number fields and applications to conductors and discriminants of abelian number fields” appeared. In a certain sense this may
be seen as a new version of the article [Has30d] on the conductor that we
have already discussed in 31.2 and 32.1. Now the investigation is extended
to normal extensions that are not necessarily abelian. It is not difficult to
see that this article is directly influenced by Artin’s question of what Hasse’s
congruences (4.4) on p. 303 will look like in the case of arbitrary Galois extensions. In fact, in the present letter Artin writes “But I have no idea how its
generalization has to be formulated.” In [Has34b], Hasse attempts to attack
this problem by a careful investigation of norm residues in the general case.
The essential tools used by Hasse are first his own articles on the local
foundation of the theory of norm residues, and second the supplements to
Hilbert’s theory of ramification due to Herbrand in [Her31a]. In this article
Herbrand introduces the “upper numeration” of ramification groups. According to Hasse [Has34b], this upper numeration may be described by a piecewise
linear monotone function, the “Hasse function”, which today is usually written in the form
Z u
dt
.
ϕ(u) =
0 (V0 : Vt )
Here the ramification groups Vt are defined for real values of t by Vt = Vi ,
where i is the smallest integer ≥ t. Let ψ denote the inverse function of ϕ.
Then Herbrand’s upper numeration of the ramification groups is given by
Vi = V ϕ(i)

thus

V j = Vψ(j) .

According to Herbrand, this numeration is compatible with the ramification in normal subextensions, i.e., with taking quotients of the Galois group.
In [Has34b], Hasse systematically investigates the connection between Herbrand’s numeration and norm residues. It is obvious (although Hasse does not
state this explicitly) that his goal is a generalization of his congruences (4.4),
which he knew in the abelian case, to arbitrary Galois extensions, perhaps
in order to find a path for solving the problem concerning Artin’s conductors. Although he does not succeed in solving this last problem, the results
in this article have to be counted as significant progress in the theory of local
norm residues that started with Hensel. A systematic presentation within the
theory of local fields may be found in Serre’s “Local Fields” [Ser62].
In the abelian case, Hasse retrieves his congruences (4.4) in [Has34b], but
again using only class field theory. This time he is able to base his proofs
on the local class field theory; in the meantime he has succeeded in giving
it a local foundation, which was considerably simplified by Chevalley and
Herbrand. Hasse refers to Chevalley’s thesis [Che33b], which appeared in the
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same journal right before Hasse’s article. Although Hasse did not answer
Artin’s question, we have to see [Has34b] as a simplification and a more
systematic exposition of the results in [Has30d] concerning the abelian case.

Hasse-Arf
Cahit Arf was one of Hasse’s Ph.D. students during the years 1937–1938
in Göttingen. Apparently Hasse remembered Artin’s wish to find a theory
of the Artin conductor without using class field theory, and asked Arf to
look for such an approach. The goal is to verify Hasse’s formula (4.3) with
the congruences (4.4) for arbitrary abelian extensions K|k of an arbitrary
discrete valuation field k with perfect residue class field. It is sufficient to
discuss the purely ramified case; thus one may restrict to the cyclic case. Arf
achieved this in his thesis; we have mentioned this article already in 32.2.
It is interesting that one of Arf’s tools is the embedding of K|k into a
non-commutative algebra A in such a way that the maximal order of K (its
ring of integers) is contained in some maximal order of A. At this point
he uses the structure of local algebras developed by Hasse [Has31b] as well
as the connection between the maximal orders of a local division algebra
and that of its maximal subfields, as presented by Hasse [Has34d] in the
volume dedicated to the memory of Herbrand (see also Noether [Noe34];
the partially overlapping results were found independently by Noether and
Hasse). Using non-commutative algebras is reminiscent of Emmy Noether’s
approach in [Noe32], where she also wanted to derive Artin’s conductors using
non-commutative structures.
Arf’s article is not easy to read. It seems to us that it is written in large
parts in the style of Marc Krasner. This may be explained by the fact that
Arf had been studying in Paris before he came to Göttingen. Parts of his
techniques and considerations on the generation of purely ramified extensions
were developed independently by Krasner in [Kra37]. Arf had reviewed this
article for the Zentralblatt.
The theorem proved by Arf is today usually called the theorem of HasseArf. Hasse had proved this result for local fields in number theory; this boils
down to the case of finite residue class fields. Arf’s generalization consists in
allowing for arbitrary perfect residue class fields, thus giving proofs that do
not depend on class field theory.

Further Development
Arf’s investigations [Arf39] were extended and simplified by various mathematicians. Serre [Ser61] developed some form of class field theory for fields
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that are complete with respect to a discrete valuation and whose residue class
fields are algebraically closed, and proved the theorem of Hasse-Arf in this
connection. The case of arbitrary perfect residue class fields may be reduced
to this case.
In his book “Corps locaux” [Ser62], Serre extended Hasse’s theory of norm
residues to the case of arbitrary perfect residue class fields. As an application
he then proves the theorem of Hasse-Arf in this setting. To this end, he
reduces everything (as in the article just cited) to the case of a purely ramified
cyclic extension of prime power degree; this is the heart of the proof. It is
astonishing that Hasse did not find this variant of the proof that does not
depend on (local) class field theory as a follow-up to his theory of norm
residues in [Has34b].
In 1969, Tate’s Ph.D. student Shankar Sen gave a particularly simple and
beautiful proof of the theorem of Hasse-Arf. This proof only covers purely
ramified cyclic extensions of prime power degree, but we have already remarked that this theorem is the heart of the proof for arbitrary abelian
extensions. Sen shows that in this case, the congruences
vi ≡ vi−1 mod pi−1
hold; these are just the congruences (4.4) in the cyclic case.
For more information see [Roq00].

34 11.11.1930, Letter from Artin to Hasse
Hamburg, November 11, 1930
Dear Mr. Hasse!
Thank you very much for your letter and the remarks concerning the
article1 You can deduce the careless redaction of my article not only from
the number of errors but also from the fact that I did not make a copy
of it, which means that I cannot check these things now. I will be able to
do this only after receiving the proof sheets. I would like to talk about the
congruences in question only briefly. I am considering only the congruences
with respect to the modulus e0 . Here you are of course right, and there is
a carelessness in my citation. But I am also right because your congruence
can be deduced immediately from the general theorem on the automorphisms
of the ramification group. Thus the said citation should have read: “If the
group is abelian, then these are congruences that form a special case of those
found by Hasse. Conversely, Hasse’s congruences may easily be deduced from
the preceding theorem in the special case of abelian groups, which concerns
the part referring to the modulus e0 .” In this or a similar way I should have
written it and wanted to write it originally. But in the manuscript I forgot to
do so. May I ask you which problem I should refer to? Because there is none
on p. 192. I assume that you mean the problems given in your report, and
of course I will gladly do that; the more so since I was motivated to these
investigations by these problems.
Now some future prospects2 . I think that one has to investigate the ring of
numbers that arises by extension of the field with its own Galois group, that
is, the non-commutative ring introduced already by Dickson. Unfortunately
I am not familiar with the literature you refer to in your letter, and so did
not understand everything you wrote. It seems certain to me that the thing
has got something to do with the matrix representations of this ring. I did
understand the part where you say that one needs to investigate the classes
in the extension field, or rather in said ring. This also was my opinion. But
I think that here the conductors themselves suffice. At first there is no need
at all to worry about the exact modulus; it will come out correctly anyway.
Unfortunately I do not have the time at the moment to pursue these things,
I only can think about them every now and then. But I am convinced that in
a year at most we will know about it. But perhaps I am being too optimistic
here.
1
2

See 34.1.
See 34.2. Artin’s word “Zukunftsmusik” translates literally as “music of the future”.
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Today I have sent you the proof sheets of another article3 , but will not
bother you, God forbid, with the boring corrections. But if you notice something I would be very grateful to you if you would let me know about it. I
would have loved to provide a few references concerning the infinite primes,
but I don’t know any except for your report. For this reason I wanted to wait
with the references until I got the proof sheets and then ask for your advice.
With the best regards also from my wife,
Your Artin

3

Artin is asking about his article [Art30] on L-series, which was to appear in the Hamburger
Abhandlungen; see 35.1.
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Comments on Letter no. 34, dated November 11, 1930

34.1 The Remarks
Together with his preceding letter from Nov. 7, 1930, Artin had sent Hasse
the manuscript of his article on the conductor [Art31], which was to appear
in Crelle’s Journal. Hasse, who was the editor of Crelle’s Journal, carefully
looked through the manuscript and sent Artin his remarks. Hasse had the
habit of very carefully checking every manuscript that was to be published
in Crelle’s Journal. Rohrbach reported in [Roh64] (he was talking about the
1920s and 1930s):
“[. . . ] no article was printed in Crelle’s Journal that Mr. Hasse did
not read carefully word for word and formula for formula. The number
of suggestions to the authors for improvements of all kinds is immense
– both for the form of the presentation as well as for the actual content
[. . . ] ”
This also holds for the article on the conductor written by Artin.
The “congruences in question” mentioned by Artin are the congruences
(4.4) in Hasse’s article [Has30d]. Apparently Hasse missed a corresponding
citation in Artin’s manuscript; we have explained the situation already in
32.1. In the abelian case it is easy to identify Artin’s formula (4.1) for irreducible characters χ with Hasse’s formula (4.3), and to prove the integrality
of (4.1) using the congruences (4.4). It seems that this was the reason why
Hasse expected a reference to his article [Has30d]. Artin, however, proceeded
differently by using the conductor-discriminant formula. He also refers to
Hasse in this connection, namely to Part I of his class field theory report
[Has26a], and to Hasse’s article [Has30d] on the conductor, but he does not
cite the congruences (4.4). Artin admits that it had been his intention to
include a citation of Hasse’s article on the conductor in connection with the
congruences for e0 , but that he had forgotten to do so. Artin decided to add a
sentence at the end of § 1 of his article: “This result was derived in a different
way by Mr. Hasse”, and then he refers to Hasse’s article on the conductor.
In his letter, Artin asks “which problem I should refer to”. This concerns
the open problems listed by Hasse at the end of Part II of his report on class
field theory. There Hasse mentioned, among others, the following problems
on Artin L-functions:
1. Explicit determination of the contributions of the primes dividing the discriminant to Artin’s L-functions.
2. Uniqueness of Artin’s L-functions.
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3. Holomorphy of Artin’s L-functions.
4. Divisibility of Dedekind’s zeta functions.
5. Riemann’s conjecture for Artin L-functions.
In a footnote to [Art31], Artin remarks:
“The problems on L-series listed by Mr. Hasse in Part II of his report
cited above, supplementary vol. 6 (1930), p. 193, were the impetus for
the present investigation.”
This corresponds exactly to the situation that we have found in these letters;
see in particular no. 29 from Aug. 23, 1930, and no. 30 from Sept. 18, 1930.
Perhaps Artin’s question to which problem he should refer is not only due
to an incorrect page number,4 but arose from the fact that Artin covered
only the first problem in his articles [Art30] and [Art31]. Should he only refer
to problem 1? As we can infer from the quotation above he chose not to refer
to a particular problem but cited the complete Part II of Hasse’s report.
As is well-known, Richard Brauer solved problem 2 in 1947 [Bra47b],
whereas the other three problems mentioned above are still open today, except for problem 4., for which Aramata [Ara30] showed using Artin’s results
that for a Galois extension K|k the zeta function of K is divisible by that of
k. See also [PY00].

34.2 Zukunftsmusik
It looks as if Artin is commenting a few remarks by Hasse, which we do
not know. This section can be explained, however, by looking at the correspondence between Hasse and Noether. We have already mentioned in 30.1
that Hasse kept close contact with Emmy Noether, that he had informed her
about Artin’s ideas on L-series and conductors, and that she immediately
started thinking about the foundations of Artin’s theory of conductors in the
setting of the theory of algebras (or hypercomplex systems). In her letter to
Hasse from Oct. 10, 1930, from which we have already quoted in 30.1, she
writes the following (here K|k denotes a normal extension of number fields):
“The crossed product of K with its group ring (group ring of K|k) becomes a full matrix ring over K because5 the factor system is trivial.
Each basis of K|k – together with the unit of the identity representation of the group ring – yields a decomposition into one sided simple,
4

The correct page number is 193; Artin, in his letter, mentions page 192. Perhaps Hasse
had made a mistake when writing down the page number.
5 Emmy Noether had rendered her ideas more precisely in [Noe34].
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say right ideals. The corresponding decomposition on the left is generated by the complementary basis. If we only consider integral ideals, then right and left decomposition belong to complementary ideal
classes of K|k. I think that in this way we obtain results on the decomposition of the different, and by taking the norm connections with
Artin. But this is future fantasy6 ! ”
This allows us to conclude that Noether would have liked to found the theory
of Artin’s conductor on the arithmetic of the split crossed product of K|k
with its Galois group; we have already said in 30.1 that she succeeded in the
tamely ramified case.
Observe that Noether’s letter was written on October 10, and Artin’s letter on November 11, that is, a month later. In the meantime, we assume
that Hasse had informed Artin about Noether’s ideas, just as he had informed Noether about Artin’s ideas before. And Artin’s “Zukunftsmusik” in
the present letter is his answer to Noether’s “Zukunftsphantasien”.
In fact Artin mentions “the non-commutative ring introduced already by
Dickson7 ”, that is, the split crossed product. And he writes that it is better to
“investigate the classes [. . . ] in said ring”. This means that one has to work
in the noncommutative crossed product and study the division into classes
in a way similar to the commutative case in class field theory. But this is
exactly Emmy Noether’s approach in her letter.

6

Zukunftsphantasie.
Artin probably refers to Dickson’s book “Algebras and their arithmetics” [Dic23], which
he had referred to in his article [Art28b].
7

35 27.11.1930, Letter from Artin to Hasse
Hamburg, November 27, 1930
Dear Mr. Hasse!
Unfortunately I can only now return the correction sheets since I had a
cold lately and did not have the necessary concentration for proof reading.
As you can see I was a loyal student and I have faithfully followed all of
your suggestions, except for the k that occurred twice. In fact I do not believe
that it can be confused with the base field. For this reason I have not changed
it1 .
You will be less content, however, with the other corrections. The main
thing, the “correct notion of a valuation”, was not introduced by myself.
Otherwise I would have had to rewrite the whole paragraph, and that would
have become expensive. I have now given the correct definition in a footnote.
Thank you very much for the effort you have put into the proof reading.
You really are enormously industrious. I think you will be the only one who
will ever read this article.
I also thank you for sending the proof sheets of your beautiful and interesting article on hypercomplex arithmetic2 . It makes everything really simple
now. As for the theorem on skew fields I think that every skew field (finite3 )
over some number field will be cyclic. Of course suitably generalized: K/k
cyclic extension of degree n, generating substitution σ, skew field relations
for all α : σ.α = σ(α) · σ = ασ · σ and σ n = β for a suitable β. Can’t you
prove this with your method, or do you not believe it, or do you even have a
counterexample?
Otherwise nothing new has happened. I attach the article you wanted to
see4 .
With the best regards to your wife, also from my wife
Your Artin
How many reprints do I get from Crelle, and how much are additional
reprints?5
1

See 35.1.
See 35.2.
3 Artin means “of finite dimension”.
4 We do not know which article this is.
5 “Crelle” means “Crelle’s Journal”, which has the official title “Journal für die Reine und
Angewandte Mathematik”. Artin asks for the prices of additional reprints of his article
[Art31] on the conductor, for which he has just returned the correction sheets.
2
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I just remembered that I have heard that you only have received 25 copies
of your report. I find this unheard of. Because if 20 people used all the paper,
they would receive the full number of copies, and this costs just as much as if
it is used by one person. And the work that you have put into this report is
enormous. Here in Hamburg everybody is enthusiastic about the report and
honestly proud if he has got hold of a reprint. I have had the three parts
bound together. It is a pity that they did not appear simultaneously6 .

6

See 35.3.
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Comments on Letter no. 35, dated November 27, 1930

35.1 Corrections
There are two different corrections mentioned. First the proof sheets of
Artin’s article on the conductor [Art31], which was to appear in Crelle’s
Journal; these corrections were sent to Hasse in his role as the editor of the
journal. In the preceding letter no. 34 we have read that Hasse listed several
typographical errors and made various suggestions (see 34.1). Now Artin returns the corrected manuscript. We do not know what Hasse’s suggestions
had been, except for the one that Artin did not comply with: in [Art31],
the letter k is used in two different meanings, namely both as a summation
index and for denoting the base field k. Artin thinks that this need not be
corrected.
The second corrections were the correction sheets of Artin’s article [Art30]
on L-series, which was to appear in the Hamburger Abhandlungen. Artin
had sent these corrections together with the preceding letter to Hasse and
had asked him to have a look at them. In particular Artin inquired about a
reference in which the infinite primes of a number field are discussed.
Apparently Hasse did not agree with Artin’s terminology, who defined a
“valuation” of a finite extension of Q as a “mapping to ordinary number
fields”. It seems as if Hasse had written that Artin should introduce the
“correct” notion of a valuation as it was commonly used. Artin remarked
that it would be too late since this would require a considerable change of
the manuscript, which would be quite expensive. The footnote that Artin
mentioned in his letter reads:
“A valuation is actually the assignment of an absolute value. Each
mapping to a number field yields such an assignment, where complex
conjugate mappings induce the same valuation.”
We do not know whether Hasse was content with this text. We also observe
that with his article on L-series, Artin addressed also analytic number theorists that were not necessarily familiar with the notions of algebraic number
theory.
Artin gives Hensel’s book “Zahlentheorie” (Number Theory) [Hen13] as
the reference in which the archimedean valuations first occurred as “infinite
primes”. Hensel, however, only considers the field of rational numbers there.
For arbitrary number fields, Artin refers to Hasse’s article [Has24a] on the
Local-Global principle for quadratic forms, as well as on Part Ia of Hasse’s
report [Has27a]. It is clear that Artin had received these references from
Hasse.
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When Artin writes that Hasse will probably be the only one who will
read this article, then we should probably not interpret this as modesty, but
as a deliberate understatement. We may deduce from the preceding correspondence that Artin knew very well about the importance of his article on
L-series.

35.2 Hypercomplex Arithmetic
This is once more about corrections, but this time about the galley proofs for
one of Hasse’s articles, which he had sent to Artin as a “preprint”. This article
[Has31b], in which Hasse develops the arithmetic of algebras, has to be called
ground-breaking: following Hensel, Hasse introduces the local point of view
for algebras, which would lead within a year to the Local-Global principle for
algebras and today belongs to the standard tools of number theory.
Hasse did not send these corrections to Artin accidentally: Artin had just
published a great article himself in which he developed the arithmetic of
algebras over number fields by following up on ideas due to Speiser [Spe27].
Artin had divided his article into three parts: [Art28a], [Art28b], and [Art28c],
published in the Hamburger Abhandlungen. Hasse referred to these articles in
his introduction. He first mentioned Artin’s third article [Art28c], in which
Artin defines and investigates Brandt’s groupoid of ideals and ideal classes
in analogy with the ideal class group of number fields. But, Hasse writes,
“carrying out Artin’s theory requires an extension of Wedderburn’s
structure theorems to more general rings, for example rings that are
given by [. . . ] residue classes modulo a prime power [. . . ],”
thus referring to Artin’s second article [Art28b], in which the theory of what
we nowadays call “Artinian rings” is developed: these are rings for which both
the ascending and the descending chain condition for ideals holds7 . These are
not algebras over a field, for which Wedderburn’s original theorems are valid;
thus Wedderburn’s structure theorems have to be generalized to this case.
Today this is routine, but back then it was a completely new point of view.
Hasse recognizes that
7

At the time these articles were written it was not yet known that the descending chain
theorem “minimal condition” implies the ascending chain condition “maximal condition”;
this was proved only in 1939 by Hopkins [Hop39]. The theory of “rings with minimum
condition” was presented in a systematic way in the booklet [ANT44] by Artin, Nesbitt
and Thrall. The basic ideas behind this, however, come from Artin’s earlier article [Art28b].
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“Artin’s structure theorems are highly interesting in the setting of an
algebraic theory of the structure of noncommutative rings, as it has
been laid down in the new great article by Mrs. Noether8 [. . . ] ”
but, it seems to him, it would also be valuable if one could manage to do
with Wedderburn’s original structure theorems. Hasse achieves this goal; he
writes:
“I extend Speiser’s original approach in the same sense as Hensel’s
arithmetic of algebraic number fields extended the original [. . . ] approach.”
This means: instead of considering congruences modulo arbitrarily large
prime powers, Hasse takes the p-adic limit. This leads Hasse to the localizations of algebras. Each algebra over some number field determines, for
each prime of the base field, a localization, and the structure theory of these
localizations provides information on the arithmetic of the original algebra.
With this point of view Hasse [Has31b] opened up a new path to the theory
of algebras, which turned out to be highly fruitful and today belongs to the
standard tools. As we have remarked already above, this approach led to
the Local-Global principle, to the description of the Brauer group by Hasse
invariants, and finally to a new proof of Artin’s reciprocity law in class field
theory in [Has33a].
It appears remarkable to us that Artin immediately recognizes the significance of Hasse’s article [Has31b]; he calls it “beautiful and interesting” and
finds that it “makes everything really simple now”. In fact, the theory of local
algebras developed by Hasse has now become very simple: each such algebra
is cyclic and determined by its invariant9 . Here we can see a pattern that
may be observed throughout the history of mathematics: simplification paves
the way to new results.
It is similarly remarkable that Artin already in this letter expressed his
definite opinion on the cyclicity of (finite dimensional) skew fields over number fields. Here Artin refers to Hasse’s “Theorem on skew fields” [Has31b,
Thm. 38], in which it is shown that every finite dimensional skew field over a
local field is cyclic10 . Quite likely Hasse had asked Artin for his advice, since
Hasse had been working on this problem for a while. Already earlier, in a
letter from March 16, 1930, he had asked Richard Brauer whether he knows
8

He is talking about Noether’s article [Noe29] from 1929, in which – among other topics
– the theory of Artinian rings is exposed systematically and in an abstract way.
9 This invariant is studied in detail only in the sequel [Has32b] to [Has31b].
10 Hasse does not yet call such skew fields cyclic, he rather calls them “skew fields of
Dickson’s type D”. This shows that the terminology “cyclic skew field” was not common
yet; this explains that Artin thinks that he has to explain this terminology in his letter.
Only in his next article [Has31a] does Hasse pick up this terminology.
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a skew field over the rational numbers as its center or some ordinary
algebraic number field as its center, for which there is no abelian or
at least no cyclic maximal subextension.”
Brauer had given the following reply:
“Neither do I know the answer to your question whether there exist
skew fields that are not of Dickson’s type (i.e., which do not have a
cyclic maximal subfield).”
In the same letter, thus already in March 1930, Hasse had informed Brauer
in detail about his results on p-adic skew fields, just as he now, in the form
of correction sheets, informed Artin.
In contrast to Brauer’s answer, that of Artin is rather determined. On the
other hand he is not completely convinced, since he thinks it possible that
there exist counterexamples and asks Hasse whether he knows one.
See also the next letter no. 36 from January 24, 1931, in particular 41.2.

35.3 Publication of Hasse’s Report
Part II of Hasse’s report on class field theory [Has30a] has just been published, and Artin has received a copy. In the preceding correspondence we
have seen that Artin actively contributed to this report, which was based on
his reciprocity law. The report had 204 pages and was published as a supplementary volume to the Jahresbericht of the DMV. The three parts mentioned
by Artin are Parts I, Ia and II, which he had bound together. This was not
an exception: we can find such bound copies in many libraries.
At this point we would like to quote from a letter by Z. Suetuna to Hasse
written on Nov. 17, 193011 . Hasse also had sent a copy of his report to
Suetuna, who now thanked him for it. He writes:
“Sometimes I talk to Artin about this report. He is very happy about
it and says that it is the best work in recent years! ”
The following quotation is due to Hecke from a later period. In a letter to
Hasse written on Nov. 16, 1938, he writes:
“Recently I had to study your class field theory report once more and
I am again full of admiration at how you have mastered and organized
this huge area.”
Hecke mentions the report on class field theory only in general, but probably
had mainly Part II in mind. In fact the exposition in Part I and Ia had
11

For Suetuna see 28.1.
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been developed further by then, not the least under the influence of Hasse’s
report, and now (in 1938) it had changed fundamentally e.g. by Chevalley’s
introduction of the notion of an “idele” in [Che36].

36 24.01.1931, Letter from Artin to Hasse
Hamburg, January 24, 1931
Dear Mr. Hasse!
Please excuse my belated return of the correction sheets. I did not find
the time to do the proof reading over the Christmas holidays and continued
to be prevented from doing it recently. I am, by the way, a really bad case.
Unreliable and unpunctual as always. You will already regret that the article
appears in your journal1 .
I also thank you very much for your highly interesting letters.2 I hope
that you will soon make progress in your investigation of these questions.
Don’t you want to publish them as they are? I think that they are of a
significant interest even if the fundamental theorems are not yet proved,
because the article presents a new and beautiful application of class field
theory3 . Unfortunately I am also unable to answer your questions on the
discriminants of skew fields. They appear to be rather difficult.
I also attach the correction sheets of a booklet on the Gamma function,
which will appear very soon. One expects graduate students to be familiar
with the Gamma function but is unable to refer them to a book in which the
results are presented in a simple way. Thus the booklet is aimed primarily
at students, and in fact at beginners. I think that every important property
of the Gamma function can be found in there. I did not deal with complex
analysis, since it only concerns trivialities. I would like to remark that you
should not bother yourself with proof reading since this has already been
taken care of. These corrections are not all mentioned in the copy that I have
sent you, but it does not contain any significant errors anymore. I am sending
you the correction because I assume that you are perhaps interested in it,
and since I am sending you something anyway. I suppose that the booklet
will appear next week. Perhaps you will also find it comfortable that you now
can refer the students to it4 .
1

Already in the preceding letter from Nov. 27, 1930, Artin had returned the correction
sheets for his article on the conductor, which also was to appear in Crelle’s Journal. That
he now is talking again about the correction sheets reflects the fact that authors then had
to (or were allowed to) proof read the article twice. The second round was for verifying
whether the first correction was carried out correctly by the typesetter.
2 Apparently Hasse had sent several letters to Artin since the last one from Nov. 27, 1930.
We can observe something similar at other places where Artin thanks Hasse for his letters
(in plural). This reflects the fact that Hasse kept his correspondents continually informed
about his mathematical progress, at least when it concerned important results.
3 See 36.1.
4 See 36.2.
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4. 1930–1934

About the same time, Schreier–Sperner will appear5 .
I hear from Suetuna6 that you intend to write a book on number theory.
May I remind you of the blue collection? Or is this the book for which you
have a contract with Springer? 7 I would be very glad if you would give the
book to the Hilb collection8 .
With the best regards to your wife and many greetings from my wife and
myself,
Your Artin

May I ask for 150 reprints? 9

5
6

See 36.3.

Suetuna had visited Hasse in Marburg in January 1931 in order to “say hello to you
before I return to Tokyo”, as he wrote in a letter from Nov. 7, 1930. He gave a talk in
Marburg on the results of his joint article [HS31] with Hasse. For Suetuna see also 28.1.
7 It probably was the book “Zahlentheorie”, for which Hasse indeed had a contract with
Springer-Verlag. The book only appeared much later, in 1949, in the Akademie-Verlag
[Has49a]. Since it had a blue cover, the book was soon called “the blue Hasse”, in contrast
with the “yellow Hasse”, which was his number theory book [Has50] (Vorlesungen über
Zahlentheorie) published in 1950 by Springer. Only in 1980, after the third edition, the
“blue Hasse” became “yellow” when its English translation (reprint 2002) appeared in
Springer-Verlag. Concerning the “blue Hasse” see also [Fre77].
8 Artin had asked Hasse for a book for the Hilb collection (the blue collection) already
earlier; see 31.3.
9 Artin wants to receive 150 reprints of his article [Art31] on the conductor, which was
to appear in Crelle’s Journal. In the preceding letter he had asked Hasse for the price of
additional reprints. Back then, each author received 100 free copies; thus Artin wants to
have 50 copies in addition.
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Comments on Letter no. 36, dated Jan. 24, 1931

36.1 Conjectures on Algebras
We know from Hasse’s correspondence with Emmy Noether that he had presented a series of fundamental conjectures on algebras over number fields.
He had communicated these conjectures to Emmy Noether and asked for her
opinion. He also told other correspondents about these conjectures. Here we
can see that he also has sent a version to Artin. Among these was the conjecture that every simple algebra over a number field should be cyclic10 ; on
this question he had already asked for Artin’s opinion before; see 35.211 .
As for Emmy Noether, she reacted to Hasse’s conjectures negatively at
first and thought that she had found a counterexample. She soon realized,
however, that she had made a mistake and from then on became an ardent
advocate of Hasse’s conjectures, which a year later were shown to be correct
in the joint article by Brauer, Hasse and Noether; see [Roq05b] and [LR06].
As we can see here, Artin does not address the details of the conjecture;
he had already in the preceding letter given his opinion on the cyclicity conjecture. He finds the conjectures to be “highly interesting” and “of significant
interest”, and suggests publication even if the basic theorems have not yet
been proved. This is reminiscent of Artin’s own attitude when he had conjectured his reciprocity law in 1923: in his article on L-series (see 5.6) he did
not shy away from calling his conjecture a theorem, even though he could
prove it only in a few special cases. It then took him three years to find the
full proof; see Letter no. 8.
Perhaps Artin’s suggestion made Hasse write down his article on the structure of cyclic algebras, which then appeared in the Transactions of the American Mathematical Society [Has32b]. Once the main theorem on the cyclicity
10

In the literature, for example in [Fei79], it is occasionally claimed that this is an old
conjecture by Dickson. We could not find this conjecture in Dickson’s work, neither explicitly nor even implicitly. It still is possible that Dickson had mentioned this conjecture only
orally, but we could not find anything that would corroborate this. The correspondences
between Hasse and Noether as well as between Artin and Hasse shows that Hasse explicitly formulated this conjecture in December 1930, together with closely related conjectures.
Since Albert corresponded with Hasse in 1931 it is not at all unlikely that Albert had heard
about this conjecture through Hasse; possibly he then told Dickson about it; see [Roq05b]
and [LR06].
11 In [FS07] we can read that Hasse had disclosed this conjecture “revealed within the safe
confines of a letter to Emil Artin”. It seems that such a description completely misjudges
the role of Hasse’s correspondence. When Hasse wrote letters, then he wanted to communicate and spread his ideas to the interested mathematical public, and not to hide them
within some “safe confine”.
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would be proved (as Artin and Hasse assumed would be the case), then this
American article would gain its significance as an exposition of the complete
arithmetic theory of simple algebras over number fields12 . We know from
other sources that Hasse wrote down his American article between March 6
and May 29, 1931, that is, a few weeks after Artin’s letter.

36.2 The Gamma Function
Artin’s booklet on the Gamma function appeared in the series “Hamburger mathematische Einzelschriften”. As Artin explains in his letter, it
was meant as an introduction for students. The Gamma function is defined
as a real-valued function with Γ (1) = 1 satisfying the functional equation
Γ (x + 1) = xΓ (x) and the condition that it be logarithmically convex. This
characterization was not new; Artin had taken it from lecture notes that
were known as “Bohr-Mollerup”. What was new was the really elementary
presentation, which made the Gamma function accessible to beginners. In
the review in the “Jahrbuch über die Fortschritte der Mathematik” we can
read
“This booklet presents a quite elementary approach to the Γ -function
and without doubt fills a gap in the German mathematical literature.
By the chosen characterization, the theory becomes amazingly simple
and clear.”
The booklet spread quickly, and over the years Artin’s presentation turned
into the standard method for presenting the Gamma function in lectures on
analysis. In 1964, after Artin’s death, it was translated into English.

36.3 Schreier-Sperner
The textbook “Schreier-Sperner” [SS31] arose from lectures that Otto Schreier
had given in Hamburg as a “Privatdozent”. As Beham and Sigmund write
in [BS08], the project originally involved Schreier and Artin, and Sperner
stepped in when Artin dropped out. The book was titled “Introduction to Analytic Geometry and Algebra” and appeared, as Artin’s “The Gamma Function”, in the series “Hamburger mathematische Einzelschriften”. Through its
emphasis on algebra, more exactly of linear algebra, it differed essentially
in content from the usual lectures for beginners given at other German uni12

In fact Hasse succeeded, in collaboration with Emmy Noether and Richard Brauer, in
proving the theorem on the cyclicity within a year; see 40.1.
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versities, in which mainly “analytic geometry” was taught. These lectures in
analytic geometry traditionally consisted in the theory of lines, planes and
quadrics in the 2- and 3-dimensional Euclidean, affine, and projective space
(over the reals), and were held mainly for students who later intended to
become teachers at a gymnasium. Schreier did not see the completion of his
book: he died already in 1929. Schreier’s student Sperner then used the lecture notes for completing the book. In the same year 1931, another booklet
“Lectures on Matrices” appeared, which also was based on Schreier’s lectures;
with a few additions and complements, this later turned into vol. 2 of the
“Introduction to Analytic Geometry and Algebra”.
The book “Schreier-Sperner” appeared in several editions and was translated into English (Schreier’s name later was omitted) and were instrumental
in changing the content of the lectures for beginners at German universities
by emphasizing abstract linear algebra instead of classical geometry – today
this has become standard.
As can be seen from Artin’s earlier letters13 , he kept close scientific contact with Otto Schreier, who like Artin came from Austria. We may assume
that Artin contributed to Schreier’s ideas concerning a reform of the lectures
for beginners and that some essential ideas were due to him. This is also
suggested by the fact that Artin mentions the publication of the “SchreierSperner” in his letter.

13

See the Letters from Aug. 5, Nov. 19 and Nov. 22, 1928.

37 06.05.1931, Letter from Artin to Hasse
Hamburg, May 6, 1931

Dear Mr. Hasse!
I thank you very much for your dear letter with the invitation to come to
Marburg after Whit Sunday. May I ask first whether the whole thing may
be arranged towards the weekend after Whit Sunday? So that I will arrive,
say, on Saturday evening after Whit Sunday. My lectures start again only on
Tuesday, so that perhaps we can also find time for a talk on Monday. Possibly
I could even cancel Tuesday over here, although I’d rather not lose any hour.
Another question is what I should tell you? I don’t have anything new! If
I had, I would have written it to you already. What do you think?
I’d like to tell you a little something, which has surprised me a lot, but with
which I can so far do nothing. There exist unramified icosahedral extensions,
and in fact they are very often unramified. I know this already since the end
of the last semester, and I have done lots of numerical computations, but did
not find any clues for a decomposition law. The example is the following1 .
The quintic equation x5 = x + 1 does not have an affect. The associated
Galois extension K over R of √
degree 120 now is unramified with respect to
the quadratic subfield Ω = R( 2869 ) contained in it, and the Galois group
is of course the icosahedral group. Taking the quadratic field as the base
field, the conductors all are = 1, thus the decomposition laws probably will
not involve any congruences. This means a little simplification for finding the
laws, which perhaps can be exploited.
I can tell you the following number theoretical data that might be interesting: the quadratic field has class number 1. Because of√ the infinite
places there exists in addition a relative quadratic class field Ω( −19 ), since
2869 = 19 · 151. The field arising in this way has class number 7, thus there
exists, apart from the icosahedral field, a relatively unramified field of degree
14 over the quadratic field.
Let moreover k denote the field of degree 5 over R. Its discriminant is
2869, its minimal basis consists of the powers of the root of the equation.
This field also has class number 1. Its fundamental units are the root of the
equation x and 1 − x2 .
Finally I have decomposed the prime numbers up to 311 into prime ideals,
which also gives their decomposition in the field K. I had hoped that after
guessing a decomposition law these data would allow a numerical verification.
Unfortunately, I could not think of something.
1

See 37.1
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I would not have believed before that there exists an unramified, not metacyclic extension in the first place. Perhaps you can do something with these
things.
The reason why I would like to come there on the weekend after Whit
Sunday is that we would like to go for a hike during the week, and in this
connection probably will come into the vicinity of your region.2
With the best greetings also from my wife to your wife,
Your Artin

2

During the week after Whit Sunday, there used to be no lectures at German universities.
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Comments on Letter no. 37, dated May 6, 1931

37.1 Icosahedral Extension
Artin writes that the equation x5 = x + 1 does not have an “affect”, which
simply means that the Galois group is the full symmetric group. This fact
had long been known, since Artin’s equation is the simplest example of an
equation that cannot be solved by radicals. Similarly, the fact that the square
root of the discriminant of an equation is contained in the normal closure K
was a well-known result in classical Galois theory, and follows immediately
from the definition of the discriminant3 . Since the
√ discriminant 2869 = 19·151
is squarefree, K is unramified over Ω = Q( 2869 ). This is Artin’s main
discovery.
Until then nobody had thought of investigating the ramification in this
extension, otherwise the fact that it is unramified would have been observed
earlier because it follows easily from Hilbert’s theory of ramification and the
structure of the symmetric group S5 . This was shown e.g. by Arnold Scholz
in 1934 in his solution [Sch34] of a problem posed by van der Waerden.
Scholz proved that a polynomial of prime degree that is irreducible over Q
and has squarefree discriminant always has the symmetric group as its Galois
group, and that its splitting field is unramified over its quadratic subfield.
Scholz does not explicitly mention that the extension is unramified; his goal
is solving the problem by determining the Galois group. His proof, however,
is based on the fact that the inertia subgroup of a divisor of the discriminant
is generated by an involution, and this immediately implies that the field is
unramified over its quadratic subfield4 . Van der Waerden, by the way, was
in close contact with Artin, in particular during the time he wrote his book
“Modern Algebra”, which was largely based on lectures by Artin. In the
section on Galois theory, the equation x5 = x + 1 is mentioned as an example
of an equation without affect. Perhaps van der Waerden, while posing this
question in the “Jahresbericht der DMV”, followed a suggestion by Artin?
It is also interesting that Artin, as he writes, would not have believed in
the existence of unramified non-metacyclic extensions before. Thus he had
assumed that all unramified extensions are provided by class field theory,
although he does not say why. It therefore seems to be the case, as we have
mentioned above, that nobody ever thought of looking at the ramification in
fields defined by equations without affect such as x5 = x + 1. Artin remarks
that the unramified icosahedral extensions are “very often” unramified, but
3

It is covered in detail e.g. in Weber’s “Lehrbuch der Algebra” [Web98]. Of course Artin
was familiar with Weber’s book.
4

Nakagawa [Nak88] shows the same for arbitrarily given degree n.
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does not give other examples. Did Artin believe that unramified icosahedral
extensions have a positive density in a suitable sense? This seems rather
plausible, since asymptotic results concerning such equations were discussed
extensively5 in those years.
Artin’s motivation for studying the splitting field of x5 = x + 1 was, as we
learn from a later part of the letter, his hope of “guessing” the decomposition law for primes in the normal extension Ω, The fact that this extension is
unramified over its quadratic subfield should guarantee, as Artin writes, that
the decomposition laws do not involve any congruences. Here he is thinking
about the Hilbert class field, where the prime decomposition only depends on
the usual ideal classes, and not, as in general ray class fields, on additional
congruences modulo products of ramified primes. It is not surprising that
Artin “could not think of something” in this connection. In the subsequent
years, the search for decomposition laws in non-abelian extensions that admit an algebraic formulation, i.e., the generalization of class field theory not
arbitrary Galois extensions, more and more dominated the work of Artin,
Hasse and Emmy Noether.
Even in later years, Artin often returned to this example x5 = x + 1 of an
icosahedral extension as an unramified non-solvable extension of its quadratic
subfield in his lectures on number theory. Perhaps this is due to the surprise
he experienced when he first discovered this example – until then he had not
believed that such an extension would exist. In his publications, however,
Artin never mentioned any of the questions connected with this extension.
Nevertheless he kept on thinking about unramified non-metacyclic extensions
of number fields. This may be deduced from an entry in Hasse’s diary dated
February 1934, where Hasse refers to Artin6 . There Artin constructs unramified extensions of number fields with arbitrarily given Galois group G. This
construction is not very difficult since the base field may be chosen freely.
The basic idea is that if K|k is a normal extension with Galois group G, then
lifting this extension to a suitably chosen extension k|k kills the ramification
and yields an unramified extension Kk|k with the same Galois group G.

5

The prime example, still known today, are van der Waerden’s articles [vdW33, vdW36].
We have mentioned this entry already in connection with the problem of the class field
tower in 15.1.
6

38 16.06.1931, Letter from Artin to Hasse
Hamburg, June 16, 1931

Dear Mr. Hasse!

I haven’t written to you until today because I first wanted to finish making
copies of the pictures. I have attached them today. I think they turned out
quite nicely1 . That my pictures made by you have turned out to be not
particularly good is not your fault, since I almost always tend to make a
silly face on photographs. By the way you have gotten your revenge since the
pictures that we have taken of you unfortunately are also worthless – some
are wiggly, others out of focus, and one is dim (the picture in the room).
I have to thank you again for the friendly reception in your circle. Both
my wife and myself remember the Marburg days with great pleasure. The
seminar in Marburg transferred 50 marks to my account. This would not
have been necessary, since you have taken care of us in such a wonderful
way2 .
Now to your questions3 .
1) Let o be the maximal order of k, and O one of K. Form oO. This is a
right ideal in O. If you multiply it by o, then you obtain O when you multiply
from the left. Thus o lies in the left order of our ideal, and thus o is embedded
in this left order.
2) Is ok.
3) Is incorrect; let i, j, k denote the usual quaternion units. Set a =
i+2j+2k
. Then a2 = −1. Thus the field R(i) is isomorphic to R(a). The
3
maximal order of this field, for example, is not embedded into the usual
maximal order.
As for Siegel’s proof,4 I believe that it is ok. Although I am unable at the
moment to prove the corresponding theorem, it approximately means that to
an indefinite form one attaches a definite form with the same discriminant.
I want to try to find out the connection, I think that the whole thing can be
done in a simpler way. I can answer the second point. If a product of positive
numbers is bigger than 1, then so is their arithmetic mean. Thus their sum
is greater than n.
1

This refers to Artin’s visit in Marburg on the weekend after Whit Sunday; see the
preceding letter no. 37 from May 6, 1931. Concerning the photographs see footnote 7.
2

We do not know what Artin talked about in his talk in Marburg. Perhaps about the
unramified icosahedral extension he had mentioned in his last letter?
3 Cf. 38.1.
4

See 38.2.
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I do not believe at all that this theorem is very deep, given today’s methods
by Minkowski. The real difficulty starts with the relative discriminant, and
this is what you need. What are you able to deduce from this theorem?
Since my return I have talked a lot with Herbrand. He is someone who has
an incredible knowledge and ability. He gave a talk here about foundations,
we all were enthusiastic. It is a pity that he has already left5 .
I am enthusiastic about the new tremendous simplifications of class field
theory due to Herbrand and Chevalley. Now almost no dreadful calculations
are required anymore, nor any trinomial equations as used by F.K. Schmidt.
Since I am involved in a few small points I would like to write to you about
it6 .
I. Analytic Part. Different than usual, but without Frobenius and simpler.
Let K/k be an extension of degree n, H a class group mod m in k containing all relative norms of the ideals coprime to m in K. Form the product of
the L-series attached to H. There appears a power of e and in the exponent
the well-known sum over all prime ideal powers in the principal class H. If
a prime ideal in k has prime divisors of degree 1 in K (which need not be
Galois), then for m > 0 itP
is, as a norm, in H, and since m ≤ n, the exponent
m
is bigger than the sum nh
νN pνs . Therefore
X
pν ∈H

h
hX m
≥
.
νN pνs
n
νN pνs

Since the right-hand side diverges for s = 1, so does the left-hand side, hence
the product of L-series cannot be regular at s = 1, and therefore no L-series
does vanish. There you have it! You do not need the continuation to the
left, only regularity at s = 1, and this is the usual assumption in class field
theory. Thus Dirichlet’s theorem on primes in arithmetic progression holds
for H, with the usual density. since the right-hand side has density at least
1
n , our inequality implies h ≤ n. All of this holds if only H contains all ideal
norms from K.
Now let K be a class field. Thus n = h. Then you immediately read off
the following theorem from our inequality: Those prime ideals in H that do
not split completely in K have density 0. Now we prove:
Theorem. If K and K 0 are class fields over H and H 0 , then KK 0 is a class
field over the intersection H 00 of H and H 0 .
First, all ideal norms fall into H 00 . Thus for H 00 , the theorem about arithmetic progression holds. In particular, the prime ideals in H 00 have density
1
00
00
h00 , where h denotes the index of H . Since they all lie in H, almost all of
5
6

Herbrand went to Göttingen to visit Emmy Noether. For more on Herbrand, see 39.3.
See 38.3.
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them split in K, and almost all of these, since they lie in H 0 , then split in K 0 .
Those splitting in KK 0 thus have the density h100 . On the other hand directly
1
n00 . Thus index equals degree, and everything is proved.
This trivially implies your theorem that K is normal, the theorem on
towers, and the uniqueness theorem.
II. Reductions.
1) The Converse theorem (Umkehrsatz) U need only be proved for cyclic
extensions. Since there exist simple and direct proofs for this, it has become
independent from the existence theorem. In the converse theorem include the
assertion that the conductor only contains divisors of the discriminant.
2) Let E denote the existence theorem and the special decomposition theorem for prime divisors in H and the ismorphisms theorem. Moreover, include
the assertion that the discriminant is divisible only by ideals dividing the
conductor. Then, as in your report, the claim may be reduced to the case
of prime degree with roots of unity in the base field. Now all reductions are
particularly simple because the decomposition law is always included in the
induction. Similarly getting rid of the root of unity is now completely trivial,
even without Frobenius. It is not necessary to talk about the conductor.
Thus it remains to show U in the cyclic case and E in the case of prime
degree with roots of unity. As usual, U reduces to the determination of the
norm residue index and of the principal unit genus.
These two indices may be proved in about two lines by using a very simple
group theoretical lemma.
Please allow me to close this letter for today. I have to go to the post
office in order to mail this letter. I will write the rest next time, if you are
interested. I do not know whether you will find your way around this very
brief and summary report.
And now the most cordial greetings also to your wife and from mine,

Your Artin
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I hope you like the pictures7 . The group picture did not turn out well,
but since it is not so good anyway I hope it does not bother you. Would you
please be so kind and write me the name of the Russian professor in Prague,
whom Prof. Hensel told me to inquire about? That would be terribly nice8 .
With the best greetings also to your wife and Jutta9

N. Artin

Natascha (Natalie) Artin’s student ID card in Hamburg. c Tom Artin
7

The following lines are not written in Artin’s handwriting. They are signed “N. Artin”,
i.e., by Artin’s wife Natascha Artin. She was regarded as an excellent photographer. The
pictures that she mentioned are photographs taken during their visit in Marburg at the
weekend after Whit Sunday 1931. Most likely this also was where the photograph of Artin
and Hasse shown on p. 11 of this book was taken. (On the backside of the original we
can read in Hasse’s handwriting: “During the 1930s”.) The “Hensel picture” mentioned by
Artin in his next letter is a portrait that Hasse liked so much that he wanted to use it for
the Crelle volume dedicated to Hensel, which Artin didn’t mind (see his next letter). This
volume (no. 167) was published for commemorating Hensel’s 70th birthday on December
29, 1931. The “group picture” mentioned by Natascha Artin might be the one that is
shown by Yandell [Yan02] on page 218. It shows Natascha Artin with the families of Hasse
and Hensel in Hensel’s garden. (Since Natascha, but not Emil Artin can be seen on the
photograph, the picture probably was taken by Artin.)
8 Mrs. Artin was born in Russia, and it is perhaps this fact that made Hensel inquire about
a Russian colleague.
9 Hasse’s daughter was three years old then.
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Kurt Hensel (by Natascha Artin Brunswick). A part of this picture was used for the
Hensel volume, although it was printed mirror-inverted there. c Tom Artin

Helmut Hasse (by Natascha Artin Brunswick). c Tom Artin
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Comments on Letter no. 38, dated June 16, 1931

38.1 Maximal Orders
We do not know Hasse’s questions 1) – 3), but we can infer from Artin’s comments that they concerned maximal orders on simple algebras. At that time,
Hasse was working hard on his theory of algebras with the goal of proving his
many conjectures, which he had recently communicated to Artin (see 36.1.)
From February 26 until March 1, 1931, Hasse and Emmy Noether had organized a meeting in Marburg on skew fields at which Hasse’s conjectures were
discussed10 . Of course Artin had been invited to this meeting, but he did not
attend. Perhaps Hasse had invited Artin to Marburg after Whit Sunday in
order to inform him about the results of the meeting, and in order to talk
about the possibilities of making progress on these conjectures.
Hasse’s interest in these maximal orders is explained by his idea to base
the Local-Global principle for algebras on the determination of the discriminant: one had to show that a simple, everywhere unramified algebra splits.
One possible approach to this result was exploiting the connection between
maximal orders of the algebra and the maximal orders of its subfields. This
certainly was an interesting problem independently from a possible application to the proof of the Local-Global principle.
In Hasse’s diary we have found an entry from “May 1931” titled
Maximal orders in simple algebras and their maximal subfields. After
conversations with Artin.
Apparently these are the conversations that Hasse had with Artin when he
visited Marburg at the weekend of May 30. In this entry, we find the following
Theorem 1.
Let K denote a simple algebra over an algebraic number field Ω as its
center (Artin does not mention this base field), and let k denote a maximal
subfield of K. Finally, let o denote the maximal order of k.
Theorem 1. There exist maximal orders O in K containing o.
Hasse writes “Theorem of Artin, proof by one of his students”. 11 The proof
in Hasse’s diary is the same as the one given by Artin in point 1). It is very
simple and is based on the arithmetic theory of maximal orders developed by
10

See [Roq05b].
Apparently Hasse did not remember the name of this student when he wrote the entry.
Perhaps it was Claude Chevalley; see below.
11
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Artin [Art28c] as well as by Hasse [Has31b]12 . In particular it is used that for
a right ideal of a maximal order O, the associated left order is also maximal
– this was the point of departure for the construction of Brandt’s groupoid
of an algebra.
As an immediate consequence of Theorem 1 we obtain o = O ∩ k. This
is denoted as “Theorem 2” in Hasse’s diary. Was this Hasse’s question that
Artin commented by “is ok” in point 2)?
It seems that in point 3), Hasse had asked whether o is perhaps contained
in every maximal order, since Artin gives an example answering this question
in the negative. His example is the well-known quaternion algebra over Q.
By the “usual” maximal order of the quaternion algebra, Artin apparently
means the order generated by 1, i, j, k and 12 (1 + i + j + k), which probably
was first investigated by Hurwitz [Hur96]. Hurwitz’s investigation was the
point of departure for the development of the theory of maximal orders in
algebras, begun by Hurwitz’s student du Pasquier, worked out by Dickson,
and completed by Speiser, Brandt, Artin, and Hasse in the setting of ideal
theory13 .
There is more in the relevant entry in Hasse’s diary. He investigates the
right ideals in O generated by the ideals a of o, i.e., which have the form aO,
and more generally ideals of the form aA, where A is a two-sided ideal in O.
He shows that, firstly, o is not only contained in the right order O of aA, but
also in the left order of aA. Then he proves, secondly, its converse: each right
O-ideal whose left order contains o has the form aA as above – under the
assumption that the given ideal is coprime to the different of O.
At the end of this entry there is a remark concerning this theorem which
apparently was added by Hasse at a later point:
Chevalley has given a different proof for this theorem and has moreover shown that the theorem does not hold in general when the condition “coprime to the different” is omitted.
Then he refers to Chevalley’s letter from January 1932.
In fact there is a letter from Chevalley to Hasse dated December 31, 1931.
Chevalley writes that he has heard from Emmy Noether that Hasse was
studying the relation between the o-ideals in k and the O-ideals in K, and
then he continues:
“In this connection, and following suggestions by Mr. Artin, I have
examined the question of right ideals in the maximal order whose
left order contains the commutative order. I only obtained negative
results. I wanted to show that the ideals in question have the form
aA, where a is an ideal in the commutative order and A a two-sided
12
13

See 35.2.
See [Fre07a].
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ideal. But this theorem does not hold in general. It is easy to give
examples by constructing the crossed product [. . . ] ”
In a subsequent letter dated January 17, 1932, Chevalley writes, apparently
because Hasse had asked him for details:
“Of course in my proof I use your theory of p-adic algebras. But I do
not use it in the same way as you do.”
And then he gives a detailed exposition of his considerations.
During the winter semester 1931/32, a Rockefeller scholarship had allowed
Chevalley to study with Artin in Hamburg. He published the results he had
exposed in his letter to Hasse in the Hamburger Abhandlungen [Che34]. As
we can see, the problems originating from the Whit Sunday conversation by
Artin and Hasse in Marburg were pursued not only by Hasse, but also by
Artin and his students.
Hasse, by the way, published his own version [Has34d], referring to Artin
and Chevalley, in the commemorative volume for Herbrand, who died in
August 1931 in an accident while mountain climbing. Emmy Noether [Noe34]
also published similar results, thus leading to the publication of three different
articles on the same topic in the same year. See [LR06] and [Roq00].

38.2 Siegel
There is an undated postcard from Siegel to Hasse, postmarked in June 1931
(the exact date is not legible), and which begins as follows:
“Dear Mr. Hasse, this morning while traveling by train I was thinking
about your question concerning the discriminant of skew fields [. . . ] ”
Thus Siegel also had visited Hasse in Marburg, a week or two after Artin had
been there, and Hasse had asked him about the discriminant of skew fields.
On his postcard, Siegel sketches a proof of the assertion that the discriminant
of skew fields D over the rational number field Q always has absolute value
> 1, hence that, if Q is the center of D, there always exists a ramified place.
If the proof was correct, it would imply the Local-Global principle for central
skew fields over the base field Q.
Siegel seems to have had doubts concerning the correctness of the proof
himself, since at the end of his postcard he asks “Where is the mistake? ” As
we can see, Hasse did not accept Siegel’s proof either, and presented it to
Artin. Artin writes that Siegel’s proof seemed to look fine, but that at the
moment he could not understand it completely. The reason why he thinks the
proof might be fine is that experience shows that the methods of Minkowski
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used in Siegel’s proof are very fruitful14 . Minkowski’s method probably is his
geometry of numbers, in particular his lattice point theorem which he used
for deriving the “Minkowski bounds”.
Hasse eventually discovered that the proof in its present form does not
work, since Siegel, in his next letter to Hasse from July 6, 1931, writes:
“As for the discriminant, it seems that I haven’t used the right definition of the discriminant. Would you please tell me occasionally how
you define it? ”
Later he continues:
“It is a pity that this does not help in carrying out your beautiful
idea.”
Hasse’s efforts at saving the proof were not successful, and Siegel writes on
October 21, 1931:
“Thank you very much for your exposition of my incorrect proof ! ”
Only three weeks later, Hasse succeeded in proving the Local-Global principle
together with Emmy Noether and Richard Brauer, using completely different
methods; see [Roq05b]. When he communicated this to Siegel and wrote
that he would include this in the Crelle volume dedicated to Hensel’s 70th
birthday, Siegel replied on December 9, 1931:
“This is indeed the most beautiful birthday present for Hensel, that
his p-adic method could achieve such a triumph.”
And he adds:
“The pessimism which I feel concerning the prospects of mathematics
in general, is once more beginning to sway.”
This remark by Siegel was echoed much later in his famous “Letter to
Mordell” [Lan95] written in March 1964, where he wrote
“I am afraid that mathematics will perish before the end of this century if the present trend for senseless abstraction – as I call it: theory
of the empty set – cannot be blocked up.”
Back to Artin’s letter: the second point he mentions is, as we have remarked, the argument in Siegel’s sketch of a proof. As we can see, it is a
simple consequence of the inequality of the arithmetic and the geometric
mean.
14

Emmy Noether, whom Hasse had also sent Siegel’s proof, shared Artin’s optimism and
gave a quite similar reason in her letter to Hasse from August 24, 1931.
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38.3 Tremendous Simplifications
This part of the letter is of historical significance, comparable with Artin’s
letter no. 8 from July 17, 1927 , in which he announced the proof of the general
reciprocity law. We are witnesses of a new turn in the eventful history of class
field theory. The letter deals with a revision of the foundations on which
Artin’s reciprocity law was based. These foundations were erected by Weber,
Hilbert, Furtwängler and Takagi, and were presented in a clear and systematic
way in Part I of Hasse’s report [Has26a]. Although Hasse’s exposition was met
with acclamation, many people developed a certain apprehension concerning
the discrepancy between the simple and clear form of the main theorems and
the roundabout and partially complicated and technical proofs. Hasse himself
occasionally had pointed out this discrepancy and emphasized the need for
simplifying class field theory (see 12.1.) This “train of simplifications” was
now set in motion with the “tremendous simplifications” that Artin talked
about.
There had already been an exchange of ideas between Artin and Hasse
concerning possible simplifications of class field theory; for this we refer to
Letter no. 12 from July 29, 1927, and the subsequent letters. The enthusiasm
expressed in the present letter may be interpreted as an expression of the
satisfaction that finally some progress in this matter was made.
One has to bear in mind, however, that this did not yet lead to a final
result. It was one out of several steps on the way to a better understanding
of class field theory. Only Chevalley’s results obtained during the 1930s can
in a certain sense be called “final”; they formed the basis for the further
development of class field theory with methods from cohomology as well as
from arithmetic geometry.
The new revision is usually credited to Herbrand and Chevalley [CH31].
As the present letter shows, Artin also had a hand in it. Although he only
writes about a few “small points”, we may safely assume that his influence
probably was significant. At least the “Analytic Part” was essentially formed
by himself. His enthusiasm certainly contributed to the rapid dissemination
of these ideas among number theorists; (see 39.2.)
Herbrand visited Artin in June 1931 with a Rockefeller scholarship (see
39.3.) In Artin’s seminar he had apparently talked about results he had found
in joint work with Chevalley15 . Right after Herbrand’s departure Artin informs his correspondent Hasse about the new development, clearly under the
immediate impression of these results. Apparently these things are not yet
written down, and Artin paints his picture of the new edifice with broad
strokes.
15

Chevalley was a year younger than Herbrand; he only came to Hamburg in the winter
semester 1931/32 after he had completed his military service in 1931.
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Analytic Part
For understanding Artin’s considerations in the letter at hand it is necessary to read them in the context of Hasse’s report on class field theory
[Has26a]. This report had become not only the standard source for young
mathematicians who wanted to learn class field theory (for example Herbrand and Chevalley), but it was also used as a reference for the results
contained in older articles by Takagi, Weber, Furtwängler etc.
The first topic is the first inequality h ≤ n of class field theory, which then
was proved using the analytic theory of L-series. Here n = [K : k] denotes the
degree of an extension of number fields, and h is the index of a class group
H in k, defined with respect to some modulus m. Artin’s only condition, as
he writes, is that
H contains all ideal norms from K.
By ideal norms he means the relative norms of all ideals in K coprime to m.
In Hasse’s report, the first inequality shows up already in § 5, Theorem 8.
There only normal extensions are considered, whereas Artin now says that
K|k need not be normal. This observation was not new to Hasse, as it had
already been made by Scholz and published in his joint article with Hasse
[HS28]. The essential point now is that this immediately implies the
nonvanishing of the L-series L(s, χ) in s = 1,
where χ is different from the principal character. It is somewhat surprising
that this is not mentioned in Hasse’s report, since Artin’s argument is exactly
the same as the one that Hasse had used. This shows a common pattern in
mathematics: the careful examination of the method of proof often leads to
useful generalizations or simplifications.
We are dealing with the classical Weber L-functions in number theory, not
with Artin’s new L-series that showed up in the letters16 from the preceding
year. These L-series are attached to the characters χ of the factor group A/H,
where A denotes the group of ideals coprime to the modulus m. Artin writes
the L-function as a power of e and works with the exponents, i.e., with (a
suitable branch of) the logarithm
log L(s, χ) =

X χ(p)
.
νN pνs
p,ν

Here p runs through the prime ideals coprime to m, and N denotes the
absolute norm. Moreover s > 1 always denotes a real variable, and in the
present connection only the limit s → 1 matters.
16

Letters no. 30–33 .
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Artin does not bother writing down the series for log L(s, χ) since he knows
that Hasse is familiar with the whole situation. He takes the product of the
L-functions over the different characters χ; in the exponent, this gives the
sum of the logarithms. Using the character relations, this sum can be given
the form
(4.5)

X

log L(s, χ) =

X
pν ∈H

χ

h
.
νN pνs

Artin writes down the right-hand side, which is a double sum over all pairs
p, ν for which pν ∈ H.
This is now compared with the zeta function of the extension K:
log ζK (s) =

X
P,ν

1
,
νN Pνs

where P runs through the prime ideals of K. In the present connection we
are only interested in the behavior for s → 1, and we may add or omit any
function that remains bounded as s → 1. For this reason we may omit those
terms on the right-hand side that arise from prime ideals P with relative
degree > 1. Thus for every prime ideal p in k there are mp terms on the
right-hand side, where mp (simply called m in Artin’s letter) denotes the
number of prime ideals P above p with relative degree 1. If MK denotes the
set of prime ideals p - m in k with mp > 0, then it follows that
log ζK (s) ∼

X
p∈MK ,ν

mp
.
νN pνs

Here we use the notation f ∼ g introduced by Hasse for stating that the
difference f − g of two functions is bounded as s → 1.
Next Artin uses the assumption that H contains all relative norms from
K, in particular each p ∈ MK . Thus for each p ∈ MK there is a term in (4.5),
and since mp ≤ n we find the estimate
(4.6)

X
pν ∈H

h
h
≥
νs
νN p
n

X
p∈MK ,ν

mp
.
νN pνs

This relation (4.6), which may be derived in such a simple way, can already
be found in Hasse’s report (§5, 3.), if only in the case of Galois extensions17 .
The novelty are the consequences that Artin draws from it.
In fact, since the right-hand side in (4.6) diverges for s → 1 (since ζK (s)
has a pole in s = 1), so does the left-hand side in (4.6), hence the left-hand
side in (4.5). Therefore the product of L-series
17

Here all terms with ν ≥ 2 may be omitted, since their sum is bounded as s → 1.
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Y

L(s, χ)

χ

has a pole in s = 1, that is, the simple pole occurring for the principal
character cannot be canceled by any zero of another L-function. Therefore
(4.7)

L(1, χ) 6= 0

for

χ 6= 1 .

This observation pleases Artin so much that he exclaims “There you have
it”18 And he adds that this does not require extending the L-function19 , but
only the regularity at s = 120 . He does not say, however, how he wants to
prove regularity without extending the L-function.
The regularity is not proved in Hasse’s report; he only refers to an old
article by Weber [Web97] from 1897 with a remark that and how the proofs
there may be translated into modern mathematical notation. Artin says in
his lectures in Göttingen21 that this requires “rather complicated” considerations. An exposition of a detailed proof was eventually given in Hasse’s
Marburg lectures [Has33c, Satz 80], based on the well-known estimates for
the coefficient sums of the Dirichlet series for L-functions; these converge, if
only conditionally, in a certain domain Re s > 1 − ε.
In the present letter to Hasse, Artin writes that the regularity of the Lfunctions at s = 1 is the “usual assumption in class field theory”, so in this
respect his considerations are not more complicated than the usual ones. He
also writes that his considerations work “without Frobenius”, that is, without
using the Frobenius (or even Chebotarev’s) density theorem.
Now that the nonvanishing of the L-series (4.7) is secured, there is a host
of consequences, which are of decisive importance for the foundations of class
field theory. We would like to emphasize that the theorems mentioned by
Artin were not at all new, and in fact were all well known. Artin’s point was
the order in which these theorems should be proved, that is, the sketch of a
new construction of class field theory.
If h = n, that is if K|k is a class field with respect to Takagi’s definition,
then Artin concludes that almost all prime ideals in H split completely in K,
where almost all means all except for a possible set with (Dirichlet) density
0. The converse also holds. Hasse formulates this theorem in his Marburg
lectures [Has33c, Satz 100] as “Artin’s Theorem”. From this we may conclude
that this theorem indeed should be credited to Artin, and not to Herbrand or
Chevalley. This theorem by Artin plays an important role in the foundation
of class field theory. The exact version of this theorem according to which the
18

“Bitte!” in the German original.
He probably means extending it to the complex plane, or at least to the half plane
Re s > 0.
20 Here “regularity” means that the function is holomorphic.
21 See 39.2.
19
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exceptional set is empty, i.e., that each prime ideal in H splits completely,
will then be proved at a later stage.

Reductions
Here Artin is referring to the approach in Hasse’s report, with which he
compares the new one. In the report the proof consists of a sequence of steps,
which Hasse had called “reductions”.
Artin distinguishes two reductions:
1). The “inverse theorem” claims that every abelian extension is a class field.
Since Artin just had proved the theorem on composita of fields, the inverse
theorem only has to be proved for cyclic extensions K|k. And for cyclic extensions, he writes, the inverse theorem may be reduced to the determination
of two group indices as in Hasse’s report. The novelty, as Artin says, is that
this determination may now be achieved “in two lines”. These “two lines” are
perhaps an exaggeration (or rather an understatement), but it is a fact that
this calculation now can be presented in a much simpler and cleaner way as
before. In fact it even can be done for arbitrary cyclic extension, hence it does
not require the reduction to the case of extensions with prime degree as in
the report, where the result had to be proved together with the existence theorem. This is the “enormous progress” mentioned by Artin, which goes back
to Herbrand and Chevalley. The group theoretical lemma that Artin talks
about is today known as “Herbrand’s Lemma” and most often is interpreted
as a statement about the cohomology of cyclic groups.
Artin, however, does not explain the nature of this lemma, which certainly would have interested Hasse, in particular since it does away with the
“dreadful calculations”, as Artin remarked22 .
It results from these index calculations this if K|k is a class field for H,
then
h ≥ n,
which is the second inequality of class field theory. In the cyclic case one also
obtains, as a byproduct, the Local-Global principle for norms, at least if one
assumes local class field theory. Observe that the discovery of local class field
theory by Hasse [Has30c] and F. K. Schmidt had been obtained already a year
before; back then, local class field theory was proved with the help of global
class field theory. The purely local foundation of local class field theory was
found a year later by Hasse, motivated by Emmy Noether.
22

In this connection Artin mentions that, similarly, the “trinomial equations” by
F. K. Schmidt become superfluous. We do not know what Artin means; we have not found
a corresponding article by F. K. Schmidt, and in the extant correspondence between Hasse
and F. K. Schmidt they do not occur either.
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2). The “existence theorem of class field theory states that for a given class
group H in k defined modulo m there exists an abelian extension K|k, the
class field for H. Artin connects the existence theorem with the isomorphism
theorem, according to which A/H is isomorphic to the Galois group of K|k,
and the “special decomposition law”, which claims that exactly the prime
ideals in H split completely in K. Basically, Artin writes, everything is done
as in Hasse’s report, except that some arguments become simpler because of
a carefully scripted induction proof.
The existence theorem of class field theory was not covered in Artin’s
lectures in Göttingen23 , quite likely for lack of time. The fact that Artin
omitted the existence theorem suggests that he did not count the new proof
among the “tremendous simplifications” mentioned in his letter to Hasse.

Emil Artin (photo by Natasha Artin Brunswick). c Tom Artin

23

See 39.2.

39 24.08.1931, Letter from Artin to Hasse

Hamburg, August 24, 1931.
Dear Mr. Hasse!
We have been in the Harz for our summer holidays1 , where I have written
down two articles which I would like to offer you for the Hensel volume2 . It is
nothing remarkable, and if you can’t use it, just send it back to me. You also
may pick one of them. One article contains a simpler proof of Ostrowski’s
theorem on valuations. The proof given by Ostrowski, in particular in the
archimedean case, is much too complicated in my opinion. As you can see
from the small extent, it is very simple. The other article proves Herbrand’s
theorem on the units of relative Galois extensions in a simpler way. Since it
is the foundation for the new proofs in class field theory, a simple proof was
desirable. Of course I did not have a typewriter during the holidays, hence
the manuscripts are written by hand. But I have tried to write as legibly as
possible.
I finally wrote down the class field theory proofs and I hope I will be able
to send them to you soon. It took longer than I could expect3 .
You probably will have heard about the horrible tragedy that occurred to
Herbrand. He died in an accident in the Alps. This is truly a heavy blow for
arithmetic. Two weeks before his death he had been our guest, and I expected
great things from him4 .
In the meantime you surely will have proved the theorem on skew fields. I
anxiously look forward to seeing it5 .
With the best greetings, also to your wife
Your Artin

Of course you may use the Hensel picture if it is useful for you6 .

1

The German word “Sommerfrische” was fashionable in former times and was used for a
summer holiday in the country for people living in cities. The Harz is the highest mountain
range in northern Germany.
2 See 39.1.
3 See 39.2.
4
5
6

See 39.3.
See 39.4.
See footnote 7 in the preceding letter.
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Comments on Letter no. 39, dated August 24, 1931

39.1 The Hensel Volume
The “Hensel volume” is the volume of Crelle’s Journal dedicated to Hensel’s
70th birthday on December 29, 1931. Hasse, who like Hensel was one of the
editors of Crelle’s Journal, had written letters to selected mathematicians
for sending in suitable contributions to this volume. Artin also had received
such an invitation. As we can learn from Artin’s letter, he wrote down his
contributions during his summer holidays in the Harz. The deadline for contributions was September 1, 1931; thus Artin’s letter arrived just in time7 .
Both of Artin’s articles were accepted for publication by Hasse.
Artin writes that his articles would contain “nothing remarkable”, and
apparently wanted to express the fact that these are relatively minor notes.
Each of them contains a simplification of a proof of a rather well-known
theorem. In general, Artin did not publish such notes, but rather presented
these results in his lectures or in conversations with colleagues, from where
they would spread into the literature and became public knowledge. Now
Artin used these articles as an opportunity of giving his contributions to
the Hensel volume. Otherwise he had “absolutely nothing new”, as he had
expressed himself in Letter no. 37 from May 6, 1931.
Nevertheless, both articles turned out to be important. Ostrowski’s theorem in [Ost18] classified the valuations of the field of rational numbers; in
[Art32a], Artin gives a simple proof in only 2 12 pages, and even for general
number fields. Artin’s proof has become the standard proof in textbooks and
lectures. In his “Zahlentheorie” [Has49a], Hasse presents this method with
the remark “This beautiful proof goes back to Artin.”
Herbrand’s unit theorem refers to a Galois extension K|k of number fields;
it describes the Galois structure of (a subgroup of finite index in) the unit
group of K. As Artin remarked in the preceding letter, this is important
for proving the principal unit genus theorem using Herbrand’s Lemma. In
[Art32b] Artin emphasizes that his proof is simpler than Herbrand’s because
it is independent from representation theory. Today, we would not necessarily
see it the same way. Representation theory yields the structure of the unit
group as a Galois module, and thus provides a deeper insight. Nevertheless
Artin’s proof has to be seen as a simplification, since it uses Minkowski’s
argument in connection with the unit theorem. Hasse included this proof in
7

Emmy Noether also used her summer holiday for writing her “Hensel note” [Noe32],
namely her famous article on “normal bases for extensions without higher ramification”;
see [LR06], in particular her letter to Hasse from August 22, 1931.
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his Marburg lectures from 1932, with a reference to Artin, and the proof still
is essentially the standard proof today. See also 14.1.

39.2 The Class Field Theory Proofs
In the preceding letter no. 38 from June 16, 1931, we have seen that Artin
was fascinated by the new development of class field theory, in which not only
Herbrand and Chevalley, but also Artin himself had a share in. The sketch
given in the preceding letter to Hasse was rather brief; thus Artin sat down
to write a more detailed exposition.
Artin never published these “class field theory proofs”, perhaps because
they eventually were included in Chevalley’s thesis [Che33b], where they were
developed even further. It would be very interesting from a historical point
of view if Artin’s manuscript could be discovered somewhere. As announced
in this letter, he probably sent a copy to Hasse, yet such a copy cannot be
found in Hasse’s papers.
There are other documents, however, from which we may reconstruct the
essential content of Artin’s manuscript, namely
1. lecture notes of Artin’s lectures of class field theory in the winter semester
1931/32 in Hamburg8 . We have found a copy of these lecture notes in
the library of the Mathematical Institute in Heidelberg. We could not
determine who wrote these notes, however9 .
In the winter semester 1931/32 Chevalley visited Artin in Hamburg with
his Rockefeller scholarship. It is certain that Chevalley attended Artin’s
lectures. In his thesis [Che33b], Chevalley certainly used suggestions taken
from Artin’s lectures.
2. notes of the famous three lectures on class field theory held in 1932 by Artin
in Göttingen. These lectures were organized by Emmy Noether, who had
heard about the new simplifications in class field theory. These lectures
[Art32c] were typed by Olga Taussky and were widely distributed. Later
an English translation was included in an appendix to Harvey Cohn’s book
[Coh78].
8

Artin mentions this lecture in Letter no. 40 from November 1931.
It is remarkable that these notes contain an appendix of eight pages in which the norm
theorem for cyclic extensions (that is, the Local-Global principle for norms) is proved
using arithmetic means, that is, without analytic tools. This appendix contains the remark “According to Chevalley, C. Rendus 632 1935, Oct. 14, and oral communications
by H. Nehrkorn.” Does this mean that these notes of the lectures from winter semester
1931/32 were only finished at the end of 1935? Chevalley’s arithmetic proof eventually
made it possible to develop class field theory without using the analytic theory of L-series.
Why then were these notes, in which L-series still played a dominant role, still spread
around?
9
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3. lecture notes of Hasse’s “Marburg lectures” in the summer semester 1932.
Like many other mathematicians, Hasse had come to Göttingen to attend
Artin’s lectures there. He included Artin’s ideas in his lectures and obtained additional simplifications10 . Notes of Hasse’s “Marburg lectures”
were taken by his assistant Wolfgang Franz and were made available as
“lecture notes”11 ; later it appeared as a book [Has67].
Remark. Ernst Witt attended Artin’s lectures as a young graduate student.
In [Wit83] he reported that he was “deeply impressed” by these lectures,
and that he decided to visit Artin in Hamburg during the next semester
vacations in order to study class field theory there. In the subsequent years,
he writes, “it was my goal to transfer class field theory to function fields ”.
He started doing this in July 1933 with his famous thesis on the theorem of
Riemann-Roch for algebras12 .

39.3 Herbrand
Jacques Herbrand (born in 1908) belonged to the circle of young French
mathematicians who studied in Germany during the 1920s and the early
1930s. In the words of Henri Cartan:13
“We were the first generation after the war.14 Before us there was
a vacuum, and it was necessary to make everything new. Some of
my friends went abroad, notably to Germany, and observed what was
being done there. This was the beginning of a mathematical renewal.
It was due to such people as Weil, Chevalley, de Possel . . . The same
people, responding to André Weil’s initiative, came together to form
the Bourbaki group.”
10

Already Olga Taussky had pointed out some of these simplifications in her notes of
Artin’s lectures. As the following quote from Taussky’s letter to Hasse from May 17, 1932,
shows, Hasse was involved in writing these notes:
(H:E 1−σ )

“You suggested that I include the determination of the quotient (ε:N E) = Πe(np )
∞
in detail. Professor Artin did not give the proof in his lecture, but only remarked
that it may be obtained via transition to a subgroup of finite index and the group
theoretical lemma by Herbrand. I now make use of your friendly permission to turn
to you regarding this proof.”
11

An English translation was planned in 1934 by Mordell, but nothing came of it.
This topic goes back to suggestions by Emmy Noether, although she by then had already
been suspended by the National socialist government. See also [LR06], Letter no. 70 from
July 21, 1933.
13 Quoted from [Jac99].
12

14

This is the First World War.
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Certainly Herbrand would also have been among the founding members of
Bourbaki, had he not died in an accident before his time.
In his thesis (Paris 1929), Herbrand had discussed a topic in mathematical
logic; his work is still important for contemporary logicians. In the academic
year 1930/31, when he was 22 years old, Herbrand went to Berlin with a
Rockefeller scholarship in order to work with John von Neumann. This choice
was determined by his interest in logic; in particular, Herbrand wanted to
study the work of Gödel. By then he had already worked in algebraic number
theory and class field theory, as Artin reported in his preceding letter no. 38
from June 16, 1931. From Berlin, Herbrand once traveled to Halle in order
to attend a talk by Emmy Noether, as we can learn from her letter to Hasse
from February 8, 1931, in which she makes suggestions about who to invite
for the “skew congress” to be held in from February 26 until March 1, 1931.
She writes:
“Then I would like to suggest to invite my Rockefeller scholar for next
summer – who now is with von Neumann in Berlin – Dr. J. Herbrand
. . . He came to Halle, and he is the one who understood my things
better than the others. Except for logic he has worked only in number
theory, which he has learned from your “report”15 ); I was thinking
of him in the first place as a listener. But perhaps he could give a
talk on his integral representations induced by the unit group; this is
quite likely connected with my hypercomplex things16 . . . We all had
an excellent impression of him in Halle.”
Herbrand also made an excellent impression on Artin, who expected great
things from him, as we can read in the letter at hand. Artin’s preceding letter,
in which he voiced his enthusiasm for the progress obtained by Chevalley and
Herbrand, is dated June 16, 1931; in June, Herbrand had visited Hamburg
and apparently reported on his work in class field theory.
Herbrand spent July 1931 in Göttingen with Emmy Noether. She also was
shaken by the news of Herbrand’s sudden death; on August 24 she writes to
Hasse:
“I can’t get Herbrand’s death out of my mind.”
During his few months in Germany, Herbrand had made many friends
because of his huge talent and his friendly and open-minded nature. He also
15

Hasse’s report on class field theory, Part I and II, as well as Hasse’s articles on norm
residues, which eventually led to local class field theory.
16

See [Her31b]. (This is the article that Artin had simplified in the Hensel volume; see
39.1.) – In the program of the “skew congress” Herbrand’s name does not occur, probably
he did not give a talk there (quite likely the program was already rather ambitious with
5 hours of lectures). From the correspondence between Hasse and Herbrand we may infer
that Herbrand attended the “skew congress” and came into close contact with Hasse.
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seems to have found a closer relation to Hasse. André Weil sent Hasse a letter
on August 4, 1931, with the news of Herbrand’s accident:
“Unfortunately I have to tell you a very sad news, that of Jacques
Herbrand’s death, who was killed a few days ago in an accident while
climbing mountains in Dauphiné. I do not need to tell you what a
loss his death means for science, and for number theory in particular.
Shortly before his death he had a new idea which should bring about
yet another simplification of class field theory [. . . ] ”
On the same day, Hasse received the manuscript of an article for Crelle’s
Journal by Herbrand. In the preface to the published version of this article
[Her33], Hasse wrote
“He spent the last six months of his life at German universities, in
close contact and vivid exchange of ideas with a series of German
mathematicians. All of them were deeply impressed by his noble personality. An extraordinarily talented mind has passed away in the
blossom of his youth. The beautiful and important results that he obtained in the areas of number theory and mathematical logic, and the
fruitful ideas he had expressed in mathematical conversations, gave
grounds for the highest hopes. The mathematical science has experienced a heavy and irreplaceable loss by his premature death.”
During the short time in which Herbrand worked in number theory, he
published ten articles. Chevalley published a survey [Her35]17 on the ideas
of his friend Herbrand. Some of his ideas were included in Chevalley’s thesis
[Che33b] .

39.4 The Theorem on Skew Fields
We have seen in the preceding letter no. 38 that Artin had investigated, at
Hasse’s suggestion, discriminant bounds of skew fields (see 38.2). This was
about Siegel’s proof; apparently Artin did not yet know how Hasse intended
to apply this bound, since in his next letter he asked “What are you able to
deduce from this theorem? ” Apparently Hasse then explained in his reply that
he wanted to deduce the local-global principle for skew fields from this result.
But Siegel’s idea turned out to be not feasible (as we have already remarked
in 38.2). Hasse now was looking for other approaches to his theorem.
We know that Hasse wrote a detailed letter to Richard Brauer on July 27,
1931, in which he explained his new approach and asked for Brauer’s opin17

Chevalley included Artin’s lectures in Göttingen in the bibliography of this article; see
39.2. Herbrand could not attend these lectures, but he was certainly familiar with their
essential content through his conversations with Artin.
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ion18 . At the same time he wrote a corresponding letter to Emmy Noether.
We may safely assume that he also wrote to Artin in this matter. This is the
background when Artin writes that “In the meantime you surely will have
proved the theorem on skew fields.”
This was not the case, however. Hasse’s idea, which he had communicated to Brauer as well as to Noether and Artin, could not be carried out
directly. The breakthrough came only on November 9, 1931, and with ideas
from Emmy Noether and Richard Brauer. This story is presented in detail
in [Roq05b]; it is also reflected in the correspondence between Hasse and
Noether [LR06]. Artin apparently did not actively take part in the last phase
of this development, perhaps because he was busy writing down his “class
field theory proofs” (see 39.2). When he learned about the proof of the theorem of Brauer-Hasse-Noether, he wrote enthusiastically to Hasse; see the
next letter no. 40 from November 1931.

18

This letter may be found among Brauer’s papers.

40 November 1931, Letter from Artin to Hasse

November 1931

1

Dear Mr. Hasse!
I have a horribly bad conscience. No answer to none of your letters2 .
Partially this is the fault of the damned job as a dean, on the other hand
it is the old fact that I am bad at writing letters. I could not accept your
kind offer of proof reading, you already must be very busy. Please find the
corrections attached3 .
You have no idea how happy I was about the proof of the cyclic systems
that you have finally obtained4 . This is the greatest progress in number theory
in recent years. My heartfelt congratulations to your proof. I am now reading5
class field theory, and in the next semester I intend to become hypercomplex.
Will I get to know your proof before then? You will probably publish it soon.
I am very anxious to see how things will develop and I am convinced that
you are on the right track.
I have also made a few amateurish steps in this area, but not much came
of it. In any case I’d like to write to you about it, although you probably
already know everything6 .
1.) Let K/k be abelian. To each p in k associate an element σ(p) in the
Galois group of K/k, which is 6= 1 only for finitely many p. When does there
exist an α in k such that for all p in k we have


α, K
= σ(p)
?
p
A necessary and sufficient condition is
1.) σ(p)
belongs to the decomposition group
Q
2.) σ(p) = 1 .
p

)

Thus uniqueness of the
reciprocity law.

1

This letter is not dated. Its content suggests that it must have been written in the middle
of November 1931.
2

Apparently Artin is answering several of Hasse’s letters again. See also footnote 2 in
Letter no. 36.
3 These are the corrections of Artin’s contributions to the Hensel volume, which is about
to appear at the end of this year. See 39.1.
4 See 40.1.
5 Artin means that he is giving lectures.
6

See 40.2.
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7
2.) For a hypercomplex system, let n and
P νp (its invariants) be given. It
follows from the product formula that
νp ≡ 0 (mod n). Is this the only
p

condition?
Answer yes. Thus there always exist systems with these νp .
3.) Let S be a simple hypercomplex system with center k. According to
your theorem, S is cyclic. Question: May S even be generated by cyclotomic
fields?
Answer : No, not always, except when k is absolutely normal. Then and
only then is this always possible. But there always is a cyclotomic field that
is a minimal splitting field. For arbitrary k therefore S is always similar to a
cyclic algebra over a cyclotomic field. The proof is based, strangely enough,
on the lemma of the reciprocity law.
But you will already know all of this.
Can Schur’s theorem according to which all representations of a group of
order n may be realized in the field of n-th roots of unity already be proved
with your methods?
With many greetings from my wife and myself, also to your wife
Your Artin

7

Artin writes “ihre” (her); grammatically this should actually read “seine” (his), if Artin
is referring to the invariants of the system. Another interpretation is that Artin means
“Ihre” (your), that is, the “Hasse invariants”, which Hasse had defined in his American
article [Has32b]. At the time Artin wrote his letter, this article had not yet appeared, but
Artin certainly was familiar with its content.
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Comments on the letter from November 1931

40.1 Cyclicity of Simple Algebras
This is Artin’s reaction to Hasse’s communication concerning the proof that
each simple algebra over a number field is cyclic. Already a year ago Artin had
remarked that he believed this to be true (at least for skew fields); see Letter
no. 35 from November 27, 1930. Hasse had included the cyclicity conjecture
in his list of conjectures in the theory of algebras; see 41.2. But only on
November 9, 1931, is he able to do the last step in this proof, based on
contributions by Richard Brauer and Emmy Noether. The details of this
story can be found in [Roq05b].
Was Artin’s enthusiastic reaction really appropriate? The theorem concerning the cyclicity of algebras is an important structure theorem on algebras, but may it be called the “greatest progress in number theory in recent
years”? At first sight, this seems to be somewhat exaggerated. We infer from
Artin’s other remarks in this letter that he not only had the cyclicity theorem
in mind, but also the local-global principle for algebras used in the proof with
its far-reaching consequences for class field theory. From this point of view,
his enthusiastic response does not seem exaggerated.
Artin remarks that he intends to follow up his lectures on class field theory, which he is giving in the current semester, with lectures on hypercomplex
topics in the next semester, that is, he wants to discuss the connection with
the theory of algebras. In fact Artin gave a lecture course in the summer
semester 1932 in Hamburg on algebra, where he covered hypercomplex systems and their structure. There exist lecture notes8 that were taken by Ernst
August Eichelbrenner. In these lectures, Artin did not go beyond the general
structure theorems for algebras, and the lecture notes do not reveal any connection with number theory or class field theory. Was this the usual fate we
all know from experience: that there isn’t enough time to realize the initial
plans? There are a few hints suggesting that there might have been a parallel lecture for more advanced students in which algebras over number fields
(local and global theory) and class field theory were discussed9 .
Artin expresses his hope that Hasse will soon publish the proof since he
would like to familiarize himself with it before the summer semester, in which
he would like to lecture on hypercomplex arithmetic. In fact Hasse was able
to squeeze this article [BHN32] into the Hensel volume at the last minute (although the deadline September 1, 1931, had long expired). The local-global
8

These lectures were published by P. Ullrich [Ull02].
In the subsequent letter no. 41 Artin reports that he is covering p-adic fields in his
lectures and would like to discuss Hasse’s “new article” next.

9
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principle for quadratic forms, as Hasse once explained, was suggested to him
by Hensel10 , and Hasse had carried out this idea in his thesis and his subsequent articles. Now such a local-global principle had been obtained also for
algebras, and Hasse wanted to dedicate this article to the 70th birthday of his
admired teacher and friend as a sign of his gratitude. This may be inferred
e.g. from the following lines, which Hasse wrote on November 11, 1931, to
Richard Brauer, when he sent him the sketch of the manuscript:
“Dear Mr. Brauer! Now that the question of cyclicity has reached a
happy ending with your help and that of E. Noether, it fell to me to
weld our three contributions into a uniform and worthy whole. Please
find attached my efforts. I would like to ask you to read the attached
sheets with affectionate care and, if possible, very quickly. Because as
you can see I have used the opportunity in order to reverentially bow
to Hensel’s 70th birthday, which takes place already on December 29.
We will publish a Crelle volume celebrating this birthday (almost 2
issues), and if possible it should be included there. This means that it
is very urgent [. . . ] ”
The bow to Hensel was a dedication, which eventually was placed on the first
pages of the Hensel volume, thus cannot be seen anymore in the article itself.
Artin writes in his letter that he is “very anxious to see how things will
develop”. Thus he realized that this is not a final result, but the beginning
of a new development. From today’s point of view we might say that the
local-global principle for algebras, together with the index calculations by
Herbrand and Chevalley, finally led to Chevalley’s version [Che40] of class
field theory in the idelic setting. Hasse followed these developments with
interest and contributed to them actively.

40.2 Artin’s Amateurish Steps
Of course the considerations reported by Artin are not amateurish, as Artin
calls them. They show that Artin had recognized the significance of the results
of Brauer, Hasse and Noether, and immediately understood their relevance
for class field theory.

Uniqueness of the Reciprocity Law

, which Hasse had introduced in
Artin uses the norm residue symbol α,K
p
[Has30e] answering a question of Artin’s. Artin knew and valued this article,
10

See [Has75b], vol 1, Geleitwort, p. VIII–IX.
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and had called Hasse’s norm residue symbol a “wonderful discovery”11 . In
that article, Hasse had proved the product formula
Y  α, K 
= 1.
p
p
Artin’s claim in point 1.) is that the norm symbol is essentially characterized
by this product formula.
Artin doesn’t say anything about the proof of this claim. We do not know
whether Hasse knew Artin’s claim, as Artin conjectures, but we think that he
did. In fact Hasse had shown in
 his American article [Has32b]
that and how
the norm residue symbol α,K
is related to the invariants A
p
p of the cyclic
algebras A. Although the American article appeared only in 1932, we know
that it had been completed in May 1931 and submitted to the Transactions
of the AMS. Hasse had sent a summary of his results to Emmy Noether, and
we may assume that he also had informed Artin. In any case Artin knew the
results of this article, since he is talking about the invariants.
Thus Artin’s claim may be reduced with the help of the norm residue
symbol to the sum formula
X A
p

p

≡ 0 mod 1

for cyclic algebras, hence for all simple algebras, which now are known to
be cyclic. Artin’s claim for the norm residue symbol may also be interpreted
as the claim that the symbol of the Hasse invariant is characterized by the
sum formula. This is Artin’s claim in point 2.), which is not yet in the American article, but is formulated and proved in Hasse’s next article [Has33a]
dedicated to Emmy Noether’s 50th birthday. The components of the proof,
however, are all contained in Hasse’s American article [Has32b].
There is another reason suggesting that Hasse must have been familiar with
the content of Artin’s remark. In [Has26c], Hasse had proved the uniqueness
of the two fundamental theorems of elementary arithmetic, the unique factorization theorem and the quadratic reciprocity law. The essential content of
the first theorem is that the product theorem for valuations is the only nontrivial multiplicative relation among the valuations, and the second theorem
is the analogue for Hilbert’s product formula.
Hasse’s second theorem was generalized by his student Grunwald in his
Ph.D. thesis [Gru32]. Grunwald’s article received world-wide attention because of an existence theorem he proved there (whose proof turned out to
have a gap discovered and corrected by Artin’s student Wang). Grunwald’s
results concerning the uniqueness of the reciprocity laws went almost unno11

See 26.1.
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ticed. From the correspondence Hasse–Grunwald it is seen that Grunwald
had submitted his thesis to Hasse in November 1930 already.
Only in 1968, C. Moore [Moo68] proved three theorems related to the
uniqueness of reciprocity laws. The first two are direct generalizations of
Hasse’s uniqueness result to Hilbert symbols for n-th powers and to Hasse
symbols. Moore’s proofs were simplified by Rohlfs [Roh73], whose article was
reviewed by Artin’s student Whaples:
The author gives a more elementary proof of two theorems of C. C.
Moore [Inst. Hautes Études Sci. Publ. Math. No. 35 (1968), 157–222,
Theorems 7.2 and 7.3], stating that the only product relations between
Hilbert norm residue symbols are powers of the usual one. However,
a still simpler proof has been known for a long time though perhaps
never published: as E. Artin pointed out in a lecture in 1940, it is
an easy consequence of the theorem on sets of values assumed by the
Hasse norm residue symbol [Artin and J. T. Tate, Class field theory,
p. 67, Theorem 10, Benjamin, New York, 1968].
As we can see from this letter, Artin knew this theorem already in 1931. We
also mention that the uniqueness of the reciprocity law was an essential ingredient in the solution of the congruence subgroup problem by Bass, Milnor
and Serre.

Schur’s Theorem
Artin’s claim in point 3.) concerning the representation of an algebra by
cyclotomic fields is, as far as we know, not discussed in the literature. The
fact that the algebra is similar to a cyclic algebra of a cyclotomic field can be
found in Hasse’s article [Has33a], as a consequence – in accord with Artin’s
remark – of Artin’s Lemma used in his proof of the reciprocity law, the
proof of which Hasse simplified in [Has33a], and even further in his Marburg
lectures [Has33c].
“Schur’s theorem” mentioned by Artin was not yet a theorem but a conjecture due to Schur [Sch06]. In [BHN32], Hasse could only show that every
representation of a group of order n may be realized over the field of nh th
roots of unity for a sufficiently large integer h.12 Hasse had asked Richard
Brauer whether he could prove the theorem with h = 1. This was not the case.
Only much later, in 1945, did Brauer succeed in giving a proof in [Bra45].
Shortly afterwards Brauer [Bra47a] improved on this result by showing that
the field of e-th roots of unity suffices, where e is the exponent of the group.

12

See also Hasse’s correction in [Has49b].

41 1932, Letter from Artin to Hasse
(undated) 1932 1

Dear Mr. Hasse!
Thank you very much for your two letters. My belated answer may be
explained by the fact that I tried again, but in vain, to exploit only the
continuation just a little bit to the left of 12 .
Yes, with this I have already given you my answer. One needs the continuation to R(s) > 0. Or, if you care a lot about it, to R(s) ≥ 21 , but this is
of no use even for quadratic fields, since there we only have R(s) > 12 . The
method is the one you have given:
X
Y

ν ∈H

L(s, χ) = ep

h
νN pνs

,

χ

Q
where h denotes the order of the group. Thus
L(s, χ) = Dirichlet series
with positive coefficients, which, if some L(1, χ) = 0, mayQbe extended to
0. The series in the exponent is smaller than the series for L(s, χ), hence
converges also for R(s)
0. Set s = h1 and keep only the ν divisible by h.
P >
1
Then all p, and all
νN pν converge, which is not the case.
p

If you only want to use R(s) ≥ 12 , then distinguish between complex and
real characters. Complex ones as usual. Each real character is a character for
a group H of index h = 2. Here the earlier proof with 12 = h1 .
Unfortunately I cannot say more. I had proved the theorem in the last
semester using class field theory. For class field theory, the result is never
needed.
Other than that there is nothing new to report. In my lectures I am currently discussing your p-adic skew fields, and afterwards I will present your
new article3 . In this connection I didn’t think of anything new except perhaps
the following.
Your American article4 is correct almost without correction. In fact if S
is simple and e idempotent in S, then it is almost trivial that S is similar to
1

This letter is not dated, but was ordered by us in the same way as it was ordered in
Hasse’s correspondence files. It seems that this letter was written in January 1932.
2 See 41.1.
3 See 41.2.
4

See 41.2.
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e S e, whether complete matrix units can be found or not. And this is what
matters after all.
As for the explicit formulas I would like to suggest as a desideratum: Let S
be simple with center k and cνiκ the multiplication constants (without splitting
into a crossed product, thus cνiκ in k). Compute, by a clear algorithm within
kp , the p-adic invariants from the cνiκ . But perhaps I am already demanding
too much5 .
With many greetings also to your wife and from my wife,

Your
Artin

5

See 41.2.
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41.1 Comments

Comments on Letter (undated) 1932

41.1 Continuation of L-Series
This letter answers a question by Hasse concerning a simple proof of the
continuation of Weber’s L-series. Apparently Hasse is preparing his lecture
on class field theory for the summer semester 1932 in Marburg. The problem
is the continuation of the L(s, χ) to the whole half plane Re s > 0. Here
an ideal group H in k is given, and χ is a character of the associated factor
group modulo H. The situation is the same as in Letter no. 38 from June
16, 1931; see 38.3. The difference is that now we are not given an extension
K of k.
In the lecture notes [Has33c], Hasse discusses the question of the nonvanishing of L-series for characters different from the principal character. He
observes that there is at most one character χ 6= 1 for which L(1, χ) = 0, and
that this character has to be real. But this case does not occur:
“There are two essentially different methods of proof. The shorter
one is complex analytic and is based on a theorem of Dirichlet series
with positive coefficients. It requires in addition the continuation of
all L-series into the right half plane, which can be obtained only with
great efforts. The other method is arithmetic and field theoretic and
leads into class field theory. We will apply this last method.”
Hasse wanted to know whether there is a proof for the nonvanishing of
the L-series at s = 1 and for χ 6= 1 without class field theory and without
much effort. Then Dirichlet’s method would directly imply that the prime
ideals in H as well as those in each coset modulo H have Dirichlet density
1
h . Artin could do this with the method given in his Letter no. 38 only using
the existence of the extension he denoted there by K.
As we can see, Artin was not successful with his attempts. When he writes
that one only needs the continuation to Re s ≥ 21 , then this refers to the usual
argument that it is sufficient to consider quadratic (that is, real) characters.
For these it would be sufficient if one could set s = 12 .
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41.2 Algebras
Artin’s Lectures
The second part of the present letter refers to algebras. Observe that this
letter is not dated, but was probably written in January 1932. At this point
it was already known that every central simple algebra over some number
field is cyclic. This had been proved in November 1931 by Hasse together
with Richard Brauer and Emmy Noether, and Artin knew this result; see the
preceding Letter no. 40. Artin had remarked that he was anxious to see how
things would develop.
He had expressed his hope that Hasse would publish his theorem soon,
and in fact Hasse succeeded in squeezing the article [BHN32] into the Hensel
volume of Crelle’s Journal; this volume appeared on January 6, 1932. Apparently this volume had arrived in Hamburg already, so Artin now can read
the manuscript and is therefore able to say that he will present “your new
article” in his next lecture6 .
Before that, Artin reports, he will be discussing Hasse’s article on p-adic
skew fields in his lectures. This is [Has31b], which Artin had mentioned already in his Letter no. 35 from November 27, 1930; see 35.2. There Hasse
had shown that each p-adic skew field is cyclic. Simultaneously he had found
that locally, a splitting field K is characterized just by its degree. More precisely: K is a splitting field if and only if its degree is a multiple of the Schur
index of the skew field. This theorem is the key for the cyclicity theorem by
Brauer-Hasse-Noether, which explains why Artin wants to discuss this article
before treating Hasse’s most recent one.

The American Article
The “American article” is Hasse’s article [Has32b], which appeared in 1932
in the Transactions of the American Mathematical Society. There Hasse developed the theory of cyclic algebras over number fields. Hasse had submitted
this article already in May 1931, but it appeared only in 1932. At the time
this article was submitted it had not yet been clear that every simple algebra over a number field is cyclic, as Hasse conjectured. When the American
article appeared, the proof had been obtained, and now this article could be
viewed as a structure theory of all simple algebras over number fields.
Due to a misunderstanding, the correction sheets for the manuscript
[Has32b] were not sent to Hasse, which prevented him from correcting the
6

Artin received a reprint only later, since only in the next letter from March 9 does he
thank Hasse for a reprint.
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many typographical errors; he also was unable to make minor changes or
to add a few remarks. This made Hasse publish a separate note [Has32a] in
which he listed, on four pages, all the necessary corrections and changes.
In a separate chapter of [Has32b], Hasse presented Noether’s theory of
factor systems and crossed products since it could not be assumed that the
American readers were familiar with this theory. Emmy Noether had lectured
on these topics in her lecture course in 1929 in Göttingen, and there existed
lecture notes by Deuring, but these results had not yet been published. Hasse
had asked Emmy Noether whether she would agree to the inclusion of her
theory into his manuscript, and she had given her consent. Noether also had
read the manuscript of the American article and had sent her comments to
Hasse; see [LR06].
The present letter by Artin deals with an inaccuracy in one of Hasse’s
proofs. The problem was the behavior of a crossed product with respect
to extending the base field. Assume that K|k is a Galois extension with
Galois group G, and let A = (K, a) be a central algebra over k that can be
represented as a crossed product of K with a factor system a = {aσ,τ } in
H 2 (G, K × ). Let k 0 be an extension of k and consider the compositum Kk 0 .
The Galois group of Kk 0 |k 0 is a subgroup of the Galois group of K|k; let a0
denote the restriction of a to this subgroup. Then
(K, a) ⊗k k 0 ∼ (Kk 0 , a0 ),
where ∼ denotes the equivalence in the sense of the Brauer group of algebras.
Today, this theorem is part of the basic functorial properties of the Brauer
group and its representation in the cohomological setting. In Artin’s days, this
had to be done by explicit calculations, and the corresponding notions could
not yet be counted among the well-known basics. Here Hasse had apparently
noticed a gap in his argument, which he then corrected in the note [Has32a]7 .
Clearly Hasse had communicated this to Artin, who now replied that this did
not matter much, and that the corresponding claim in [Has32b] is “almost
trivial” even without an additional explanation.

Explicit Formulas
We have pointed out several times already that Hasse was never completely
satisfied with an abstract existence proof in number theory, and that he
always wanted to see it complemented by an explicit algorithm, if possible.
This is also his point of view here, in the theory of simple algebras.
After it had been shown that every simple algebra over a number field
may be represented as a cyclic crossed product, it was natural to ask how
7

See [Has32a, p. 729], entry for “page 197”.
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such a representation can be given explicitly, where the algebra is given e.g.
by a basis over its center, together with the corresponding multiplication
constants.
We may assume that Hasse had mentioned this problem in his latest letter
to Artin, and that Artin’s “desideratum” is his reply to Hasse’s question.
It is remarkable that, firstly, Artin steers directly towards the local p-adic
invariants of the algebra. These invariants had been defined by Hasse in his
American article [Has32b], and he had shown that these yield a complete
system of invariants for the algebra (up to equivalence in the sense of the
Brauer group). Thus Artin knew the American article, or at least was familiar
with its content.
The second thing that we find remarkable is that Artin unequivocally
writes that the p-adic invariant should be computed by a p-adic algorithm
inside the p-adic base field kp . This is significant since at the time of writing
Hasse’s definition of local invariants was not yet the result of local considerations, at least not for the ramified primes. In fact Hasse had based his definition of theinvariant on the preceding definition of the local norm residue
, which could not yet be defined in purely local terms, but was
symbol α,K
p
based on the global Artin reciprocity law. Thus if Artin now suggests an “algorithm within kp ”, then he is also saying that such an algorithm must exist,
i.e., that the definition of the local invariant of the algebra must be given in
a purely local way.
This had also been Hasse’s opinion; see 26.1 and 26.2. Already a few weeks
after Artin’s letter, Hasse succeeded in giving a purely local definition of the
norm residue symbol in his article [Has33a], which he dedicated to Emmy
Noether’s 50th birthday on March 23, 1932. The decisive suggestion for the
local definition of the norm symbol did not come from Artin, but from Emmy
Noether, who has been pushing Hasse to look for such a definition for about
a year8 . In addition, in [Has33a, p. 732] Hasse writes:
“Emmy Noether rightly remarked that the invariance theorem proved
by myself yields a direct definition of the norm residue symbol that
proceeds completely locally; by this she refuted the last sentence in my
article [Has32b] in a way that I did not foresee.”
The possibility of a local definition of the norm residue symbol and therefore of Hasse’s invariant does not automatically lead to an explicit and “clear”
p-adic algorithm, as desired by Artin. The situation is the following.
Let k = kp be a local field and S a central simple algebra over k. According to Hasse’s definition in [Has32b] the first task is to find the maximal
unramified subfield Z of S. This field is uniquely determined up to inner
automorphisms of S. Next S has to be represented as a crossed product of Z
8

This can be inferred from the correspondence Hasse–Noether; see [LR06]. This is also
what Hasse told us in later conversations.
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with its Galois group; the latter is cyclic and is generated by the associated
Frobenius automorphism. This crossed product is thus given by an element
a ∈ k, which is determined modulo norms from Z, hence it is only its value
v(a) with respect to the canonical valuation in k that matters. The local
invariant of S then is the quotient of v(a) and the degree n of Z.
Thus what Artin wants is an algorithm that allows one to compute such an
element a and its value v(a) modulo n from the given multiplication constants
cνik of A.
We may also infer from the last sentence in Artin’s letter that Artin knew
very well that this was a difficult problem. Hasse certainly was aware of the
difficulties, too. At least Hasse kept an eye on this desideratum. Many years
later he gave this problem to his student Herbert Benz, who investigated
it and published the first results in 1967 in his habilitation thesis [Ben67]
in Hamburg. Benz assumes that the algebra is already given as a crossed
product of a normal extension K with its Galois group. He does not assume
K to be unramified, and the problem is to compute from the factor system
associated to K the number a of the center K attached to Z and defined
above.
The methods suggested by Benz are definitely novel and form an important complement to the arithmetic of local algebras. Until then, only maximal
orders had been considered; now Benz’s results showed that for certain problems also nonmaximal orders might be useful, in particular the orders that he
called “main orders” and which nowadays are known as “hereditary orders”.
For each maximal subfield K of S there is a uniquely determined main order
of S, from whose arithmetic one may more or less read off the structure of
the associated factor system. If K = Z is the unramified extensions, then
the main order is a maximal order; but this does not hold in general. It is
impossible to present the details of Benz’s article here; we only want to point
out that Benz succeeded in solving the problem posed by Hasse in the case of
tamely ramified fields by transforming the representation of S as a crossed
product, which is associated to K, into Hasse’s normal form, from which
one may read off the invariants. This procedure is, however, only sketched
in [Ben67]. Benz announced that he intended to continue working on this
problem and also promised to discuss the case of wild ramification, but the
second part of this article never appeared. It would be worthwhile to pursue
this line of attack9 .

9

See also Benz [Ben66], as well as his joint article [BZ85] together with Zassenhaus.
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March 9, 1932
Dear Mr. Hasse!
Thank you very much for the reprint and your letter. Meanwhile I also
have thought about these things, but so far I formulate them differently. I
would like to report them to you, but I have to remark that you will have to
transform the formulas into your notation because I use a different order of
the factors, and I have got used to doing it this way.
1.) K field, G group, cσ,τ factor system for uσ with relations
uσ α = ασ uσ ;

uσ uτ = cσ,τ uστ ;

and associativity relation
cσ,τ cστ,% = cστ,% cσ,τ % .
Transition from uσ to vσ = δσ uσ leads to the factor system
c0σ,τ =

δσ δτσ
cσ,τ .
δστ

I abbreviate the factor system by
δσ δτσ
= F (δσ ) .
δστ
The elements may be numbers or ideals.
Q
Q
2.) Set cσ,τ = aσ ; cσ,τ = bτ ; then the associativity relation yields, after
τ

σ

taking the product over σ or over τ or over % in the whole group, the following
three relations (N = Norm K/k):
(1)

bτ b% = N (cτ,% )bτ %

or

N (cτ,% ) =

(2)

aσ b% = bσ% aσ

or

bσ−1
= 1,
%

(3)

cnσ,τ aστ = aστ aσ

or

cnσ,τ =

bτ b%
,
bτ %
hence b% is ambiguous.

aσ aστ
aστ

.

The third relation is the most important one. It shows perhaps in the fastest
and easiest way, both for numbers and ideals, the theorem that the n-th
power of each factor system is ∼ (1).

369

370

4. 1930–1934

3.) F (δσ ) = 1 ⇐⇒ δσ = a1−σ

where

a=

P

Γ σ δσ 6= 0

σ

both for numbers as well as for ideals1 .
4.) By the p-contribution of an ideal factor system I understand the contribution of the divisors of p to cσ,τ . A factor system consisting only of divisors
of p I call primary. Then each factor system can be written uniquely as a
product of two primary factor systems for different p2 .
5.) Now I determine the group of all p-primary factor systems modulo those
aσ aστ
for each factor system cσ,τ . If here
∼ (1): because of (3) we have cnσ,τ =
aστ
aσ is an arbitrary ideal, but chosen in such a way that an n-th ideal power
results, then the cσ,τ thus determined is an ideal factor system. Set
P

aσ = P %

m%
σ ·%

,

m%σ

integers.

Let % run through a system of representatives of G mod Zp , thus
X
G=
%Zp
(I take powers (Pσ )τ = Pτ σ )
suffices. I stipulate that m%σ should depend on % only according to the residue
class. Thus if z is an arbitrary element of Zp = decomposition group, then I
demand
(4)

%
m%z
σ ≡ mσ

(mod n).

In order to get an n-th power we must have:
X
X
X
m%σ % +
m%τ σ% −
m%στ % ≡ 0

(mod n).

Here the % are interpreted only mod Zp . If you replace % in the term in the
middle by σ −1 %, then you obtain
(5)

m%σ + mστ

−1

%

− m%στ ≡ 0

(mod n),

and one has to solve the congruences (4) and (5).
Now set % = 1 in (5); we obtain3 , if we abbreviate m1σ by mσ :
1 Artin does not explain what he means by Γ . Apparently Γ is an element (number or
ideal) which has to be chosen in such a way that the element a it defines is 6= 0.
2

Here p denotes a prime ideal of the base field k. By “divisor”, Artin means the prime
ideals in the extension K above p. In 5.) below, Artin chooses one out of these divisors P,
but denotes the associated decomposition group by Zp .
3 Artin writes σ = 1, which is an obvious typographical error.
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mστ ≡ mστ − mσ
mστ ≡ mσ−1 τ − mσ−1
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−1

(mod n)
(mod n).

hence

Plugging (6) into (5), then (5) holds identically. Thus it only remains to verify
(4). Plugging (6) into (4) and observing that σ −1 τ and σ −1 are arbitrary
pairs, then it follows that
mzσ − mzτ ≡ mσ − mτ

(7)

(mod n)

for each z ∈ Zp . If we set
hσ = mσ − m1 ,

(8)
then it follows that
(7 0 )

hzσ − hzτ ≡ hσ − hτ .

Setting τ = 1 we find
(9)

hzσ ≡ hz + hσ

(mod n) z in Zp , σ arbitrary.

Again (9) implies that (7 0 ) holds identically. Next (8) implies
(10)

h1 ≡ 0

(mod n).

Now as a whole:
(11)

mστ ≡ hσ−1 τ − hσ−1

(mod n) ,

where (4) and (5) hold if (9) does.
We may consider (9), if the values hz are known, as the definition of the
values for the coset Zσ if hσ is known. Then (9) only needs to hold in the
special case σ ∈ Zp . Therefore hz must be an isomorphism4 from Z to the
additive group of residue classes modulo n. This is all that remains.
If we now plug (11) into aσ , then we obtain by subsuming the n-th powers
into an n-th power bnσ of an ideal (we are computing mod n):
P

aσ = bnσ P

P
h%−1 σ ·% − h%−1 ·%

,

where the % in the index runs through a suitably chosen system of representatives, but other than that only is mod Z. We add the exponents in the
sum
X
X
h%−1 σ% =
h(σ−1 %)−1 % ,
4

Artin means a homomorphism into the group of residue classes modulo n.
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where τ̄ is the distinguished representative of the class τ :
X
X
(h%−1 σ − h(σ−1 %)−1 ) %
h%−1 % +
n (σ − 1)
aσ = bσ P
;
now σ −1 ρ = (σ −1 ρ) · z −1 for a certain z in Z, hence
X
hz · %
n 1−σ
aσ = bσ c
·P
(12)
z = %−1 σ(σ −1 %) .
Going through the z that occur, according to Reidemeister (these are generators) there must be generators of Z among them. Thus if hz is not the
identity representation in the residue classes, then the exponent is not always ≡ 0 (mod n). An element aσ of the form bnσ c1−σ with arbitrary bσ and
c yields, as you will immediately see, only hz ≡ 0 (mod n).
Therefore aσ modulo bnσ c1−σ is given exactly by the representation hz of
Z in the residue classes mod n, and to the product of two aσ -vectors the sum
of the hs is associated.
bσ bστ
∼
An aσ of the form bnσ c1−σ now yields according to (3) a cσ,τ =
bσ,τ
1.Thus the group of p-primary cσ,τ mod those ∼ 1 is isomorphic to the group
of all representations of Zp by residue classes modulo n. But this group is
isomorphic to the factor commutator group of Zp . Thus:
The group of p-primary cσ,τ we are looking for is isomorphic with the
factor commutator group of Zp .
In particular, if p is not a discriminant divisor, then the group is cyclic
of order f . In this case f is the minimal integer such that the f -th power of
each p-primary factor system is ∼ 1.
Now it is clear how the decomposition law for factor system reads:
Let f be a suitable modulus. Then p splits into prime ideals of degree f if
and only if f is the order of the p-primary factor systems modulo the group
≡ F (aσ ) (mod f). Thus p splits completely if each p-primary factor system
is ≡ F (aσ ) (mod f).
I have not yet found the time to think about the proof, which cannot be
difficult. I only have checked the abelian special case of the group (2, 2) and
the symmetric group of order 6, that is, the case of cubic fields. Everything
is fine and correct in these cases. In the abelian case, everything can be
normalized in the base field and leads to the old class field theory.
In the non-abelian case one simply obtains the old method, where class
field theory is applied to subfields over which the whole field is cyclic. Thus the
proof also must be obtainable without effort. The only new thing about the
decomposition law is that it is formulated invariantly, and that the different
groups in the different fields are brought into a uniform and clear connection.
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On the other hand an isomorphism is out of the question. In the case of
the symmetric group of order 6 we obtain 6 classes for the factor systems
modulo F (aσ ) (mod f) (of course cyclic):
1, K, K 2 , K 3 , K 4 , K 5 .
Here 1 are those that split completely, K 3 those with f = 2, and K 2 and
K 4 those with f = 3. Interestingly K and K 5 remain free from primary cσ,τ ,
as follows from the decomposition law, since there exist no p that remain
inert. But there are factor systems in K and K 5 , for example the product
of a primary factor system of order 2 with one of order 3. In this case, as I
already said, everything is proved.
In a final exposition, these calculations will of course have to be avoided
when one deals with the abstract meaning of crossed products with ideals.
This meaning is the following.
Let N denote the group of all ideals, S the group of all auσ . Then S is
characterized as an extension of N which
1.) contains N as a normal subgroup,
2.) satisfies S/N ' G,
3.) and such that the cosets yield the isomorphisms of G in N.
The composition of the factor systems may clearly be interpreted in an invariant but not very beautiful way.
You will probably have worked out for yourself how the factor systems
have to be modified when generators and relations are introduced. The usual
factor system is only the case of Cayley’s multiplication table.
I have the impression that something completely new must be added in
order to obtain isomorphism and existence theorems. This decomposition
law is only a somewhat brightened up summary of the application of the
usual class field theory.
With many cordial greetings from home to home,
Your Artin
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Comments on Letter no. 42 from March 09, 1932

42.1 First Letter on Factor Systems
This letter is the beginning of a series of five letters, in which Artin develops
the basic rules for computing with factor systems. These factor systems had
shown up in the theory of algebras, or of “hypercomplex systems”, as they
were called by Emmy Noether. In her lecture courses in Göttingen in 1929,
Noether had introduced these factor systems and had shown that every central simple algebra A can be represented, up to equivalence in the sense of the
Brauer group, as a crossed product with respect to a suitable factor system. If
k is the base field and K|k a Galois splitting field with Galois group G, then
A is uniquely determined (up to equivalence) by the associated element in the
cohomology group H 2 (G, K × ). Back then there did not exist any algebraic
cohomology theory, and therefore one worked explicitly with factor systems
modulo split factor systems. Emmy Noether never published her theory of
factor systems, but she allowed Hasse to include it in his American article on
cyclic algebras. This article [Has32b] appeared in 1932 in the Transactions
of the American Mathematical Society. Later, the theory of factor systems
became available in Deuring’s well-known report on algebras [Deu35a].
We may assume that Artin was informed about Noether’s theory.
Ever since his time as a student it had been a central problem for Artin
to find a decomposition law for non-abelian Galois extensions. Now he harbored the hope that factor systems could possibly open up an approach to
this question. This was certainly a motivation for Artin in his calculations
with factor systems. The “reprint” for which Artin thanks Hasse in his letter probably is the article by Brauer, Hasse and Noether on the local-global
principle for algebras. The article in the Hensel volume had appeared at the
beginning of January 1931. At the end of this article, consequences for normal, not necessarily abelian extensions of number fields are discussed, and
we can read:
“In this way we obtain theorems that have to be seen as generalizations of the main theorems of class field theory to general Galois
extensions.”
Probably Hasse had pointed this out in his letter to Artin and had communicated a few other considerations in this direction. This explains Artin’s
remark that he meanwhile also has “thought about the things”.
The decomposition theorem for Galois extensions K|k with Galois group
G that Hasse had formulated in the Crelle article cited above refers to the
Brauer group Br(K|k) of the central simple k-algebras that are split by K.
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Let p denote a prime ideal in k that does not ramify in K, and let f denote
the relative degree of the prime divisors of p in K. Then we have:
Decomposition Theorem: f is the smallest exponent for which
Afp ∼ 1 for all algebras A ∈ Br(K|k).
This theorem, however, did not really meet the expectations concerning a
class field theory of arbitrary Galois extensions. The Brauer group Br(K|k)
is an infinite group (except in the trivial case K = k), and therefore Br(K|k)
cannot be seen as the equivalent of the ray class groups in abelian class
field theory. Therefore it was attempted, starting with the decomposition
law above, to look for other descriptions of the decomposition of prime ideals
p, i.e., for a description of the relative degree f of p. This is the starting point
for Artin’s calculations.
These calculations are characterized by their abstract approach. Artin does
not use the interpretation of the factor systems as defining elements of algebras, he only uses the formal rules that they satisfy. This is particularly
clear in his proof of the formula (3) in paragraph 2.), according to which the
group order kills the second cohomology group. This calculation is nothing
but a simple exercise in the calculation of the 2-cohomology of a multiplicatively written G-module. Several other passages have the same character, for
example Section 5.), where Artin proves what we call “Shapiro’s Lemma” for
the second cohomology group. This reduced the computation of the p-adic
second cohomology to the decomposition group ZP of a prime divisor P of
p; here the choice of P is irrelevant.
Today we would describe Artin’s calculations as follows. Let Dp be the
group of those ideals in K that only contain prime divisors P of p. Then Dp
is the direct sum
X
Dp =
DP ,
P|p

where DP denotes the cyclic group generated by P; it is isomorphic to Z.
Using “Shapiro’s Lemma” we find
H 2 (G, Dp ) ≈ H 2 (ZP , DP ) ≈ H 2 (ZP , Z),
where the second and the third term refer to a fixed choice of P|p. Artin
simply writes Z for the decomposition group ZP . Let n denote the order of
G. The exact sequence
0

/Z

n

/Z

/ Z/n

/0

shows that
H 1 (Z, Z) = 0

/ H 1 (Z, Z/n)

/ H 2 (Z, Z)

n

/0
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is exact, hence
H 2 (Z, Z) ≈ H 1 (Z, Z/n) = Hom(Z, Z/n),
where the group on the right is the character group of Z, which is isomorphic
to the factor commutator group of Z . The calculation above holds for all p,
whether ramified or not. If p is unramified, then the decomposition group Z
is cyclic, and then the same holds for its character group.
Artin explicitly computes all of these isomorphisms. In this way he is able
to attach, for any ideal p, a character h of the decomposition group Zp to
any factor system cσ,τ of G in K × . In the unramified
  case the Frobenius
automorphism is defined, which Artin denotes by K
P . The application of
h then yields a certain residue class modulo n, and division by n yields a
residue class modulo 1. Artin observes (in Letter no. 45) that this coincides
with the p-adic Hasse invariant of the algebra defined by cσ,τ .
For Artin, the result of his calculations are disappointing as far as the
non-abelian class field theory is concerned. He remarks that in the abelian
case
“one simply obtains the old method, where class field theory is applied
to subfields over which the whole field is cyclic.”
And he continues:
“I have the impression that something completely new must be added
[. . . ] ”
This was confirmed by the further developments. It is remarkable that Artin
had understood this quite soon already, in March 1932. Back then no one
had any ideal what these new ideas might look like. The class field theory for
Galois extensions received a new impetus only much later through Langlands’
ideas.
Artin’s attempts to formulate a decomposition law as a congruence condition for the factor systems in these letters therefore have failed in the nonabelian case. At least Artin’s calculations have to be interpreted as a first
step in the development of the cohomology of groups. Once the formalism of
group cohomology had been developed, it turned out that it was a powerful
tool for discussing class field theory. This development culminated in the famous lecture notes by Artin-Tate [AT68]. As we have seen, this development
had its origin in the present letters by Artin.
Hasse himself was less actively involved in the rewriting of class field theory using notions and methods from cohomology. In his lecture [Has66] on
the history of class field theory he expresses his opinion that the penetration
of cohomological methods “blurred the sharp lines and the individual characteristics of class field theory” and were responsible for a loss of “luminosity
and plasticity” In Hasse’s opinion, algebras contained a lot more arithmetic
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information than cohomology could extract; in this sense he explained it at
several occasions.

43 10.03.1932, Letter from Artin to Hasse

March 10, 1932
Dear Mr. Hasse!

1

A few more minor details concerning yesterday’s letter. Notations as yesterday:
(1)

Y

(2) cnσ,τ =

cσ,τ = aσ ;

τ

(3) cσ,τ cστ,% = cστ,% cσ,τ % ;

aσ aστ
;
aστ

(4) uσ uτ = cσ,τ uστ ;

(5) uσ a = aσ uσ .
If a0σ = bnσ c1−σ aσ , then a0σ yields “the same” factor system as aσ . In this case
I write a0σ ∼ aσ even when the aσ do not give rise to a factor system, i.e., if
no n-th ideal power results.
If the aσ give rise to a factor system, then (2) implies: For fixed τ we have
aστ ∼ aσ aστ ; similarly for fixed σ and variable τ.
It is not claimed that the aστ give rise to a factor system. For fixed λ in
G we now get:
−1

−1

−1

aλ−1 σλ ∼ aλ−1 σ aλλ σ ∼ aλ−1 aλσ aλλ σ hence
aλλ−1 σλ ∼ aλ−1 aσλ aσ = aλλ−1 aλ aσ−1
aσ ∼ aλ aλλ−1 aσ
λ
∼ a1 aσ ∼ aσ ,
since it follows from (2) that a1 = cn1,1 ∼ 1 .
Thus aλλ−1 σλ yields, for fixed λ, a factor system equivalent to cσ,τ
dσ,τ = cλλ−1 σλ,λ−1 τ λ .
The fact that dσ,τ is also a factor system for arbitrary cσ,τ immediately
follows from (3). But only for ideals do we find it is equivalent to cσ,τ . We
call it the factor system arising from cσ,τ by application of λ. Its asymmetric
form is due to the fact that in definition (4), one side is distinguished. Thus
we must not simply take cλσ,τ . We therefore have:
Each ideal factor system is invariant with respect to the group G.
Now for my calculation of the p-primary factor systems from yesterday. If
you take a map hζ of the decomposition group, then there is an associated p1

See 42.1.
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primary factor system aσ (P). Replace P by Pτ , and everywhere in the group
theoretical calculation the isomorphism % 7→ τ %τ −1 ; moreover take hτ −1 ζτ , ζ
from τ Zτ −1 instead of hζ as your map, then you will easily convince yourself
that, in this sense, we have
aσ (τ P) = (aτ −1 στ (P))τ .
Thus for a given map, τ P gives rise to “the same” factor system as P. It is
equally easy to see that aσ (P) does not depend (up to equivalence) on the
choice of the system of representatives % mod Z.
Now let p be a nondivisor of the discriminant. Then we can write down
a particular map hζ from the decomposition group
to the residue classes

is the Frobenius symbol.
modulo n, namely h[ K ] ≡ nf (mod n), where K
P
P
Thus to each prime ideal p we can associate a certain factor system cik (p).
Question. May we dare to formulate the reciprocity law for factor systems
following yesterday’s decomposition law for factor systems? It is clear how to
do that.
With best greetings
Your Artin
The invariance under λ of the cσ,τ may be proved for numbers in a different
way. Inner automorphism with uλ from the algebra.

44 11.03.1932, Postcard from Artin to Hasse

(Postcard)
March 11, 1932 1
Dear Mr. Hasse!
My renewed calculations clearly show that only the primary ideal factor
systems matter. The others are essentially irrelevant. 2
Today I have treated the case of an abelian field. Result:
Every ideal factor system (primary or nor) may be transformed into a
symmetric ambiguous factor system:
cσ,τ = cτ,σ ; cλσ,τ = cσ,τ .
This means: the uσ can be chosen in such a way that uσ uτ = uτ uσ without
any factors. Thus the whole factor system is essentially characterized, that
is, up to the actually possible transformations in the extension fixing its
form, by ambiguous ideals. Thus if you pick factor systems coprime to the
discriminant, then the ideals will lie in the base field. This explains why the
theory of ideals in the abelian case may be discussed in the base field, but
not that of elements: this is because factor systems of numbers cannot be
transformed into the base field.
With best greetings
Your Artin
P.S. The method indicated in yesterday’s postscript is, also for ideals,
better and simpler.

1

Postmark
In the next letter from March 16, 1832, Artin writes that he had made an error in his
calculations.
2
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45 ca. 16.03.1932, Letter from Artin to Hasse
March 1932 1
Dear Mr. Hasse!
In the last few days I have been looking hard for the formulations, although
everything was so close! The mistake was in the formulation of the reciprocity
law for factor systems that I wrote you, which was absurd and resulted from
my opinion, due to a computational error, that there is an isomorphism in
the case of the four group. You have no idea how much effort this has cost
me. But now let me report from the start and coherently.
Y
aσ aστ
.
Powering via (aσ )τ = aτ σ .
(3)
cσ,τ = aσ ; cnσ,τ =
a
στ
τ
I was happy to see that you compute in such a highly non-commutative
way that you do not even exchange ideals in your letter.
From cσ,τ cστ,% = cστ,% cσ,τ ρ it follows by taking the product over τ :
aσ bρ = bσρ aσ .
But now aσ may be canceled since everything is commutative. Thus b% = bσ% .
But this is only an insertion.
By
aσ aστ
(4)
cnσ,τ =
we obtain, for an arbitrary ideal system
aστ
aσ for which an n-th power results when plugged into (4), an admissible
cσ,τ and thus all of them. a0σ yields a factor system equivalent to cσ,τ if
a0σ = δσn c1−σ aσ , where δσ is arbitrary, c independent from σ. Then we write
a0σ ∼ aσ .
Now the p-primary systems:
aσ = P

P

%

m%
σ%

,

% modulo decomposition group Z with elements z
%
(mod n) as convention.
m%z
σ ≡ mσ

For getting an n-th ideal power it is necessary and sufficient:
−1
(5)
m%σ + mστ % ≡ m%στ (mod n) .
Setting % = 1 we obtain after the introduction of new symbols:
(6)
m%σ ≡ m1%−1 σ − m1%−1 (mod n) .
Choosing m1σ as arbitrary integers, then (5) is identically satisfied by (6). We
only have to make sure that m%σ z ≡ m%σ . Since %−1 σ and %−1 are arbitrary
group elements, we must have
1

Ca. March 16, 1932
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m1zσ − m1zτ ≡ m1σ − m1τ

(mod n) .

For τ = 1 this yields
m1zσ − m1z equivm1σ − m11

(mod n) .

If we set
(7)

h(σ) ≡ m1σ − m11 (mod n)

then this means
(8)

h(zσ) ≡ h(z) + h(σ) (mod n)

and the congruence we have to satisfy reads
h(zσ) − h(zτ ) ≡ h(σ) − h(τ ) ,
which is identically satisfied by (8).
If z1 , z2 are two elements from Z, then we have
(9)

h(z1 z2 ) ≡ h(z1 ) + h(z2 ) (mod n) .

If (9) is satisfied, then (8) may be seen as the definition of h(zσ), if h(σ) is
arbitrarily given.
If in
P %
(10)
aσ = P mσ %
the system of representatives satisfies the sole condition that the represen%
tative of the coset Z is chosen to be % = 1, then the equation mz%
σ ≡ mσ is
1
superfluous. In fact mσ defines by (7) the h(σ) for all σ. This must satisfy
(8).
It follows from (6) that
(11)
m%σ ≡ h(%−1 σ) − h(%−1 ) (mod n) ,
%
%
and for all % this satisfies mz%
σ ≡ mσ . The extension of the definition of mσ
to all % thus may be achieved via (11). From (11) we get:
X
X
X
m%σ % ≡
h(%−1 σ)% −
h(%−1 )% .
%

%

%

Now let σ̄ be the %-representative of the coset σZ. Then
σ −1 % = σ −1 % ζ% hence %−1 σ = ζ%−1 (σ −1 %)−1 .
Thus because of (8),

h(%−1 σ) ≡ h(ζ%−1 ) + h σ −1 % −1 ,
hence:
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X
%

Thus
X
P

%

m%σ %

m%σ % ≡

X

−1

h(σ −1 % )% −

%

σ
= δσn · P

X

383

h(%−1 )% +

%

X

−1

h(σ −1 % )σ −1 % −

%

X

h(ζ%−1 )% .

%

X

h(%−1 )%

%

X
·P

%

h(ζ%−1 )%
.

Now σ −1 % runs exactly through all % and σ −1 % through all %ζ% . Since Pζ% = P
we find
X
X
(σ − 1)
h(%−1 )%
h(ζ%−1 )%
n
%
aσ = δσ · P
·P %
.
By equivalence the first factor may be omitted. Thus (since ζ%−1 = %−1 σσ −1 % )
X
h(%−1 σ σ −1 %)
(12)
aσ ∼ P %
.
Here only values h(z) occur, so it only remains to satisfy (9). h(z) is not
a representation of Z by residue classes n. To the product of two aσ -systems
there corresponds the sum of the representations. If the representation is the
0 representation, then aσ ∼ 1 .
If, conversely, aσ ∼ 1, that is, aσ = δσn cσ−1 , where c does not depend on
σ, then let
X
`% %
c=P %
, where we agree that `%z = `% .
Then
1−σ

c
P

m%
σ%

X
−1
(`σ − `σ % )%
=P
.
−1

Thus setting aσ = P
we obtain m%σ ≡ `% − `σ % (mod n). It follows
−1
1
from (7) that h(σ) ≡ (` − `σ ) (mod n). For σ = z we find h(σ) ≡ 0
−1
(mod n) since we have agreed on `z = `1 .
Therefore aσ ∼ 1 if and only if h(σ) is the zero representation. Therefore
the group of p-primary factor systems is isomorphic to the group of representations of the factor commutator group of Z by residue classes mod n. Since
these may be interpreted as exponents of the n-th roots of unity of a character, it is isomorphic to the group of characters, and therefore isomorphic to
the factor commutator group of Z itself.
So far I had reported everything to you.
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Abelian Special Case:
P

%

We define Q = P % (thus the “minimal” ambiguous ideal of P) and try
aσ = QAσ , where Aσ is a number. In order to get an n-th power as the result,
and since aσ is ambiguous,
aσ aτ
aστ
must be an n-th power, hence Aστ ≡ Aσ + Aτ (mod n) . Thus Aσ must be
a representation of the whole group by residue classes modulo n. Which h(z)
of Z belongs to Aσ ?
P

aσ = P %

Aσ %

,

hence m%σ = Aσ ,

hence h(σ) ≡ Aσ ,

since we must have A1 ≡ 0 (mod n) (representation!). It follows from h(σ) ≡
Aσ (mod n) that h(z) is the representation of Z induced by Aσ .
Since each character of Z may be extended to a character of the whole
group, it follows that in Aσ , all representations occur.
aτ
= cnτ,σ since
Thus aσ may be realized ambiguously. Then cnσ,τ = aaσστ
στ = τ σ), thus cσ,τ = cτ,σ is ambiguous. By the way, if cσ,τ = cτ,σ , then
aσ = bσ , hence aσ ambiguous, and therefore already cσ,τ ambiguous. Of
course we already have symmetry for every ambiguous cσ,τ :


aσ aτ
cnσ,τ =
= cnτ,σ , since aσ is ambiguous .
aστ
Since it works for primary cσ,τ it works for all of them.
In General:
Only those primary systems may be realized ambiguously (if cσ,τ is ambiguous, then so is aσ ) for which the representation h(z) may be extended to
a representation of the whole factor commutator group.
Special Case G = commutatorG. Then only the 0-representation may be
realized ambiguously, hence every ambiguous factor system is ∼ (1). Icosahedron!
Now back to the general case. Let p be a nondivisor of the discriminant.
To each p-primary factor system we associate the symbol


 
K
K
(13)
≡h
(mod n) ,
cσ,τ
P
 
where K
P denotes the Frobenius substitution.
Proof that (13) does not depend on P. If instead of P we choose the ideal
Pλ for the representation, then it follows from (12) that
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aσ ∼ (Pλ )

h(%−1 σ σ −1 % )%λ−1
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X
= (Pλ )

%

h(λ%

−1

σ σ −1 λ%)λ%λ−1

%

,

if % is replaced by λ%. Therefore, since λ%λ−1 = %1 runs through a system of
representatives mod Zλ :
X
X
−1
h( %1 λ σ σ −1 %1 λ)%1
m%σ1 %1
aσ ∼ (Pλ ) %1
= (Pλ ) %1
or
m%σ1 = h(%1 λ

−1

σ σ −1 %1 λ) .

If we denote by hλ (σ) the representation associated to Pλ , then (7) implies
 
  −1
−1
that (set %1 = 1) hλ (σ) = h(λ σ σ −1 λ) , and now PKλ = λ K
gives
P λ
 K 
 K  −1  K 
K 
K 
λ
−1
h
= h λ̄ λ P λ λ P . Since P ∈ Z we have λ P = λ̄, hence
  −1 
 PKλ 
λ
λ̄ .
= h λ̄−1 λ K
h
P λ
Pλ
Now λ−1 λ̄ lies in Z. Since h(z) is a representation, the invariance follows.
The proof that it does not depend on the choice of representatives % (not
even h(z)) is almost trivial.

For arbitrary non-primary2 p define cK
by composition (of course cσ,τ
σ,τ
coprime to the discriminant).
The reciprocity law for factor systems now reads:


K
cσ,τ


≡0

(mod n) ⇐⇒ cστ ≡

δσ δτσ
δστ

(mod f) .
δ δσ

The group in question consisting of the elements cσ,τ ≡ δσσττ (mod f) thus

is cyclic and isomorphic to the group of the elements cK
(mod n). Thus if
σ,τ
m is the lowest common multiple of all orders of all elements if G, then this
is a cyclic group of order m. These are the sorry remains of an isomorphism
theorem.
α
,K 
in analogy to your
Now we can define the norm residue symbol σ,τp
old definition for factor systems of elements, and we have the sum formula
α
,K
ect! If we form n1 σ,τp
, then we get your invariants of the crossed product.
For the proof it is better to start with your invariants, then to go to the
“norm residue symbol”, and then to cK
. This cannot be very difficult, but
σ,τ
I have not yet thought about it. Perhaps you can do everything in two lines.
Another remark. For this reason, the factor systems are certainly not the
real thing. In fact for an abelian group of type (2, 2) we only get a group of
order 2, and the whole old reciprocity law is lost. The theory thus only has
the sense of carrying over everything that is valid in the cyclic case.
2

Artin means factor systems that are not p-primary as above.
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Next I will think about the extension. The proofs of the things mentioned
above look unproblematic to me.
One could also strive for giving the proofs according to the old class field
theory and to find a theory of crossed products for arbitrary noncyclic extensions in this way.


≡ K/k
I forgot the transition rule, which is easy to verify: K/Ω
cσ,τ
cσ,τ
(mod m) , where σ, τ run only through the elements of the subgroup belonging to Ω and where m denotes the degree of K/Ω.
With many cordial greetings,
Your
Artin

46 02.05.1932, Letter from Artin to Hasse
May 2, 1932
Dear Mr. Hasse!
Thank you very much for your letter and the manuscript. I am writing so
late because I have been studying your articles until now.
In fact your articles can be read in such a way that the general Galois case
results. Please allow me a few remarks that refer only to trivialities. For me
they were not, since I have just learned the theory.
1.) If Z0 is a cyclic subfield of the cyclic field Z and if s denotes the relative
degree, then (Z0 , σ, α) ∼ (Z, σ, αs ) . This theorem may be stated in general
for Galois extensions. Then the formulation is nicer and the proof formally a
bit simpler. Proof according to your approach:
If Z0 is a normal subfield of the Galois extension Z and if g is the normal
subgroup associated to Z0 , then the Galois group of Z0 is the factor group
with the elements σg . The indices of a factor system of Z0 thus can be written
as cσg,τ g . Then we have:1
(Z0 ×
× cσg,τ g ) ∼ (Z×
× cσ,τ ) , where cσ,τ = cσg,τ g .
This immediately implies the special case of cyclic extensions.
2.) Both in Emmy Noether’s principal genus theorem as well as in my
decomposition theorem, congruences between ideal factor systems occur. Here
we have to base everything on a very careful definition of the congruence:
Let cσ,τ denote an ideal factor system. Then we say that
cσ,τ ≡ 1

(mod f)

if there is a “real factor system cσ,τ ” such that cσ,τ = (cσ,τ ) with cσ,τ ≡ 1
(mod f) in the usual sense.
It does not suffice at all that cσ,τ = (cσ,τ ) with cσ,τ ≡ 1 (mod f) , the cσ,τ
also have to satisfy the associativity relations. As principal ideals = cσ,τ they
satisfy these relations of course, since cσ,τ is an ideal factor system, but the
numbers cσ,τ satisfy them only up to unit factors.
Both for the principal genus theorem as well as for the decomposition
theorem this definition of congruence has to be used, otherwise everything is
false.
√
√
Example. Base field k = R( −14 ), then Z =√k( 2 ) is unramified over k,
hence f = 1 . Class number
of k is 4. p = (3, 1 + −14 ) has order 4 and p2 is
√
equivalent to q = (2, −14 ).
1

Artin uses the sign ×
× favored by Emmy Noether for denoting a crossed product.
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As for the principal genus theorem: In the cyclic case, the old principal
genus theorem must result:
N p ≡ (N A)

(mod 1) implies p = BA1−σ .

The congruence means “N p is principal”. And now comes the difference:
√
√
N p = p2 ∼ q = (2, −14 ) = ( 2 )
is principal in Z . Thus if we work in Z, then N p is principal, say (A) . Thus
(A) is an ideal factor system. But it is not a real one, since otherwise A would
lie in the base field, and in k, the ideal q is not principal. In fact we cannot
have p = BA1−σ , since in this case N p = (N B) would be principal in k. The
preceding congruence condition thus replaces in the cyclic case the “lying in
the base field”.
√
As for the decomposition
theorem for factor systems: k = R( −5 ), Z =
√
k(i), p = (2, 1 + −5 ), u2σ = p is an ideal factor system, since p is in k. p
would split into two factors if p ≡ N A (mod 1). Since N A is principal, p
would also have to be principal. If the congruence is read in Z, then this is
the case since p = (1 + i). In k, this is not the case.
The real factor systems replace the numbers of the base field But this is
all very unfortunate since the congruence just introduced is in general very
unwieldy. The associativity relations for ideals are easy, those for numbers
difficult, to solve.
Thus we only get what already is in your Crelle article in which you introduce the group of algebras. This is the abstract heart of everything.
The only meaning of the reciprocity law for factor systems


K
aσ aστ
≡ 0 (mod 1) ⇐⇒ cσ,τ ≡
(mod f)
cσ,τ
aστ
is that the condition for ideal factor systems is formulated under which it
may be realized by real factor systems ≡ 1 (mod f). Thus only a condition
for building real factor systems and not a decomposition theorem for factor
systems in the actual sense.
3.) Let Z be abelian over k of type 2, 2. For non-divisors p of the discriminant their invariants have denominator 1 or 2 since the p-degree of Z is 1 or
2. For divisors of the discriminant, the denominator may be 4 if the decomposition group of p is the whole group. Because of the reciprocity law this
can happen if and only if there are at least two such discriminant divisors,
since only two fractions 14 can compensate each other.
√
No crossed product of R( 2, i) thus will be a skew field, since the index
can only be 1 or 2.
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√
√
2
2
2
This
√ can happen for R( 3, i). Example: uσ = 1 + i, uτ = −3; (uσ uτ ) =
3+ +3. This is a skew field. Invariants: for p 6= 2, 3 we have νp ≡ 0 (mod 1),
similarly for p∞ . This is very easy to see. Thus ν2 = ± 41 , ν3 = ∓ 14 . But which
sign holds? In the cyclic case, the reciprocity law is sufficient for reducing the
computation for divisors of the discriminant to non-divisors. This is impossible here since fractions 0 or 21 cannot yield 14 . Again a disadvantageous
difference to the cyclic case. With enormous effort I have eventually determined the sign of the index.
But is there a simpler method here? The verification that these are skew
fields is not so hard.
√
4.) An example: k = R( 2 ). Over k the usual quaternions. The skew field
is ramified only at infinity, thus unramified in the usual sense. Thus Siegel’s
method cannot yield the main theorem for k 6= R.
5.) I do not really believe that the other problems can be solved with the
existing methods alone. The theory splits into two parts: Old class field theory
and special theorems in the cyclic case. In the cyclic case, they coincide, and
it was possible to generalize these special theorems. Of course this is very
beautiful and important, but it is not yet the final word.
6.) Your derivation of the norm theorem is very nice and uniform; the index
at the end can be determined easily, since you don’t even need a new group.
Take Herbrand’s old unit group and add the h-th powers of the discriminant
divisors and the conjugates. Here h is composed of the class number and e.
They are principal ideals in the decomposition field, and the desired simple
subgroup has finite index. They remain invariant under the decomposition
law and get exchanged otherwise. I hope it is clear which group I mean?
Finally I have to apologize. First for this hodgepodge of unimportant trivialities, and second because you might think that I would like to attack your
wonderful creation. That I do not mean it in this way may be deduced from
the fact that I would like to lecture about it for this whole semester. I only
wanted to show that it does not yet yield what we are looking for.
What do you do on Whit Sunday, and when will you come to Hamburg?
With many greetings to everyone,
Your Artin
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Comments on Letter no. 46, dated May 2, 1932

46.1 Last Letter on Factor Systems
This is the last letter in a series that began on March 9, 1932, and which
concerned the calculation with factor systems.
At first Artin thanks Hasse for “the manuscript”. This is the manuscript of
his article [Has33a] on the structure of the Brauer group, which was published
in 1933 in the Mathematische Annalen. Hasse had completed this manuscript
recently and had sent it to Emmy Noether with a dedication to her 50th birthday on March 23, 1932. The present letter shows that Hasse simultaneously
had sent a copy of the manuscript to Artin.
As we have already said in 42.1, these calculations deal with the question
of generalizing class field theory to the normal, not necessarily abelian case.
Apparently Hasse had asked Artin whether he had any ideas for generalizing
the methods in his manuscript to arbitrary Galois extensions. Artin now
replies that Hasse’s article “can be read in such a way that the general Galois
case results”.
Remark 1.) refers to Lemma (2.5) in Hasse’s article. In today’s terminology it claims that the Brauer group of Z0 |k gets mapped injectively into the
Brauer group of Z|k by the inflation map. Hasse verified this in the cyclic
case. Artin remarks how the theorem may be formulated in the general case
using factor systems. Hasse observes already in his manuscript, however, that
this general fact “was already derived by R. Brauer in § 3 of his article”, referring to Brauer’s [Bra28], which had appeared in 1928 in the Mathematische
Zeitschrift. The same theorem (in the cyclic case) was also proved shortly
before this letter was written by Albert [Alb32] in the American Journ. of
Math. 1932; Hasse also refers to Albert’s article.
Remark 2.) in Artin’s letter refers to the computation with congruences
of factor systems. From today’s point of view, this is a triviality since we are
dealing with maps from cohomology groups to certain factor groups.
Artin’s letter illustrates his remarks with several numerical examples.
Overall, the profit of the abstract calculations for Artin was rather disappointing, if we interpret the following remark correctly:
“Thus we only get what already is in your Crelle article in which you
introduce the group of algebras. This is the abstract heart of everything.”
When Artin refers to Hasse’s “Crelle article”, he apparently means the joint
article [BHN32] with R. Brauer and E. Noether containing the proof of the
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cyclicity of simple algebras over number fields. There Hasse did not introduce
the group of algebras (this had been done before by Richard Brauer in [Bra28];
the name Brauer group was coined by Hasse in [Has33a].), but Hasse had
formulated a “decomposition theorem” for the primes of a number field in
some normal extension. In this sense Hasse had introduced the Brauer group
into number theory, with the goal of extending class field theory from the
abelian to the general Galois case. 2 This is apparently what Artin means.
In a similar way, Artin’s remark in point 5.) of his letter points towards the
goal of generalizing class field theory to the case of arbitrary Galois extensions
when he writes that this is “not yet the final word”.
At the end of his letter Artin announces that he intends to give lectures
on Hasse’s article during the summer semester 1932. This is all the more
remarkable since Artin himself had attained important simplifications in class
field theory, about which he had given three lectures in Göttingen at the
end of February3 . Thus it seems that Artin had seen in Hasse’s work more
simplifications, which he intended to cover in his lectures. We do not know,
however, whether Artin actually held these lectures in the summer semester;
see 40.1.

2

We have discussed Hasse’s decomposition theorem already in 42.1; see in particular
page 375.
3 These lectures were worked out by Olga Taussky; they were copied and distributed (for
1 Mark a piece) to those who were interested; see 40.1.

47 08.11.1932, Letter from Hasse to Artin
Nov. 8, 1932

Mathematical Seminar of the University
Marburg-Lahn, November 8, 1932

Dear Mr. Artin!
After further considerations I have found a more or less satisfying solution
of my question concerning the class field proofs. I would like to show them
to you, perhaps you can simplify it further.
I avoid in any case proving the “exact” decomposition theorem at the
beginning; instead I first show the validity of Artin’s reciprocity law (ARL)
for cyclic fields, which I then use for showing the validity of the “statistical”
decomposition law for arbitrary class fields, and finally I derive the validity
of ARL for arbitrary class fields.
I begin with a

Lemma. If K is an arbitrary abelian extension, then the Artin symbol K
a
attains every value S in the group G of K.
Proof. Write K as a compositum of independent fields Ki of prime power
degrees livi . The Ki are class fields for the groups Hi , whose intersection is
the ideal group H associated to K. According to the theorem on arithmetic
progression we can choose prime ideals pi that are contained in all Hj (j 6= i),
but not in the group H i of prime index li containing Hi . Here we can avoid
possible exceptions with density 0 for which being contained in Hj does not
imply splitting completely in Kj . Thus the pi split completely in the fields
Kj (j 6= i), but remain inert in the fields K i of prime degree li contained in
Ki (since otherwise they would
lie in H i ). Then they remain inert in the Ki .

Thus the Artin symbols pKi = Si are a complete system of generators of the
groups Gi of the Ki , and by composing
 ideals a from the pi we can generate
each value S of the Artin symbol K
a .
Next I prove
I. If K is cyclic and ifS is a generator of
 the xgroup G of K,xthen there is
an ideal c such that Kc = S, and that K
a = S implies a ∼ c (H).
Remark. In particular we have:
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implies a ∈ H.

But this is (even for arbitrary class fields K) almost immediately equivalent
to ARL.
Proof. It is sufficient to treat the case of a prime ideal a = p. Method:
abelian crossing of the division into classes with respect to the ideal group H
associated to K with that corresponding to two groups Q and Q0 belonging to
cyclic cyclotomic fields C and C 0 in such a way that Q serves for comparing
cx with an auxiliary ideal r to be chosen, and Q0 for comparing p with the
same r. (proof structure due to Chevalley.)
Here are the details:
1. Choose C independent of K in such a way that its degree q is a multiple
of the degree n of K. Let T be a generator of the group of C, and K0 the
fixed field of ST in KC. In K0 there is, by the Lemma, a c0 such that


KC
= ST . Let c = N (c0 ).
c0
Choose C 0 independent of KC such that p lies in a class with order divisible
by n with respect to Q0 ; then the degree q 0 of C 0 is certainly a multiple of n.
We have


KC 0
= S x T 0 with T 0 from the group of C 0 .
p
In the fixed field K00 of S x T 0 in KC 0 , the prime ideal p splits completely. For
one of the prime divisors p00 we then have


KC 0
= SxT 0
and
p = N (p00 ).
p00
0

In the fixed field K 0 of S x T x T 0 inside KCC 0 we choose r0 in such a way that


KCC 0
= S x T x T 0 . Let r = N (r0 ).
r0
This will be our auxiliary ideal for the comparison.
2. As we can read off from the invariant groups we have
K 0 ≥ K0

and K 0 ≥ K00 .

Assume that we have, correspondingly,
r0 = NK 0 |K0 (r0 )

and

r00 = NK 0 |K 0 (r0 ).
0
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Then we also have


KCC 0
= SxT xT 0
r0


and

KCC 0
r00



= SxT xT 0.

In addition we see from the conditions on the degrees, according to which T
and T 0 have order divisible by n, that
KC = K0 C

and

KC 0 = K00 C 0 .

Thus KC and KC 0 are cyclic cyclotomic extensions of K0 and K00 , respectively.
3. Thus for these fields, ARL holds. Thus the relation between the Artin
symbols of KC with respect to r0 and c0 shows that r0 and cx0 lie in the same
class with respect to the division associated to KC over K0 . Taking norms
we find using the translation theorem that r and cx lie in the same class of
the division with respect to KC over the base field k, in particular in the
same class with respect to K over k, that is, with respect to H.
Similarly it follows from the relation between the Artin symbols of KC 0
with respect to r0 and p00 that these two ideals lie in the same class of the
division associated to KC 0 over K0 , hence their norms r and p lie in the same
class with respect to KC 0 over k, and in particular with respect to H.
Summarizing everything we have p ∼ cx (H).
II. Decomposition law for almost all prime ideals in an arbitrary class field
K.
Proof. By induction on the degree.
1. For prime degree, the claim is true since then K is cyclic, and ARL is
already proved.
2. Assume that the claim holds for degrees less than that of K (and arbitrary base field).
a. For those prime ideals pL that split completely in a field L with k <
L ≤ K, the order f with respect to H is, by the translation theorem, equal
to the order of its prime divisors qL in L with respect to the ideal group
J associated to L. By induction assumption, almost all of these qL split in
K into primes of degree f . Since pL = N (qL ), the “almost all” is preserved
when passing to the pL , hence almost all of these pL split in K into prime
divisors of degree f .
The “almost all” also is preserved when going through the finitely many
fields L satisfying the condition above.
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b. It remains to consider those prime ideals p that do not split completely
in any such L. But these are inert in K – thus this can happen only for cyclic
K – and then ARL is proved again.
III. Lemma. If K is a class field for H and H 0 > H, then there is a class
field K 0 (< K) for H 0 .
Proof. As in the Göttingen lectures, by using only such prime ideals for
building H 0 from H that do not belong to the possible exceptions in the
statistical decomposition law for K. – This is again achieved by the theorem
on arithmetic progression.
IV. Artin’s reciprocity law for arbitrary class fields K.
Proof. Representation of a basis of the class group modulo H, definition of
the groups Hi and fields Ki (using the Lemma) as in the Göttingen lectures.
Then

  Y 
Ki
K
=
direct product.
a
a


Ki
Thus if K
a = 1, then all
a = 1, hence, by I, a is contained in all Hi , and
thus in the intersection of the Hi , that is, a ∈ H.
Thus we have verified the basic fact of ARL, and have proved the law.
Now, of course, the full validity of the decomposition law and the isomorphism theorem follow.
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47.1 Comments

Comments on Letter no. 47, dated Nov. 8, 1932

47.1 Artin’s Class Field Theory Lectures
As explained in the Introduction, the file of the Artin-Hasse correspondence
in the Göttingen University Library contains mainly the letters from Artin
to Hasse, whereas the letters from Hasse to Artin are lost.1 We have found
this particular letter in the Nachlass of Olga Taussky–Todd, which is kept in
the archives of the California Institute of Technology in Pasadena.
The letter (originally written in German) is dated November 8, 1932. It
appears that Artin had handed over this letter to Olga Taussky. The letter
deals with simplifications of certain proofs for class field theory, in conjunction
with Artin’s Göttingen lecture which took place from February 29 to March 2,
1932. That lecture has been said to have been “pioneering” since it provided
a great simplification of class field theory, thus opening a new approach to
the subject. Olga Taussky and also Hasse (as well as many mathematicians
from Göttingen and elsewhere) had attended the lecture. In his letter Hasse
pointed out some further simplifications. Since Olga Taussky had taken notes
of Artin’s lecture and was preparing those notes for distribution, it seems
probable that Artin had handed her the letter for further action. But it
appears that the ideas of Hasse’s letter had not found their way into Taussky’s
notes. Perhaps it was too late and the notes were already finished. These notes
were not printed but typed. Copies were distributed to interested people. It
was in 1978 only when the notes finally appeared in print (at Springer), as an
appendix to the book by Harvey Cohn “A Classical Invitation to Algebraic
Numbers and Class Fields”.

1

Except for the later letters after 1953: those were written by typewriter and hence Hasse
had been able to save his carbon copies.
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Hasse: Sketch of a Proof of the Inverse Theorem

47.2 The Inverse Theorem
Let
• K/k be cyclic with degree n, and S a generating automorphism [of the
Galois group of K/k],
• fp be the p-part of the conductor of K/k, i.e., the smallest positive power
of p for which α ≡ N (A) mod fp with A in K implies α = N (Ap ) with Ap
in Kp ,
Q
• f = p fp be the conductor of K/k (by definition),
• m be an arbitrary multiple of f .
Our goal is to compute the index h = (Am : Hm ) of the ideal group Hm
associated to K/k mod m inside the group Am of all ideals in k coprime to
m.
I begin by introducing a modification of the notion of an ideal which
essentially means that prime divisors of m are identified with (1), that is, we
will work in a suitable quotient group! Whereas the usual ideals consist of a
system of exponents for all finite prime places (only finitely many exponents
6= 0), we now consider ideals that correspond to a system of exponents (only
finitely many 6= 0) for all prime ideals not dividing m, whereas for the prime
divisors of m (and of course for the infinite primes) there are no restrictions
at all. In a similar way we modify the notion of a unit: a unit is now an
element of a number field that is divisible only by prime divisors of m. In the
following, we will exclusively use these modified notions.
We see immediately that the index h above may also be defined as the
index of the ideal group H attached to K/k mod m inside the group A of all
ideals in k. (Observe that “ideal group” now has a modified meaning!)
In group stenography:

a arbitrary ideals in k,




A
arbitrary ideals in K,



N = 1 + S + · · · + S n−1 ,
h = a : AN (ν) ,


ν norm residues (not only coprime to m!)



of K mod m.
It is this liberation of the basic notions of class field theory from the annoying
condition “coprime to m” that seems to be important from a methodical point
of view as well as advantageous. The whole thing moves within a circle of

398

47.2 Comments

ideas that is familiar from the theorem of Riemann-Roch, and in fact the
calculation we are about to do may be interpreted as the analogue of the
theorem of Riemann-Roch.
Apart from the index h, I also introduce the index
(


∩ sign for intersection,
N
N
a= ν∩A :A ,
A arbitrary element in K,
which clearly measures the failure of the norm residue theorem (a = 1 means
that each norm residue ν mod m that is the norm of an ideal is also the
norm of an element. Since m is a multiple of f , the condition fp = p0 , i.e.
the condition on the exponents demanded by being the “norm of an ideal”, is
already sufficient for being a “p-adic norm of an element” for all prime ideals
p not dividing m. Thus a = 1 indeed means: If ν is a p-adic norm for each
p, then ν is the norm of an element; conversely, this norm residue theorem
implies a = 1).
I now start computing the quotient
q=

[a : AN (ν)]
h
=
,
a
[ν ∩ AN : AN ]

and I have to show that q = n.
First Transformation (Splitting off the Local Class Field Theory)

[a : AN (ν)]
[a : AN (ν)][AN (ν) : (ν)]
=
[ν ∩ AN : AN ]
[ν ∩ AN : AN ][AN (ν) : (ν)]
[a : (ν)]
=
N
N
[(ν) ∩ A : (A )][ε ∩ ν : η][AN : (ν) ∩ AN ]

[a : (ν)]
ε arbitrary units in k,
,
= N
η units in k that are norms from K,
[A : (A)N ][ε ∩ ν : η]

q=

[a : (α)][(α) : (ν)]
[AN : (A)N ][ε ∩ ν : η]
[a : (α)][α : ν]
= N
,
α arbitrary numbers in k,
[A : (A)N ][ε ∩ ν : η][ε : ε ∩ ν]
[a : (α)]
= N
· [α : ν]
[A : (A)N ][ε : η]
Y
= q0 ·
np ,
np degree of Kp /kp ,
=

p|m

(Main Result of Local Class Field Theory)
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It remains to compute the quotient
q0 =

[a : (α)]
.
[AN : (A)N ][ε : η]

Second Transformation (Principal Genus and Ambiguous Classes)

[AN : (A)N ] =

=

[A : (A)]
,
[A1−S : (θ)]

[A : (A)]
,
[A : B]

θ numbers in K with (θ)N = 1, i.e., for which
θN = η is a unit; these are exactly the η
above. – In addition we have used that ideals
with norm 1 are 1−S–th powers of ideals and
conversely.

B ideals in K, for which B1−S = (θ) is principal; these are
(again by the norm residue theorem mentioned above) the θ
above.

= [B : (A)].
Third Transformation (Reduction to the Principal Unit Genus.
[a : (α)]
[a : (α)]
=
N
: (A) ][ε : η]
[B : (A)][ε : η]
[a : (α)]
,
B numbers in K for which (B)1−S = 1, i.e.,
=
[(θ) : (A)1−S ][a : (B)][ε : η]
for which B1−S is a unit. – Observe that be-

q0 =

[AN

cause of the modified notion of an ideal the
ideals in k are the only ambiguous ideals (becoming (1) under 1 − S); in particular at this
point there is the factual gain with this new
method!

[(B) : (α)]
[(θ) : (A)1−S ][ε : η]
[B : αE]
=
,
[θ : A1−S E][ε : η]
[H : E1−S ]
=
,
[θ : A1−S E][ε : η]
=

E arbitrary units in K,
H units in K with HN = 1, i.e., for which
H = B1−S ; these are exactly the B from above.

[H : E1−S ]
[η : EN ][ε : η]
[H : E1−S ]
=
.
[ε : EN ]
=

Result:

Y
[H : E1−S ] Y
h
= q = q0 ·
np =
·
np .
a
[ε : EN ]
p|m

p|m
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By a slight modification of Herbrand’s method (taking care of the finite prime
ideals p | m), i.e., by constructing a system of independent modified units, it
remains to show that
[H : E1−S ]
n
.
=Q
N
[ε : E ]
p|m np
As Artin wrote me, this is done just as easily as before. Thus we find
q = n,

hence

h = a · n.
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Comment on Hasse’s Sketch of a Proof
We have found this manuscript together with the preceding letter in the
Taussky papers in the archives of CalTech in Pasadena. The manuscript contains a sketch of a simplified proof of the so-called Inverse Theorem of class
field theory (Umkehrsatz ). Compare with Hasse’s notes of his Marburg lecture in the summer of 1932. Those notes were not printed at the time, but
copies of the typed manuscript were distributed. In 1967 the Hasse notes
appeared in print at Physica Verlag, Würzburg.

48 02.12.1932, Letter from Artin to Hasse
Dec. 2, 1932

Dear Mr. Hasse!
Some unpleasant news. In the article by Mr. Schäfer as well as in yours
there is a mistake, which means that the principal ideal theorem in the setting
of complex multiplication still is not proved1 . Here’s what it is about.
√
Take e.g. the field R( −5 ). The norms x2 + 5y 2√of the odd numbers are
≡ 1 (mod 4). The non-principal ideal p = (3, 1 + −5 ) has norm 3 ≡ −1
(mod 4), hence the norms of all odd ideals in the non-principal class are ≡ −1
(mod 4). In particular, this class does not contain any ideal with norm ≡ 1
(mod 12).
Thus both Schäfer’s proof as well as yours fail.
I have tried to fill the gap, but I did not succeed. I only managed to achieve
the following.
We know that if N a ≡ 1 (mod 12), then the theorem holds. Since the
square of every ideal coprime to 12 satisfies these conditions, at least the
square of each ideal is principal.
√
√
Going through the proof with 12 ∆ replaced by 4 ∆ we find: if N a ≡ 1
(mod 4), then the cube of a is principal, hence so is a by the preceding result.
Thus we have the stronger:
It follows from N a ≡ 1 (mod 4) that a is principal. The principal ideal
theorem therefore is not proved for complex quadratic number fields k over
which k(i) is unramified, since in this case there is only one ideal group
√ of
index 2 with N a ≡ 1 (mod 4) and conductor 1. These are the fields R( m )
with m 6= −1 and m ≡ 3 (mod 4).
It is possible to go a little bit further. It is sufficient to give a single ideal
a that becomes principal and satisfies N a ≡ −1 (mod 4). If p > 0 is a prime
divisor of m and ≡ −1 (mod 4), and if p = p2 in k, then p is such an ideal.
√
√
In fact, in k( −p ) it clearly becomes the principal ideal ( −p ), and this
field is contained in the class field. There remain those m for which
√ all prime
divisors are ≡ 1 (mod 4) (e.g. m = −5). The ideal
p
=
(2,
1
+
m ) is the
√
1+ m
1−m
principal ideal (1 + i) in k(i). If we form a = p , then N a = 2 . Thus
if m ≡ 3 (mod 8), then a is such an ideal.
√
Thus there remain the fields R( m ) with m ≡ −1 (mod 8) (such as
√
R( −17) ), where not all primes dividing m have the form 4n + 1. I did not
get any further, and I do not see a way out.
1

See 48.1.
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May I use this occasion to point out a small mistake in your
 article, which
0
may, however, be corrected. The transformation class 50 17
cannot be normalized as given at the bottom of p. 316. It is only possible to get


aν bν
Mν ≡
,
0 dν
where bν ≡ 0 (mod 12), aν ≡ dν (mod 12) and aν ≡ dν ≡ 1 (mod 4) .
But this fortunately suffices for the proof. It is, however, not sufficient to
know for χ12 (S) that for S ≡ E (mod 12) we have χ12 (S) = 1 (page 120);
rather it has to be shown that χ12 (S) = 1 for S ≡ 0c 0c (mod 12) with c ≡ 1
(mod 4). This follows for example from the formula.
Perhaps you have an idea of how to finish the proof.
We were very pleased about your staying with us2 . My wife keeps reading
in the book all the time.
With many greetings, your
Artin

Best greetings
N. Artin3

2
3

See 48.2.
N. Artin stands for Artin’s wife, Natascha Artin.
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Comments on Letter no. 48, dated Dec. 2, 1932

48.1 The Proof of the Principal Ideal Theorem
Hasse’s article in question has the title “On the principal ideal theorem in
complex multiplication”, and appeared in the Monatshefte der Mathematik
und Physik 1931 [Has31d]. It contains a proof of the principal ideal theorem
for the class fields of complex quadratic number fields. Such a proof had
first been given in 1929 in the thesis of Hasse’s student W. Schäfer. In 1929,
the proof of the general principal ideal theorem had already been given by
Furtwängler (see 13.1). But Hasse wanted to know whether the principal ideal
theorem could also be proved in the setting of complex multiplication (see
6.1).
In his proof, Schäfer had to assume several additional conditions; he only
could cover prime ideals p that do not divide the discriminant of the complex
quadratic number field and whose norms satisfy N p ≡ 1 mod 12. In a second
proof he could cover all prime ideals but had to assume that the discriminant
d is coprime to 6. Schäfer’s thesis was never published in a mathematical
journal. But it was available as a printed dissertation, and we may assume
that Artin had received a copy.
Based on Schäfer’s thesis, Hasse [Has31d] published a proof in 1931 which
covered the cases that Schäfer had had to omit. As we can infer from this
letter, Artin noticed an error that concerned both Schäfer’s thesis as well as
Hasse’s article.
It seems that this error could not be corrected immediately. Hasse later
returned to this problem in his article “On genus theory in quadratic number
fields” [Has51b] published in 1951 in the Journal of the Mathematical Society
of Japan. There he writes:
The reason for this note is an error in one of my earlier articles
noticed by Artin.
Here Hasse refers to the article [Has31d] mentioned above.
As Artin explains in his letter, the problem is to decide √whether every
ideal class in a given complex quadratic number field k = Q( −d ) contains
ideals a with norm N a ≡ 1 mod 12. This is not always so. Hasse shows in
[Has51b]√that √
this is the case if and only if the Hilbert class field of k is disjoint
from k( −3, −4 ), i.e., if the prime discriminants −3 and −4 do not occur
in the prime discriminant factorization of the discriminant of k. For fields
without this property, the proof by Schäfer and Hasse does not work. Shortly
afterwards, Terada [Ter54] showed that a modification of Hasse’s proof can
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also cover ideals with N a ≡ 5 mod 12. Finally Reichardt [Rei59] gave a proof
covering all cases.

48.2 Hasse’s Visit in Hamburg
In November 1932, Hasse was invited by A. Fraenkel to give a talk in Kiel
titled
On the asymptotic behavior of the number of solutions of congruences
modulo p.
Afterwards Hasse planned to visit Hamburg “with the only purpose to be
together with the Artins”, as he wrote in a letter to Davenport. Artin, however,
talked him into giving a talk in Hamburg, too, and Hasse complied; the topic
was the same as in Kiel.
We may infer from the present letter only that Hasse did visit Artin in
Hamburg. From his report about this visit, which he sent to Davenport,
we can learn more: Artin had pointed out to Hasse in a conversation that
the desired asymptotic results on the number of solutions of congruences is
equivalent to the Riemann conjecture for the zeta functions of the associated
function fields in characteristic p.
In his thesis [Art24a, Art24b] (Leipzig 1921), Artin had introduced a zeta
function for quadratic function fields over Fp , and had numerically verified
the Riemann conjecture for several examples. Later, in letters to his academic
teacher Herglotz, he extended his investigations aimed at a general proof, but
did not publish them4 . Thus, after Hasse’s talk in Hamburg, Artin was able
to explain to Hasse the connection between the problem of the number of
solutions of congruences and the Riemann conjecture for function fields.
Artin’s suggestion made Hasse then look for a proof of the Riemann conjecture for function fields. We know that Hasse found a proof in the case of
elliptic function fields three months later. This story is presented in detail in
[Roq04].
Thus Hasse’s visit in Hamburg, which is mentioned by a single sentence
in the letter at hand, had fundamental consequences.

4

See [Ull00a], [Roq02b].

49 17.01.1934, Letter from Artin to Hasse
Hamburg, Jan. 17, 1934

Dear Mr. Hasse!
Wouldn’t you want to come over here this semester and give a talk? You
could talk about whatever you want to. Perhaps the beautiful results on the
Riemann conjecture for function fields? After all this is the most beautiful
result that has been obtained in the last few decades. My students would be
highly interested in it. If you would write whether and when you want to
come then I will write a proposal to the department, and you will receive the
official invitation. It would be nice if you could take off a whole week, but if
need be we would be content with less1 .
Please let me postpone my apologies to an oral communication. It would
be too complicated otherwise.
I am awaiting your approval with many cordial greetings from home to
home

Your Artin

1

See 49.1.
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Comments on Letter no. 49 from January 17, 1934

49.1 Hasse’s Work on the Riemann Conjecture in
Function Fields
Since the preceding letter, more than a year has passed. We do not know
why the intensive correspondence between Artin and Hasse was interrupted
during this year. Perhaps the reason was that the mathematical interests
of the two correspondents diverged: Hasse was working intensively on the
proof of the Riemann conjecture for elliptic function fields in characteristic
p, whereas Artin was busy with the further development of class field theory, which he wanted to extend from abelian to normal extensions. There
may have been other reasons as well, for example the political changes in
Germany after the National Socialists came to power in January 1933. The
infamous Beamtengesetze (civil servant laws) had a catastrophic influence at
universities, and in particular in mathematics. In his letter Artin writes that
he would like to give explanations for his long silence orally.
The present letter, however, not only resumes the correspondence: Artin
is impressed by Hasse’s new results on the Riemann conjecture for function
fields in characteristic p. We have already remarked in 48.2 that it was Artin
in his thesis who first numerically verified the Riemann conjecture for certain
quadratic function fields in his thesis. We also remarked that about a year
ago, at the beginning of December 1932, he had talked with Hasse on this
problem and gave him essential suggestions. Now Artin is interested in details
of Hasse’s results.
The letter deals with the new version of Hasse’s proof. As reported in
[Roq04], Hasse’s first proof was based on the classical theory of complex
multiplication and thus required analytic tools. Already in September, on
the meeting of the DMV in Würzburg, he had talked about this first proof.
During the next few months, however, he discovered while working out his
proof that the essential facts from complex multiplication could be proved
directly for function fields in arbitrary characteristic. In other words: Hasse
developed the algebraic theory of endomorphisms of elliptic curves and the
structure of their endomorphism rings.
At the time this letter was written, this had not yet been published. Apparently Artin had heard about it and inquired about details. In the subsequent letter we can read that Artin had offered to publish Hasse’s talk in
the “Hamburger Abhandlungen”, which Hasse accepted (see [Has34a]). The
complete exposition of Hasse’s result was reserved for another publication. It
took more than two years until this work could be published in three parts.
One reason for the delays were the chaotic conditions in Göttingen caused by
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national socialistic politics, which turned out to be an obstruction for Hasse’s
scientific work after he had been called there (cf. [Fre77]).
We also refer to the report [Roq06].

Helmut Hasse 1934 (photographer unknown).
c The Mathematisches Forschungsinstitut Oberwolfach gGmbH (MFO)

50 1934, Letter from Artin to Hasse
1934 1

Dear Mr. Hasse!
We agree with your suggestion and ask you to regard this letter as the
official invitation2 . We can offer you 200 M. We have to postpone fixing the
date since I have to talk to my colleagues about it first. Do you agree with
the title of the talk “Abstract Foundation of Complex Multiplication and the
Riemann Conjecture for Function Fields”?
I am enthusiastic about your new results and incredibly expectant.
Now I have another suggestion: don’t you want to publish some of this in
our Abhandlungen? Perhaps your talk over here? We would be extraordinarily
happy3 .
I have to close now so that the letter can be posted in time, and remain
with greetings to everyone

Your Artin

1

Not dated.
Artin invites Hasse to give a talk in the Mathematical Colloquium of the University of
Hamburg. See 49.1.
3 Hasse’s exposition of his talk indeed appeared in the Hamburger Abhandlungen [Has34a].
2
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51 14.01.1937, Letter from Hasse to Artin

Hamburg-Langenhorn
Reinfelderstr.9
Dear Mr. Artin,
while leafing through your bookshelf1 I observed that you have literary interests in fairytales. I also remember that you once told me about it. Thus
you might enjoy this English book on fairytales, in particular since it was
written by a mathematician and has supplied the English language with a
fair amount of idioms. It belongs to the most widely read children’s books,
but also provides adults with a lot of joy and much to think about.2
It was a great pleasure to see you and your dear wife again recently, and
I would like to thank your wife in particular for having guided me safely
through the dark and the fog to our destination.
With best regards, your

1
2

See 51.1.
See 51.2.
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Comments on Letter no. 51 from January 14, 1937

51.1 Hasse’s Visit
Apparently Hasse had visited the Artins in Hamburg shortly before January 14. Quite possibly Hasse’s visit originally served the purpose to inform
Artin on the results of the conference in Göttingen. In fact shortly before,
on January 6 – 8, 1937, Hasse had organized a meeting in Göttingen on algebraic geometry with the goal of developing methods that might lead to
the proof of the Riemann Conjecture in characteristic p. (This goal had not
been achieved.) From Hamburg, among others Blaschke, Bol and Zassenhaus
participated, but not Artin, who had first stated this conjecture, at least for
hyper-elliptic function fields, in his dissertation [Art24b]. Back in 1934 Artin
had been interested in Hasse’s (second) proof in the elliptic case, and at that
time he had invited Hasse to give a series of lectures in the mathematical
seminar in Hamburg. Thus it seems quite likely that Hasse now wished to
inform him on the results of the meeting; perhaps he also hoped that Artin
could give suggestions for continuing this work.
By then, however, Hasse may have decided to visit Artin for quite another
reason: just recently, on January 5, Artin had asked for a leave of absence from
the Hamburg university on order to accept an invitation from the University
of Stanford (USA). Thus the conversation probably was not primarily about
mathematics but rather about Artin’s planned emigration. Hasse regarded
the emigration of so many excellent scientists as a result of the Nazi laws as a
major loss for German science. He had actively tried, at least in certain cases
(e.g., Emmy Noether and Courant) to find a way to keep them in Germany,
but without success. And now Artin was about to leave. Already on October
31, 1934, Hasse had written to Blaschke, who had informed him that he had
the impression that Artin intended to leave Germany:
What you write about Artin I have already heard from Hecke. I am
moved a lot by this, since it is a shame that Germany should lose
him.
We can easily imagine that Hasse, after Artin had told him about his
plan to emigrate to America, tried to talk him into staying in Germany. This
was in vain. The circumstances under which Artin was dismissed from the
University of Hamburg are described by Wußing [Wuß06].
This seems to explain the fact that this letter by Hasse does not deal with
mathematics, in contrast to all the preceding letters which were packed with
mathematics. It seems that Hasse wanted to show his particular solidarity
by sending Artin a book. Later, on Aug. 27, 1937, when Hasse learned that
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Artin had been dismissed because his wife was Jewish according to the Nazi
laws, he wrote to Hecke:
The news about the dismissal of Artin has made me very sad.
And when Hecke wrote him on Sept. 13 that Artin had accepted a position
at the University of Notre Dame in Indiana, he answered:
I am glad that Artin has found something at least for the near future.
Please give him and his dear wife my best regards. I am not able, as
you will understand, to write him directly and tell him how sorry I
am for all of this.
On Oct. 14, Hecke wrote to Hasse:
We are very busy giving parties for Artin and his family, and are
letting them know how sad we are about their leaving. Artin himself
leaves with a heavy heart.
Artin and his family left Germany on October 20, 1937.

51.2 Alice in Wonderland
The book in question must be “Alice in Wonderland”, which first was published in 1865. Its author is the Oxford mathematician Charles Lutwidge
Dodgson (1832–1898), who worked as a tutor at Christ Church College, and
who wrote Alice under the pseudonym Lewis Carroll.
Hasse presumably learned about “Alice in Wonderland” through Davenport. Through his friendship with Davenport, who tutored Hasse in the English language, Hasse became familiar with English literature. In their correspondence in the 1930s there are several comments by Hasse concerning the
English books he was reading at the time, as well as frequent comments by
Davenport. “Alice in Wonderland” is not mentioned there, however.

52 Nov. 1938, Natascha Artin to Hasse, undated
[Bloomington]

On November 12 our second son was born, whom we want to call Thomas.1
With best regards,
N. Artin
1

Originally, Artin had received an invitation to Stanford University in California. He
had to decline this offer, however, since the leave of absence he had applied for was at
first not granted by the ministry in Berlin (see [Wuß06].) When he was dismissed shortly
afterwards and wanted to emigrate to the US, it had become difficult to find another
position for Artin on short notice. As C. Reid reported, Courant tried in vain to find a
position in New York or Princeton for him (see [Rei1976].) The only quickly realizable
possibility for Artin was a position at the University of Notre Dame in Indiana. But after
one academic year Artin went to the Indiana University at Bloomington. There his son
Thomas was born in November 1938. Artin remained in Bloomington for eight years until
he received a call to Princeton in 1946.
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Natascha Artin (photo by Emil Artin). c Tom Artin

53 09.12.1938, Letter from Hasse to Artin

Dear Artins !
Please accept the most heartfelt congratulations from my wife and myself
for the arrival of little Thomas. We hope that he will develop just as splendidly as his brother and sister, both of whom we have seen several times in
Hamburg.1
In the summer we heard a lot about you through Hecke, in particular
about all the things that happened in Notre Dame.2 We hope sincerely that
you have fared better in Bloomington, and that you can enjoy watching your
children grow up with a carefree heart, and that you are in the mood for
successful scientific work. 3
I have heard in Baden-Baden at the last congress4 that you, dear Mr. Artin,
have succeeded in proving the well-known theorem on class field towers. I
would dearly like to know whether this is the case.5 In fact I would like to
mention this fact in my book on number theory that is about to be published6 .
I have often referred to this problem as one of the deeper problems in number
theory that is still open.7 Perhaps you or your wife can do me the favor of
writing a few lines on this? 8
My own interests during the last few years lay wholly in the arithmetic of
function fields. Unfortunately I did not succeed in finishing the generalization of the Riemann conjecture to higher genus, although I have made good
progress. 9 I was mainly busy with writing my book on number theory.
In the seminar we have gone through the great theorems by Weil and
Siegel on the finiteness of rational and integral points on algebraic curves. 10
1
2

This is Hasse’s answer to the announcement of Thomas’s birth in the preceding letter.
See 53.1.

3

This seems to have been the case; during his time in Bloomington, Artin’s pioneering
book “Rings with minimum condition” [ANT44] appeared. These rings are nowadays called
“Artinian rings”.
4 The yearly meeting of the German Union of Mathematicians, DMV, which took place
from September 11 to 16, 1938.
5 See 53.2.
6 See 53.3.
7 See e.g. Hasse’s report on class field theory, part I [Has26a].
8

We do not know any answer to this question from Artin’s side.
In this connection we refer to the series of articles [Roq02b, Roq04, Roq06, Roq12]. A
fifth part is in preparation.
9

10

In his thesis, A. Weil had proved that the group of rational points on the Jacobian of
an algebraic curve over number fields is finitely generated [Wei29]. C. L. Siegel had shown
that an algebraic curve with positive genus over a number field can only have finitely many
rational points with bounded denominator [Sie29].
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For curves of genus 1 we have succeeded in simplifying the proofs considerably, and in particular we managed to do completely without analysis.11
This semester Siegel and I have a common seminar, and we have set ourselves the goal to accomplish the same for arbitrary genus. This is similar to
when Hilbert started working on integral equations and told everyone that
by taking the limit in general he would
dispense, once and for all and for always, with having to take any
limits.12
In the same way we would like, with our present work, to dispense with all
infinite descents once and for all and for always.13
Our Jutta now is a big school girl of 11 years. This year she has started
learning English, and she likes it a lot. She is reading Winnie the Pooh and
Alice in Wonderland, and enjoys the nice verses. 14
With the best regards, also from my wife, and with the best wishes for
Christmas and New Year,

11

This was published after the war by Hasse [Has52a].
“[. . . ] ein für allemal und für alle Zukunft alle Jranzüberjänge entbehrlich mache[n]”.
13 This “program” apparently is meant ironically, in an allusion to Hilbert.
14 Jutta Hasse (23.10.1927–?) later married Martin Kneser. Photography of Jutta as a
child (Brunswick 2001, S.37, Nr.91).
12
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Comments on Letter no. 53 from December 9, 1938

53.1 Hecke’s Visit
The ministry in Berlin had granted Hecke a leave of absence in 1938 in order
to accept an invitation to a lecture tour in the USA. As we learn from this
letter, Hecke had visited the Artins in Notre Dame. Apparently the working
conditions for Artin were not particularly good; this explains the fact that he
moved to Bloomington after just one year. In any case, it was in Notre Dame
where Artin delivered his ground breaking lectures on “Galois Theory”, which
appeared in 1942 in the Notre Dame Lecture Notes [Art42]. As Zassenhaus
reports in his obituary of Artin, this “linearization” of Galois theory had
been developed by Artin already during his Hamburg years (see [FrRo08].)

Erich Hecke (photo by Natascha Artin Brunwick). c Tom Artin

53.2 The Class Field Tower
Hasse perhaps received this piece of news, according to which Artin was said
to have proved that class field towers always terminate, from Arnold Scholz;
in a letter to Olga Taussky from Nov. 1938, Scholz asked:
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Did you hear that Artin is said to have proved the class field tower
conjecure (terminating!)? This would be fabulous!
The same rumour was addressed by Hasse in a letter to Hecke from November
3, 1938:
Finally I would like to ask you something scientific, namely whether
you also have heard about the rumor that Artin recently has solved the
class field tower problem. This was spread at the congress in Baden–
Baden erz”ahlt. Since I have called this a great unsolved problem in
my book, which I just have sent to the publisher, I would very much
like to know whether this rumor is true. I fear, however, that a direct enquiry to Artin would remain unanswered. Perhaps in Hamburg
more is known about it.
The news about Artin’s proof of the class field tower theorem was, however,
incorrect. We do not even know whether Artin worked on this problem in the
US. Probably the news was based on some misunderstanding.
The problem of the finiteness of class field towers going back to Furtwängler
had played a role in the correspondence between Artin and Hasse in 1927 and
1928. It deals with the question whether the sequence of Hilbert class fields
K ⊂ K1 ⊂ K2 ⊂ · · · of a number field K terminates. This is equivalent to the
fact that K can be embedded into a number field with class number 1. When
Artin found his general reciprocity law in 1927, Hasse and Artin exchanged
their ideas on possible applications, in particular to the problem of class field
towers.) Only much later, in the year 1964, did Shafarevich succeed in solving
this problem together with Golod [GS64], by proving that there exist infinite
class field towers.

53.3 The Blue Hasse
The book mentioned by Hasse is the one that later became known, because
of its blue cover, as “the blue Hasse” [Has49a], in contrast to the “yellow
Hasse” [Has50].
The history of the “blue Hasse” is long. As can be inferred from the correspondence between Hensel and Hasse, they had planned to write a two-volume
book on number theory already in 1923, in which number theory was to be
developed consequently on the basis of valuations. The second volume was to
contain class field theory. They made a contract with Springer, who included
the book in his “yellow series”. The collaboration did not work as smoothly
as expected, and so it was decided that Hasse and Hensel each would write
his own book. Hensel’s book should have a more elementary character, and
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Hasse’s book was planned to contain the “modern” methods and results.
Hensel’s book was never written.
The publication of Hasse’s book was delayed for various reasons. In 1938,
Hasse was busy working on completing the book at the insistence of SpringerVerlag; the manuscript was completed in October 1938 and sent to Springer.
As can be seen from this letter, Hasse expected that the book would be
published soon. The editor of the yellow series, however, complained that a
book of 600 pages was too large, and asked Hasse to reduce the content. Hasse
was not willing to comply, and it came to an agreement between Springer and
Hasse only in the summer of 1939. But then the printing of the book was
prevented due to war time difficulties. After the war, the book was taken over
by the Akademie Verlag in East Berlin (with a blue cover), whereas Hasse
gave Springer a different book for the “yellow series”. The blue Hasse was
published in several editions, was finally taken over by Springer and thus
turned “yellow”; it was translated into English by H.G. Zimmer [Has02].
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54 12.03.1953, Letter from Artin to Hasse

Dear Mr. Hasse !
Let me start by congratulating you. Apparently you have a very talented
student, I mean Roquette. I am very happy about his success in carrying
out your ideas by giving simple arithmetic proofs for the Riemann conjecture and the fields of abelian functions.1 Since I did not have access to the
Hamburger Abhandlungen I could only briefly glance through his work, but
I have convinced myself that it represents an excellent accomplishment.
It would be desirable if Roquette could continue his work and derive all
of André Weil’s results on abelian function fields with this method. Unfortunately, Roquette’s work stops at the most interesting point. Is he still working
on it? Now I would like to ask you for a favor: Under the circumstances provided by Roquette’s work I am tempted to present his results next winter
in a seminar2 . Could he send me a reprint? Is his dissertation on the R.H.
already in print, and would it be possible to see the proofs of this article? I
am very anxious to see what the proof looks like in his version.
Here we are leading a very active mathematical life. In the preceding years
we have worked on class field theory and have achieved good results. These
results were obtained by Dr Tate and myself, and will be published as lecture notes3 . Dr Tate succeeded in determining all cohomology groups in all
dimensions (including the negative ones) of the idele class group [and] the
multiplicative groups of all fields.
Since the −1-dimensional group is isomorphic to the group of elements
with norm 1 modulo elements that have norm 1 for trivial reasons, we have
succeeded in generalizing your norm theorem (for cyclic extensions: an element that is a norm everywhere is the norm of an element) to arbitrary
normal extensions. 4 The main problem in this case is the determination of
the factor group of local norms modulo global norms. 5 The answer is that
the character group of this group is isomorphic to a subgroup of the third
cohomology group of the usual integers.
Take the icosahedral extension, for example: your norm theorem holds if
and only if there is a decomposition group whose order is divisible by 4. If
this is not the case, then the group in question has order 2.
1

See [Roq52, Roq53a, Roq53b].
See 54.1.
3 See 54.2.
4 Hasse’s norm theorem for cyclic extensions can be found in [Has31c]. There Hasse gives
a counterexample to his own conjecture that the norm theorem would be valid for general
abelian extensions.
2

5

Arnold Scholz had called this group the number knot of K|F .
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Other results concern the simplification of proofs. As soon as the notes
appear I will send them to you.
With best regards,
Your Artin

54.
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Comments on Letter no. 54 from March 12, 1953

54.1 Artin’s algebra seminar 1953/54
Indeed Artin discussed this topic in his algebra seminar Princeton 1953/54.
This is corroborated by Arthur Mattuck, a student of Artin, in a letter to
Roquette from April 2012. Mattuck, who had studied in Princeton from fall
1951 to spring 1954, wrote:
“The third year the algebra seminar was about your proof of the R.
Hypothesis for curves, which Hasse had written out in a long letter
to Artin – he let me give the first six weeks of lectures, giving the
necessary background in function fields, then took over and gave the
correspondences and the proof of the Castelnuovo-Severi inequality,
in the language of function fields.”
The “long letter” mentioned by Mattuck seems to be Hasse’s exposition,
which is mentioned in the following letter by Hasse.

54.2 Artin-Tate
John Tate was Artin’s Ph.D. student in Princeton, where he had written his
thesis “Fourier analysis in number fields, and Hecke’s zeta-functions” in 1950.
It was published only in 1967, in the Proceedings of the Brighton Conference
[Tat67b]; before that, they were circulated as copies among those interested
in it.
The parts of these lecture notes were edited by Serge Lang, and for a long
time were available only in copied form. They were published as a book only
in 1968 [AT68]. The first few chapters on the cohomology of groups were later
published by Lang.
The sentence describing Tate’s success is rather mysterious in the original
form. Perhaps Artin omitted something when writing this letter. We have
included the word “and” and interpret this remark as follows: Artin is talking
about the cohomology groups of the idele classes and the multiplicative group
of local fields. When Artin writes “for all fields” then he clearly means “for
all number fields” and “for all local fields”, respectively.
The main theorem of Artin-Tate reads as follows: Let F denote a number
field or a local field, and let AF denote the idele class group in the global, and
the multiplicative group of F in the local case. Let K|F be a finite Galois
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extension with Galois group G. Then there is a canonical isomorphism
(6.1)

H q−2 (G, Z) ' H q (G, AK )

(for all q ∈ Z) ,

and this isomorphism can be given explicitly as the cup product with the
canonical class α ∈ H 2 (G, AK ).

55 20.03.1953, Letter from Hasse to Artin
Ahrensburg

Dear Mr. Artin,
it was a very great pleasure to hear from you after such a long time.
The old days when we bombed each other rapidly with postcards about
reciprocity formulas appeared before my eyes. I will be glad to help you get
the documents you have requested.
I was glad to hear that you have such a high respect for the work of my
student Roquette, in particular since André Weil made rather disparaging
remarks about it during his recent visit. In fact I think that Roquette is the
best of my current students. It’s been three years now that I had asked him
to systematically attack the whole circle of questions on algebraic function
fields, the Riemann conjecture, division theory, and the finiteness theorems
of Weil and Siegel with arithmetic methods. His results obtained so far have
to be considered as the first steps in this direction. He is also working on the
difficult problems mentioned above on the basis of the results obtained so
far, and he keeps me updated about any progress he is making.
I will immediately write to Roquette so that he can send you reprints and
proofs of what he has so far. This is 1) the article in the Hamburger Abhandlungen on algebraic function fields, 2) his article to appear in Crelle on the
Riemann conjecture in function fields, 3) a short survey on the mathematical
results of his thesis – with several other improvements in the presentation –
that will appear in the Archiv der Mathematik.
During the last months I was very busy with these things, in particular
with the proof of the Riemann Conjecture, and I have written a longer exposition in which the proof is presented in such a way that Deuring’s theory
of correspondences, which is assumed to be known in Roquette’s version, is
derived along the way. The whole thing is intended to be the basis for the
sequel to my blue number theory. 1 I will send you the first version of this
exposition, which I have, however, rewritten somewhat later, but there the
application of the main theorem – saying that the metric is positive definite
– to the Riemann conjecture at the end is missing. 2 But this can be read
very well in Roquette’s dissertation.
After quite some effort I finally succeeded in getting a copy of your lectures
on the foundation of class field theory, and I intend to base my lectures this
year in this area on them. I was particularly interested on your recent results
1

Here we learn that Hasse was still thinking of writing a sequel to his book on number
theory [Has49a] in 1953. Later he would abandon this plan.
2 In Hasse’s posthumous papers in Göttingen, several versions of this exposition can be
found, and it is not clear which version he sent to Artin.
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on the generalization of the norm theorem. A. Scholz used to work hard in
this direction. Your remarks suggest that cohomology theory seems to be the
most appropriate tool for attacking these problems. 3 I would be very grateful
if you could send me detailed notes on these things once they are written.
Recently I busied myself a lot with Gauss sums, more exactly their generalization to arbitrary Galois extensions; these show up in the functional
equation of your L-series. Every problem on L-functions has an analogue
there, in particular concerning the problem of integrality. In this case, this
can be solved by a theorem of Richard Brauer on induced representations
and Stickelberger’s arithmetic characterization of the usual Gauss sums.4 A
detailed memoir on this topic is currently in press in the Acta from Salamanca.5
With best regards,6

3

We remark that Hasse never really made friends with the cohomology of groups and its
application in number theory. Compare the final words in Hasse’s lecture on the Brighton
conference in 1965 [Has66].
4 Ludwig Stickelberger’s article for which he is best remembered is Über die Verallgemeinerung der Kreistheilung (On the generalization of cyclotomy), Math. Ann. 37 (1890),
321–367. There he proves what we nowadays call the Stickelberger relation on the prime
ideal factorization of Gauss sums. This article played a central role in Hasse’s and Davenport’s work on the zeta function of curves over finite fields; see [DaHa34].
5 See 55.2.
6 Hasse’s letters are copies made using his typewriter, and therefore bear no signature.
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Comments on Letter no. 55 from March 12, 1953

55.1 Scholz’s Number Knots
Arnold Scholz (1904–1942) studied at the University of Berlin and received
his Ph.D. in 1928 under the supervision of Issai Schur. Afterwards he was
assistant in Berlin and, from 1930 on, in Freiburg (Germany). From 1935 until
1940 he was teaching at the University in Kiel. Until his untimely death in
1942, he kept a regular correspondence with Helmut Hasse and Olga Taussky.
It is not an exaggeration to say that in the 1930s, Arnold Scholz belonged
to the elite of the younger algebraic number theorists in Germany. In particular, he worked on the generalization of Hasse’s norm theorem to arbitrary
normal extensions. Hasse knew Scholz’s work very well: Scholz’s articles on
the norm theorem appeared in Crelle, who’s editor Hasse was, and Scholz
kept Hasse updated about his work through many letters. It seems, however,
that few people except Hasse had any idea about the depth of Scholz’s work
on the norm theorem because his article is, to say the very least, very difficult
to read. It was Jehne who realized in [Jeh79] that Scholz had basically formulated Tate’s result on the obstruction to Hasse’s norm theorem (see [Tat67a,
p. 198]) in non-cohomological terms and remarked that “Scholz’s investigations [on the norm theorem] have been forgotten for almost 40 years”.
It is therefore not in the least surprising that Artin, in his letter dated
March 12, 1953, does not mention Scholz. In fact, not even the lecture notes
by Artin-Tate [AT68] mention Scholz’s contribution.
A historical survey on the developments of Hasse’s norm theorem and the
results by Artin-Tate can be found in Wolfram Jehne’s lecture held at the
commemorative colloquium for Hasse in 1982 in Hamburg [Jeh82].

55.2 Artin Root Numbers
This memoir [Has54] is indeed very extensive: it has 133 pages! It gives a
complete and systematic theory of Artin L-series with simplifications that
were not yet available when Artin wrote his articles [Art23b] in 1923 and
[Art31] in 1931. In addition, the Artin root numbers occurring in the functional equations are studied in detail, and are shown to depend on what
Hasse called “Galois Gauss sums”. The arithmetic investigation of these Galois Gauss sums is the main content of this article. Hasse succeeds in writing
them as a product of local Gauss sums. He is not able to prove that these
local components are uniquely determined; their definition still could depend
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on the representation of the characters in the sense of Brauer’s theorem on induced characters. The uniqueness was later proved by Langlands, and forms a
central building block of the Langlands program. It is interesting that Langlands’ proof, as he writes in [Lan04], was motivated by Hasse’s Salamanca
article, which Hasse’s student Cahit Arf had pointed out to him.

56 08.10.1955, Postcard from Artin to Hasse [Tokyo]

Dear Mr Hasse
We are sitting in Suetuna’s house and are talking about the old times.
The conference on number theory will begin in a few days and promises to
be very interesting. The lecture notes on class field theory are unfortunately
not yet finished, but I hope they will be available soon.
Many greetings
Your Artin
It is really unfortunate that you are not here. Together with Artin I send
you best greetings. Thank you very much for sending me your new book1
Proben math. Forschung!
Your Z. Suetuna

1

See 56.2.
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Comments on Letter no. 56 from October 8, 1955

56.1 Tokyo-Nikko 1955
This greeting by a postcard, although short and apparently routine, had a
particular significance for Hasse in view of the incidents in the run-up to the
meeting on class field theory in Tokyo-Nikko 1955. In the following we will
briefly provide the background.
In 1954, Hasse was visited in Hamburg by two Japanese mathematicians
with a Humboldt scholarship: S. Kuroda and T. Nakayama. They told Hasse
that in October 1955 there would be an international meeting in Tokyo and
Nikko on algebraic number theory, in particular class field theory, and he was
asked to reserve this date; an official invitation would follow. Later, however,
he received a letter from Iyanaga, whom Hasse knew from the 1930s. This
letter was dated April 18, 1955; Iyanaga, as the local organizer, apologized
to Hasse since his name had to be taken from the list of invited guests.
The meeting would be financed by the IMU, and at least one member of
the IMU in the organization committee had voiced his opposition against
an invitation of Hasse; the local organization committee was unable to take
action against this decision. Hasse was stunned by this information. It can be
seen from Hasse’s correspondence that he tried (in vain) to find out what the
arguments brought forth against him were, and who had raised them. The
greeting from Artin and Suetuna from Tokyo seems to be a sign of solidarity
with Hasse in this matter.
In 1960, Iyanaga visited Hasse in Hamburg, as can be seen from their
correspondence. Hasse planned to visit Tokyo in 1962, which had to be canceled due to the illness of Hasse’s wife. Hasse could visit Japan only in 1967.
Afterwards he wrote to Iyanaga on June 23, 1967:
The days in Japan with the many beautiful and interesting impressions, in particular the reunion with my old acquaintances in Tokyo
were a deep and unforgettable experience for me.
The acquaintances in Tokyo were, among others, Kuroda, Suetuna and
Moriya. Among the Hasse papers we have found a note where he listed his
students (Ph.D. etc.). There he included Suetuna and Moriya as his “students
in the wider sense”.
The Japanese mathematician Zyoiti Suetuna (1898–1970) was studying
in Germany from 1929 until 1931, and had stayed mainly in Göttingen. In
December 1929, he visited Hasse in Halle, and then Artin in Hamburg.
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56.2 Studium Generale
The booklet “Proben mathematischer Forschnung” (Samples of Mathematical Research) is based on lectures held by Hasse at the beginning of the 1950s
in Hamburg. These were public lectures within what is called “Studium Generale” in Hamburg; this comprises public lectures for students of all departments. Hasse regularly gave public lectures for a general audience not only
in Hamburg. For Hasse it was part of the duties of a professor in mathematics to provide nonmathematicians with an access to a basic understanding
of the current mathematical research. Hasse’s booklet contained chapters on
the infinitude of primes, problems on maxima and minima, irrationality, the
four-colours theorem (then still a conjecture), and Euler’s polyhedron formula.

57 20.10.1955, Postcard from Hasse to Artin

Dear Mr. Artin,
As you will understand very well I was particularly happy about the
friendly greeting that you sent me from Suetuna’s house, and I would like to
thank you for it from all my heart.
In old friendship,
Your [Hasse]1

1

This is a carbon copy of Hasse’s letter, which of course was not signed by him.
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58 20.02.1956, Letter from Artin to Hasse

Dear Mr. Hasse !
In the winter of 1956 I will start my sabbatical. In the winter I am invited
as a guest of the Academy in Göttingen. For the summer semester I am
free and would like to come to Hamburg. Would it fit in with the plans
of the colleagues in Hamburg if I spent the summer there? I could give a
lecture. In case it suits you, should I get into contact with the university
office in Hamburg? I still am emeritus of the University there, and perhaps it
is necessary to do this. Please let me know what you think about my plans.
We then could discuss it in more detail by letter.
With the most cordial greetings
Your Artin

Emil Artin (photographer unknown). c The Mathematisches Forschungsinstitut Oberwolfach gGmbH (MFO)
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59 20.02.1956, Letter from Hasse to Artin

Dear Mr. Artin,
with great delight I received your letter promising your visit for the summer semester 1957. We all will be thrilled and very grateful if you could give
a lecture on your work during your stay. In particular there are many young
people who are interested in algebra and number theory. As an emeritus of
Hamburg University you have of course the right to give lectures. You also
know that you may use your accumulated income. In my opinion, an official
notice can wait until your arrival. I will let the faculty know about your offer
at the beginning of the next semester. Formally, this is not necessary. But the
faculty as well as we mathematicians will of course look forward to having
you among us again. The lecture plans for the summer semester 1957 will be
determined in a meeting of all mathematicians at the beginning of November
1956. It would be nice if by then we knew your plans concerning the subject,
the hours, and the lecture times. The University office will, by the way, be
informed about your presence by the announcement of your lectures.
With the most cordial greetings, also from
Sperner
– Witt1 is currently in Leipzig [and] Jena –
Your [Hasse]

1

See the comments below.
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Comments on Letter no. 59 from February 20, 1956

59.1 Ernst Witt
It appears that Hasse mentioned Witt because of Witt’s former attachment
to Artin in the early 1930s.
Ernst Witt (1911–1991) studied in Freiburg and Göttingen,
where he received his PhD in
1934 supervised by Gustav Herglotz and with a topic suggested
by Emmy Noether. Witt also attended lectures by Emil Artin in
1932, when he gave guest lectures
in Göttingen, and in Hamburg.
In Göttingen he belonged to the
group around Helmut Hasse, who
guided his habilitation in 1936.
Witt was teaching at the University of Hamburg from 1937 until 1979. In 1939 he became professor there, and full professor in
1954.
By the way, when Hasse mentioned Witt being in Leipzig and
Jena, this did not mean that
Witt had a position there. He
just visited these places for a colloquium at the universities there.

Ernst Witt 1953 (photographer unknown).
c The Mathematisches Forschungsinstitut
Oberwolfach gGmbH (MFO)

60 18.12.1956, Letter from Hasse to Artin

Dear Mr. Artin,
Even though the letter that Mr. Lamprecht promised you would write me
has not arrived here so far, I would like to write you concerning a few points.
1) According to our agreement we have added the following lectures for
the summer semester 1957:
Class Field Theory – 4 hrs- Prof. Dr. E. Artin MoTh 11–13.
We definitely hope that you will do us the favor of giving this lecture course
here this summer. In my current lecture “Number Theory II” I will try to
act as a pacemaker for the higher things awaiting us.
2) Two young mathematicians in my circle have applied for a scholarship
at the Institute for Advanced Study in Princeton for 1957/58:
a) my son-in-law Martin Kneser, who currently is spending a year in New
York at the Courant Institute.
Since you talked very favorably about him in our conversation last October
I do not think it necessary to add something about Martin Kneser.
b) My student Dr. Wolfram Jehne, whom you perhaps have already noticed
through his work on factor systems of idele classes, generalized crossed
products and a great investigation following up on A. Weil’s class field
theoretical article. Jehne is perhaps the expert in Germany concerning the
new cohomological methods, which have recently become so central. I can
understand very well that he has the desire to learn something in this
direction from you and your students, and I believe that it will lead to
something good.
I would be very grateful if you could support the applications of these two
young mathematicians for a Princeton scholarship. As for Jehne, I will also
write to A. Selberg in this matter.
With best greetings for Christmas and the New Year I am looking forward
to seeing you in the summer semester,
Your [Hasse]
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61 04.01.1957, Letter from Artin to Hasse [Göttingen]

Dear Mr. Hasse !
Unfortunately your letter did not reach me earlier; I spent the Christmas
holidays in Vienna with my mother. May I immediately come to the most
urgent questions:
1) I will come to Hamburg in summer and would like to ask to give the
lectures not on Thursday but on Wednesday. The reason is that I have been
talked into also giving a lecture in Göttingen – they really have need for
it and I had to stand in – so that I will commute between Hamburg and
Göttingen. Thus Monday and Wednesday if it can be arranged. Here it should
be algebraic geometry.
2) I will write to Montgomery 1 concerning Kneser 2 and Jehne 3 . Since I am
not a member of the Institute, this is not much more than a recommendation.
In June, John Tate will probably visit Hamburg. It will be very nice that
you can get to know him. How is your health? Take it easy.
With many greetings, also to your wife
Your Artin

1

Deane Montgomery (1909–1992) then was a “permanent member” at the Institute for
Advanced Study in Princeton. In his letter dated Dec. 18, 1956, Hasse had asked Artin
to write letters of recommendation for Martin Kneser and Wolfram Jehne for a research
semester at the Insitute.
2 Martin Kneser (1928–2004), who received his PhD in 1950 at the Humboldt University
in Berlin and his habilitation in 1953 in Heidelberg, spent the academic year 1956/57 as
a “member” at the Institute for Advanced Study in Princeton, NJ, USA. Apparently the
question was whether this stay in Princeton could be extended by another year. This could
not be realized, however, since there were problems with getting a leave of absence from
the University of Heidelberg.
3 Wolfram Jehne (*1926) was a Ph.D. student of Hasse. Apparently Artin’s support did
help, and Jehne spent the academic year 1957/58 at the Institute for Advanced Study in
Princeton.
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62 11.01.1957, Letter from Hasse to Artin

Dear Mr. Artin,
Thank you very much for your letter dated January 4. We are all very
happy about your final assurance for the summer semester, and we also understand that you want to continue, during the second half of the week, your
course on algebraic geometry for the sake of these poor students in Göttingen. We can accommodate your wishes inasmuch as you may read apart from
Mo 11–13 on Tuesday 11–13. My assistant Dr. Meyer, whose hours these actually are, is willing to take your hours Do 11–13. Wednesday would not
have been a good idea since 1) our joint seminar (Braun-Hasse-SchoenebergWitt) on algebraic geometry takes place from 9 h to 11 h, and because 2)
afterwards from 11–13 there is a traditional hour for the Arbeitsgemeinschaft
(study group) Hamburg which the largest part of the Hamburg mathematicians (young and old) attend regularly, and where, without regard for what
has been done in class, in particular recently obtained results are presented.
We harbor the hope that you will also participate in this study group in the
summer semester.
Thank you very much for your promise to write to Montgomery. As for
my son-in-law Martin Kneser, F.K. Schmidt in Heidelberg, whose assistant
he is, is having second thoughts about another year of leave of absence, and
therefore he will probably return after his first year this summer. My student
Dr. Jehne, on the other hand, is awaiting the decision about his application
with suspense, and would be very sad if nothing would come out of it.1
It is very nice that we will have the chance to get to know J. Tate this
summer2 . Of course we have known his scientific work for a long time.
With cordial greetings, also from my wife
Your [Hasse]

1
2

See the footnotes of the preceding letter.
Indeed John Tate visited Hamburg for a colloquium lecture in the summer semester 1957.
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63 15.11.1957, Letter from Artin to Hasse [Princeton]

Dear Mr. Hasse !
I have a bad conscience since I have not written to you recently, but you
know how much work there is to do at the beginning of the semester. I had
hoped to reach you before my departure at least by telephone, first in order
to wish you a happy birthday, and then for thanking you for the friendly
reception you gave me. In Hamburg I was feeling as fine as in the old times,
perhaps even finer; the colleagues and the students all were extremely nice.
And now I would like to blurt it out: I am homesick for Germany and
have reached the decision to try to return if Hamburg should want me. Since
I would leave my family behind in the US, this is only possible if I would
have the financial means to send money back there, in particular for my
boys, who are still studying, which is quite expensive. I have thought about
this problem and believe that it could be accomplished e.g. via some form
of “Kolleggeldgarantie ”.1 All of this is of course on condition that Hamburg
and the colleagues expect something positive from my work in Hamburg. In
this case I would do all my duties and do whatever is in my powers in order
to be useful to the university, the colleagues, and the students.
Since Sperner is Dean I have written to him in this matter and have
explained the situation in great detail. Over here, nobody knows about my
plans, not even my family, and since my position would become rather difficult
if these plans became public I would like to ask you to treat this matter
confidentially for as long as possible. This cannot go on forever, of course.
What do you think about these plans? I would be particularly delighted to
have you as a colleague, even closer than in the old times. When I think
about it, those times stand vividly before my eyes. I will also write to Witt
and Mrs Braun about it. With many cordial greetings to you, your wife and
the boy, in old friendship,
Your Artin
7 Evelyn Place, Princeton NJ. USA

1

In earlier times this was the name of some additional financial bonus for outstanding
scientists at a university. Today this somewhat curious name, which has historical roots,
is not used anymore.
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64 28.11.1957, Letter from Hasse to Artin

Dear Mr. Artin,
Only today, after my return from a short trip to Berlin, do I find the time
for answering your letter dated Nov. 15.
I would like to begin with the remark that this letter has made me very
happy. Not only I myself would be glad if I could, towards the end of my
occupation as an academic teacher, work for a couple of years at your side
as a colleague and friend and could perhaps continue the collaboration that
we enjoyed at the very beginning of our academic careers. I also think that
it would be an inestimable gain for the University of Hamburg if it would be
possible to give you the place you once had and which you deserve.
Sperner and Witt feel the same way. Be convinced that we will do everything in our power in order to grant your wish, which is also ours. Sperner,
who currently serves as the Dean until April 1, has the best position in order
to investigate the financial means at the appropriate offices and to support
our wish with the necessary vigor. He told me that he would do this as soon
as possible. I will talk to my colleagues in the faculty to make sure that there
will be no inner resistance fueled by envy of our department. I am talking
mainly about taking a fortress. Once this fortress is fallen, our game is won.
Once you are here you will see for yourself what I mean by this mysterious
insinuation.
Let me write you my cordial and deeply felt gratitude for your having
given us such a wonderful lecture this summer. For many of us it was the
greatest experience of the summer semester.
With cordial greetings and in old friendship,
Your [Hasse]
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65 13.12.1957, Letter from Hasse to Artin

Dear Mr. Artin,
Since I imagine that you are eagerly awaiting news I would like to give you
an interim report already today. Everything is a lot simpler than I originally
had thought. In particular the faculty1 cannot put up any resistance since
you are legally entitled to reclaim your former position. There is, however,
no reason to expect any opposition since, as far as I have seen, the reputation that you enjoy will make everybody here, even the new ones, give their
approval enthusiastically.
Sperner will write to you in the next few days. He negotiated the financial
matters with the University office. I would not like to anticipate his notification, but perhaps I am allowed to let you know that our proposal is met
there with great goodwill, if not enthusiasm. There is a reasonable chance
that you can easily get them to agree on the necessary financial conditions.
The only question that remains is whether the whole thing can be arranged
in such a way that it looks as if the first step was done by us (not by you).
In this respect, Sperner will probably have something to say.
I cannot describe in writing how happy I am about all of this. In the hope
that we will have you here in the not too distant future and forever I greet
you with all cordiality and friendship,
Your [Hasse]

1

Hasse refers to the Science Faculty of the University of Hamburg.
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66 15.12.1957, Letter from Artin to Hasse [Princeton]

Dear Mr. Hasse !
I was terribly delighted about your letter, in particular since there are
reasons to believe that my wish of returning may come true. You will be kind
enough to inform me every now and then about the situation – you could also
do it via Hel Braun in order to spare yourself the writing. The thing is that I
would like to let Princeton know as soon as possible about my plans so that
they can start looking for a successor. Thus if I wanted to be in Hamburg for
the winter semester then I would like to announce it in time. I will do that
as soon as I have the assurance from an official side that everything will go
smoothly.
I am only sorry that you are having these extra worries in addition to all
your work, and you actually should be taking things easy. The holidays will
perhaps offer you some relaxation. I would like to assure you again that I do
not want to receive any special treatment after my return to Hamburg, and
that I will gladly take over any duties, in particular not only graduate lectures
but also introductory lectures for beginners. Here in Princeton I also have
voluntarily accepted to give the introductory lectures for undergraduates over
the years. In one word I would like to be useful for Hamburg.
And now dear Mr Hasse, take it easy over the holidays. Please give your
wife and your son my best greetings for the holidays.
With cordial greetings
Your Artin
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67 20.01.1958, Letter from Artin to Hasse [Princeton]

Dear Hasse !
I am gladly willing to drop the formalities. I do not know why we haven’t
already done that in the old times, but we were a lot more formal1 in former
times, and we did not think of it. Here in America everything is more informal,
and with time you get used to this casual behavior. Since I am your elder by
about half a year I will take the second step and offer you the “Du”. After
all we will work together as old friends, and so let this be a symbol for it. We
can celebrate the fraternity when I am back in Hamburg. Agreed?
I was very pleased to hear that everything is running smoothly and that
I will get news at the end of January or the beginning of February, because
out of loyalty to Princeton, which has always treated me very well, I have
to give them time to look for a successor. Since the only possible time for a
change is winter (the semesters do not go well with each other) it is about
time to do something.
What I would like to know in particular for the upcoming negotiations
are the wishes of the colleagues in Hamburg concerning the Seminar2 , which
may be brought up and perhaps can be realized at this occasion. I already
know from Sperner about the plans for another building. Is it necessary, for
example, to put some pressure behind it? Are there other wishes?
With many greetings to your wife, in old friendship
Your Artin

1

In his letter, Artin wrote “viel steifer als früher” (more formal than in former times), but
we believe that he intended to write “viel steifer früher”.
2 In this connection the word “Seminar” stands for what in American and other universities is called “department”. At other German universities it was called “Institute”, but
Hamburg at that time still was clinging to the traditional name “Seminar”.
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68 11.03.1958, Letter from Artin to Hasse [Princeton]

Dear Hasse !
Thank you very much for your letter with the birthday greetings1 and in
particular for the immense work that you had after my return to Hamburg. I
would like to inform you now where things stand so that you are in the know
and do not have to wait for a long time.
I received the letter from the Senator, which contained no details, and
where he referred me to Dr Meins. 2 I immediately wrote to Meins, but have
not yet received an answer. On the other hand I arranged everything here,
Princeton is informed about the possibility, but asked for a postponement of
one semester (about winter 1959-60), which will probably not be a problem.
I have also informed my family, and now there are no obstacles over here
against my return to Germany. It would be good if Meins could write me
soon, time is running out somewhat because a lot of things need to be taken
care of. Except for the personal matters I wrote Meins concerning the new
seminar building and an eventual fund for guest lectures. This is the current
state of affairs.
Take a break during the holidays, your health is the main thing. Could
you be so nice and inform Sperner about the situation? Of course I will also
write to him as soon as something more definite is known. Thanks again and
many greetings to your family,
Cordially, your
Artin

1

Unfortunately, this letter is lost. Artin’s birthday was March 3.

2

“Meins” was the name of an officer in the Hamburg government who was responsible for
education, and in particular for Hamburg University.
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69 20.03.1958, Letter from Hasse to Artin [Ahrensburg]

My dear Artin,
Thank you very much for your letter dated March 11, which I found upon
my return from a little journey; we went to Marburg for a celebration of the
80th birthday of my mother-in-law and on the way back spent some time in
Bad Sooden-Allendorf, where my parents are buried and where we still know
some dear friends.
Yesterday I talked to Dr. Meins and was enjoyed to hear that he already
sent you his answer by air mail. Thus my indication that a prompt reply would
be very convenient for you was not necessary anymore. In our conversation
concerning the content of his answer, however, he made a few remarks that
I have to let you know about right now.
He said that his letter was of course only meant as a suggestion of the
personnel office of the government authorities. He could imagine that your
expectations may have not been met in some points, and in this case further
negotiations (by mail) would be in order, as is customary in such cases and
routine. (He is, as the speaker of the senator for university matters, bound
to the general guidelines in negotiations about a chair, and is therefore not
allowed to offer the possible maximum – this is how I have interpreted his
words!). In addition he remarked that it would be quite possible that you
may authorize me to lead oral negotiations – this he said in answer to my
comment that I did not want to enter the actual negotiations, but rather
wanted to convey the urgency of the matter.
Whether you think it necessary or desirable for me to become active in this
matter I cannot judge. Of course I would gladly help you in such a manner,
but for doing this I would need more precise instructions. I will stay here
during the holidays, except for a short lecture trip to Graz and Wien at the
end of April.
Dr. Meins remarked, by the way, that he had not been able to answer
immediately because he had to negotiate several points with other offices in
Hamburg. Sperner has, during the last month, fought like a lion for our move
into the building in the Rothenbaumchaussee. Currently it looks as if we have
thwarted the efforts of the jurists and the economists to take away a part of
our house. Dr. Meins is on our side in this regards. But it is a good idea to
stand up for him in other places, in particular with regard to the strengthening of our faculty by you, as well as in view of the continuous growth of
applied mathematics (computers) and statistics (apparently Krickeberg and
Dirac jun. will join us!).
If we do not get the whole house and a building in the garden for the
computer, then we will soon be in the same misery as we are now. There
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is in principle no objection to a later return to Princeton for a semester.
The office will probably grant the permission without problems. Given the
particularities of our teaching schedule you would, however, not take over
one of the large beginner’s courses, which is always held in two parts (I in
summer, II in winter), in the corresponding academic year (from Easter to
Easter).
I am very glad that things are moving forward in this way. I hope that
they will be brought to a good conclusion. Cordial greetings also from my
wife,
Your [Hasse]

70 02.04.1958, Letter from Artin to Hasse [Princeton]

Dear Hasse !
thank you very much for your letter and for all the trouble you have had
because of me. Your offer to represent me in the negotiations also was terribly
kind of you. In the meantime I have decided to bring the negotiations to a
conclusion with the only condition that I shall get paid during my threemonths holidays in the winter of 1959/60.
This is important for me, because since my salary in Princeton is more than
twice of that in Hamburg everything will be quite tight during the first years
because of the transfers, and the journey to Princeton will help somewhat in
this regard. I am sending a letter to the office in this matter today. If this is
turned down I will accept nevertheless, thus everything is arranged now.
I already have a place on a boat and will therefore appear sometime in
June. I look forward to meeting you and working together with you. When
will the big move of the Seminar1 take place? What is its address? This will
be important for me because I will send my things to the Seminar for the
moment, and I do not know when the new address has to be used.
Thanks again and give my regards to your wife and Rüdiger
Cordially your
Artin

1

See footnote 2 on p. 447.
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71 09.04.1958, Letter from Hasse to Artin

Dear Artin,
Thank you very much for your friendly lines from April 2. I think it is
very likely that the University office will grant you three months off in winter
1959/60 with full pay, in particular since it is the only problematic point in
the negotiations. I wouldn’t have thought that your situation in Princeton is
so much better than what we can offer you here. Of course I understand that
it is very expensive for you to live here and support your family in Princeton
at the same time. It goes without saying that we are all glad that the thing
has now been made perfect and look forward in suspense to seeing you here
in June.
Please let us know your day of arrival. The move of our Seminar into
the new building is not yet immediate. At first some considerable structural
changes must be made; the financial plan is currently being discussed in the
parliament in the framework of a supplementary budget. Thus at least three
months will pass before we can move in. It would therefore be appropriate if
you would send your things to the old address in Harvestehuderweg 10.
Many cordial greetings, also from my wife and Rüdiger.
Your [Hasse]
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72 17.04.1958, Letter from Artin to Hasse [Princeton]

Dear Hasse !
Thank you very much for your letter. May I bother you once more (and
hopefully for the last) time with this matter? The office did not yet send me
the appointment agreement. But time is running out. I have to pack up all
my books, and everything must be ready by the end of May. In particular I
have to inform Princeton. Could you be so nice and ask at the office whether
everything is ok?
In case that the office is not prepared to continue to pay my salary during
my vacation I authorize you to tell them that I will accept nonetheless. Of
course you will make use of this only if you learn that it is impossible. May
I ask you to let me know as soon as possible how things stand.
As soon as I know that the negotiations are underway I can arrange everything here. Perhaps it will arrive in the next few days, and then I have
bothered you unfortunately without reason. But you understand how tight
the timetable here is. I thank you very much for all the trouble I have caused
you. I will see you again soon.
Best regards to your wife,
cordially, your
Artin
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73 23.04.1958, Letter from Hasse to Artin

Thank you very much for your friendly letter from April 17. It is a good thing
that you have written the letter in good time because in a few days I will go
to Vienna and Graz for visiting lectures.
Let me tell you right away that everything is fine. I have called the university office of the ministry of education in this matter. It turned out that
Dr. Meins was not present, but his secretary Amtsrat Kaiser, who is a true
majesty in his area, was very well informed and could help me perhaps even
more than his high boss. The agreement had been presented for approval to
the High Senate of the City of Hamburg (in particular to the organization
office) before it should be sent to you in order to avoid any unpleasant surprises. Mr Kaiser immediately asked his colleague at the organization office
and was told that the approval had already been given and that the letter
would get sent back. It will be expected there in 2 days (II !), and then it will
be passed on to you by air mail so you can sign it.
As for the content, everything was done as negotiated in the correspondence with you. The only thing missing in the agreement is the possible leave
of absence in the winter semester of 1959. But this is only for tactical reasons.
Mr. Kaiser expressly told me that the university department cannot see why
this should not be possible. In fact Dr. Meins already asked the senator and
has received his consent in this matter.
Of course this is not only a matter of the offices; the leave of absence also
will have to be granted by our faculty. I am convinced that they will do so.
It is, however, not a good idea to mention this already now to the Senate of
the City of Hamburg or to our Faculty because it gives outsiders the wrong
impression when you already talk about a leave of absence when you have
not even arrived. Of course our university department and we mathematicians
know that this is not due to some half-heartedness on your part, but rather is
absolutely necessary in order to give you the financial basis for your decision.
In short you may safely pack up and tell Princeton that you will accept the
position in Hamburg.
I do not want to close this letter without expressing my joy that really
everything went well and to welcome you warmly as a colleague. My wife
feels the same way. We both greet you in the expectation of seeing you here
soon.
Cordially
Your [Hasse]
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74 Report on Artin
Report on the scientific work of Prof. Dr. E. Artin.

January 7, 1958 1
Artin is generally considered by the mathematical community as one of the
most imaginative among the present mathematicians, whose mathematical
work is, if not in number then in weight, of outstanding importance and will
be influenctial for mathematical research in numerous areas, such as number
theory, algebra, geometry and topology, for years to come.
In detail, the following must be said about his work.
Already as a young man he discovered, in connection with the classical
functions in analytic number theory, a new kind of zeta functions and Lseries, by which he could throw light on the algebraic structure of the classical
analogues of these functions. This kind of accomplishment is typical for a
series of other results he obtained. In particular he later clarified the structure
of the discriminant and the units of algebraic number fields using group
theoretical considerations.
His youthful work on quadratic extensions in the area of higher congruences also was of extensive importance. There he stated the now famous
analogon of the Riemann conjecture for algebraic function fields, which later
actually could be proved.
Another series of articles deals with the formal algebraic characterization
of the notion “real field”, which led to a complete and definitive clarification
by a structure theorem. He made decisive progress following up on Dickson’s
well-known book on the arithmetic of hypercomplex numbers. This arithmetic
theory later turned out to be very stimulating for general class field theory.
One of the most important of Artin’s discoveries is the reciprocity law
named after him. It replaces the earlier explicit formulations of this law by
an intrinsically formulated isomorphism, whose proof has a rather simple
structure, and which, on the other hand, led to a wonderful and beautiful
perfection of the building of class field theory. This law allowed him to prepare
the grounds for the solution of one of the unsolved problems by Hilbert by
illuminating the formal algebraic laws that dominate the transfer of ideal
classes in extensions. On this basis, his teacher Furtwängler succeeded in
solving this problem by Hilbert by proving the principal ideal theorem in
class field theory.
1

This is a draft of a letter by Sperner to the Schulbehörde Hamburg, dated Jan. 16,
1958. See K. Reich [Rei05]. [Staatsarchiv Hamburg: 361-6 Hochschulwesen; Dozenten- und
Personalakten, I 110 Band 2]. Sperner’s report is essentially a copy of a report that had
been drafted by Hasse.
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Apart from axiomatic investigations on the theory of ideals and valuations
of algebraic number fields, his highly original theory of braids from his first
period deserves to be emphasized, in which he united the methods of group
theory and topology for solving a concrete problem.
In his second period after his emigration, he could not let go of most of
these problems he studied in his youth. He was always interested in classical groups and, in particular, the simple groups. By introducing geometric
aspects he again and again illuminated formal and complicated connections.
Most publications from this period appeared as books; among them a book
on Galois theory, which was written from the most modern point of view and
was equipped with his own original ideas, a joint work with other authors
on the theory of rings with a minimal condition, from earlier times an extraordinarily attractively written introduction to the theory of the Gamma
function that was, despite its formal character, highly conceptual in a typical Artinian way, and above all his great lecture “Algebraic Numbers and
Algebraic Functions” held in Princeton.
It is also known that a considerable part of Artin’s ideas went into the
two-volume textbook on Modern Algebra by van der Waerden.
Last year, Artin published a book on geometric algebra, which is characteristic for Artin’s way of thinking and working. It is much more than a
simple addition to the material of an introductory lecture on linear algebra
and algebraic geometry. In this book, exactly those methods and ways of
thinking are treated and explained systematically on which modern progress
in algebra, topology and geometry is based.
In addition to the results in his main scientific publications, Artin has
had, right from the beginning, an immense influence as an academic teacher.
He had a particular way of presenting material. On the one hand he never
flinched from attacking and explaining the most difficult things when the
problem demanded it or when it seemed worthwhile; on the other hand he
organized the material vividly and provided it during his lecture by his own
creativity with such a suggestive power that the heart of the matter became
clear to everyone, and one left his lecture forever enriched. He is similarly
stimulating to those around him, and gladly gives suggestions in conversations
with the students and mathematicians. There are numerous cases in which
such conversations were the impetus for a scientific discovery.
By all of this there can be no doubt about the fact that winning back such
a personality in research and teaching would be welcome in every respect and
an inestimable enrichment for the faculty.
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E. Artin. Über einen Satz von Herrn J.H. Maclagan Wedderburn. Abh. Math.
Semin. Univ. Hamb., 5:301–306, 1928.
E. Artin. Zur Theorie der hyperkomplexen Zahlen. Abh. Math. Semin. Univ.
Hamb., 5:251–260, 1928.
E. Artin. Zur Arithmetik hyperkomplexer Zahlen. Abh. Math. Semin. Univ.
Hamb., 5:261–289, 1928.
E. Artin. Idealklassen in Oberkörpern und allgemeines Reziprozi-tätsgesetz.
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F. Bernstein. Über unverzweigte Abelsche Körper (Klassenkörper) in einem
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[Brü66]

[Brü79]
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L. Kronecker. Über die Potenzreste gewisser complexer Zahlen. Monatsber.
Berlin (1880), 404–407; Werke II, 95–101
W. Krull. Allgemeine Bewertungstheorie. J. Reine Angew. Math., 167:160–
196, 1932.
E. Kummer. Bestimmung der Anzahl nicht äquivalenter Classen für die aus
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Helmut Hasse, 1923 – 1935 Universitäts–Verlag, Göttingen, 2012. 563 pp.
H.W. Lenstra. On Artin’s conjecture and Euclid’s algorithm in global fields.
Inventiones math., 42:201–224, 1977.
H.-W. Leopoldt. Zur Geschlechtertheorie in abelschen Zahlkörpern. Math.
Nachr., 9:351–362, 1953.
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H. Minkowski. Über die Bedingungen, unter welchen zwei quadratische Formen mit rationalen Coeffizienten ineinander transformirt werden können. J.
Reine Angew. Math., 106:5–26, 1890.
H. Minkowski. Zur Theorie der Einheiten in den algebraischen Zahlkörpern.
Göttinger Nachrichten, 1900:90–93, 1900.
K. Miyake. Algebraic investigations of Hilbert’s Theorem 94, the principal
ideal theorem and the capitulation problem. Expositiones Math., 7:289–346,
1989.
C.C. Moore. Group extensions of p-adic and adelic linear groups. Inst. Hautes
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A. Weil. Sur les courbes algébriques et les variétés qui s’en deduisent., volume
1048 of Actualités scientifiques et industrielles. Hermann & Cie, Paris, 1948.
85 pp.
E. A. Western. An extension of Eisenstein’s law of reciprocity, I, II. Proc.
London Math. Society (2), 6:16–28, 265–297, 1908.
K. Wingberg. Das Klassenkörperturm-Problem. Proceedings of the Berlin
Mathematical Society., 1997–2000:180–193, 2001.
E. Witt. Bemerkungen zum Beweis des Hauptidealsatzes von S. Iyanaga. Abh.
Math. Semin. Univ. Hamb., 11:221, 1936.
E. Witt. Zyklische Körper und Algebren der Charakteristik p vom Grad
pn . Struktur diskret bewerteter perfekter Körper mit vollkommenem Restklassenkörper der Charakteristik p. J. Reine Angew. Math., 176:126–140, 1937.
E. Witt. Verlagerung von Gruppen und Hauptidealsatz. In Proc. ICM 1954,
vol. 2, pages 71–73, Amsterdam, 1954. International Mathematical Union,
North-Holland.
E. Witt. Vorstellungsbericht. Jahrbuch der Akademie der Wissenschaften zu
Göttingen., 1983:100–101, 1983.
H. Wußing. Zur Emigration von Emil Artin. Festschrift für Menso Folkerts,
2006.
B. H. Yandell. The Honors Class. Hilbert’s problems and their solvers.
A. K. Peters, Natick, Mass., 2002. xi, 486 pp.
H. Zassenhaus. Zum Satz von Jordan-Hölder-Schreier. Abh. Math. Semin.
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Carathéodory, 108, 222
Carroll, 414
Cartan, E., 22
Cartan, H., 352
Cauchy, 144
Cayley, 373
477

478 Author Index

184, 188, 207, 226, 230,
232, 235, 236, 247, 296,
297, 306, 343, 344, 404,
420
Galois, 20
Gauss, 94, 129, 139, 144, 153
Gilbarg, 264
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